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Abstract

This work studies the relation between spectral and combinatorial expansion in simpli-
cial complexes. More precisely, we study the spectrum of the simplicial Hodge Laplacian
defined by Eckmann, generalizing well known theorems from graph theory: the Cheeger
inequalities concerning a graph’s isoperimetric constant; the “Expander Mixing Lemma’”;
properties of random walks and return probabilities; the theorems of Alon-Boppana and
of Kesten regarding infinite trees; the study of random complexes, and of “Ramanujan

complexes”’, and Gromov’s geometric overlap property.



Contents

1__Introduction|
I1.1 Isoperimetric constant| . . . . . . . . . . . ...
1.2 Expander Mixing Lemmas|. . . . . . . . ... . oo
1.3 Examples and applications|. . . . . . . ... oL
I1.4  High dimensional random walk| . . . . . . ... ... oo 000 oo
I1.o  Infinite complexes| . . . . . . ..
1.6 Isospectrality| . . . . . . . . e
2 Prolmi )
2.1 Simplicial Hodge Laplacians| . . . . . . . .. ... oo oo
2.2 The spectrum of complexes| . . . . . . . . ..
2.3 Complexes with a complete skeleton| . . . . . . .. ... ... o o000
|3 Isoperimetric constant|
8.1 A Cheeger-type inequality] . . . . . . . . . .. Lo
3.2 Towards a lower Cheeger inequality|. . . . . . .. .. ... ... .. ..
4 Mixing and pseudo-randomness|
4.1 The complete skeleton casel . . . . ... ... ... o0 o oo
FE2 The general casel . . . . . . . . .
[ Examples and Applications|
p.1  Gromov’s geometric overlap| . . . . . .. ..o
0.2  Chromatic bounds| . . . . . . . . o
5.3 Ideal expanders| . . . . . ... ... ...
[F.4 Tinjal-fMeshulam complexes| . . . . . . . . . . . e
5.5 Ramanujan triangle complexes| . . . . . . . . ... o oo
|6 High dimensional random walk|
6.1 The (d — 1)-walk and expectation process| . . . . . ... ... .. ... ... . ...
6.2 Normalized Laplacians| . . . . . . . . . . . .
6.3 Walk and spectrum|. . . . . . ..o
|7 Infinite complexes|
[7.1 Infinite graphs| . . . . . . . e
7.2 Infinite complexes of general dimension | . . . . . . . . ... oL
7.3  Example - arboreal complexes|. . . . . . . . ... L o
7.4 Continuity of the spectral measure| . . . . . . . .. . ... . ... ... ... ..
7.5 Alon-Boppana type theorems| . . . . . . ... .. oo oo
7.6 Analysisof balls in T5| . . . . . . . .. e
[777  Spectral tadius and random walk] . . . . . . . . . . ..
7.8 Amenability, transience and recurrence|. . . . . . . . .. ..o
I8 Isospectrality|
8.1  G-setsl . . . . . e e
8.2 Action and spectrum| . . . . . ... Lo Lo e
8.3 Construction of unbalanced pairs| . . . . . . . . . ... Lo L
8.4 Computation] . . . . . . . . . L e e

|19  Generalizations and open questions|




1 Introduction

Most of my PhD research was devoted to the ongoing quest of understanding “high-dimensional ex-
panders”. Expanders are sparse graphs which are highly connected. This is manifested in their geome-
try (isoperimetric constant), combinatorics (pseudo-randomness), and dynamics (behavior of random
walks), but it turns out that the notion of spectral expansion - boundedness of the Laplace spectrum
of the graph - is often the most useful for mathematical analysis. In my study I sought to generalize
these notions of expansion to simplicial complexes of higher dimension, and to connect them to the
spectrum of the high-dimensional Laplacian defined in the 1940’s by Eckmann. My study, several
parts of which were conducted in collaboration with other PhD students in our department, concerns

several notions of expansion and related questions:

e Isoperimetric constant: this is a generalization of the Cheeger constant of graphs. It was studied,
in joint work with Ron Rosenthal and Ran Tessler in [PRT14], and the results appear here in

e pseudo-randomness (mixing): this is a natural notion of combinatorial expansion, which is close

in spirit to the isoperimetric constant. This study is described in [PRT14, [Pari3a], and here
in §§
e Dynamical expansion: together with Ron Rosenthal I have defined and studied a stochastic

process which generalizes random walks on graphs, and gives a notion of dynamic expansion
which relates to the homology of a complex. This is described in [PR12, §2] and here in

e Geometric overlap: this is a notion of expansion which is due to Gromov. Its relation to high-

dimensional spectral expansion is explained in §5.1]

e Random complexes: random graphs are excellent expanders. Together with Ron Rosenthal I

have studied the expansion properties of Random Linial-Meshulam complexes, and the results
are described in [PRT14] §4.5] and here in

e Ramanujan complexes: these complexes are high-dimensional analogues of the Ramanujan graphs
constructed in [LPS88|. Together with Konstantin Golubev I have studied the spectral and

combinatorial properties of triangle Ramanujan complexes. Some of our results appear in §5.5

e Asymptotic questions: in [PR12] §3] Ron Rosenthal and I have studied the spectrum of infinite
complexes and questions concerning sequences of complexes, generalizing results of Kesten and
of Alon-Boppana. This is described in §7]

Apart from spectral expansion, I have studied isospectrality: the challenge of constructing geometric
objects (graphs, complexes, manifolds and orbifolds) which have the same Laplace spectrum. The
results appear in §8 which is based on [Parl3b]. Another research I was involved in during my
PhD studies is that of words in free groups. The results are not described here, and appear in

[PS13| [PP14al, [PP14b]. The rest of this section gives a summary of the work and its main results.



1.1 Isoperimetric constant

The Cheeger constant of a finite graph G = (V| E) on n vertices is usually taken to be

. E(A, VA
(@)= min | <|A|\ )|
0<|Al< Y

where F (A, B) is the set of edges with one vertex in A and the other in B. In this work, however, we

use the following version:
n|E (A V\A)|

h(G) =
S e VTRV

(1.1)

Since ¢ (G) < h(G) < 2¢ (G), defining expanders by ¢ or by h is equivalent. The spectral gap of G,
denoted \ (G), is the second smallest eigenvalue of the Laplacian AT : RV — RV, which is defined by

(ATS) () = deg (v) f (v) = D f (w). (1.2)
The discrete Cheeger inequalities [Tan84, [Dod84] [AMSS] [Alo86] relate the Cheeger constant and the

spectral gap:
@ <A(G) <h(G), (1.3)

8k

where k is the maximal degree of a vertex in G In particular, the bound A < h shows that spectral
expanders are combinatorial expanders. This proved to be of immense importance since the spectral
gap is approachable by many mathematical tools (coming from linear algebra, spectral methods, rep-
resentation theory and even number theory - see [HLWO0G6, Lubl0| [LubI2a] and the references within).
In contrast, the Cheeger constant is usually hard to analyze directly, and even to compute it for a

given graph is NP-hard [BKV ™81, [MS90)].

Moving on to higher dimension, let X be an (abstract) simplicial complex with vertex set V. This
means that X is a collection of subsets of V', called cells (and also simplexes, faces, or hyperedges),
which is closed under taking subsets, i.e., if 0 € X and 7 C o, then 7 € X. The dimension of a cell o
is dimo = |o| — 1, and X7 denotes the set of cells of dimension j. The dimension of X is the maximal
dimension of a cell in it. The degree of a j-cell (a cell of dimension j) is the number of (j + 1)-cells
which contain it. Throughout this work we denote by d the dimension of the complex at hand, and
by n the number of vertices in it (which will be finite except for Section . We shall occasionally add
the assumption that the complex has a complete skeleton, by which we mean that every possible j-cell
with j < d belongs to X.

We define the following generalization of the Cheeger constant:

Definition 1.1. For a finite d-complex X with n vertices V,

. TL‘|F(A0,A1,...,Ad)|
h(X)=  min ,
)= s TAol A 1Ad]

(1) For ¢ they are given by <p22(kG) <A (G) €20 (G).



where the minimum is taken over all partitions of V' into nonempty sets Ao, ..., A4, and F (Aq, ..., Aq)

denotes the set of d-dimensional cells with one vertex in each A;.

For d = 1, this coincides with the Cheeger constant of a graph . To formulate an analogue of
the Cheeger inequalities, we need a high-dimensional analogue of the spectral gap. Such an analogue
is provided by the work of Eckmann on discrete Hodge theory [Eck44]. In order to give the definition
we shall need more terminology, and we defer this to The basic idea, however, is the same as
for graphs, namely, the spectral gap A (X) is the smallest nontrivial eigenvalue of a suitable Laplace
operator. The following theorem, whose proof appears in generalizes the upper Cheeger inequality

to higher dimensions:

Theorem 1.2 (Cheeger Inequality, [PRT14]). For a finite complex X with a complete skeleton,
A(X) <h(X).

Remarks. (1) If the skeleton of X is not complete, then h(X) = 0, since there exist some
{voy++,va-1} ¢ X971 and then F ({vo},{v1},...,{va_1},V\{vo,...,va-1}) = 0. This sug-
gests that a different definition of h is called for. We give such a definition in (see ),
and a corresponding Cheeger inequality is proved in Theorem [5.9] A different generalization of

h appears in the open questions section

(2) The existence of a lower Cheeger inequality is still an open question, and some progress in this
direction is described in §3.2]

In [LMOG] Linial and Meshulam introduced the following model for random simplicial complexes:
for a given p = p(n) € (0,1), X (d,n,p) is a d-dimensional simplicial complex on n vertices, with
a complete skeleton, and with every d-cell being included independently with probability p. Using
Theorem [[.2] we show in the following:

n

Proposition 1.3. Let X = X (d,n7 Clog").

(1) For large enough C, a.a.s. h(X) > (C -0 (\/5)) logn.
(2) For C <1, a.a.s. h(X)=0.

