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Model Checking Problem: given a Kripke structure K and an LTL for-
mula ¢, do we have K | ¢7

Model Checking, as an algorithmic discipline: exhaustively explore all
possible behaviours of the system, searching for a violation. Many tools for
doing this efficiently (SPIN, nuSMV).

1 Automata over infinite words

Fix a set of propositions P.
e For any Kripke structure K, define £L(K) = {L(w) : m € Path(K)}

e For any LTL formula ¢, define L(¢) = {m € (27)* : 7 |= ¢} to be the
set of paths that satisfy ¢.

Idea: K | ¢ exactly when L(K) C L(p).

If K is finite, then the model checking problem is decidable by reduction
to inclusion testing for Biichi automata: there is a Biichi automaton that
recognizes both £(K) and L(y), and inclusion checking is decidable.

Definition 1.1 (Biichi automaton). A (non-deterministic) Biichi automaton
A=(Q,%,A,I,F) where

e () is a finite set of states
e > is a finite alphabet

e A C QXX xQ is a transition relation



o [ C (@ is a set of initial states
o ['C Qs a set of final states

A word w = wowiws... € 3¢ is accepted by a Biichi automaton A =
(Q, %, A, I, F) if there exists an accepting run qoqige... consisting of an infinite
sequence of states such that:

® (o € () is initial
e for each 7, (g;, ws, qi11) € A
e The set {i: ¢; € F'} is infinite

Proposition 1.2. Let K be a Kripke structure. There is a Buchi automaton
A(K) such that LIA(K)) = L(K).

Proof. Let K = (Kg, K1, K, K1) be a Kripke structure over a set of proposi-
tions P (for simplicity, suppose K is total). Define A(K) = { Ak, As, An, Ar, Ar}
where

OAQ:KS
.AEZQP

[} AA = {<S,KL(S),t> . SKR t}

AI:KI

Ar = Kg
[l

Proposition 1.3. For any Bichi automata A and B, there is an automaton
that recognizes L(A) N L(B).

Proof. Construct as follows:
° Q:AQXBQX{A,B}
o Y = Ay

e The transition relation A is defined to be the set of all ((a, b, ¢), o, (a’, ', ¢))
such that:



— (a,0,d) € Ay,

— (b,0,V) € Ap,

—c=A,a € Ap implies ¢ = B

— c¢= B,b € By implies ¢ = A

—c=ANa¢ Ap or c= BAb¢ Bp implies ¢ = c.
— A ={(a,b,A) :a € Ar,b € By}

— A ={{(a,b,B) : b€ F}

]

Proposition 1.4. For any Biuchi automaton A, there is an automaton that

recognizes (LA)

e However, this is complicated and can be avoided: rather than checking

L(A(K)) N L(A(p)) = 0, we check L(A(K)) N L(A(=g)) = 0.

2 LTL tableaux

Automata are local in the sense that they make decisions based on the next
letter of the sequence. Let’s localize LTL semantics so that satisfaction = |= ¢
is expressed only in terms of 7, 7y, and 7[1...]. Most are already local:

TEp < mEDp
TEEVY <= mEeVT =Y
TEop < Tl
TEXp <= 7[l.]EFy¢

The one that is not is ¢ U 9. However, we can take

TEeUd <= midormi=(pA(pUy)

Thus, the evaluation of an LTL formula can be expressed in terms of its



sub-formulas:

sub(p) = {p}
sub(p1 V 2) = {1V pa} U sub(pr) U sub(ps)
sub(—¢) = {—¢} U sub(y)
sub(Xy) = {Xep} U sub(p)
sub(p U ¢) = {o U, X(p U )} U sub(yp) U sub(¥)

Note: |sub(¢)| < 2|¢].

Definition 2.1. A set ® C sub(y) is consistent if:
o for all o1V @y € sub(p), o1V s € P <= ¢y € sub(p) or s €
o for all ~) € sub(p), WY e «— v ¢ P

o for all Yy U 1hy € sub(p), 1 Uty € & <= by € O or both y, €
and X(1; U hy) € O.

Definition 2.2 (Generalized Biichi automaton). A Generalized Biichi au-
tomaton (GBA) is a Biichi automaton equipped with a set F of sets of final
states. A word is accepted by a GBA if there is an accepting run such that
each F' € F 1s visited infinitely often.

