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Users of program analyses expect that results change predictably in response to changes in their programs, but
many analyses do not ensure such robustness. This paper introduces a theoretical framework that provides
a unified language to articulate robustness properties. We adopt a categorical view in which programs and
their properties form a category, and robust analyses are characterized as structure-preserving functors. A
diverse range of robustness properties—e.g., invariance under variable renaming and monotonicity—arise
from instantiating the category’s arrows accordingly.

Beyond formulating the meaning of robustness, this paper provides methods for achieving it. The first
is a general recipe for designing robust analyses, by lifting a sound and robust analysis from a restricted
(sub-Turing) model of computation to a sound and robust analysis for general programs. This recipe demystifies
the design of several existing loop summarization and termination analyses by showing they are instantiations
of this general recipe, and furthermore elucidates their robustness properties. The second is a characterization
of a sense in which an algebraic program analysis is robust, provided that it is comprised of robust operators.
In particular, we show that such analyses behave predictably under common refactoring patterns, such as
variable renaming and loop unrolling.
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1 Introduction

The goal of program analysis is to predict how a program’s state evolves over time. However,
programs are not static artifacts—they too change. This paper is motivated by the question of how
we can predict how a program analysis will behave in response to such changes.

Abstractly, we might think of a program analysis as a function mapping a program P to some
approximation A(P) of P’s behavior (for instance, A(P) might be a mapping from the loops of P
to associated invariants, or a yes/no decision about whether P terminates). Suppose that a given
program P is transformed in some particular way to yield a program P’. What can be said about
the relationship between A(P) and A(P’)? Reasonable expectations might be:

o (Invariance under renaming): If P and P’ are equivalent modulo renaming of variables, A(P)
and A(P’) are also equivalent modulo renaming.

o (Locality): A(P) and A(P’) differ only in the places that P and P’ do (for instance, one might
expect that changing one function does not affect the information computed for another,
unrelated function).
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229:2 Zachary Kincaid and Shaowei Zhu

e (Monotonicity): If P’ is a refinement of P (e.g., P’ is obtained from P by inserting assumed
invariants) then A(P’) should be at least as precise as A(P).

Unfortunately, many program analysis tools do not provide guarantees on “robustness”, which
can make them difficult to use and pose challenges in their deployments in production environments.
For instance, an experience report on the commercial static analyzer Coverity notes that users
expect consistent results when their code changes, even across tool versions, and discusses how
Coverity eschews techniques like SMT solving, randomization, and use of time-outs to avoid
unstable bug reports [Bessey et al. 2010]. Several reports lament failure of locality, or butterfly
effects—“a minor modification in one part of the program source causes changes in the outcome of
the verification in other, unchanged and unrelated parts of the program” [Leino and Pit-Claudel
2016]. As Leino and Moskal [2010] put it succinctly: “tools can understand our programs, but we
cannot understand our tools.”

The main contributions of this paper are:

o (Section 4) We develop a theoretical framework for understanding robustness. The high-level
idea is that a program analysis A should be considered to be robust with respect to a class of
relationships R (e.g., equivalence modulo renaming variables) exactly when, should some
relationship r € R hold between two programs P and P’, then r also holds between A(P) and
A(P’). We formalize this intuitive notion using the language of category theory: we think of
both the space of programs and analysis results as forming categories (in which the arrows
represent the class of relationships of interest), and define an analysis to be robust exactly
when it preserves this categorical structure.

(Section 5) We present a general recipe for designing robust program analyses. The idea is
to leverage weak (that is, not Turing-complete) models of computation that have tractable
dynamics. To analyze a program we (1) extract a model of the program of some restricted
form, (2) analyze the behavior of the model, and then (3) translate the model analysis to an
approximate analysis for the original program. We show that, supposing certain properties of
the model extraction and result translation process, this recipe preserves robustness properties
of the model analysis. Furthermore, we identify instances of this recipe in the literature, and
thereby show that they are robust.

(Section 6) We investigate robustness in the context of algebraic program analysis, driven
by the question of how robustness guarantees of the individual operators of an algebra
translate to high-level guarantees of the whole analysis. In particular, we show that program
analyses following the recipe of Section 5 are robust with respect to loop-preserving stuttering
simulations. This class of relationships accounts for both non-structural transformations (e.g.,
renaming a variable) and structural transformations (e.g., unrolling a loop).

Proofs of all results are provided in the extended version of this paper [Kincaid and Zhu 2026].

1.1 Related Work

Program analysis frameworks. Abstract interpretation provides a uniform framework for sound
program analysis [Cousot and Cousot 1977]. It defines what it means for a program analysis to
be sound in terms of an approximation relationship between a “concrete” semantics defining the
program behavior and an “abstract” semantics defining the program analysis. It also provides a
general recipe for designing sound program analyses—the job of the analysis designer is to develop
a lattice of program properties, transfer functions that “lift” program commands to act on these
properties, and a widening operator to extrapolate the limit of a sequence of properties.

The goal of our paper is to do for robustness what abstract interpretation does for soundness. While
partial orders are sufficient to relate possible invariants for a single program (X E Y means that Y
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Table 1. Correspondence between order-theoretic terminology in abstract interpretation and category-
theoretic terminology in this paper.

Abstract interpretation Robust program analysis

Lattice Concrete category
Monotone function Concrete functor
Galois connection Weak adjoint

approximates X), we require richer structure to relate possible invariants for different programs. In
our framework, the “abstract domain” forms a category. The arrows of a category can be thought
of as a generalization of the approximation order in abstract interpretation: an arrow f : X — Y
means that Y approximates X modulo the transformation f. For instance, if f is a transformation
that replaces a variable x with a and y with b, we might write f : (0 < x <y < 10) — (0 <
a A b < 100), meaning that the property on the left of the arrow under the transformation f (that
is, 0 < a < b < 10) is stronger than the property on the right. In this sense, one can think of an
order-theoretic abstract domain as a category in which the only transformations of interest are
identity transformations. Table 1 provides a correspondence between some category-theoretic
terminology used in this paper and their order-theoretic counterparts to provide intuition for how
our work connects with classical abstract interpretation.

Prior categorical treatments of abstract interpretation [Katsumata et al. 2023; Steffen et al. 1992]
use categories in a different way than ours: they use enriched categories in which objects are types,
arrows are programs, and homsets carry a poset structure; analyses are lax functors, encoding
the idea that the analysis of a composite program is more precise than the separate analysis of
its components. In contrast, we use categories in which objects are programs and arrows are
relationships between programs. Analyses are functors from programs to results, encoding the idea
that robust analyses preserve relationships between programs.

Algebraic program analysis is a framework for compositional program analysis (that is, satisfying
the locality principle) [Kincaid et al. 2021]. Kincaid [2018] presents a strategy for designing algebraic
program analyses that are also monotone, by “lifting” a reflexive transitive closure operator for a
sub-Turing model of computation to an over-approximate loop summarization routine for general
loops. Monotonicity is a special case of robustness, in which the relationship between programs one
wishes to preserve is refinement. There are several analyses that follow the spirit of this strategy,
but formally are not instances because they “lift” an operation other than reflexive transitive closure
(see Table 3). Section 5 presents a generalization of this design strategy, such that all examples in
Table 3 are formally instances of this strategy; monotonicity and soundness of these analyses are
thus corollaries of Theorems 1 and 2. Our strategy is parametric in the notion of robustness that it
preserves (allowing us to conclude that the aforementioned analyses satisfy stronger properties
than monotonicity), and furthermore is shown to preserve certain algebraic laws (Section 5.4).

Program transformation and analysis. Control-flow refinement is a family of techniques that
aim to improve analysis precision by performing loop transformations (e.g., unrolling a loop, or
splitting a loop into two or more phases). While these techniques have been shown to improve
analysis precision experimentally, there are also cases where these transformations lead to results
that are incomparable or even less precise. An exception is [Cyphert et al. 2019], which gives a
transformation that is guaranteed to improve precision, subject to certain conditions of the analysis.
In this paper, we give a recipe for designing analyses that meet these conditions.

Amato et al. [2010] and Ranzato and Zanella [2018] observe that numerical program analyses
are often not robust under invertible linear transformations—i.e., if one applies a linear change of
variables f to a program P (substituting each variable x with a linear combination of fresh variables)
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to obtain an isomorphic program f[P], the computed invariants are generally not isomorphic.
Amato et al. [2010] take advantage of this to enhance analysis precision, by using a statistical analysis
of execution data to identify beneficial change-of-basis transformation. Monniaux and Le Guen
[2012] make a similar observation about non-robustness with respect to projecting out variables,
and propose an analogous technique to exploit it. In this paper, we show that some analyses that
have previously been shown to be monotone are in fact robust under linear transformations (a
generalization of monotonicity that includes not only logical entailment of the results but also
invariance under renaming of variables). As a result, these robust analyses do not benefit from the
aforementioned techniques, but the analysis designer need not be concerned with which linear
transformation or projection to use in the first place.