The proof appears as part of Corollary

1.2 Expander Mixing Lemmas

The Cheeger inequalities bound the expansion along the partitions of a graph, in terms of its
spectral gap. Nevertheless, a large spectral gap does not suffice to control the number of edges between
any two sets of vertices. For example, the bipartite Ramanujan graphs constructed in [LPS88| [MSS13]
are regular graphs with very large spectral gaps, which are bipartite. This means that they contain
disjoint sets A, B C V of size %, with E(A,B) = @. The Expander Mizing Lemma [FP8T7, [ACSS|
BMS93]| (see also [HLWOG]) remedies this inconvenience, using not only the spectral gap but also the

maximal eigenvalue of the Laplacian:

(1) The spectral gap appears in Definition and is given alternative characterizations in Proposition



Theorem (Expander Mixing Lemma, [FP87,[AC88,[BMS93|). Let G = (V, E) be a graph on n vertices.
If the nontrivial spectrum of its Laplacian is contained within [k — p,k + p], then for any two sets of

vertices A, B one has
E(A B —L |15 <p-+|Al|B 14

kAl B|
n

If k is the average degree of a vertex in G, then is about the expected size of |E (A, B)| (the
k

exact value is —*5 |A||BJ). Thus, the Lemma means that a concentrated spectrum indicates a pseudo-

random behavior. The deviation of |E (A4, B)| from its expected value p|A||B|, where p = % ~ EI/(3)

is the edge density, is called the discrepancy of A and B. In a similar fashion, if & is the average degree

of a (d — 1)-cell in a d-complex X with a complete skeleton, we call the deviation
X7

(a1)

kJAo| .. |Ad
n

|F' (Ao, ..., Aq)| — “JAo] ... - | A4

~ ‘|F(A07"'7Ad)|

d
the discrepancy of Ag,..., Ay (the question of using (Pi |) or % is addressed in Remark . The
d+1
following theorem generalizes the Expander Mixing Lemma to these settings:

Theorem 1.4 (Mixing Lemma, [PRTT14]). If X is a d-dimensional complex with a complete skeleton,
and the nontrivial spectrum of its Laplacian is contained within [k — p,k + p|, then for any disjoint

sets of vertices Ag, ..., Aq one has

R ol Al

n

d
‘F(A(),...7Ad)| (|A0||Ad|)d+1

The Laplacian of X is defined in and the proof of Theorem appears in

What happens when the skeleton of X is not complete? A d-dimensional complex has, in fact, d
Laplace operators, with the j-th one acting on the cells of dimension j (0 < j < d). It turns out that
the assumption of a complete skeleton can be replaced by the assumption that of all these operators
have concentrated spectra: Let us say that X a (j, k, €)-expander if € < 1, and the nontrivial spectrum

of the j-th Laplacian is contained within [k (1 —¢),k (1 + ¢)] We then have (this is a special case
of Proposition :

Theorem 1.5 ([Parl3al). If a d-dimensional complex X is a (j, kj,€;)-expander for every 0 < j < d,

and Ao, ..., Aq are disjoint sets of vertices in X then
ko...kq 1
|F' (Ao, ..., Ag)| — ol [Ao| - ... |Aal| < cako ... ka—1 (0 + ... +€4—1) max |4;],

where cq depends only on d.

The understanding of F (Ao, ..., A4) in the case of general complexes is achieved by studying a

wider counting problem:

() With this definition, Theoremapplies to a d-complex with a complete skeleton which is a (d —1,k, %)—expander.



Definition 1.6. Given disjoint sets Ag,..., Ay C V, and j < ¢, a j-gallery in Ag,..., A is a se-
quence of j-cells aq,...,0,_; € X7, such that o; is in F (4;,...,A;4;), and 0; and 0,41 intersect in a
(j — 1)-cell (which must lie in F' (A;y1,...,Ai1+;)). We denote the set of j-galleries in Ao, ..., Ay by
Fi(A,...,Ay).

Example.
(1) An f-gallery in Ay, ..., Ay is just a single f-cell, so that F* (Ay,..., Ay) = F (Ao, ..., As).
(2) A 0-gallery is any sequence of vertices, so that F? (Ay,...,Ay) = Ag X ... x Ay.

(3) F?2(A,B,C,D,E) is the number of triplets of triangles t; € F (A, B,C), t» € F(B,C,D),
ts € F(C,D,FE) such that the boundaries of ¢; and ¢ share a common edge (necessarily in
F (B,(C)), and likewise for to and t3.

The heart of our analysis is the following lemma, which estimates the size of F/T!(Ay,..., Ay)
in terms of that of FJ(Ag,...,A4;). Repeatedly applying this lemma allows us to estimate
|F (Ao, ..., Aq)| = |Fd (AO,...,Ad)| in terms of |F0 (Ao,...,Ad)| = |Ag| ... |44

Lemma 1.7 (Descent Lemma, [Parl3al). Let Ay,..., A; be disjoint sets of vertices in X. If X is an

(i, ki, €i)-expander for i = j — 1,1 = j, then

k.

J
kj—l

£—j
|Fj+1(A0,...,A¢)]—< ) F9 (Ao, ... A7)

< (=K (e + o) \IF (o, ADIIF (Arj .., g,

The proofs of this lemma and of the mixing lemma it implies (Theorem appear in

1.3 Examples and applications

If a graph G = (V, E) has a large Cheeger constant, then given a mapping ¢ : V' — R, there exists
a point © € R which is covered by many edges in the linear extension of ¢ to E (namely, x =
median ({¢ (v) |v € V}). This observation led Gromov to define the geometric overlap of a complex
(JGrol0], see also [FGL™12, [MWTI]):

Definition 1.8. Let X be a d-dimensional simplicial complex. The overlap of X is defined by

€ X4z eco c
overlap (X) = min max #{o }"’3 nv {¢ (v) |v U}}.
©:V—RI zeRd |Xd|

In other words, X has overlap > ¢ if for every simplicial mapping of X into R? (a mapping induced
linearly by the images of the vertices), some point in R? is covered by at least an e-fraction of the
d-cells of X.

A theorem of Pach [Pac98|, together with our mixing Lemmas yield a connection between the

spectrum of the Laplacian and the overlap property:



Proposition. There exist positive constants Cq and C!; with the following property: if a d-complex X

is a (J,kj,e;j)-expander for 0 < j < d then
overlap X > Cy — Cl(so+ ... +€a-1).

Corollary [5.2] proves this for complexes with a complete skeleton, and Proposition 5.4 for the general
case. As an application, we show that Linial-Meshulam complexes have geometric overlap for suitable

parameters:
Corollary. There exist ¥ > 0 such that for large enough C' a.a.s. overlap (X (d,n7 %)) > .

This is a part of Corollary [5.7} which is proved in §5.4] Another application of the expander mixing

lemma is bounding the chromatic number of a complex, defined in §5.2}

Proposition 1.9. There ezists a constant Cq with the following property: if a d-complexr X is a

(4, kj,e5)-expander for 0 < j < d then

where x (X) is the chromatic number of X.

The Ramanujan graphs constructed in [LPS88, [Mar88| form a celebrated example of excellent
expanders. Their construction and study was generalized to Ramanujan compleves in |[CSZ03, [i04]
LSV05al [LSV05Db], but as of now little is known on their combinatorial expansion. In which is
based on [GP13|, we study the Hodge spectrum of Ramanujan triangle complexes, i.e. complexes of
dimension two. We obtain the following isoperimetric bound (for the definitions see §5.5)):

Theorem 1.10. If X is a non-3-colorable Ramanujan triangle complex with n vertices, vertex degree
ko=2 (q2 +q+ 1) and edge degree k1 = q+ 1, then

IF(A,B,0) _ 1 ( , ( 10 ))
P2 g+1-2vg) (22 +2q+2 -6 (14—
ABIC] = 2 Va) STATIBIIC]

holds for any partition V (X) = A[[B]]C.

This can be stated in terms of an appropriate Cheeger constant (see ((5.10) and (5.11)). Further-
more, we show that the major part of the spectrum of X is concentrated, giving hope of establishing

pseudo-randomness in the future.

1.4 High dimensional random walk

There are well known connections between dynamical, topological and spectral properties of graphs:
The random walk on a graph reflects both its topological and algebraic connectivity, which are reflected
by the 0*-homology and the spectral gap, respectively. In §6| we present a stochastic process which
generalizes these connections to higher dimensions. In particular, for a finite d-dimensional complex,

the asymptotic behavior of the process reflects the existence of a nontrivial (d — 1)-homology, and its

10



rate of convergence is dictated by the normalized spectral gap (see . In order to give a flavor
of the results without plunging into the most general definitions, we present here, without proofs the
special case of regular triangle complexes.

First, let us observe the %—lazy random walk on a k-regular graph G = (V, E'): the walker starts at
a vertex vg, and at each step remains in place with probability % or moves to each of its k£ neighbors
with probability ﬁ Let p¥° (v) denote the probability of finding the walker at the vertex v at time

n. The following observations are classic:

(1) If G is finite, then p¥ = lim,, o, pY° exists, and it is constant if and only if G is connected.

(2) Furthermore, the rate of convergence is given by

bz — const =0 ((1-2r@) ).

where A (GQ) is the spectral gap of G (the definition follows below).

(3) When G is infinite and connected, the spectral gap is related to the return probability of the
walk by

lim /pY (vg) =1 — %/\ (@G). (1.5)

n—oo

Let us denote in this section by A* the normalized Laplacian of G, which acts on RV by

(A F) ) = F (o)~ 3 3 (w)

wn~v

If G is finite, then its spectral gap A (G) is the minimal Laplacian eigenvalue on a function whose sum
on V vanishes. When G is infinite, its spectral gap is defined to be A (G) = min Spec (A+|L2(V)) (for

more on this see §7.1)).

Moving one dimension higher, let X = (V, E,T) be a k-regular triangle complez, namely every edge
in £ = X! is contained in exactly k triangles in T'= X2. For {v,w} € E we denote the directed edge
e—>—o by [v, w], and the set of all directed edges by E. (so that |E.| = 2|E]). For e € Ex+, € denotes

the edge with the same vertices and opposite direction, i.e. [v,w] = [w, v].

The following definition is the basis of the process which we shall study:

Definition 1.11. Two directed edges e,e’ € EL are called neighbors (indicated by e ~ ¢) if they
have the same origin or the same terminus, and the triangle they form is in the complex. Namely, if
e = [v,w] and € = [v/,w'], then e ~ ¢’ means that either v = v’ and {v,w,w'} € T, or w = w’' and
{v,v,w'} € T.

We study the following lazy random walk on E.: The walk starts at some directed edge eg € F.

1
2
Figure illustrates one step of the process, in two cases (the right one is non-regular, but the walk

At every step, the walker stays put with probability =, or else move to a uniformly chosen neighbor.

is defined in the same manner).

As in the random walk on a graph, this process induces a sequence of distributions on F,
Pn(€) =Py’ (€),

11



TW
lm._

PP

@;/
:

Figure 1.1: One step of the edge walk.

2
.

describing the probability of finding the walker at the directed edge e at time n (having started from

AR
> P> D>

eo). However, studying the evolution of p,, amounts to studying the traditional random walk on the
graph with vertices Fy and edges defined by ~. This will not take us very far, and in particular will
not reveal the presence or absence of first homology in X. Instead, we study the evolution of what we

call the “expectation process” on X:
En(e) = &30 (e) = py (e) — Py (€),

i.e. the probability of finding the walker at time n at e, minus the probability of finding it at the
opposite edge € (for the reasons behind the name see Remark .

It is tempting to look at £ = lim, - £° as is done in graphs, but a moment of reflection will
show the reader that £ = 0 for any finite triangle complex, and any starting point eg. Namely, the
probabilities of reaching e and € become arbitrarily close, for every e. While this might cause initial
worry, it turns out that the rate of decay of &, is always the same: for any finite triangle complex one

3

has ||Ec0|| = © ((Z)n) It is therefore reasonable to turn our attention to the normalized expectation

ProCcess,
)= (1) e @=(3)"[pr@©-pr @],
and observe its limit,

£% = lim £%.
el n— 00 n

For a finite triangle complex this limit always exists, and is nonzero. This is the object which reveals the
first homology of the complex. To see how, we need the following definition: We say that f : EL — R
is exact if its sum along every closed path vanishes; namely, if

n—1

Vg~ VL~ L~ U, = = > F([vi,viga]) = 0.
i=0

This is the one-dimensional analogue of constant functions (for reasons which will become clear in ,

and the following holds:

(1) For a finite X, Egg is exact for every eg € F4 if and only if G has a trivial first homology.