Proposition 2.3. For any generalized Biichi automaton A, there is a Biichi
automaton that accepts the same language.

Proof. The construction is similar to the one for intersection. Let A =

(Ag, As, An, Ar, Ar) be a GBA. Write Ar as Ar = {Fy, ..., F,,}
o () =Ap x{0,...,n}
o Y = Ay
e A = {{(a,1),0,(d,i)) : (a,0,d") € Aa,i" = i+ lyer, mod (n+ 1)}
1 ifae€kF,
0 otherwise
o A;={(a,0):a€ A}
o Ar ={(a,n):a€F,}

where 1,ep, =



Definition 2.4 (LTL tableau). Let ¢ be an LTL formula. Its tableau is a
generalized Biichi automaton A(p) = (Q,%, A, I, F) where

o Q= {®c 2 . & is consistent}
o ¥ =2F
o A={(D,0,V):VXp € suby),Xp e ® <= pecV,0=PNo}
o [={PdecQ:pel}
o Foreach p Uy € sub(p), define Fouy £ {® € Q: o U1 ¢ dVip € B},
Define F = {F,uy : ¢ U € sub(p)}.
Theorem 2.5. L(p) = L(A(y)).

Proof. For any path 7, define sat,(7) £ { € sub(p) : ™ | ¢}. Clearly,
sat,(7) is consistent for any .

“L(¢) € L(A(p))”. Prove that for any m € L(p) we have m € L(A(p)).
We want to show that

saty,(m)sat,(m[1...])sat,(7]2...])

is an accepting run. To show that this is a run of A(p), we must show
that for any 7, (sat,(m),mo, sat,(w[1...])) € A. This follows directly from
the definitions. To show that this is an accepting run, we must show that it
meets each Fy, uy, infinitely often. It must be the case that either

e 1 U 1)y is satisfied infinitely often, and so 1, must also be satisfied
infinitely often (and so sat,(m[i...]) contains 1), infinitely often), or

e 11 U 1)y is not satisfied infinitely often (and so sat,(n[i...]) doesn’t
contain ¥; U ), infinitely often).

“L(A(p)) € L(p)” We prove that for all ¢ € sub(y), for all consistent
¢ and all 7 € L(P), v € & <= 7 | 1. Since the accepting states of
A(p) all contain ¢ this implies that L(A(yp)) € L(¢). We prove the result
by induction on . Let ® be a consistent set and let 7 € L(P).

e Case p € P: 7 € L(®) implies that 7y = P N ® (by def'n of A).
TEp < mEp < ped.

o Case 11 Vb, By consistency, 1 Vg € & <= 1 € PV, € . By the
induction hypothesis, 1) € & <= 7 =1 and ¥y € & <= 7 | 9y,
SO¢1V¢2€@ e ’/T):’le\/ﬂ')ziﬂg e W):wl\/wg.



e Case —): By consistency, -9 € & <= ¥ ¢ . By induction hypothe-
Sis, V¢ P <= 1 p. So fped = ¢ = 1L

e Case X1: Since m € L(®), there is some @ such that 7[l...] € L(P')
and (P, m, ®’) € A. By def'n, X¢p € & <= 1) € ¢’ By the induction
hypothesis, 7[1...] € L(®') entails that p € & <= =[l...] E ¥. So
Xy ed «— 7 X

e Case 1y U 1y Let $¢®P;... be an accepting run for .

— 7 =91 U 9: There exists some least i such that 7[j...] = 1y and
w[i...] E 4y for all j < i. By the induction hypothesis, ¢ € ®; and
Yy € @, for all j < . We may prove by induction that 1; U ¢, € ®;
for all 7 <, s0 ¥ Uy € .

— 7 YL U iy

x Case 7[i...| = 1y for all ¢, and 7[i...] & 1, for all i. By IH, ¢; €
O, for all i and 1y ¢ ®; for all i. For a contradiction, suppose
that 1 U 1Yy € ®. Prove by induction that ¢, U ¢y € ®; for
all 7. This contradicts the fact that infinitely many ®; must be
n Fw1U¢2.

« Case there exists some least @ such that w[i...] & ¢y, 7[i...] & 19,
and w[j...] & 4y for all j < i. By the induction hypothesis,
Yy € @; for all j <4, and 1,1, ¢ P;. Prove by induction that
for all j <, ¢y Uy ¢ O,.

]
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