Logozzo and Fiahndrich [2008] observe that translating a program from a high-level language
to a low-level language (e.g., bytecode) may negatively impact program analysis precision, and
introduced the notion of relative completeness to describe the situation in which precision loss
does not occur. Lesbre and Lemerre [2024] develop a strategy for combining non-relational anal-
yses with online SSA conversion to achieve analyses that are relatively complete in this sense.
Our work provides a general framework in which to understand program analyses preserving
relationships between programs; relative completeness is an example of a robustness property in
which the relationship is a transformation that introduces new variables to represent intermediate
computations.

2 Overview

Consider the two programs P; and P, pictured in Figure 1 (derived from [Monniaux and Le Guen
2012]). P; can be obtained from P, by (1) renaming the x variable to be i, and (2) projecting out the
y variable. Thus, one might expect that a loop invariant generation algorithm would produce an
invariant for P, that is at least as precise as P; (modulo renaming x to be i). However, Monniaux
and Le Guen [2012] observed that polyhedral analysis violates this expectation—the invariant
computed for P; is 1 < i < 5, while the invariant for P, is x < 5. In the vocabulary of this paper,
this example illustrates that polyhedral analysis is not robust with respect to linear transformations.
The essential reason is that polyhedral analysis uses a widening operator to extrapolate the limit of
a sequence of successively weaker candidate invariants—the extrapolation step is essentially an
educated guess, and is sensitive to the particular way that a polyhedron is represented.

Not only is robustness a desirable property of an analysis—it is also achievable, even by analyses
capable of inferring a rich class of invariants. We now consider an alternative method to analyze
this loop, which makes use of polyhedra in a different way, and which is robust with respect to
linear transformations. This method relies on a convex hull primitive: for any linear integer/rational
arithmetic formula F, conv(F) denotes the closed convex hull of F; i.e., a formula of the form

"ot = b; where each t; is a linear term (over the free variables of F) and b; is a rational constant,
such that F entails conv(F) and conv(F) entails any linear inequality that is entailed by F.

Instead of approximating the reachable states of a machine, our goal is to summarize its dynamics.
This summary can be represented by a transition formula—a logical formula over a set of program
variables and their “primed” copies, representing the program state before and after a computation.
For instance, the instruction x++ in the program P, can be represented by the transition formula
x" =x+ 1Ay =y. Algebraic program analysis computes such summaries in “bottom-up” fashion:
it begins by summarizing individual statements, then builds up summaries for larger and larger
fragments of the program until it obtains a summary for the whole program. A central problem of
interest in algebraic program analysis is the design of iteration operators, which given a summary
for the body of a loop, computes a summary that represents any number of iterations of that loop
body formula.
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x=1; y=0;
i=1; while(x < 5) {
while(i < 5) { xt+;
i++; y += x;
b b
(@) Py (b) P2

Fig. 1. Two programs P; and P;, where P; approximates P, modulo renaming the x variable to be i.

Suppose that F is a transition formula over the variables X and X’; our objective is to compute a
formula F* that over-approximates the reflexive transitive closure of F. We consider two particular
ways to use the domain of convex polyhedra to define an iteration operator, inspired by [Ancourt
et al. 2010; Farzan and Kincaid 2015]. Descriptions of these iteration operators appear below; Table 2
illustrates the corresponding computations for the programs P; and P;.

o (Polyhedral guard analysis) Define Pre(F) £ conv(3X’.F) and Post(F) £ conv(3X.F), which
represent the pre-condition and post-condition of the transition formula F, respectively. As
long as at least one iteration of F is taken, both Pre(F) and Post(F) must hold, and so

F*®ca 2 X! — X v (Pre(F) A Post(F))

over-approximates the reflexive transitive closure of F.

o (Linear recurrence analysis) A linear recurrence is a linear inequality of the form t’ <t +b
where t is a linear term over the pre-state variables X, t’ is ¢ under the substitution that
replaces each unprimed variable with its primed counter-part, and b is a constant. If a loop
body summary F entails a linear recurrence t’ < t+b, then ¢t may increase by at most b in one
iteration of the loop (and thus may increase by at most kb after k iterations of the loop). We
can compute linear recurrences from a loop body formula F as follows. First, we introduce a
set of variables Ax = {0y : x € X}, where each J, represents the change in x, and define

A(F) 23X, X FA J\ 6 =x"—x.
xeX
Then conv(A(F)) takes the form AL, t; < b;, where each ¢; is a linear term over Ay. Since
A(F) entails each t; < b;, we have that F entails t;[Ax — X’] < t;[Ax +— X] + b; (where
t[Ax +— X’] denotes the parallel substitution that replaces each d, with x” in the linear

term t)—i.e., each constraint in the constraint representation of the convex hull of A(F)
corresponds to a linear recurrence inequality entailed by F. Thus,

n
F*IRA £ Jk € N.k >0A /\ti[AX [ XI] < ti[AX HX] +kbl‘
i=1
over-approximates the reflexive transitive closure of F.

Naturally, these two ideas can be combined into one iteration operator, which we will refer to as
the polyhedral iteration operator:

/\?=1 ti[AX — X/] < ti[AX — X] +kbi
AN(k=0AX" =X)V (k= 1A Pre(F) A Post(F)))

The key point is that the relationship between P; and P, also holds between the summary for the

F®é3keN.(

loops in P; and P, (see Table 2): if we take the loop summary Fz@ for P,, and rename x and x” to i

and i, we obtain a formula that entails the loop summary F1® for P;. In fact, this holds for any pair
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Table 2. Loop summary computation for the programs P; and P, from Figure 1. Observe that the same linear
transformation that relates P; and P, also relates the summary for P; and P;.

| Py | P2
Loop body F Fi2i<5Ai"=i+1 Fo2x<5Ax =x+1Ay =y+x+1
A(F) Fi,i’ . A =i —i I, x Yy Yy P2 A =x'—x ANy =y —y
conv(A(F)) -0 <-1A6 <1 O S -1AO <1TASy <5
Recurrences i"=i+1 X' =x+1Ay <y+5
Precondition i<5 x<5
Postcondition i’<5 x' <5

k>0Ax"=x+k
@ kz0Ai"=i+k Ay <y+5k

Loop summary F= | 3k sy o (i <s5ai <5) | K A(k=0=y =)

ANk>1= (x<5Ax" £5))

of programs that are related by a linear transformation. Thus, we say that this analysis is robust
with respect to linear simulations.

In view of this example, the contributions of this paper can be understood as follows. Section 4
presents a framework for understanding analyses that preserve relationships between programs, of
which robustness with respect to linear simulations is an example. Robustness of (—)® operator with
respect to linear simulations is a consequence of the fact that it is an instance of the design strategy
of Section 5. Section 6 shows that robustness of the (—)® operator extends to the entire analysis
based upon it—the relationship between P; and P, can be seen as a loop-preserving stuttering
simulation, and thus the summary computed for the whole program P, entails that of P; (modulo
renaming).

3 Background and Notation
3.1 Transition Systems and Transition Formulas

A transition system T consists of a set of states St and a transition relation —1 C St X St. We
use the notation x —7 x’ to denote that the pair (x, x") belongs to the transition relation of T. Let
T and U be transition systems. A simulation from T to U is a function s : St — Sy such that for
all x, x’ € St such that x —71 x’, we have s(x) -y s(x’).

For transition systems T and U over the same state space, define their sequential composition

T-U=2 {(s’s”> = EST,S —T sSAS —U s” }

We use T" to denote the n-fold composition of T with itself, and T* to denote the reflexive transitive
closure of T. We use T to denote the non-terminating states of T i.e., the set of all states s € St
such that there exists an infinite sequence s, s1,- -+ € St such that sp = s and s; —7 s;4; for all
ieN.

Let X be a set of variable symbols. A transition formula over X is a first-order formula whose
free variables range over X and a set of “primed copies” X’ £ {x’ : x € X}; these variables designate
the state of a program before and after a transition, respectively. For the sake of concreteness, we
suppose that transition formulas are expressed in the language of linear integer/rational arithmetic.
We let TF(X) denote the set of all transition formulas over X. Similarly, SF(X) denotes the state
formulas over X—formulas whose free variables range over X.

A transition formula F € TF(X) defines a transition system where Sp = QX (i.e., its states are
maps from X to Q) and s —F s’ iff the formula F is satisfied by a model in which the variables in
X are interpreted according to s and the variables in X’ are interpreted according to s’. Note that
transition formulas are closed under sequential composition, in the sense that for any transition
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formulas F and G, the transition system F - G is represented by the transition formula 3X”.F[ X’
X"] A G[X — X"]. However, it is not generally the case that F* or F® are representable by a
formula.