12



(2) Furthermore, the rate of convergence is given by

Jéir - exact] =0 ((1- Ja00) ).

where A (X) is the spectral gap of X (see §6.2).

(3) If X is infinite and every vertex in X is of infinite degree, then its spectral gap (which is defined

in §7.2) is revealed by the “return expectation”

sup lim {/EL (eg) =1 — %/\ (X).

SOEEi n— 00

What if one is interested not only in the existence of a first homology, but also in its dimension? The
answer is manifested in the walk as well. In graphs the number of connected components is given by
the dimension of Span {p% |vy € V'}, and an analogue statement holds here (see Theorem .

Remark. If the non-lazy walk on a finite graph is observed, then apart from disconnectedness there is
another obstruction for convergence to the uniform distribution: bipartiteness. We shall see that this
is a special case of an obstruction in general dimension, which we call disorientability (see Definition
. In our example we have avoided this problem by considering the lazy walk, both on graphs and
on triangle complexes.

The analogue process for general dimension, and for non-regular complexes, is defined in In
we define the corresponding normalized expectation process ENZO. In 3. it is shown that the limit
of this process ggg = lim, Ego always exists and captures various properties of X, according to the

amount of laziness p (this is an abridged version of Theorem :

Theorem. When ;d%ll <p <1, §gg is exact for every starting point oo if and only if the (d —1)-

homology of X is trivial. If furthermore p > % then the rate of convergence is controlled by the spectral

gap of X:
) Gou oo\ B 1—p "
dlst<5n,500>—0<<1 p(d—l)—i—l)\(X)) >

When p = de%ll, Egg is exact for every starting point oq if and only if the (d — 1)-homology of X is

trivial, and in addition X has no disorientable (d — 1)-components (see Definitions[6.9, [6.6]).

1.5 Infinite complexes

In §7 we we turn to infinite complexes, studying the high-dimensional analogues of classic properties
and theorems regarding infinite graphs. In this study we encounter new phenomena along the familiar
ones, which reveal that graphs present only a degenerated case of a broader theory.

In we define a family of simplicial complexes (which we call arboreal complexes) generalizing
the notion of trees. In Theorem we compute their spectra, extending Kesten’s classic result on the
spectrum of regular trees [Kesh9]. The spectra of the regular arboreal complexes of high dimension
and low regularity exhibit a surprising new phenomenon - an isolated eigenvalue.

Sections [7.4] and are devoted to study the behavior of the spectrum with respect to a limit

in the space of complexes. In particular we are interested in the high-dimensional analogue of the

13



Alon-Boppana theorem, which states that if a sequence of graphs G,, convergences to a graph G, then
liminf, o A (Gp) < A(G). We show that in general this need not hold in higher dimension (Theorem
. This uses the isolated eigenvalue of the 2-regular arboreal complex of dimension two, which is
shown in Figure on page as well as a study of the spectrum of balls in this complex (shown in
Figure on page .

Even though the Alon-Boppana theorem does not hold in general in high dimension, we show that

under a variety of conditions it does hold :

Theorem 1.12 ([PR12]). If X,, == X, and one of the following holds:
(1) The spectral gap of X is nonzero,

(2) zero is a non-isolated point in the spectrum of X, or
(3) the (d — 1)-skeletons of the complexes X,, form a family of (d — 1)-expanders,

then liminf, . A (X,) < A (X).

In 7.7 we show that the connection between the spectrum of a graph, and the return probability
of the random walk on it (see e.g. [Kesh9l Lemma 2.2]), generalizes to the high dimensional random
walk defined in In the final section on infinite complexes, we address the high-dimensional
analogues of the concepts of amenability, recurrence and transience, proving some properties of these

(Proposition |7.16]), and raising many open questions.

1.6 Isospectrality

Two graphs, complexes, or Riemannian manifolds are said to be isospectral if they have the same
spectrum of the Laplace operator (see Definition . The question whether isospectral manifolds
are necessarily isometric has gained popularity as “Can one hear the shape of a drum?” [Kac66],
and it was answered negatively for many classes of manifolds (e.g., [Mil64, Bus86, [GWW92| [CDS94]).
In 1985, Sunada described a general group-theoretic method for constructing isospectral Riemannian
manifolds [Sun85|, and recently this method was presented as a special case of a more general one
[PB10]. In [Parl3b] we explore a broader special case of the latter theory, obtaining the following,

somewhat surprising, result:

Proposition (Corollary(8.14)). Let G be a finite non-cyclic group which acts faithfully by isometries on
a compact connected Riemannian manifold M. Then there exist r € N and subgroups Hy, ..., H,. and
Ki,...,K, of G such that the disjoint unions \J;_, M/H, and |J;_, M/K; are isospectral non-isometric

manifolds (or orbifold@.

From this follows:

Theorem (Corollary [8.15). If M is a compact connected Riemannian manifold (or orbifold) whose

fundamental group has a finite non-cyclic quotient, then M has isospectral non-isometric covers.

(DIf G does not act freely on M (i.e. some g € G\ {e} acts on M with fixed points), then |J M/m; and | M/K; are in
general orbifolds. A reader not interested in these can assume that we discuss only manifolds, at the cost of limiting the
study to free actions.
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Let M denote a compact Riemannian manifold, and let G be a finite group which acts on it by

isometries. In these settings, Sunada’s theorem [Sun85| states that if two subgroups H, K < G satisfy
VgeG: |lglnH[=|]g]nK], (1.6)

where [g] denotes the conjugacy class of g in G, then the quotients M/H and M/K are isospectral. In
fact, it is not harder to show (see Corollary that if two collections Hy,...,H, and K,..., K, of
subgroups of G satisfy

—~ |lgl N Hi| _ ~ gl N K

Vg e G : = (1.7)
; |Hi ; | K

then |J M/, and |JM/K,; are isospectram We shall see, however, that in contrast with Sunada pairs

(H, K satisfying (1.6)), collections satisfying (1.7) are rather abundant. In fact, we will show that

every finite non-cyclic group G has such collections, and furthermore, that some of them (which we

denote unbalanced, see Definition necessarily yield non-isometric quotients.

1.6.1 Example

Let T be the torus B*/z2. Let G = {e, 0, 7,7} be the non-cyclic group of size four (i.e. G = Z/2z x Z/2z),
and let 0,7 € G act on T by rotations: o - (z,y) = (x, Y+ %) and 7 (z,y) = (:E + %,y) (Figure .

Figure 1.2: Two views of an action of
G ={e,o,7,07} = Z/2z x Z/2z on the o
torus 7. -

The subgroups

Hy ={e,o
{e.o} Ky = (¢}
Hy ={e,7} (1.8)
K2 = K3 == G
H3 = {6, UT}
satisfy (1.7): since G is abelian, ([1.7) becomes Vg € G : > ‘71' = > ﬁ7 which is easy
i:geH; ‘ i:geK; ¢

to verify. Thus, the unions of tori |J7/m; = T/(a) JT/(r) | JT/(e7) and UT/k: = TUT/c|JT/c are

isospectral (Figure [L.3).
< > Y

T/oy T/iry T/(or) T Tlc T/

Figure 1.3: An isospectral pair consisting of quotients of the torus T' (Figure [1.2)) by the subgroups of

G described in (L.8).

(N1In what follows J always stands for disjoint union.
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2 Preliminaries

Throughout this work X denotes a finite d-dimensional simplicial complex with vertex set V' of size n
(with n < oo until @, and X7 denotes the set of j-cells of X, where —1 < j < d. In particular, we
have X 1 = {@&}. For j > 1, every j-cell ¢ = {0y, ...,0;} has two possible orientations, corresponding
to the possible orderings of its vertices, up to an even permutation (1-cells and the empty cell have
only one orientation). We denote an oriented cell by square brackets, and a flip of orientation by an
overbar. For example, one orientation of o = {z,y, 2} is [z,y, z], which is the same as [y, z, 2] and
[z,,y]. The other orientation of ¢ is [x,y, 2] = [y, z, 2] = [z, 2,y] = [2,y, z]. We denote by Xi the set
of oriented j-cells (so that ‘Xi’ =2|X7| for j > 1 and X} = X7 for j = —1,0).

We now describe the so-called simplicial Hodge theory, due to Eckmann [Eck44]. This is a discrete
analogue of Hodge theory in Riemannian geometry, but in contrast, the proofs of the statements are
all exercises in finite-dimensional linear algebra. Furthermore, it applies to any complex, and not only

to manifolds.

The space of j-forms on X, denoted €/ (X), is the vector space of skew-symmetric functions on

oriented j-cells:
Qj:Qj(X):{f:Xi SR|f@) = —f(0) vani}.

In particular, QO is the space of functions on V, and Q= = R{?} can be identified in a natural way

with R. With every oriented j-cell ¢ € X7 we associate the Dirac j-form 1, defined by

1 o'=o0o
I]-a(o—/): -1 O'/ZE

0 otherwise

(for j = 0 this is the standard Dirac function, and 14 is the constant 1).

For a cell o (either oriented or non-oriented) and a vertex v, we write v<o if v ¢ o and {v}Uo is a cell

in X. If o = [0, ..., 0] is oriented and v<o, then vo denotes the oriented (j + 1)-cell [v, 09, ..., 0;]. An
oriented j-cell [0y, ..., o0;] induces orientations on its faces - the (j — 1)-cells which form its boundary
- as follows: the face {oq,...,0i—1,0i41,...,0;} is oriented as (—1)i [00,...,0i-1,0i41,...,0;|, where

(1) 7 =77

The j*® boundary operator 9; : Q9 — QI is

@) (0)=>_ f(vo),

vdo

and in particular, dy : Q% — Q™! is defined by (9o f) (@) = >, cxo f(v). The sequence (2°,9,) is a

() An edge e = [vo,v1] induces a “negative orientation” on vg. We do not bother to make this formal, as everything
we study is well known and understood in dimension zero.
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chain complex, i.e., 9;10; = 0 for all j, and one denotes

Z; = ker 0; j-cycles
Bj =im ;1 j-boundaries
H; = Zi/B, the j*" homology of X (over R).

The notions presented so far go back to the nineteenth century; Eckmann’s innovation was introducing
a “simplicial Riemannian structure”, by endowing each space € with an inner product. Until we

assume that X is a finite complex and work with inner product

(frg)="> f(0)g(0) (2.1)

oceXJ

(note that f (o) g (o) is well defined even without choosing an orientation for o). In §6[ we will choose
a different inner product (see §6.2)), which is better suited to analyze the stochastic process studied
there. Section {7] treats infinite complexes, for which the situation is more involved, and most of the

statements to follow in this section are false. The proper adjustments are addressed in

As Q7 and Q771 are finite dimensional inner product spaces, 9; has an adjoint operator. This is

the differential, or coboundary operator é; = 95 : W1 = QF, given by

@1f) (@)= > f(r)=> (-1)'f(o\os),

Tisa 1=0
face of o
where o\o; = [00,01,...,0,-1,0441,...0;]. Here the standard terms are
77 = ker i1 = BJJ-‘ closed j-forms (or cocycles)
BJ =im 0] = Zjl exact j-forms (or coboundaries)
HI =7/pi the ;" cohomology of X (over R).

Example. For j = 0, Z° consists of the locally constant functions (functions constant on connected
components); BY consists of the constant functions; Zy of the functions whose sum vanishes, and By
of the functions whose sum on each connected component vanishes.

For j = 1, Z' are the forms whose sum along the boundary of every triangle in the complex
vanishes; in B! lie the forms whose sum along every closed path vanishes; Z; are the Kirchhoff forms,
also known as flows, those for which the sum over all edges incident to a vertex, oriented inward, is
zero; and B; are the forms spanned (over R) by oriented boundaries of triangles in the complex. The

chain of simplicial forms in dimensions —1 to 2 is depicted in Figure 2]
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HY =~  H, > Hy Jik ~ H, =~ H H2
. N=< 2
locall ﬂ Zo z! 1 ﬂ Zy Z
4 oo o zero plone Kirchhoff
constant \ /.cm triangle boundar)e\
Rl =t 2 22 02
J >§ / E oy 7 \ 9, /
B\ J, B§<§l B\<§2
-1 N constant sum zOcro - sum zero 1 -

span of

along cycles triangle boundaries

on components

Figure 2.1: The lowermost part of the chain complex of simplicial forms.

2.1 Simplicial Hodge Laplacians

The spectral theory of complexes starts with the definition of the upper, lower, and full Laplacians:

AT =0;110541, A7 =6;0;, and  A;=AF+ AT
respectively, all acting on 7. These operators, especially A;r and A;, were studied in several prominent
works, e.g. [Gar73, |Zuk96}, [Fri98, [KRS00, [ABMO05|, sometimes under the name combinatorial Laplacian.
We will work mainly with the upper Laplacian A;‘. For a d-complex with a complete skeleton the case
j =d—1 is the most important (e.g., the 0-th Laplacian of a graph), and in this case AT will stand
for A(J{_l.

All of the Laplacians are self-adjoint and decompose with respect to the orthogonal decompositions
OV =Bi®Z; = B;®Z’. In addition, ker A+ Z9 and ker A7 = Z;. The space of harmonic j-forms
on X is H/ =ker Aj. If f € H7 then

0= (Af, f) =(0;f,0;f) + (9} f, 0741 )
which shows that H7 = Z7 N Z; = (Bj &) Bj)J', giving the discrete Hodge decomposition
Zj
O =B;oH ©B. (22)
————
Zi

In particular, it follows that the space of harmonic forms can be identified with the cohomology of X:

ZJ’_BijL_BJ‘@HJ’

J — ~ /]
H) = == 57 — = H.
The same holds for the homology of X, giving

HI =}l = H, (2.3)
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The dimension of ker A; = H; = H is the j* (reduced) Betti number of X, denoted by Bj-

Remark. For comparison, the original Hodge decomposition states that for a Riemannian manifold M

and 0 < j < dim M, there is an orthogonal decomposition
(M) =d (VY (M) sH (M) @ s (VT (M))

where € are the smooth j-forms on M, d is the exterior derivative, ¢ its Hodge dual, and H? the
smooth harmonic j-forms on M. As in the discrete case, this gives an isomorphism between the ;'

de-Rham cohomology of M and the space of harmonic j-forms on it.

The combinatorial meaning of the Laplacians is better understood via the following adjacency

relations on oriented cells:
Definition 2.1. Let o and ¢’ be two distinct oriented j-cells in X.

(1) We denote o h ¢’ if o and ¢’ intersect in a common (j — 1)-cell and induce the same orientation
on it; for edges this means that they have a common origin or a common endpoint, and for

vertices v th v’ holds whenever v # v'.

(2) We denote o ~ ¢’, and say that o and ¢’ are neighbors, if ¢ M ¢’, and in addition the (j + 1)-cell

o Uo’ is in X. For vertices this is the common relation of neighbors in a graph.

Using these relations, the Laplacians can be expressed as follows (recall that the degree of a j-cell

is the number of (j + 1)-cells in which it is contained):

(AT ) (0) =deg (o) p(0) = Y (o)

o'~o

(A7¢) (@) =+ D (@) + D ¢(o) (2.4)

o'tho
(Aj¢) (0) = (dego+j+ 1) (a)+ > @(o')

o’heo
ol o

We also define adjacency operators on £/ which correspond to the ~ and rh relations:

(A70) ()= ¢(@), (Af¢)(0)= > v(d), (2.5)

o'~o o’tho

so that A7 = (j+1) -1+ ./497 and Aj' = D;j — A}, where D; is the degree operator (D;f) (o) =
deg (9) f (9)-

2.2 The spectrum of complexes

The spectra we are primarily interested in are those of A;r for 0 < j < d For j = 0, this is the
standard graph Laplacian

(AJf) (v) =deg (v) f (v) = D F ().

v/~

(D1t is sometimes useful to consider the Laplacian Afl as well. This operator acts on Q! = R as multiplication by
deg @ = |V| = n, so that Spec AT, = {n}.
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Every graph has a “trivial zero” in the spectrum of its Laplacian, corresponding to the constant
functions, i.e. B®. Similarly, since (2°,d,) is a co-chain complex, B/ = im§; is always contained in
the kernel of A;r = 041041, and the eigenvalues which correspond to forms in BJ are considered to

be the trivial spectrum of A;r. As (Bj )J‘ = Z;, this leads to the following definition:

Definition 2.2. The nontrivial spectrum of Aj is Spec A;r| ».» and the j-dimensional spectral gap,
J

denoted A; (X), is the minimal nontrivial eigenvalue of Aj:
A (X) = min Spec (Aﬂz)
J

(Note that we also have \; (X) = min Spec (Aj ’Zj) since A |Zj = A;“ ’Zj.)

Zero is a nontrivial eigenvalue of A;r (i.e. Aj (X) = 0) precisely when H/ = Z; N Z7 # 0, which
by happens iff X has nontrivial j-th homology. For example, the nontrivial spectrum of A0+
corresponds to Zg, which are the functions whose sum on all vertices vanish, and zero is a nontrivial
eigenvalue of AJ iff the complex is disconnected.

Since A; (X) = 0 indicates a non-trivial j-th homology, a large value of A; (X) should indicate a
“very trivial j-th homology”. For example, a graph with a large spectral gap should be “very connected”.
The Cheeger inequality for graphs gives precise meaning to this intuition, and our ambition is to

generalize this to higher dimensions.

2.3 Complexes with a complete skeleton

Complexes with a complete skeleton appear to be particularly well behaved, in comparison with the gen-
eral case. For these complexes we are mainly interested in A\g_1, Adtl, Ay 1 Ag—1,Dg1, AT 4, Ag—p
and we denote them simply by A\, A™, ... (this will be the case until and again in §6[and .
The following proposition lists some observations regarding these complexes. These will be used in
the proofs of the main theorems in and also to obtain simpler characterizations of the spectral

gap in this case.
Proposition 2.3. If X has a complete skeleton, then

(1) If X is the complement complex of X, i.e., X = xd1 = (‘;) and X* = (dil) \ X4, then

A =n-I-Ax. (2.6)

(2) The spectrum of A lies in the interval [0, n).

(8) The lower Laplacian of X satisfies
AT = n-Pgi (27)

where Pga—1 is the orthogonal projection onto B~ 1.

(1) (‘J/) denotes the set of subsets of V' of size j.
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Proof. By we have (Ax f) (o) = (dego +d) f (o) + > a0 f(0'), and as 0’ ~ o in Xiff o' ho

oo

and ¢’ = o in X,

(A%f) (@) = (n—d—deg(@)) f (o) = Y f (o),

o’ho
ol o

hence (1) follows. From (1) we conclude that Spec A} = {n - | ~ € Spec AX}, and since Ax and
A% are positive semidefinite, (2) follows. To establish (3), recall that (Bd_l)L =Z4-1 =ker A™, and
it is left to show that A~f = nf for f € B4, Note that B4! C Z?~! = ker A}, and in addition,
that since B~! only depends on X’s (d — 1)-skeleton,

BN (X) =B (X) C 27" (X) = ker AL
Now from (1) it follows that for f € B¢~!
Axf=Axf+AYf=Axf=nf-ALf=nf

as desired. 0

The following proposition gives several alternate characterizations of A (X):
Proposition 2.4. Let A (X) = A\j—1 (X) be the (d — 1)-th spectral gap.
(1) X(X) is the (r + 1)-th smallest eigenvalue of A, where v = (| X9 = Ba—1) — (| X?| = Ba).
Furthermore, if X has a complete skeleton, then
(2) A(X) is the (Zj) + 1 smallest eigenvalue of AT,

(8) and
A (X) = min Spec A. (2.8)

Remarks.
(1) For a graph G = (V, E) we have A (G) = A, where r = |V| — |E| — fp + 1 = 1 (this follows
from Euler’s formula), hence A (G) is the second smallest eigenvalue of the graph’s Laplacian.
11 1
11 1
Alternatively, (2.8) gives A (G) = min Spec (A" + J), where J = A~ = < . >
iii
(2) In general (2.8) does not hold: for example, for the triangle complex »4, A = min Spec (A| Zl) =
3 but min Spec A = 1.
Proof.

(1) Since At decomposes w.r.t. Q=1 = BI=1q 7, | and A+|Bd—1 = 0, the spectrum of AT consists

of r = dim B! zeros, followed by the spectral gap. To compute r, we observe that

dim B/~ = dim 277! — dim /7! = null 9} — ;4
=dim Q! — rank 07 — ;1 = |Xj71| —dimB? — B
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and therefore
r=dim B! = [X"! —dim B - f4_1 = [ X! = (|X?| = dim BT — 84) — B
= (X7 = Ba=r) = (| X = Ba) -

c . . d % 4 d i
(2) The Euler characteristic satisfies Y7, (—=1)"|X*| = x (X) =>7__; (—1)" 8. Therefore,

r=(|X4Y = Bar) — (| X%| = Ba)

= (X = Bama) = (X = Ba) + (1) 30 (=D (IX'] = )

i=—1

=2 (0T (X -5

i=—1

Since the (d — 1)-skeleton is complete,

Xi‘ = (111) and f; = 0 for -1 <7 < d -2, and so

= Z e (2= (o)

i=—1
(3) First, since A decomposes w.r.t. Q41 = B4=1 @ Z; | we have

Spec A = SpecA|,, , U SpecA|Zd_l = Spec A~ | 4., U SpecA+|Zd_1.
By Proposition SpecA_’Bd,1 = {n} and Spec A C [0,n], which implies that A\ =
min Spec (A+|Z(F1 = min Spec A.