If F € TF(X) and G € TF(Y) are transition formulas, a linear simulation from F to G is a linear
map f : QX — QY that is also a simulation (if s —F s’, then f(s) —¢ f(s’)). Since formulas are
constraints on transitions, it is convenient to think of a linear simulation in transposed form—that
is, a substitution o that maps the variables in Y to linear terms over the variables in X. Here the
substitution ¢ can be understood as the linear map that sends s € QX to Ay. [o(y)] (s), where
[t] (s) denotes the evaluation of the term t over X in the state s. We also introduce a convenient
notation for representing simulations using term substitutions as follows. For any substitution o
mapping a set of variables Y to terms over a set of variables X, we let ¢’ denote “primed” variant of
o, such that y’ € Y’ is mapped to o(y)[X +— X']. Then we have that ¢ is a simulation from F to G
iff F = Glo, 0’], where G[o, 0’] denotes the result of applying both substitutions ¢ and ¢’ to G.
That is, we may think of G[o, 0] as the weakest among the transition formulas H such that o is a
simulation from H to G.

Example 3.1. Consider the programs P; and P, from Figure 1. The loop body of P, is the transition
formula F; 2 i < 5Ai’ = i+1over {i}, and the loopbody of P, is F, 2 x < 5Ax” = x+1Ay’ = y+x+1
over {x, y}. The projection that maps (x, y) + x, which corresponds to the substitution o = [i — x],
is a linear simulation from F, to F; (one may verify that F, |= Fi[0,0’'] = (x <5 A X" = x +1)).
Additional examples of transition formulas and linear simulations appear in Figure 3. 4

3.2 Algebraic Program Analysis

An algebraic program analysis [Kincaid et al. 2021] can be thought of as a two-step process: (1)
compute a regular expression recognizing a set of paths of interest through a program, and then (2)
calculate a summary that over-approximates this set of paths by interpreting that regular expression
within an appropriate algebraic structure (that is, re-interpret each regular expression operator as
a corresponding operation on summaries).

In the context of this paper, we assume summaries form Pre-Kleene algebra. A Pre-Kleene
algebra' (PKA) is an algebraic structure <A, 0,1,+ - (—)*> equipped with two distinguished el-
ements 0 and 1, two binary operations + and -, and a unary operation (—)* that satisfies the
laws of idempotent semirings as well as the following laws governing the iteration operator:

I < g~
: ggiﬁng)zzil* e (Monotonicity) if a < b then a* < b*

e (Transitivity) @* - a* = a* e (Unrolling) (a")* < a* foralln e N
where < is the order defined by the + operator (a < b iff a + b = b). An example of a PKA is
the algebra TF(X) in which the universe is the set of transition formulas over X, 0TF is false, 1is
the identity relation A,cx x’ = x, + is disjunction, - is relational composition -, and (—)* is the
over-approximate transitive closure operator (—)®.

Let A be a PKA. A flow graph over A consists of a finite set of vertices Vg, a finite set of directed
edges Eg C Vi X Vg, a distinguished root vertex rg € G, and a weight function wg : E — A
assigning each edge a non-zero weight. We extend wg to a function E* — A as wg(ejez...e,) =
wg(er) -wg(eg): - wg (ep,). In this paper, we use flow graphs over TF(X) as a model for programs.

IThis definition of Pre-Kleene algebras first appeared in [Cyphert et al. 2019], which observes that the laws of Kleene
algebra are often not satisfied by algebraic program analyses. For instance, the algebra of transition formulas cannot be
extended with a x operator to form a Kleene algebra, owing to the fact that least fixed points are not first-order definable.
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3.3 Category Theory
We recall some of the basic definitions of category theory. A category C consists of

e A collection of objects Ob(C)

e For each pair of objects X, Y, a collection C(X, Y) of arrows

e For each triple of objects X, Y, Z, a composition function o : C(Y,Z) X C(X,Y) — C(X, 2)

e For each object X, an arrow 1x € C(X, X)
such that composition is associative, and for each X, Y and each f € C(X,Y) we have fo1x = f =
1y o f. Examples of categories include Set, in which the objects are sets and arrows are functions;
Vectq, in which the objects are rational vector spaces and arrows are linear transformations; and
TS, in which the objects are transition systems and arrows are simulations.

Let C and D be categories. A functor is a map F sending each object X of C to an object F(X) of

D and each arrow f € C(X,Y) to an arrow F(f) € D(F(X), F(Y)) such that:

e Forany f € C(Y,Z) and g € C(X,Y), we have F(f o g) = F(f) o F(g)
e For each object X of C, we have F(1x) = 1p(x)

f,9€ C(X,Y),if F(f) = F(g), then f = g.

Suppose that F and G are functors from C to D. A natural transformation 5 : F = G associates
each object X € Ob(C) with an arrow nx € D(F(X), G(X)) such that for any f € C(X,Y), we have
ny 0 F(f) = G(f) o nx.

A subcategory D of a category C is obtained by selecting a sub-collection of objects and arrows
that includes all identity arrows of the selected objects and is closed under composition. There is an
obvious faithful inclusion functor from D to C that maps each object and arrow in D to themselves.

4 A Category-Theoretic Foundation of Robust and Sound Analysis

INFORMALLY, we say that a program analysis A : Program — Property is robust with respect to a
class of relationships R if for all programs P and P’, if P and P’ are related by some r € R, then
A(P) and A(P’) are also related by r. We formalize this by considering Program and Property to be
concrete categories over a common base category which defines the class of relationships that we
are interested in preserving, and defining an operation to be robust when it is a concrete functor.
Let B be a category (the “base” category). A concrete category over B consists of a category C
along with a faithful functor ¢¢ : C — B (see [Adamek et al. 2009] for an introduction to concrete
category theory). For any objects A, B € Ob(C) and any arrow f € B(¢c(A), pc(B)), we use A L B
to denote that there exists some arrow g € C(A, B) such that ¢c(g) = f (note that the choice of g
is unique, since ¢c is faithful). Thus, the functor ¢¢ allows us to understand the arrows of C as
being drawn from B, in the sense that for any objects A, B € Ob(C), B(dc(A), pc(B)) defines a
space of “possible” relationships that may hold between A and B, and A > B is the proposition
that the relationship r does hold between A and B. The fact that C is a category means that these
relationships compose:
e (Identity): for any object A we have A e, A (Since ¢¢ is a functor, we must have
Pc(1a) = 1gc(a))
e (Composition): if A s B i C,then A 2l e, (Letting f” € C(A, B) and ¢’ € C(B,C) be such
that gc(f”) = fand ¢c(g') = g, wehave g’ o f” € C(A,C) and gc (g’ o f7) = dc(g) o e (f') =
gof)

Example 4.1. The category of transition systems TS can be understood as a concrete category
over Set, where ¢rg sends any transition system T to its state space St, and sends any simulation
f: T — U toitself (essentially “forgetting” that f is a simulation, and just looking at it as a function
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from St to Sy). For a function f : St — Sy, we write T Ny exactly when f is a simulation; i.e.,

T > U is a proposition meaning that for all s and s” such that s —r s’, we have f(s) —y f(s).
Observe that the transitive closure operation is robust in the sense that the state spaces of
T and T* coincide, and if there is a simulation f : T — U between two transition systems,
f is also a simulation T* — U*. The (—)® operation is similarly robust. Define the category
SubSet where objects are pairs (U, S) where U is a set and S is a subset of U, and where an arrow
f:(U,S) = (U’,S") is a function U — U’ such that for all x € S, we have f(x) € S’. Observe that
SubSet is a concrete category over Set, where ¢sypset maps each object (U, S) to U, and each arrow
f:(U,S) — (U’,S’) to itself. Then (—)® : TS — SubSet satisfies the property that if T D U, then
T > U®. |

The above example motivates the formal definition of robustness:

Definition 1 (Robustness). Let B be a category, and let C and D be concrete categories over B.
A function F : Ob(C) — Ob(D) is robust (with respect to B, or arrows in B) if for every object
X € Ob(C) we have ¢c(X) = ¢p(F(X)) and for every pair of objects X,Y € C and every arrow
f € B(dc(X), e (Y)) such that X s ¥, we have F(X) K> F(Y).

Robust functions coincide with an existing notion in category theory called concrete functors. For
concrete categories C and D over some common base category B, a functor F : C — D is concrete

if gc = ¢p o F.

Lemma 1 (Robust operations are concrete functors). Let B be a category, and let C and D be
concrete categories over B. Suppose that F : Ob(C) — Ob(D) is robust. For any f € C(X,Y), define
F(f) to be the arrow g € D(F(X), F(Y)) such that ¢c(f) = ¢p(g)—the choice of g is unique since
¢p is faithful by assumption. Then F is a concrete functor.

Example 4.1 illustrates that semantic operations like reflexive transitive closure are robust;
however, they are typically not computable. Our goal in program analysis is to develop approximate
analyses that are computable, while retaining some robustness properties.