O

We finish with a note on the density of d-cells in X, which will come in handy later. A generalization

of this to complexes with a non-complete skeleton appears in Lemma [5.5]

Proposition 2.5. Let X be a d-complex with a complete skeleton. Let ® denote the d-cell density
d
of X, ® = (Pi |), let k denote the average degree of a (d —1)-cell, and let \gq denote the average
d+1
nontrivial eigenvalue of AT = A;L_l. Then

 Aawg K
0= n  n—d
Proof. On the one hand,
S A Gk
(dil) (dil) (dil n—d
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On the other,

<Z)k=‘Xd1’k= Z dego = trace AT = Z A= Z A,

ceXxad-1 AESpec At A€Spec At|z, |

and by Proposition 2:4]

R . o
SRR v NP Pt o IUNP VR ey

d d—1 A€Spec At|z, | d A€Spec Atz, |
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3 Isoperimetric constant

3.1 A Cheeger-type inequality

This section is devoted to the proof of Theorem For a complex with a complete skeleton, the gen-
eralized Cheeger constant (Definition is bounded from below by the spectral gap (Definition [2.2)).

Proof of Theorem[I.4 Recall that we seek to show

. . : F(A07A17"'3Ad)|
min Spec ( AT =AX)<h(X)= min n| .
P ( |ZH> (X) < h(X) Vollte ar |Ao|- AL .. - [Ad]

Let Ay, ..., Aq be a partition of V which realizes the minimum in h. We define f € Q%1 by

sgn () ‘Aﬂ(d)| dr € Sym{omd} witho; € Aryfor0<i<d-1

fllooor ... 0a1]) = (3.1)

0 else, i.e. 3k,i # j with 0;,05 € Ay.

Note that f(7'0) = sgn (') f (o) for any 7’ € Symyq 41y and o € X4=1 Therefore, f is a well-
defined skew-symmetric function on oriented (d — 1)-cells, i.e., f € Q4~1. Figure illustrates f for
d=1,2.

Figure 3.1: The form f € Q4! defined in (3.1)), for complexes of dimensions one and two.

We proceed to show that f € Z;_;. Let o = [09,01,...,04-2] € Xi_z. As we assumed that X1

is complete,

(8d,1f) (G‘) = Zf ([’U70'0,0'1, .. .,O’d,Q]) = Zf ([U,O’(),O'l, e 7(J‘CI,Q]) .

vdo vio

If for some k and i # j we have 0;,0; € Ay, this sum vanishes. On the other hand, if there exists
T € Symy. 4y such that o; € A;(;) for 0 < ¢ < d — 2 then

@arH0)= Y f(v.00.01,;002)+ Y, [([v,00,01,..,042))

VEAR(d—1) VEAL(a)
= Z (—1)d_1 sgn ‘Aw(d)‘ + Z (—1)dsgn7r ’Aﬂ(d,l)‘
'UeAw(d—l) VEAG

= (-1 sen (|Ana—)| [An@)| = [Ar(@| [Ax@-1)]) =0
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and in both cases f € Z;_1. Thus, by Rayleigh’s principle

A(X) = minSpec (a+], ) < ETLS) _ Qil0if)

SRR D 3.2)

The denominator is

> flo)

ceXd-1

and a (d — 1)-cell o contributes to this sum only if its vertices are in different blocks of the partition,
i.e., there are no k and i # j with 0;,0; € A,. In this case, there exists a unique block, A;, which
does not contain a vertex of o, and ¢ contributes |Ai|2 to the sum. Since X! is complete, there are
[Ao| - ...+ |Ai—1]| - |Ait1] - - - - - |Ad| non-oriented (d — 1)-cells whose vertices are in distinct blocks and

which do not intersect A;, hence
Z IT1450 | 14 an\AI
i=0 \ j#i

To evaluate the numerator in (3.2)), we first show that for o € X9

n o Ap,..., A
(@56 (0)] = € F(do,.. 4d) (3.3
0 O’éF(Ao,...,Ad).

First, let o ¢ F (Ao,...,Aq). If o has three vertices from the same A;, or two pairs of vertices from

the same blocks (i.e. 0;,0; € A and o;/,0, € Ay), then for every summand in
d
8df Z U\UZ )
1=0

the cell o\o; has two vertices from the same block, and therefore (9} f) (¢) = 0. Next, assume that
o; and oy, (with j < k) is the only pair of vertices in ¢ which belong to the same block. The only
non-vanishing terms in (9} f) (o) = Z?:o (=1)" f(o\oy) are i = j and i = k, i.e.,

(03)) (0) = (=1) f (0\oy) + (=1)" [ (0\ o).

Since the value of f on a simplex depends only on the blocks to which its vertices belong,

flo\o;)=f(looo1 ... Oj—10j41 ...0k—1 Ok Oky1-.. 0dl)
=f(looo1 ... 0j—10j+1 ... Ok—10j Okt1 ... 04))
=f ((—1)k_j+1 [0001 ... 0j_10j0j41 .. Okh—1 kg1 ... ad])
= (CDF 0\,

so that ‘ ‘
05f) (0) = (=1 (=1)* 7 £ (0\ow) + (1) f (o\ow) = 0.
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The remaining case is ¢ € F (Ayp,...,Aq). Here, there exists 7 € Sym{o...d} with o; € Agy) for
0 <1i < d. Observe that

f(o\os) =sgn(m-(dd—1d-2 ... 1)) |A)| = (-1)"sgnn | Az

and therefore

d d
Z fo\o;) = (—1)dsgn7rz }Aﬂ(i)| = (—l)dsgnw -n.
i=0

=0

Therefore, |(9}f) (0)] = n. This establishes (3.3), which implies that

@3£.056) = > 10if) (0))* =n? |[F (A,,..., Ad)]
occXxd
and in total - P lA A
)\(X)§<df7 d.f>:n| ( 05+ d)|:h(X)

(£, 1) T, 14

3.2 Towards a lower Cheeger inequality

The first observation to be made regarding a lower Cheeger inequality, is that no bound of the form
C-h(X)™ < X\(X) can be found. Had such a bound existed, one would have that A (X) = 0 implies
h(X) =0, but a counterexample to this is provided by the minimal triangulation of the Mobius strip

(Figure [3.2)).

Figure 3.2: A triangulation of the Mébius strip for which A (X) = 1% but A (X) = 0.

Nevertheless, numerical experiments hint that a bound of the form C - h (X)? — ¢ < A (X) should
hold, where C' and ¢ depend on the dimension and the maximal degree of a (d — 1)-cell in X.
An attempt towards an upper bound for the Cheeger constant can be made by connecting it to

“local Cheeger constants”, as follows. For every 7 € X%~2 we consider the link of 7 (see Figure ,

lkr={ceX|oNnt=GandoUT € X}.
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kv kv

a »

Figure 3.3: Two examples for the link of a vertex in a triangle complex.

Since dim7 = d — 2, k7 is a graph, and there is a 1 — 1 correspondence between vertices (edges)
of Ik7 and (d — 1)-cells (d-cells) of X which contain 7. We have the following bound for the Cheeger

constant of X:

Proposition 3.1. The bound h(X) < h(lsz holds for any d-complex X and 7 € X472,

d—
1-==

Proof. Write T = |19, 71,...,Td—2] and denote A; = {1;} for 0 < i < d — 2. Due to the correspondence

between (Ik7)” and cells in X941+ containing 7,

» [Bucr (B,C) - | (k7)’| IF (Ao, A2, B,O)| - |(1k7)°|
h(lk7) = min = min .

BI]C=(kT)° |B| - |C] BI]C=(lk1)° |B| - |C]

Assume that the minimum is attained by B = By and C = Cy. We define

-1
Ag-1 = Bo, Ag=V\ (U Ai) .

=0

Now Ay, ..., A is a partition of V', and
F(Ao,...,Aq—2,B,Co) = F' (Ao, ..., Ag—2, Aq—1, Aa)
since no d-cell containing 7 has a vertex in A4\Cp. In addition,

j)°|14a] | )°|14d] = |Aa-a (14d] | Col)

nlCol ~ G
_In—(d—-1) —(Aal - |Co||)] |1‘|1d| — [Aa—1] (JAa| — |Col)
n Co
_ (n=(d=1))|Ad| = (JAd—1| +[Aal]) (|Aa| = |Col)
n|Co|
_ (n—(d-1))[|44| — (|4a| = |CoD)] _,; d-1
n |Co| n ’
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which implies

F (Ao, Ad=z, a1, Aa) ’(lkT)Ol  F(Ao,...,Aq2,Aq-1,Aq)n ’(lkT)O’ |Adl
|Bo| - |Col B |Ao| - ... - |Aql n|Col

Zho().wz(l_d—l)h(x,

n

h(lkr) =

O

Since lk7 is a graph, its Cheeger constant can be bounded using the lower inequality in (1.1)).
We also note that the degree of a vertex in lk 7 corresponds to the degree of a (d — 1)-cell in X, and

therefore
(1 - dil)Q 2
— N pr(X)<
8k (X) =

h(k 7)? _ h(k7)?
8k~ 8k,

< A (k) (3.4)

where k is the maximal degree of a (d — 1)-cell in X, and k. of a vertex in lk 7.

We now see that a bound of the spectral gap of links by that of the complex would yield a lower
Cheeger inequality. Such a bound was discovered by Garland [Gar73|, and was studied further by
several authors |[Zuk96, [ABMO05, [GW12]. The following lemma appears in [GW12], for a normalized

version of the Laplacian. We give here its form for the Laplacian we use.

Lemma 3.2 ([Gar73, [GW12]). Let X be a d-dimensional simplicial compler. Given f € Q41 o €
X917 e X942 define a function fr : (k7)° = R by fr(v) = f(v7), and an operator AT :
QLX) — Q41 (X) by

() (0) = deg, (o) f (o) — %ﬁf () rCo
0 T¢o
where deg, (0) = # {0’ ~ 0|7 C o'} = degy,, (o\7). The following then hold:
(1) A = (Srexis AF) — (A= 1) D.
(2) (ATf. f) = (Af fr, fr)-
(3) If f € Za_1 then fr € Zo (k7).
(4) Xrexa—s (fr, fr) = d(f, f).

Proof. (1) By the definition of Af,

S Aff(o)-(d-1)Df(@)= (degf(a)f(a)Zf(o’)>(d1)deg(o)f(o)

rexd-2 rexd—2 ol ~o
7Co TCo!

(% deno)-@-naor@)- X 3 @)

=deg (o) f(0) = Y f(o') =A% f(0).

o'~o
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(2) Let f € Q%! and 7 € X972, We first notice that (Af f)_ = A} _f-, since

(85, 0) = (82 ) = g (o) om) - 5 S0
= deg. (v7) Z f ') deglkT Z fr ()= AL _fr (v).

u/TNuT Y ler

Since (Ik7)” = {v € V |v ~ 7}, this gives

(Af fe )y = (AL fe) =D (AL (0) f- (0) = D (AT f) (vr) f (vr) = (AT, f)

v~T v~T
where the last equality is since AT f is supported on (d — 1)-cells containing 7.