Example 4.2 (Robustness under linear transformations). Suppose that we are interested in an
over-approximating transitive closure operation for transition formulas that is robust with respect
to linear transformations. We endow the set of transition formulas with the structure of a concrete
category over Vectg as follows. Let TF be a category where the objects are transition formulas
over any set of variables (note that we use TF for the category and TF(X) for the set of transition
formulas over a specific variable set X). If F € TF(X) and G € TF(Y) are transition formulas over
X and Y respectively, then the set of arrows between F and G is the set of linear maps QX — QY
that are simulations between the transition systems defined by F and G (i.e., x —F x’ implies
f(x) —¢ f(x')). Observe that TF forms a concrete category over Vectg, where the concrete
functor ¢ sends each transition formula F € TF(X) to its corresponding state space Q%, and each
simulation f : F — G to itself. TF can be understood as a subcategory of TS, which contains only
transition systems that are representable using transition formulas, and only linear simulations as
arrows. As we will see in Section 5, the iteration operator (—)® (Section 2) is a concrete functor. _

Example 4.3 (Invariance under renaming). This example formalizes the intuitive idea that constant
propagation is insensitive to the names of variables. Formally, define a category of flow graphs FG,:
objects are flow graphs weighted with transition formulas, and an arrow from G (over variables X)
to a structurally isomorphic H (over Y) is a bijection o : X — Y such that wg(e)[o] = wy(e) for
each edge e. Given a flow graph G with weights in TF(X), the goal of constant propagation is to
compute a function k € Const(Vg, X) = Vg — ({L} U (X — (ZU {T}))), which assigns to each
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if (y > 0) { if (a-b > 0) {
y = 0; a = (ath)/2; b = q;
x=y+1; a=a-bt1/2; b=1/2;
}else { x=1; } Yelse { a = (a-b+1)/2; b=1-a; }
Post: {x+— 1L,y T} Post: {ar T,b+— T}
(a) A program P (b) A program P’

Fig. 2. An example illustrating that constant propagation is not robust under linear transformations: The
programs P and P’ are isomorphic under the linear substitution [x > a + b,y > a — b]; however the result
of constant propagation analysis on P is not isomorphic to that of P’.

control location v € V; either the value L (indicating that v is statically unreachable) or a constant
environment that assigns each variable either an integer (the variable must always be equal to that
value at v) or T (the variable may take on more than one value). Let Bij denote the category whose
objects are finite sets (of variables) and whose arrows are bijections between them. Let Const be
the category whose objects are constant assignments (belonging to Const(V, X) for some set of
vertices V and set of variables X), and where an arrow from k € Const(V,X) to k’ € Const(V,Y)
is a bijection ¢ : X — Y such that k(v)(x) = k' (v)(o(x)) for allv € V and x € X. Both FG, and
Const are concrete categories over Bij, and constant propagation is a concrete functor from FG,
to Const. If we are interested in robustness with respect to linear transformations rather than
variable renaming, then we may analogously consider a base category of Vectg. However, constant
propagation is not robust with respect to linear transformations. For instance, the programs P and
P’ in Figure 2 are isomorphic under the linear map (x,y) +— (a+b, a—b); constant propagation
correctly determines x = 1 in P, but cannot recover the corresponding facta+b = 1in P’ 4

Example 4.4 (Monotonicity). Interval analysis computes an interval bounding the possible values
of each variable at each control location. Let VarSet be the discrete category whose objects are
finite sets of variables and whose only arrows are identities. Define a category FGy,,, whose objects
are flow graphs weighted with transition formulas; for flow graphs G and H with the same vertex
set and the same edge set, there is a unique arrow G — H iff, for every edge e, wg(e) and wy(e)
are over the same variable set and wg(e) = wg(e). Similarly to Example 4.3, define a category Intv
of interval assignments: an object is a function I that maps each vertex v of some set V and each
variable x of some set X to an interval I(v)(x), and an arrow from I (over vertices V and variables
X) to J (over the same V and X) exists iff I(v)(x) C J(v)(x) for allv € V and x € X—i.e., I is at
least as precise as J. Both FG,,,, and Intv are concrete over VarSet, where the projection sends
each object to its underlying variable set. Robustness with respect to VarSet then requires that
whenever G’s formulas are stronger than H’s, the analysis of G is at least as precise as that of H—it
is monotonicity. The iterative interval analysis [Cousot and Cousot 1977] is not robust in this sense
since it uses widening, which is inherently non-monotone [Cousot 2015]; on the other hand, policy
iteration [Costan et al. 2005] (which computes strongest interval invariants) is robust. |

Using the Framework. We envision two modes for using this framework. In the first mode, an
analysis designer has a class of transformations of interest, and uses the framework to inform
the design of a robust analysis (perhaps facilitated by the recipe of Section 5). We expect that for
the most part, analysis designers will use a small number of choices for the base category B: e.g.,
Vectg captures robustness under linear transformations (Example 4.2), Bij captures invariance

2 Affine relations analysis, on the other hand, is robust; one might think of affine relations analysis as the minimal general-
ization of constant propagation that is robust with respect to linear transformations.
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under variable renaming (Example 4.3), and the discrete category VarSet captures monotonicity
(Example 4.4). In the second mode, an analysis designer has an analysis of interest, and uses the
framework to characterize the class of transformations under which it is robust. For instance, the
analyses in Table 3 were designed with monotonicity in mind, but in the next section we show that
in fact they are robust with respect to the richer class of linear simulations.

4.1 Soundness of Robust Analysis

The main novelty of this section is to define what it means for a program analysis to be robust. To
understand what it means to be a program analysis, we must also define the meaning of soundness,
and it is convenient to do so in the same category-theoretic vocabulary that we use for robustness.
This section demonstrates how any concrete category can be equipped with an “approximation
pre-order” to formalize soundness.

Example 4.2 is suggestive of a general mechanism by which we arrive at the structure of a concrete
category. While we might think of an algebraic analysis as a function mapping a program into the
algebra of transition formulas, there is in fact a family of such algebras, parameterized by the set of
variables over which they are defined.> We obtain TF as the disjoint union of transition formulas
over all parameters, and the functor ¢rr sends each transition formula back to its parameter. Thus,
we can recover the algebra TF(X) as the fiber of Q¥, qST‘}l Q%) 2 {F : ¢rr(F) = QX} = TF(X). We
recover the entailment relation on transition formulas as F = G <= there is some arrow f in TF
between F and G such that ¢1r(f) = 14 (x)-

More generally, for any concrete category C over B, the fibers of C can be equipped with an
“approximation pre- -order” That is, for any object B € Ob(B), and any C,C’" € ¢:'(B) write C <p C’
if and only if C K225 € (i.e., there is an arrow f € C(C,C’) such that ¢¢c(f) = 14c(c))- We use
C = (' to denote that ¢c(C) = ¢c(C’) and C <4.(c) C'. Observe that < is a pre-order (Where
reflexivity and transitivity follow from the Identity and Composition properties of the ee(C),
relation, respectively).

The basic principle espoused by the theory of abstract interpretation [Cousot and Cousot 1977] is
that soundness is a connection between a “concrete semantics” (the fundamental matter of interest,
which is typically not computable) and an “abstract semantics” (a computable approximation of the
concrete semantics). In category-theoretic vocabulary, we may think of a concrete semantics as an
object of some concrete category RY, and an abstract semantics as an object of another concrete
category R¥. A concrete functor y : R¥ — R (the concretization functor) maps each abstract
object to its concrete meaning (e.g., mapping a polyhedron to the set of states it contains); being
a concrete functor means that this mapping is compatible with arrows. We say that an abstract
semantics a € Ob(R¥) approximates a concrete semantics ¢ € Ob(RY) if ¢ < y(a) (where < is the
approximation order on RY). Finally, if we let C be a category of programs, F : C — RY be a functor
interpreting programs as their concrete semantics and F¥ : C — R¥ be a functor interpreting
programs as their abstract semantics, then F % is sound with respect to F4 when F (p) approximates
F5(P) for all programs P. Formally,

Definition 2 (Soundness). Let C, R¥, and R¥ be concrete categories over a common base category

B, and lety : Rt > RY, Ft.C—> Rﬁ, and F? : C — RY be concrete functors. We say that Ftis
sound with respect to F9 iff for all P € Ob(C), we have F#(P) < }/(F’i (P)).

3The same phenomenon appears in iterative abstract interpretation. For example, although we speak of “the” lattice of
polyhedra, it is really a family of lattices, one for each dimension.
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’

while (x > 0 A y > 0) { [ 27] 71
. qaz ’I'“
if (nondet()) { 1 [q — 2b]
X = z; :
} else { xZO{\yZO , az0
y -= z; (x :x—z/\y:y)) AN =a-b
) VX' =xAy =y-2) [ax+yb—z] Ap—p
} AN =z [N —
nF
I a(F)

Fig. 3. Over-approximation of a loop by a deterministic affine transition system.

Again, this notion of soundness coincides with an existing notion in category theory, called
concrete natural transformations. For concrete categories C and D and concrete functors F,G : C —
D, a natural transformation € : F = G is called concrete if for each object A of C, ¢p(€4) = 1gn (F(A))-

Lemma 2. F¥ is sound w.r.t. F¥ iff there is a concrete natural transformation € : F# = y o F¥.