(3) If f € Zy_1 and 7 € X972 then

@ f) (@)= Y fw= Y fr)=) f@r)=(0s1f) ()=

ve(lk 7)° ve(lk 7)° vT
implies that f. € Zy (Ik 7).
(4) This is by
Yo Unk)= D D = > > Fwn=d Y fFo)=d{ff)-
TeEXd=2 TeXd-2v~T TeXd-2v~T ceXxd—1

O

Assume now that f € Z; 1 is a normalized eigenfunction for A (X), i.e. (f,f) =1 and ATf =
A(X) f. Using the lemma we find that

ANX) =AY S abn ) —d-0DENE S (AL o fr) — (= 1) (DS ])

TEXI-2 TEXI2

> N (AL S f)-d i—KY SO (e f)—(d =1k P d min A (k7)—(d - 1)k

TEXA2
TEXd-2 rexd—2

By (3.4) we obtain the bound

41— %)’

7 R*(X) = (d—1)k < X\(X).

Sadly, this bound is trivial, as it is not hard to show that the 1.h.s. is non-positive for every complex X.
The line of research which seems most promising is to find a stronger relation between the spectral gap
of the complex and that of its links, for the case of complexes with a complete skeleton (Lemma

applies to general ones).
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4 Mixing and pseudo-randomness

4.1 The complete skeleton case

Here we prove Theorem We begin by formulating it precisely.

Theorem (1.4). Let X be a d-dimensional complex with a complete skeleton. Fix o € R, and write
Spec (ol — AT) = {po > p1 > ... > pw} (where m = (1) — 1). For any disjoint sets of vertices

Ao, ..., Ag (not necessarily a partition), one has

| Aof .- Al
n

_d
|F (Ag, ..., Ag)| < pa (|Aof - - [Aa]) T

where

Pa = maX{|M(::;)|a |Mm|} = H(O‘I —AT) |,

Remark 4.1. Which « should one take in practice? In the introduction we state the theorem for oo = k,
the average degree of a (d — 1)-cell, so that it generalize the familiar form of the Expander Mixing
Lemma for k-regular graphs. However, the expectation of |F (Ay, ..., Ag)| in the pseudo-random sense
is actually © |Ag| - ... - |Aq|, where D is the d-cell density ‘gi;| By Propositionﬁa =nD = 1k s
therefore a more accurate choice. This becomes even clearer dupon observing that we seek to minimize
pa = (a1 = 2%)],, |
Aavg = ND = n’f ~. While for a fixed d the choice between k and n"—_kd is negligible, this should be taken

into account when d depends on n.

, since Proposition shows that the spectrum of A* | Zas is centered around

Proof. For any disjoint sets of vertices Ay, ..., Aq—1, define d4,,...4, , € Q-1 by

sgn (m) 3w € Symy, 41y witho; € Az for0<i<d-—1

0 otherwise

Since the skeleton of X is complete,

||6A0,...,A“H—¢ S B (0) = VA Aa . (4.1)

O'EXd_l

Now, let Ay, ..., A4 be disjoint subsets of V' (not necessarily a partition), and denote

0 =040,A1,49,.... A1

Y= 5Ad,A1,A2,-~~7Ad71 .

Let o be an oriented (d — 1)-cell with one vertex in each of Ag, Ay,..., Ag—1. We shall denote this
by o € F(Ay,...,Aq4—1), ignoring the orientation of o. There is a correspondence between d-cells in
F (Ay,...,Aq) containing o, and neighbors of o which lie in F (A4, A1,...,Agq—1). Furthermore, for

such a neighbor ¢’ we have ¢ (0) = ¥ (¢'), since o and ¢’ must share the vertices which belong to
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A1, ..., Ag—1. Therefore (cf. (2.5))),

(o, A7) = D @) (A= > D wl@)d()

ceXd-1 ceXd-1 o' ~o

= Y D w@v)= Y, #{deF(An A, Ag)|d ~ o}
oc€F(Ag...Aq_1) 0'~C cEF(Ag...Aq—1)

= > #{r € F (Ao, A1,...,Aq)|0 C 7} =|F (Ao, A, ..., Ag)|. (4.2)

oc€F(Ao...Aq—1)

Notice that since the A; are disjoint, ¢ and ¢ are supported on different (d — 1)-cells, so that for any
aeR

(0, A0) = (., (D = AT) ¥) = (p. —AT9) = (p, (al = A") ). (4.3)
As At decomposes w.r.t. the orthogonal decomposition Q%=1 = B4~1 @ Z;_;, and since B¢~! C
791 = ker AT,
|F (Ap, Ay,...,Aq)| = <g0, (OJ — A*) ¢>
= (¢, (af — A") (Ppa-1¢ + Pz, _,¥))
= (@, aPgi-11 + (a[ — A+) Pzd71w>
= a (o, Ppa19) + (@, (o — AT) Py, 9). (4.4)

We proceed to evaluate each of these terms separately. Using (2.7)) and (2.6 we find that
o {p,Ppa1t) = = (0,A70) = = (o, (nI - A% — A%) )
) n ’ n ? X X
and by (4.2) and (4.3) this implies

« «
a (i, Ppaav)) = = (p, (nl =A%) ) + = (o, —Atw)
« (0%
= |Fx (Ao, A1, ..., Aq)| + - |Fr (Ao, Ar, ..., Ag)|

[ Agl-.. | Ad
. .

(4.5)

We turn to the second term in (4.4). First, we recall from Proposition that dim B4~1 = (Zj)

Since B! C ker AT, we can assume that in Spec (af — A*) = {uo > 1 > ... > i, } the first (Z:})

values correspond to B?~!, and the rest to (Bd’l)J‘ = Z4_1. Thus,

Pa = max{‘,u(gj) ,\,um\} = max{m\ ‘u € Spec (al — A™) ’Zd—l} = H(al — AT |Zd—1 , (4.6)
and therefore
(01 = &%) By )| <l (0T = &%) By o] < el - (ot = 7)1, |- [Pt
< pa - llell - 191l = pav/[Aol |Aal [A1] [Az2] .. [Aa-1], (4.7)
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where the last step is by (4.1)). Together (4.4)), (4.5) and (4.7)) give

a-|Agl-...-|A
|F (Ao, Ay, ..., Aq)| — | 4ol - |Aal | pa/| 40| [Ad| |A1] |A2| . .. |Ag—1].
Since Ay, ..., Ay play the same role, one can also obtain the bound

par/ | A )| [ Ax(@ | | Ar) | [Ax@)| - - [An(a-1)|

for any m € Sym {0..qy- Taking the geometric mean over all such 7 gives

Ca|Aof .- Al

n

_d_
< pa - ([Aol [Ar].. . [Aa) 7T

‘|F(A0,A1,...,Ad)|

Remark. The estimate (4.7) is somewhat wasteful. As is done in graphs, a slightly better one is

(o, (al = A7) Pz, 9)| = [(Pziso, (ol = AT) Py )| < pa - [Pz sol| - [[Pza ]

and we leave it to the curious reader to verify that this gives

A, 414,
’<(p7 (OZI—AJ'_) PZd_1¢>| Spa |A()| <1—Z'L:;’)L| |Ad| 1—% ‘All--~|Ad71|~

4.2 The general case

We move on the the case of complexes with non-complete skeleton. Recall that X is a (j,k,¢)-
expander if ¢ < 1 and SpeCAﬂZj C [k(1—¢€),k(1+¢)], and that given k = (kq,...,kq—1) and
g = (e0,---,€4-1), we say that X is a (E, é) -ezpander if it is a (4, kj,e;)-expander for all j. The
restriction €; < 1 ensures that X has trivial j-th homology, i.e. 3; = 0. While some of our results hold
for general € (e.g. Lemma7 or given any bound on it (e.g. Theorem, we shall need the stronger
assumption for later applications.

In what follows we assume that X is a d-complex on n vertices, which is a (7, k;, ¢;)-expander for

0 < j < d, and prove the descent lemma and the mixing lemmas it implies.

Proof of Lemma[I.7]l As before, to any disjoint sets of vertices Ay, ..., A;, we associate the character-
istic j-form
sgn (m) 3Im € Symy, ;3 witho; € Aggy for0<i <j

§A0~~Aj (J) =

0 otherwise.

Restriction of j-forms to F (Ay,...,A;) forms an orthogonal projection operator on 2/, which we
denote by Pa,.. 4;:
(p(U) O'EF(Am...,Aj)

(Pag...a,9) (o) =
0 otherwise.
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As we have seen in the complete skeleton case, for disjoint sets Ap,...,Aj;1 the form
(—1) Pa,..a;A504,..4;,, vanishes outside F'(Ao,...,A;), and to each j-cell therein it assigns the
number of its ~-neighbors in F' (Ay,..., Aj11). As these neighbors are in correspondence with (j + 1)-
cells in F' (Ao, ..., Aj4+1), one obtains |<5A0...Aj7PA0...AjA]-5A1...Aj+1>‘ = |F(Ao,...,Aj+1)l.

Next, let ¢ be a j-form which is supported on F (A,..., A 1), and which assigns to each j-
cell o the number of (j 4 1)-galleries in Aj,..., Ay whose first cell contains o. By the same con-
siderations as above, (—1)j Pa,...a; AT ¢ assigns to every j-cell 7 in F'(Ay,...,A;) the number of
(j + 1)-galleries in Ay, ..., Ay whose first (j + 1) cell contains 7. Therefore, |<5A0___Aj , EDAOH.AJ-A}V‘PH =
|Fit1 (Ao, ..., Ap)|, and we conclude by induction that

—j—1
}F]Jrl (Ao, ... ,A4)| = ’<6A0---Aj’ ( H IP)AimAi_*_jAjN) 5A£j---A£>‘ . (4.8)
=0

Since the A; are disjoint, da,..4,,; and da,,,..4,,,,, are supported on different cells, so that
Pa,.a,;T04a;,,..4,;,, =0 for any diagonal operator T. Thus, all the A} in (4.8) can be replaced
by A7 + T, and taking T' = k;I — D; we obtain

1—j—1
|Fj+1 (Ao, R 7/1@)| = |<5A0...AJ7 < H ]P)Ai...Ai,+J (kj[ - Aj)) 5Alj~~~Az>| : (49)

i=0
Our next step is to approximate this quantity using the lower j-th Laplacian. Denoting F = k;I —

Aj' - kfﬁ -AJ, the orthogonal decomposition OV =Z; ® B’ gives

k;
k‘j_l

E =k (Pz, +Pps) — Af — i

- _ +
S A = kP - AT+

(k‘j,ﬂPBj — A;) .
We first observe that ||k;Pz, — A;‘H < kje; follows from Spec Aﬂzv Clkj(1—¢5),kj(1+¢;)] and
: J
Aj'| p; = 0. For the lower Laplacian, we have
*)

_ _ - (
Spec A; ‘Bj = Spec A; |ZjL = Spec A7\ {0} = Spec A;‘_l\{O} = Spec A;_—1|(ZJ‘—1)¢

= Spec A;_*1|Bj,1 C Spec Aj—*1|Zj,1 - []Cj_l (1- 6]'_1) ki1 (1+ 6]'_1)] ,

where (*) follows from the fact that A7 = 970; and A;;l = 0;0;. As A vanishes on Z;, we have in
total ij,lPBj - A;H < kj_1€j-1, so that

k; _
1] < ||kjPz, — AT + kjil [k 1 Pps = AF[| < Ky (551 +¢5) (4.10)

We proceed to expand li using k],cj - A7 +E =kl - A;r, and on occasions translating A7 by some
o
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diagonal (in fact, scalar) operators:

—j—1
. k; _
|FJ+1 (A07...,Ag)| = ‘<6A0...Aj7 ( I I PAimAiH (kjilAj +E>> 6A£—j-~~AZ>‘

i=0
k. \‘I 0—j—1
= |(k.31) <5A0,..Aj, ( H IPAi,,,AiJrjAj) 5A£ij£>
7= i=0
l—j—m—1 3
= k. t=j—m il;IO PAimAi‘*'j Aj PA@*ijL---AZ—mE'
() <5 . >
m= J= —J]— . _
1 ( I Paa, (kf—ilAj +E)> Say ;A
i=0—j—m—+1
—j —j—1
k.
. ’(k-Jl) <5A0,HA]»,< I1 PAi‘..AiHA;h> 5AZ_J,.,AZ> (4.11)
7= i=0
l—j—m—1
L=y

H ]P)Ai...A,H_j (AJ_ - k]—1[)> PAZ—j—m~~~A2—mE. >

. k; b=i—m i=0
1) A

+> () ho

: I Pa,..a,, (kiI— Aj) Oy ;.. A

i=f—j—m+1

We first study the summand in line li Note that the form (—l)j Pag...a; .A;“éAl_“AHl assigns to
every j-cell in F' (Ao, ..., A;) the number of j-cells in F' (A1, ..., Aj+1) with which it intersects, so that
|<5AO”,A].,]IDAO,,,AjA;T‘éAl___Aj+1>| = |Fj (Ao, ..., Aj+1)| (recall that for A7 in place of Ag‘ we obtained
|Fit1 (A, ..., Aj41)|). By the same arguments as before one sees that

)

—j—1
|F7 (Ag,..., Ag)| = ‘<5A0...Aj, ( H IPAi...AH]-A?) 5A£_j...AZ>
=0

NI .
so that line (4.11) is precisely (kk;) ’FJ (Ag,...,Ap)|, our estimate for |FJ+1 (Ao,...,Ag)‘.
Denoting by &€ the error term (the line below (4.11))), we bound it using (4.10) together with

HAJ_ — j_1[|| < kj_1 and ijI — A;’H < k; (both follow from the discussion preceding ):

l—j l—j—m
k; —j—m m—
€<y, (kj;) [6a0...a; | K523 kj (g1 +€5) K |64, |
m=1

= (L= )k (ejo1 +e)) \/|F(A0’ o APDE (A -5 Al

which concludes the proof.

We remark that a slightly better bound is possible here: As Spec A;r C [0,k; (1 +¢5)], we can
replace kjI — A;‘ in the line below 1) by @I — A;’, which is bounded by @, and
likewise for A} (whose spectrum lies within [0, k;_1 (1 +€,_1)]). For example, putting ¢ = maxe; this

gives

1+4+¢
2

_ —j—1
5<(e—j)kjfﬂ2g( ) VIF (Ao, ADIIF (Arj...., A
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which might be useful when all ¢; are small. O
Using the Descent Lemma repeatedly gives:

Proposition 4.2. For any j < {, there exists c; such that any disjoint sets of vertices Ao, ..., Ag in

a (E, ?) -expander satisfy

. koky .. ki kT L
|FIT (Ao, ..., Ap)| — ngj ! H|Ai|

=0

S ijgkokl . kj_lkfij (60 + ...+ €j) max |Az‘ .

In particular, for j =d — 1, £ = d we obtain Theorem [1.5
Theorem l} Any disjoint sets of vertices Ag, ..., Aq in a (E, 5) -expander of dimension d satisfy

ko.. ka1

P (o A = B2 oLl < R e+ o+ ) maxl A

for some constant cq which depends only on d.

Proof of Proposition[{.4 We denote m = max|A;| and assume by induction that the proposition holds
for j — 1 (and any ¢), i.e. that

, ko... ki _oki=itl ¢
FJ(A(),~"7AZ)_ jng = H|A’L|

=0

< ijlﬁzmk?o]fl ce kj72k§:31'+1 (50 + ...+ 6];1) . (412)

For 5 = 0 this indeed holds, in the sense that

FO (AO,...,Ag)f;H|Ai| =0. (4.13)

koka...kj_1k5
- [

Let us denote by £ the discrepancy "Fj'*'l (Ao, ..., Ag)| - ——1— Hf:o |A;

. Combining the

C\£-d
Descent Lemma with (4.12) (or (4.13)), for 5 = 0) multiplied by (kkil) gives

E < (L~ )k (e + 250 \IF (Ao, . ADIIF (Arjo ... Ap)

+ Cj_17gmk0k1 ce kj_lk’f_j (60 + ...+ 6]'_1) .
To bound |F' (Ao,...,A;)| we use (4.12) with £ = j, which gives

koo ki1
UL bt H ‘A7,| +cj,1,jmk0 . ..k‘j,l (80 +... +€j71)

=0

S [1 + ijl,j (60 + ...+ Ejfl)] mko e kj,1

|7 (A, ..., Ay)| < 2

< (1 +j0j,17j) mkg ... kjfl-

(here we have used ¢; < 1, but any bound on the &; would do). The same holds for |F (A¢—;,..., A/l
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hence

E<(L—j) k7 (g5 +ej-1) (L+jej1y) mko ... kjy
+cjvemkoky .. k1K (g0 + ..+ gjo1)
= mhkoky ... kj_1k; 7 [ej1e (0 + - +ej1) + (€= §) (1 +jcj—15) (e +j-1)]
< [ejmre+ (€= ) L+ jej_15)] mkoky ... kj1 kS (g0 + ... +e5).

Cj, 0

as desired.
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5 Examples and Applications

5.1 Gromov’s geometric overlap

Recall from Definition that X has overlap > ¢ if for every simplicial mapping of X into R¢, some
point in R? is covered by at least an e-fraction of the d-cells of X. A theorem of Pach relates geometric

overlap to combinatorial expansion:

Theorem 5.1 ([Pac98|). For every d > 1, there exists Py > 0 such that for every d+1 disjoint subsets
Py, ..., Py of n points in R, there exist = € R% and subsets Q; C P; with |Q;| > Py -n, such that every

d-simplex with one vertex in each (Q; contains z.

Combining Pach’s theorem with Theorem [I.4] gives a bound on the geometric overlap of a complex

in terms of the width of its spectrum:

Corollary 5.2. Let X be a d-complex with a complete skeleton, and denote the average degree of a
(d —1)-cell in X by k. If the nontrivial spectrum of the Laplacian of X is contained in [k — e,k + €],

then J ( )
Py e(d+1
overlap (X) > s (Pd — k:) ,

where Py is Pach’s constant from Theorem [5.1]

Proof. Given ¢ : V' — R%, choose arbitrarily some partition of V into equally sized parts Py, ..., Py.
By Pach’s theorem, there exist Py > 0 and Q; C P; of sizes |Q;| = Py |P;| such that for some z € R*+!
we have 2 € conv {¢ (v) |v € o} for any o € F (Qo,...,Qq). By the Mixing Lemma (Theorem [T.4)),

k- 1Qol ... |Qudl 2 Pan <Pk
|F'(Qo, - .-, Qa)| = - —e-(|Qo ... 1Qal) _<d+1) (d+1_5)'

On the other hand,
4 1vd-1 k _ (n\ k en\d k
= el = () = () o

As this holds for every ¢,

i (45 (- 4) B - 40).

O

Remark 5.3. Following Remark if Spec A+’Zd—1 C [Aavg — €', Aavg + €] then using the Mixing

Lemma with oo = Agug = n"—fd one has

k'QO"Qd| / Wd1 Pdn d nk:Pd ,
F Qo Q)| = T I (g0 jQul) z(dH) ((nd)(d+1)_€)

so that

Pin g (d+1)
overlap (X) Z m <Pd - Tvg .
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In §5.4] we study the spectrum of random Linial-Meshulam complexes, and use this theorem to deduce

that for suitable parameters they have the geometric overlap property.

For complexes with a non-complete skeleton we can use Theorem to show the following:

Proposition 5.4. If X is a d-dimensional (E, ?)—ewpander then

Py \*
<d+1) —caleo+...+ea-1)|,

Pyd!

overlap X > o

where Py is Pach’s constant from Theorem and cq is the constant from Theorem (both depend
only on d).

In particular, a family of d-complexes which have ¢y + ... + £4_1 small enough is a family of
geometric expanders. For the proof of Proposition we shall need the following lemma, which

relates the Laplace spectrum to cell density:

Lemma 5.5. Let X be a d-complex with B; = 0 for j < d, and let Xj be the average montrivial
eigenvalue of A;, for =1 < j < d (in particular A\_1 = n). For any 0 < m < d the average degree of

an m-cell is

1
avg{dego|o € X} = A\ (1—7;&4_ ), (5.1)
m—1

and the number of m-cells is

Y m—2 e Y m—2 Y
Am—1 A Am—1(n—1)

XM = m . J 1] = . 5.2

| | m+1 H (] +2 > m +  om+1 H ( ) (5.2)

Jj=-1 Jj=0
Proof. Since the trivial spectrum of Aj' consists of zeros,
1 1 Ao
| X™| = p—— EXEm,l dego = . trace Dy, = 1 trace At | = - +11 dim Z,,,_1.

Thus, (5.2)) is equivalent to the assertion that

m—2 ’):
dimZ,,_1 = 1.
1 1 ]El (] + 2 )

This is true for m = 0, and by induction, together with the triviality of the (m — 2)-th homology we
find that

dim Z,—1 = dim Q™" — dim B, = | X™7!| — dim Z,,—»

Xm_2 m—3 Xj m—3 Xj m—2 :\’j
= —1] - —1] = —1
L (50T () - T (52

as desired. Formula (5.1 follows from (5.2), as avg {dego |0 € X™} = (m +2) | X™ | /|X™|. O

We can now proceed:
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Proof of Proposition[5.4. Let ¢ be a simplicial map X — R?. As in the proof of Corollary there
exist disjoint Q; C V of size |Q;] = gff, and a point x € R such that = € conv {p (v) |v € o} for
all 0 € F (Qo,...,Qq). Denoting X =ko-...-dg—1 and € =eg+ ...+ 41, we have by Theorem

Py \*
(d+ 1) _Cd‘g] ’

|F (Qo,-..,Qa)| >

K ( ’Pdn )d+1 . chdnng o ’den

nd \d+1 d+1  d+1

and by the lemma above

g d—2 g d—1 g d—1

Nd—1 A by ki (1+¢;) 29nKC
X4 =241 1)< < : . .
X =g H<j+2 )-jyljm—”n it2 S d+)

j=—1 - =0

2d d+1
follows. N

d
This means x is covered by at least a Pyd! ((Pd) —cq€ ) -fraction of the d-cells, and the proposition

5.2 Chromatic bounds

We turn our attention to colorings. We say that a d-complex X is c-colorable if there is a coloring of its
vertices by ¢ colors so that no d-cell is monochromatic. The chromatic number of X, denoted x (X),
is the smallest ¢ for which X is c-colorable. We will use the mixing property to show that spectral
expansion implies a chromatic bound, as is done for graphs in [LPS88]. These results are weaker than
Hoffman’s chromatic bound for graphs [Hof70], as they require a two-sided spectral bound, and the
bound obtained is not optimal. A chromatic bound for complexes which does generalize Hoffman’s

result was recently obtained in [Goll3].
Proposition 1) If X is a d-dimensional (E, ?) -expander, then