As we will see in Section 5.4, concrete natural transformations are also a convenient mechanism
with which to express algebraic laws.

4.2 Best Abstractions

Another key element of abstract interpretation is the notion of “best abstractions,” which are
formalized using Galois connections. Intuitively, the “best” abstraction is the universal object
among all abstractions, such that all other abstractions “factor through” it. In this section, we
formulate a notion of best abstractions for the purpose of program analysis in the language of
concrete categories using weak left adjoints [Kainen 1971]. We give a definition that is specialized
towards our setting below, and provide a proof of equivalence to the standard definition in [Kincaid
and Zhu 2026].

Let C% and C¥ be concrete categories over some common base category B, and let y : C* — Cl be
a concrete functor (one may think of C¥ as an abstraction of C¥, and y as mapping each abstraction
back to a representative in CY). A weak left adjoint of y is a pair (@, ) where a associates every
object A € Ob(C!) with an object a(A) € Ob(CH), and n associates every object A € Ob(C?) with
an arrow 74 € B(Pcu(A), pci (a(A))) such that the following properties hold. First, we must have
A2 y(a(A))—ie., y(a(A)) approximates A modulo the transformation 74. Second, a(A) is the
closest approximation to A within C¥, in the sense of the following universal property: for any
object B € C¥ that approximates A modulo any transformation f, there is a way to factor the
transformation f as j_” o n4 such that B approximates «(A) modulo ? More precisely:

bes (B) for any object B € C# and any arrow f € B(¢cs(A), pcx (B)) such

Cﬁzl\ _ that A ER y(B), there is an arrow f such that a(A) > B and

! 3f  the diagram to the left commutes. Note that « is not necessarily a

Per(A) T} ¢ct(a(A)) functor, and f is not necessarily unique (if both hold, we recover

the usual definition of an adjunction).

Example 4.5. Zhu and Kincaid [2021] present a termination analysis which is based on finding best
abstractions of loops as deterministic affine transition systems (DATS). Define a DATS over a set of
variables X to be a transition formula of the form G A T € TF(X) where G is a guard (expressed
over the pre-state variables X) and T represents an affine transformation T = A, cx x" =ty + by
(where t is a linear term over X and b, € Q). Let DATS denote the category of deterministic affine
transition systems where arrows are linear simulations. DATS is a subcategory of TF, and so has a
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natural inclusion functor y : DATS — TF, and y has a weak left adjoint (e, 7). Figure 3 depicts an
example of a transition formula F along with its best abstraction, consisting of a DATS a(F) and a
linear simulation 5. Observe that the DATS «(F) does not over-approximate F (in the sense that F
does not entail «(F))—rather, a(F) over-approximates F modulo the transformation np (i.e., F entails
a(F)[nFr,n%]). Zhu and Kincaid [2021]’s termination analysis proves that the loop is terminating
for all states satisfying the precondition z > 0 via asymptotic analysis of a(F).

The figure also depicts a second abstraction of F, consisting of a DATS ¢’ = ¢q and simulation
[q — 2z]. Intuitively, (a(F), nF) is a closer approximation to F than this second abstraction, and
this fact is witnessed by the simulation [g + 2b] from «(F) to ¢’ = g. One might thus think of
weak left adjoints as Galois connections modulo transformations. 4

5 A Lifting Strategy for Robust Analyses

This section presents a general strategy for obtaining robust analyses. The high-level idea is that
if we have two concrete categories C and D, and a concrete functor y : D — C with a weak left
adjoint, then a robust operation that is defined on D can be “lifted” to a robust operation that is
defined on C (under certain technical assumptions). For instance, one might think of C as a category
of programs and D as a subcategory of programs of a restricted form, for which a (robust) operation
F is computable (for instance, reachability is decidable for programs in D). Our recipe “lifts” F to
an over-approximate operation F that is defined for all programs (rather than just those in D). The
analysis designer is responsible for the creative work of defining D and F and showing that the
functor y : D — C has a (computable) weak left adjoint, but needn’t prove soundness or robustness
(since they follow from Theorems 2 and 1).

We set the stage by illustrating examples of our strategy (Section 5.1). We then describe the
general strategy (Section 5.2), formulate a soundness theorem (Section 5.3), and show that the
lifting preserves algebraic laws (Section 5.4).

5.1 Examples of Lifted Analyses

We begin by showing how the analyses introduced in Section 2 arise as instances of a common
“lifting” pattern. In the following, TF refers to the category in which the objects are transition
formulas expressed in linear arithmetic and arrows are linear simulations (Example 4.2). We think
of TF as the category that we wish to lift an operator to; the category that we lift from, and the
operation we wish to lift, will vary.

Polyhedral Guard Analysis. Define PolyCart (polyhedral cartesian transition formulas) to be
the subcategory of TF consisting of formulas of the form (AL, s; > a;) A (AL, tj > bj) where
each s; is a linear term over unprimed variables and each ¢; is a linear term over primed variables.
Observe that every polyhedral cartesian transition formula is transitively closed, so we can define
a reflexive transitive closure operator (—)* : PolyCart — TF as F* £ X’ = X V F for any F (over
the variables X). Let y : PolyCart — TF be the inclusion functor. Observe that (a, ) is a weak
left adjoint to y (see [Kincaid and Zhu 2026, Corollary 4]), where a(G) = Pre(G) A Post(G), and
nc is the identity. Polyhedral guard analysis can be understood as the operator G*?%4 = «(G)*,
or equivalently G** = (a(G)*)[ns,ng] (noting that since ¢ is the identity, the substitution
[n6. 1] has no effect).

Linear Recurrence Analysis. Define LT, (lossy translations) to be the subcategory of TF whose

objects are formulas of the form A, cx x" < x + ay or false. Computing the reflexive transitive
closure of a formula in LT, is straightforward, and gives rise to a concrete functor (—)* : LT, — TF,
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where for a formula F € LT, over variables X, F* is defined as:

*
false* = /\x’:x (/\x’§x+ax) éEIkeN.kZO/\/\x'Sx+kax
xeX xeX xeX

Lety : LT, — TF be the inclusion functor. Observe that {a, ) is a weak left adjoint of y (see [Kin-
caid and Zhu 2026, Corollary 5]), where for any transition formula G with conv(A(G)) = AL, t; < b;,
a(G) is AL, y; < yi + b; (over fresh variables yi, . . ., yn) and ¢ is the linear map corresponding
to the substitution [y; + #;], where ; £ ;[Ax +— X]. Intuitively, a(G) introduces a fresh
variable for each recurrence relation, and the 7 represents the correspondence between these
fresh variables and the linear terms they represent. Linear recurrence analysis can be understood
as the operator G*'* = (a(G)*)[nc, n;]. (Note the right-hand side of this equation is syntactically
identical to that of (—=)*?4 above, but @, 17, and (—)* are defined with respect to the category LT,
instead of PolyCart).

Example 5.1. Table 2 illustrates the steps of the above analyses. Consider the loop body F, of P».
For LRA, we compute A(F,) and its convex hull, which gives -6, < -1 A 6, < 1A S, < 5. Each
inequality t; < b; yields a fresh variable y;, giving a(F,) = (y]; < y1 = 1Ay, < ya+1Ay; < y3+5)
with n = [y1 = —x, y2 = x, y3 — y]. Applying the star and substituting via [nr,, iy, | yields the
formula 3k > 0.x" = x + k Ay’ < y + 5k. Observe that the linear simulation ¢ = [i — x] from
F, to F; (Example 3.1) is preserved: o is also a simulation from F,™* to F;™™ (a consequence of
Theorem 1 in the following). 4

Polyhedral Iteration Operator. The polyhedral iteration operator defined in Section 2 combines
polyhedral guard analysis and linear recurrence analysis, resulting in an analysis that produces more
precise invariants than both combined. This can be understood as an iteration operator induced
by the product category PolyCart X LT, . More generally, lifted operations can be combined: if
two subcategories D and E each admit best abstractions for C, then so does the product D X E (see
[Kincaid and Zhu 2026, Appendix A.1]), yielding a more precise analysis that inherits all robustness
and soundness properties. For example, products of domains like Q-VASR X LT, (both from Table 3)
can yield new robust analyses for computing reflexive transitive closure.

Termination analysis via DATS Abstraction. Recall that a deterministic affine transition system
over a set of variables X is a transition formula F of the form G A T € TF(X) where G € SF(X)
is a guard and T represents an affine transformation T = A, cx X" = tyx + bx. Zhu and Kincaid
[2021] give a termination analysis for DATS, which analyzes the asymptotic behavior of the
affine transformation T to compute a state formula F“ representing a set of states from which
F must eventually terminate. To lift this analysis to apply to all transition formulas, we define
F® 2 (a(F))?[nr], where (a, 1) is a weak left adjoint to the inclusion functor y : DATS — TF
(Example 4.5). For instance, in Figure 3 the precondition for termination of the DATS «(F) is
a(F)® = b > 0; applying the substitution 7 yields z > 0—a sufficient precondition for termination
of the transition formula F.

5.2 Lifted Operations and Robustness

Table 3 lists more examples of “lifting” an analysis from a sub-Turing model of computation. This
section formalizes this pattern, providing a unified understanding of these analyses and an account
of why they are sound and robust.

Suppose that D is a subcategory of the category of transition formulas TF (Example 4.2), such that
the inclusion functor y : D — TF has a weak left adjoint {(a, 7). The previous section gave examples
in which a loop summarization analysis was lifted from an operator (—)* : D — TF by defining
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Table 3. Summary of robust analyses that can be understood as “lifted” from a sub-Turing model. As a
consequence of Theorem 1, all listed analyses are robust with respect to linear simulations.

Source ‘ Model “Lifted” Analysis
Lossy translation Reflexive transitive closure
Cartesian relations Reflexive transitive closure

[Zhu and Kincaid 2021] Deterministic affine transition systems | (Eventual) non-termination analysis
Rational Vector Addition System

Sil Kincaid 201 flexi itive cl

[Silverman and Kincaid 2019] with Resets (Q-VASR) Reflexive transitive closure

[Pimpalkhare and Kincaid 2024] | Labeled Q-VASR Context-free reachability

[Cyphert and Kincaid 2024] Solvable transition ideals Polynomial invariant generation

F* 2 (a(F)*)[nF, n%], and termination analysis was lifted from an operator (=) : D — SF by
defining F® 2 (a(F)®)[nr]. Naturally, this pattern can be generalized to arbitrary operations and
concrete categories. The picture below depicts the general pattern of “lifted” operations (center)

along with these two particular cases of loop summarization (left) and termination (right).

D —2 3 TF DLy D —2 4 SF
* 1 F A w
Yl e lgﬁTF Yl L l¢R Yl e l¢SF
TF — Vectg C--->B TF — Vectg
$rF $c Prr

For an object A of C, we may think of a(A) as approximating A modulo 1, and so applying F
to a(A) gives us a modulo n approximation of the desired result for A. The final ingredient for
formalizing “lifting” is a category-theoretic formalization of the translation step (corresponding to
applying the substitution [5, '] for loop summarization, or the substitution [5] for termination
analysis), which is responsible for calculating F(A) from its modulo-y approximation F(a(A)). For
this purpose, we require cartesian morphisms and fibred categories (due to Grothendieck [1960]; see
Barr and Wells [1995] for an introduction—we specialize to the language of concrete categories
below).

Let C be a concrete category over B. Let B be an object of C, and f : X — ¢¢(B) be an arrow of
B. A C-arrow u : A — B is cartesian (for f and B) if ¢c(A) = X, ¢c(u) = f, and for any object
Z € Cand arrow h : ¢c(Z) — @c(B) such that Z LN B, we have Z M5 A. We use A 1 B to
denote that there exists a cartesian arrow u € C(A, B) for f and B. A particular case that will be
used in this paper (obtained by specializing h to the identity morphism) is:

() If A+l Band Z 5 B, then Z < A.

Say that a concrete category C is fibred (over its base category B) if (1) every object B of C and
arrow f : A — ¢c(B) of B has a cartesian arrow, and (2) the composition of cartesian arrows is
cartesian. In the following, we suppose that there is a canonical choice of cartesian arrow for any f
and B, and denote its domain by £~ (B). Then we observe that f~!(B) 5 B, and that if A +5» B
and B s C, then A K255 C.

Example 5.2. TF is fibred over Vectg. For any transition formula F € TF(X) and any linear map
o : QY — QX, we have that ¢ € TF(F[o, 0], F) is cartesian.

Similarly, SF is fibred over Vectq. For any state formula G € SF(X) and any linear map o : Q¥ —
QX, we have that o € SF(G[o], G) is cartesian. |

Definition 3. Let B be a category, let C, D, R be concrete categories over B, and let y : D — C and
F : D — R be concrete functors. Suppose that y has a weak left adjoint (e, ) and that R is fibred.
Define the lifting of F to be F(A) = qgl(F(a(A))) .
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Theorem 1 (Robustness of lifted operations). We have that F is a concrete functor from C to R.

PROOF We must show that for any AL Bin C, we have F(A) R F(B). Since A 5> B and

y(a(B)) composing gives A > LN y(a(B)). The universal property of weak left adjoints
y1eldsfw1th a(A) N a(B)and fona=ngof.

Since F is a concrete functor, we have F(a(A)) R F(a(B)) Com-

na posing with F(A) H4» F(a(A)) and using f ona = ngo f,

$c(A) —> ¢p(a(A))  we get F(A) 2L F(a(B)). Meanwhile, F(B) H2» F(a(B))
fl J and I’l(F(B)) WIS F(B); composing cartesian arrows gives
¢c(B) — ¢p(a(B)) FY(F(B)) 2255 F(a(B)). We have two arrows to F(a(B)) over
1B nB Of the latter cartesian; by (1), we have F(A) < f~'(F(B)), and

thus F(A) (2R F(B). O

5.3 Soundness of Lifted Operations

This section shows that lifting preserves soundness: a sound operation on D lifts to a sound
operation on C.

Say that a functor F is cartesian if for every cartesian arrow f, F(f) is also cartesian. If we think
of a concretization functor yp : R¥ — RY, then Yr being cartesian intuitively means that inverse
images in R* are sound with respect to RY. In particular, the concretization functor from TF to TS
is cartesian, since TF is closed under inverse images of linear maps. Similarly, yg : SF — SubSet is
cartesian.

Theorem 2 (Soundness of lifted operations). Suppose that we have the following (not commuting)
diagram of concrete categories over B:

Fﬁ where:
e C,D,RY, and R¥ are concrete categories over B;
YD»J/ F 2 lYR e yp : D — Cis a concrete functor that has a weak left adjoint («, 17);
C _) Rb e F1:C > RY, Ft.D— Rf‘; and yg : R — RY are concrete functors;
Fh o F# is sound with respect to Ffi o yp.

Supposing that R¥ is fibred (so that the lifted operation Fﬂ : C — R¥ is well-defined) and yg is

cartesian, then F' is sound with respect to F b,

PROOF. For any object A of C, we must show Fi(A) < yr (1? (A)). Since F! is a concrete func-
tor and A 25 yp(a(A)), we have FI(A) F2 Fi(yp(a(A))). Soundness of F¥ on a(A) gives
Fi(yp(a(A))) = yR(Fﬁ(a(A))). Composing the above we get Fi(A) 2 )/R(Fﬁ(a(A))). By defini-
tion, Fﬂ (A) = 77;11 (F¥(a(A))), giving a cartesian arrow Fﬂ (A) H45» F¥(a(A)). Since YR is a cartesian
functor, yg (1?ﬁ (A)) M2 yg (F#(x(A))). We now have two arrows to yR(Fﬁ(a(A))) over 14, the
latter cartesian; by (1), we have Fi(A) < )/R(ﬁ‘i (A)). O

5.4 Algebraic Properties of Lifted Operations

This section shows that (in a certain sense) if an operation F : D — R satisfies a certain kind of
(in)equational law, then that law is also satisfied by its lifting F : C — R (obtained by Definition 3).
Such laws amount to another kind of robustness guarantee (further explored in Section 6).

As an example, suppose that D is a subcategory of TF equipped with a reflexive transitive closure
operator (—=)* : D — TF, and let (=)* : TF — TF denote its lifting. Since for any transition
formula F in D, F* is transitively closed, we have the law VF € Ob(D).F* - F* < F*, or equivalently
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VF € Ob(D).(F*)? < F* (where (-)? is a functor mapping each transition formula G to G - G). As
a consequence of Theorem 3 below, we can raise this inequation to one for the lifted operator (-)*,
yielding the law VF € Ob(TF).(F*)? < F*.

In the technical statement of the lifting theorem (below), G : D — R is an operation that is to be
lifted to G : C — R. The left-hand side and right-hand side of an inequational law are represented
as the composition of functors F;GH and F,G, respectively. To instantiate this theorem to lift
the transitivity property above, we set F; to ()%, G to (—)*, and H and F; to identity functors.
In [Kincaid and Zhu 2026, Appendix A], we show how several more laws can be obtained by
instantiating these functors appropriately, including:

o Transitivity: F;; F* = F* (Corollary 1)
e Unrolling: (F")* < F* (Corollary 2)

Theorem 3 (Lifting). Let B be a category, and let C, D, R, and R’ be concrete categories over B. Let
y : D — C be a concrete functor that has a weak left adjoint (&, 7). Let H: D — Dand H : C — C
be concrete functors such that ﬁy =yH.LetG:D > R, F; : R > R’,and F; : R — R’ be concrete
functors. Suppose that R is fibred, and that F; is a cartesian functor. Let G be the lifting of G. If
F1(G(H(d))) = F,(G(d)) for all objects d of D, then F;(G(H(c))) = F,(G(c)) for all objects ¢ of C.

6 Robust Algebraic Program Analysis

The previous section demonstrated a recipe for designing robust program analysis operations,
which generalizes a pattern seen in several algebraic program analyses (Table 3). In this section,
we investigate the robustness properties of such analyses. That is, assuming that each individual
operation of an algebraic program analysis is robust, in what sense is the overall analysis robust?

An algebraic program analysis tool can be viewed as consisting of a front-end and a back-end.
The front-end translates the program into a flow graph G with weights drawn from some algebra
A (as in Figure 4). The back-end computes a summary assignment from G—a function s : Vo — A
that maps each vertex v to a summary s(v) that over-approximates the semantics of all program
paths from the entry rg to v, via a summarization algorithm such as Tarjan [1981a]’s. To formalize
robustness of an algebraic analysis, we restrict our attention to the back-end—that is, we consider
transformations in flow graphs, and the sense in which (some) summarization algorithms are robust
(assuming that each algebraic operation is robust).

To motivate our discussion, consider the flow graphs in Figure 4. G; simulates G, in the sense that
there is a substitution f = [i > x] mapping the variables of G, to linear terms over the variables
of Gy, and a function h : Vg, — Vg, from the vertices of G; to the vertices of G, such that for each
edge (u,v) in G, there is a corresponding path in G; from h(u) to h(v) that simulates it (modulo
the transformation f).* When an algebraic program analysis computes a summary assignment
s1: Vg, = TF({i}) for Gy and s; : V5, = TF({x,y}), they are similarly related: for each vertex
v, $1(f (v)) simulates s;(v) (modulo the transformation f). This is the case for all of the analyses
derived using the pattern in Section 5.

The input to an algebraic program analysis is a flow graph G with weights drawn from some
algebra A, and the output is a summary assignment s : Vi — A. Following the framework introduced
in Section 4, we wish to define concrete categories for flow graphs and summary assignments (over
some common base category) such that summarization is robust (under the assumption that each
algebraic operation is robust). The remainder of this section formalizes robust algebraic program

4For (1,2), (3,4), and (4, 5), the simulating path is simply the corresponding edge in Gi; edges (2, 3) and (5, 3) do not
change the value of x, and the simulating path is the empty path from B to B in G;.
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i<5Ai =i

| x =5 X =x x=x+1 |
I Ax' =x LAY =y+x AY =y |
1 |

!
Ny =y
Or=ry=r® 202 20
X' =1Ay =y x'=xAy =0 x<5Ax"=xAy =y

Fig. 4. Two flow graphs G; (above) and Gz (below), corresponding to the programs P; from Figure 1a and P,
from Figure 1b. The dashed lines indicate a stuttering simulation (h, f) (where h maps 1 — A, {2,3,5} — B,
4+ C,6 - D,and f = [i — x]) that preserves loops from the flow graph below to the one above. The
summaries at the loop headers B and 3 are the loop summaries of Table 2.

analysis and summary assignments (Section 6.1), vertex elimination (Section 6.2), and a class of
relationships under which it is robust (Section 6.3).

6.1 Robust Algebraic Program Analysis

This section defines the structure of a robust algebraic program analysis. INFORMALLY, an algebraic
program analysis is robust (with respect to some base category B) if all of its operators are robust
and satisfy the Pre-Kleene algebra laws. To formalize this, we must generalize Pre-Kleene algebras
to a setting wherein the universe is a concrete category C over B rather than a set, and operators
are concrete functors rather than functions. An n-ary operator on C corresponds to functor from
the n-fold product C xp - - - Xg C to C, where the product operator is defined as follows (and noting
that “0 times” C is B).

Definition 4. For any concrete categories M and N over a category B, define M xg N to be the
pullback of ¢y and ¢y; that is, M X N is the category in which the objects are pairs (M, N)
consisting of an object M of M and an object N of N such that ¢m(M) = ¢n(N), and an arrow
(A,B) — (A’,B’) is a pair (f,g) such that f € M(A,A’) and g € N(B, B’) and ¢m(f) = ¢n(9).
M Xxp N naturally forms a concrete category over B.

For instance, consider the category of transition formulas TF. The sequential composition
operator is a partial function on TF, which is defined for any pair of transition formulas F and G
that operate on the same set of variables (formalized in three equivalent ways: (1) ¢rr(F) = ¢1r(G);
(2) (F,G) is an object of TF Xyect, TF; (3) F and G belong to the same fiber of ¢1r). Sequential
composition is robust in the sense that for any transition formulas F, F € TF(X),and G, G’ € TF(Y)
and any linear transformation f : QX — QY such that f is a simulation from F to G and F’ to
G’, we have that f is a simulation from F - F’ to G - G’—this corresponds precisely to the fact that
sequential composition is a concrete functor TF Xyect, TF — TF. The +, 0, and 1 operators can
similarly be understood as concrete functors, as well as any lifted iteration operator following the
recipe of Section 5. Generalizing this structure, we have the following definition.

Definition 5. Let B be a category. A robust algebraic analysis (over B) is a concrete category
A over B equipped with concrete functors 0 : B - A, 1 : B — A, (=) - (=) : AXp A — A,
(=)+(-):AxgA — A,and (-)* : A — A such that

(1) Each fiber of A forms a Pre-Kleene algebra;
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(2) For any objects a and b, we have a < b iff a < b (i.e., the approximation order derived from
the concrete category structure coincides with the natural order from the PKA structure).

Recall from Section 5.4 that “lifted” operators (derived from a base operator using the recipe of
Section 5) satisfy many of the same algebraic laws as their base. As a consequence, TF forms a
robust algebraic analysis (over Vectg) where the (—)* operator is instantiated to the polyhedral
iteration operator from Section 2, or the operator of [Cyphert and Kincaid 2024].

For any arrow f of B and any A, B in Ob(A) such that A s B, we say that B simulates A
modulo f. Assuming that A is a robust algebraic analysis, observe that the 5 relation is compatible
with all of the operations and the natural order; that is,

Observation 1 (Compatibility). For all A, A,, By, B; such that A; L Bi and A, R Bs:

e A +Ay > By + By e 01> 0
e A - Ay I By - By 01||-’i>1
o AX L B o If Ay < Ay, Ay D> By, and B, < By, then A, i B,

Finally we may define the category Sa of summary assignments for a robust algebraic analysis
A. The objects of Sp are summary assignments—i.e., functions s : U — ¢1§1(X) for some set U (of
vertices) and some X € Ob(B). An arrow in S5 from a summary assignment s : U — ngXl (X) to
t:V — ¢, (Y) consists of a pair (h, f), comprising a “structure transformatlon h:U — V and
“weight transformation” f € B(X, Y) such that for all u € U, we have that s(u) R t(h(u)) (that is,
for each vertex u € U, the summary assigned to u by s is simulated by the summary assigned to its
corresponding vertex h(u) by t, modulo the transformation f). Thus, the natural base category over
which to understand summary assignments is the product category Set X B, where for a summary
assignment s : U — ¢, (X), we have ¢, (s) = (U, X).

6.2 Robustness of Summarization Under Isomorphisms

We present an abstract view of summarization algorithms based on vertex elimination, which
can be thought of as a variant of Gauss-Jordan elimination, or Kleene’s algorithm for converting
a finite automaton to a regular expression. Practical summarization algorithms, such as Tarjan
[1981Db]’s, can be thought of as vertex elimination algorithms that use various techniques to improve
computational efficiency, but produce the same results as vertex elimination (assuming that the
underlying algebra obeys the semiring laws).

In defining the vertex elimination operation, it is convenient to extend the weight function wg
to the domain Vi X Vi, by assigning each pair u and v with (u,v) ¢ Eg the weight 0. We do not
distinguish between a weight function and its total extension. Eliminating a vertex v from a graph
G produces another flow graph G/ov in which v has no outgoing edges, but the paths in G are
preserved in the sense that for any path 7z in G from rg to any vertex u, there is a path 7’ in G/v
such that wg () < wg/ (7). The graph G/v has the same vertices and root as G, and its edges are
defined as follows:

Eglo 2 {{uu') € E:u’ £0}U{(p,s): (p,v) € EA(v,s) € E}
wg (u,u') + wg(u,0)wg (v, 0)*wg(v,v') u#ov,u #0v
wg/o(u,u') £ S we (u, 0)we (v, 0)* u =0
0 otherwise
We extend this notation to sequences of vertices by defining G/e = G and G/vy,0,...,0, =
(G/v1)/vg, ..., v,. To compute a summary assignment using vertex elimination, we enumerate
the non-root vertices of G in some order vy, ...,v, and then eliminate them to yield a graph
H £ G/vy,...,0,. Since eliminated vertices have no outgoing edges, the only edges in H are of the
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b

T a+b(de)*d (b +ac)(de)* (a+bd)(cd)* b+ a(cd)*c
d

(a) A flow graph G (b) G/2/3 (c)G/3/2

Fig. 5. An irreducible flow graph G along with the result of eliminating vertices 2 and 3 in both possible
orders.

form (rg,v), and the weight of this edge must approximate the weight of any path from rg to v in
G. Thus, the function mapping v — wg(rg,v) is a sound summary assignment.

If A happens to be a Kleene algebra, then the elimination order is irrelevant. But if A is a
Pre-Kleene algebra, different elimination orders can produce different results (i.e., different sound
over-approximations of program behavior). From this abstract perspective, the crucial difference
between different summarization algorithms is the selection of elimination orders.

The most basic question concerning the robustness of a summarization algorithm is whether it is
robust with respect to graph isomorphisms—that is, given flow graphs G and H that differ only in
the names of vertices, does the algorithm produce exactly the same result for G and H? The answer
is, unfortunately, no. For instance, consider the flow graph in Figure 5a. The map that swaps the
vertices 2 and 3 is a structural isomorphism for this graph, so we cannot depend on the order that
an algorithm will eliminate them. However, the order of elimination matters—in particular, for the
order 2, 3 the (—)* operator is applied to dc, and for the 3, 2 order it is applied to cd, and in general
there is no relationship between (dc)* and (cd)*.

For reducible flow graphs, however, Tarjan [1981a]’s algorithm is robust with respect to isomor-
phisms. To prove this result, we define a class of admissible elimination orders, and show that any
two admissible elimination orders of the same reducible graph produce the same analysis result. It
follows that any vertex elimination algorithm that eliminates vertices in an admissible order (of
which Tarjan’s algorithm is an example) is robust with respect to isomorphisms (for reducible flow
graphs).

Let G be a flow graph. Say that u dominates v if every path from rg to v passes through u.
Dominance forms a partial order, with least element rg. A flow graph G is said to be reducible if
for every cycle in G, there is some vertex along the cycle that dominates all other vertices. A local
cycle of a vertex v is a path 7 in G such that (1) v = sre(7r) = dst(rr), and (2) v dominates every
vertex along 7. Define L (v) to be the set of vertices that appear in some local cycle of v. Say that a
sequence vy, . . ., U, of vertices is admissible if there exists no i < j such that v; € L(v;). Intuitively,
one could think that vertices in an inner loop should be eliminated before those in the outer loop.

Theorem 4. Let G be a reducible flow graph, and let vy,...,0, and uy, ..., u, be enumerations
of some subset U C V. If both vy,...,0, and uy,...,u, are admissible, then G/vy,...,0, =
Gluy,. .., up.

In the following, we use [G] to denote the summary assignment produced by a vertex elimination
algorithm that eliminates vertices in a reducible order. Formally, let G be a reducible flow graph
over a PKA A. Define [G] to be the function V; — A that maps each vertex v € Vg to wy (rg,0),
where H £ G/uvy, .. .,v, for some admissible order v, .. ., v, of the non-root vertices of G. [G] is
well-defined by Theorem 4 above.

6.3 Robustness of Summarization Under Loop-Preserving Stuttering Simulations

Let A be a robust algebraic program analysis over some base category B. Recall that the natural
base category over which we understand the results of vertex elimination is Set X B. In this section,
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we wish to define a category Ga of reducible flow graphs over A such that [—] can be understood
to be a concrete functor from G4 to Sa. Given that we wish to view Gy as a concrete category over
(Set xB), we can make this question more concrete. Suppose G and H are flow graphs with weights
in ¢1§1(X) and ¢1§1(Y) respectively (for some X, Y € Ob(B)). For which functions h : V5 — Vi and
arrows f : X — Y should the pair (h, f) be considered an acceptable transformation from G to H
(such that we may conclude that (h, f) is an arrow from [G] to [H])? The answer provided in this
section is that (h, f) should be a stuttering simulation that preserves loops.

Figure 4 depicts an example of a stuttering simulation between two flow graphs. The intuition
behind simulation is that the simulator has at least as many behaviors in the sense that every
execution of the simulatee can be mapped to a corresponding execution of the simulator. In the
abstract, we view “executions” as paths in a flow graph, and correspondence as a consistent
approximation relation on weights of those paths.

Definition 6. Let A be a robust algebraic program analysis over a base category B. Let G and H be
flow graphs over ¢! (X) and ¢! (Y), respectively. A stuttering simulation is a pair (h, /) where
h:Vg — Vg and f € B(X,Y) such that for each edge (u,v) € Eg, we have
e (h(u),h(v)) € Eg and wg(u,0) R wy (h(u), h(v)), or
e h(u) = h(v) and wg(u,v) K> 1
Observe that for any stuttering simulation (h, f) between flow graphs G and H there exists a
function r that maps any path 7 in G to a simulating path r(7) in H, which can be constructed as:

r(e) =e¢
r(m) (h(u), h(v)) if (h(u), h(v)) € Eg and wg(u,v) R wy (h(u), h(v))
r(r) if h(w) = h(v) and wg (u,0) 15 1

Note that the above does not define r uniquely, because an edge (u,v) may be simulated both by 1
and by wy(h(u), h(v)). We say that any function meeting the conditions above is a witness for
the stuttering simulation (h, ).

r(z(u,0)) = {

Example 6.1. Sharma et al. [2011] introduce a technique for improving the precision of static
analyses by splitting loops into phases—an example of the transformation appears below (the
program on the left is transformed into the program on the far right). This kind of transformation
heuristically improves precision, but in some cases can actually decrease precision. For robust
algebraic program analyses, the transformation always improves precision (not necessarily strictly):
there is a stuttering simulation from the transformed program to the original. A schematic illustra-
tion appears below to the right: (h, 1) is a stuttering simulation from the rightmost graph to the
one to its left, where h = {u — x,v — x}.

while(x < 100) { ' while(x < 49) { x++; } 1
X+ SPlit while(x < 100 A x > 49) {
if (x > 50) y++; xH+; A b p b
} 3

|

Example 6.2. Loop unrolling is a transformation widely used in compilers to improve performance
by reducing the overhead of loop-control branches and exposing more instructions to the scheduler
[Aho et al. 2006; Hennessy and Patterson 2011]. For robust algebraic program analyses, this
transformation is (not necessarily strictly) precision-improving because a stuttering simulation
exists from the unrolled program (right) to the original (left): (h, 1) is a stuttering simulation from
the transformed graph to the original, where h = {u — x,0 — x,w — x}.
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while(x < 100) { while(x + 1 < 100) {

if (x%2==20){ if (x % 2 ==10) y++; a
yrts Unroll X @
} —  if (x % 2 == @) y++; ) z
xt++; xt++; a
} ’ 3

if (x < 100) x++; |
INFORMALLY, vertex elimination is robust with respect to stuttering simulations that also respect
syntactic loop structure, such as nesting hierarchy. Such simulations (which include Examples 6.1
and 6.2) are called loop-preserving. We will now make loop preservation precise. For a path = =
ejey . ..e, and a vertex u € Vg, define the u-length of 7 to be the number of edges e; such that the
source of e; is u. Denote the u-length of a path x by |r|s,.

Definition 7. Let G and H be flow graphs, and let (h, f) be a stuttering simulation from G to H.
Say that (h, f) is loop-preserving if
o (Loop membership) For any u,v € Vg, if u € Lg(v), then h(u) € Ly (h(v));
e (Non-nesting) For any distinct u,v € Vi such that h(u) = h(v) and u € Lg(v), we must have
Lg(u) = 0;
o (Consistent unrolling) There is a witness r for (h, ) such that for any v € V;, there is some
n > 1 such that every primitive local cycle (meaning that it is not obtained by repeating some
other local cycles multiple times) 7 of v satisfies |r (1) |p(y) = n.

We now present the main result: for any robust algebraic program analysis A, vertex elimination
[-] : Ga — Sa is a robust operation.

Theorem 5. Let A be a robust algebraic program analysis over a category B. Let G and H be
reducible flow graphs, and let (h, f) be a stuttering simulation from G to H that is loop-preserving.
Then for any vertex v € Vg, we have that [G] (v) is simulated by [H] (h(v)) modulo f.

7 Conclusion

It is the opinion of the authors that robustness should be an important design consideration for
practical program analyses. We provide a unified framework for articulating a class of robustness
properties in the language of concrete category theory, by thinking of robustness as preserving
certain relationships between programs.

We give a general design strategy for achieving robustness, and establish robustness of several
existing analyses by way of showing that they are instances of this strategy. A natural avenue for
future work is to instantiate this strategy in new ways—i.e., for what other sub-Turing models of
computation, and what other classes of simulations, can this recipe be followed? We also study
robustness of algebraic program analyses “in the large”—that is, how guarantees of robustness of
individual program operations translate to end-to-end analysis guarantees upon which users may
rely. A limitation of this theory is that we have restricted our attention to reducible flow graphs.
We leave open the question of whether robustness can be established for irreducible flow graphs,
and the correct notion of simulation for algebraic termination analysis.
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