1
(d+1) {L/Cd(€0+...+€d_1)’

X (X) >

where cq is the constant from Theorem [1.5

Proof. Coloring X by x = x (X) colors, there is necessarily a monochromatic set of vertices of size at
least % Take % of these vertices and partition them arbitrarily to d + 1 sets Ay, ..., A4 of equal size.
As in a coloring there are no monochromatic d-cells we have F (Ay, ..., Ag) = &, so that Theorem

reads

d
ko...ka—
Onid“ [114:l < cako .. ka1 (g0 + ...+ ca—1) max|Aj],
i=0
and since |4;| = m, the conclusion follows. O
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5.3 Ideal expanders

Let us say that X is an ideal k-ezpander if it is a (j, k;,0)-expander for 0 < j < d. In this case, the

Descent Lemma tell us that

. ke \f 7
Fith(Ag, ..., Ay) = <k_31> |F7 (Ao, ..., Al
i

and the number of j-galleries between disjoint sets of vertices is completely determined by their sizes:

_ koky .k ok T

FI(Ag,...,A A, 5.3
|9 (Ao, ..., A TV 1 (53)
m d—m
_ . o
(in particular, |F (Ag,...,Aq)| = k""rfi‘“l |Ao|...|Aq]). For k = (n,...,n,O,...,O), an example

of an ideal k-expander is given by Kfmm), the m-th skeleton of the complete complex on n vertices.
For this complex holds trivially, and perhaps disappointingly, these are the only examples of
ideal expanders: if X is an ideal k-expander on n vertices, and X () = K,gj ) (which holds for j =
0), one has kg = ... = kj_1 = n, and also k; < n by Proposition For vertices vg,...,vj41,
IF ({vo} .., {vj+1})] = 4% € {0,1} then forces cither kj = n, which implies that X +1) = K
as well, or k; = 0, which means that X has no (j + 1)-cells at all.

While ideal k-expanders do not actually exist, save for the trivial examples k = (n,...,n,0,...),
they provide a conceptual way to think of expanders in general: (E, E)—expanders spectrally approxi-
mate the ideal (nonexistent) k-expander, and the mixing lemma asserts that they also combinatorially
approximate it. This point of view seems close in spirit to that of spectral sparsification [ST1I], which

proved to be fruitful in both graphs and complexity theory.

5.4 Linial-Meshulam complexes

In this section we study expansion in Linial-Meshulam complexes: recall that X (d,n,p) is a d-
dimensional simplicial complex on n vertices, with a complete skeleton, and with every d-cell being
included independently with probability p. The main idea is the following lemma, which is a variation
on the analysis in [GW12] of the spectrum of A~ =D — At .

Lemma 5.6. Let ¢ > 0, and X = X (d,n,%). There exists v = O (\/5) such that X is a
(d —1,Clogn, %)-exp(mder, i.e.

Spec (A+|Z471) C [(C —7)logn, (C+v)logn],

C

with probability at least 1 — n~=°.

Proof. We denote p = %. For C large enough we shall find v = O (\@) such that

H(N —pn-1) |zd_1H < ylogn (5.4)
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holds with probability at least 1 — n~°. This implies the Lemma, as

Spec (A+|Zd71) C [pn —ylogn,pn + ylogn] = [(C — v)logn, (C + ) logn] .

To show we use
@t =pn-D)], [ =]l ~per-ay1-pir+D-D)|,
<|p-pm-aynl,, |+]~+panl, | (5.5)
and we will treat each term separately. For the first, we have
|0=m=apDl, | <D~ m-dpll = max |dego—(n-d)p|.

Since deg o ~ B (n — d,p), a Chernoff type bound (e.g. [Jan02, Theorem 1]) gives that for every t > 0
— +2
Prob (|dego — (n —d)p| > t) < 2e 2Dt
By a union bound on the degrees of the (d — 1)-cells we get

+2

Prob ( max |dego — (n —d)p| > t> < 2(2) e 2n—dp+d (5.6)

and a straightforward calculation shows that there exists @ = a/(¢,d) > 0 such that for ¢ = ay/nplogn,
the r.h.s. in (5.6) is bounded by ﬁ for large enough C' and n. In total this implies

Prob (H(D —d)pl)|, H < aVClog n) >1— (5.7)

1
2ne’
In order to understand the last term in (5.5) we follow [GW12], which shows that A% | 2, , 1s close to
p times A%, ‘Z = (DKd — A+ ) |Z o where K¢ is the complete d-complex on n vertices. Note
that Dyga = (n d) I and AKd|z =n-1I, and that Zy_; (X) = Z4_1 (K{) as both have the same
(d — 1)-skeleton. In the proof of Theorem 7 in [GW12] (which uses an idea from [OIil0]), it is shown

that
v ~ n\ __2 _
Prob (H A% +pdl) |, H = t) = Prob (H«4x|zLH —p AR, | = t) < 2<d>e s
Again, there exists 8 = 3 (c,d) > 0 such that for ¢ = 8/nplogn, the r.h.s. is bounded by 7 for large

enough C and n. Consequently,

Prob (H A% +de H <ﬁ\ﬁ10gn> >1—2—

so that by (5.5)

Prob ([[(&* —pni) |, | < (o4 5) VClogn) =1 -0,

41



and v = (a + ) V/C gives the required result. O
We obtain the following:

Corollary 5.7. Observe X = X (d,n, %)

(1) There exist H = C — O (\@) and 2 = Q ( 2('75) such that the Cheeger constant and the

chromatic number satisfy

h(X) > H -logn and X (X) >

(1]

(5.8)

asymptotically almost surely w.r.t. n.

(2) For any 9 < (%)d+1 (where Py is Pach’s constant from Theorem , for C and n large enough
a.a.s.
overlap (X) > o.

(8) If C < 1 then Prob (h(X) =0) =3 1.

Proof. (1) Since A(X) < h(X) (Theorem [1.2), h(X) > H -logn follows from Lemma with
H = C—~ (recall that v = O (\/5)) The same Lemma, together with Propositionyield x(X)>=

for

= _ 1 _ 1 - 2d
T d+1){caleot . Feaa) (d+1){/cq & _Q< ﬁ)

(2) Again by Lemma a.a.s. Spec (A*}Z&l) C Nawg — €5 Aawg + €'] with &’ = 2ylogn. By Remark

B3

Pin 2ylogn (d+1)\ _ Pd 2y (d+1)\ o (Pa)™
overlap (X) > m (Pd - Navg > od+1 Pa — 0=+ - .

(3) Choose some 7 € X972, It was observed in [GW12| that lkT ~ G (n —d+1, %) (where

G (n,p) = X (1,n,p) is the Erdés—Rényi model), and G (n, %) has isolated vertices a.a.s. for
C < 1 |[ERAY, [Erd61]. These correspond to isolated (d — 1)-cells in X (cells of degree zero), whose
existence implies h (X) = 0 (and thus also A (X) = 0). O

5.5 Ramanujan triangle complexes

Let F' be a nonarchimedean local field (e.g. Q, or Fpe ((¢))) with ring of integers O, uniformizer m,
and residue field F, = ©/x0 of size q. For every d there exist an infinite (d — 1)-dimensional complex
denoted B = B, (F'), the affine Bruhat-Tits building of type Ay, associated with F. The vertices of
B are in correspondence with the left K-cosets in G, where G = PGL,4 (F), K = PGL4 (O), and they
admit a coloring in %/4z, defined by col (¢K) = ord, (det g) + dZ. We refer the reader to [Lub12bl §2.1]

for the definition of B and its basic properties.
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The group G = PGL, (F') acts on B, and given a lattice I' < G the quotient I'\ B is a finite complex.
For d = 2, B is a (q + 1)-regular tree (see, e.g. [Ser80, p. 70]), and its quotients by lattices in G are
(¢ + 1)-regular graphs. A special family among these quotients form excellent expander

Theorem ([LPS88)|). If ' is an arithmetic lattice in G then the nontrivial spectrum of AZ (D\B) is

contained within [q +1-2/q,q+1+ 2\/6] (hence T\B is a (0, qg+1, 5ﬁ) -expander).

Remark. In [LPS88], the eigenvalue 2 (¢ + 1) is also considered as trivial. This eigenvalue exists in the
spectrum iff the quotient is bipartite, which happens when I" preserves colors (i.e. 2 | ord, (det+y) for
all v eT).

The cited theorem makes use of a special case of the “Peterson-Ramanujan conjecture” for GLo,
which is due to Eichler in characteristic zero, and to Drinfeld in positive characteristic. Thus, the
corresponding graphs were baptized “Ramanujan graphs”, and the term was broadened to include all
(¢ + 1)-regular graphs whose nontrivial spectrum lies in the [q +1-2/q,q+1+ 2\/51] strip. We refer
the reader to the monograph [Lubl0] for more details.

In recent years, several authors have turned to study the quotients of higher dimensional Bruhat-
Tits building, i.e. T\By for T' a lattice in G = PGLy (F): we refer the reader to [Bal00, (CSZ03!
Li04, [KIW10], and especially to [LSV05al [LSV05b], which study the consequences of the Ramanujan
conjecture for GL4 in positive characteristic, proved by Lafforgue [Laf02]. However, it seems that as of
now, none of these works studies the simplicial Hodge Laplacian on these complexes, and furthermore,
that there are many open questions regarding their combinatorial properties. In an ongoing joint
research with Konstantin Golubev we pursuit this line of study. At present, we focus on triangle
complexes, i.e. quotients of Bs. These are regular complexes, with vertex degrees kg = 2 (q2 +q+ 1)
and edge degrees k1 = q¢ + 1. There are two slightly different cases, according to whether or not X is

3-colorable (equivalently, I preserves colors). We have the following Theorem:

Theorem 5.8 (|[GP13|). Let X be a Ramanujan triangle complex on n vertices, which is not 3-

colorable. Then
(1) The nontrivial spectrum of Aar is contained within [ko — 6q, ko + 3q].
(2) The nontrivial spectrum of Af consists of:
(a) n(q* +q—2) + 2 eigenvalues in the strip [k1 —2,/q, k1 + 2,/q].

or every A € Spec , the eigenvalues =3+ 3k1)? _ A. This amounts to n — 1
b) F X € SpecAg |, , th lues 351 4+ /(35

eigenvalues in each of the strips

1 1
_ | = _ 2 - _ 2 _
I = {2 <3k1 N +32q) . <3k1 N 4q>}
1 1
_ |t /12 _ 1 _ 12
I+ = |:2 <3k’1 + kl 4q> b <3]€1 kl + 32q>:| .
(c) The eigenvalue 3k1, corresponding to the form ¢ ([vw]) = (—I)COI(w)chI(U) (this is a disori-

entation, see Definition .

(N1In fact, they are spectrally optimal expanders, in the sense of the Alon-Boppana theorem (Theorem .

(5.9)
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If X 1is 3-colorable, then there are only n—3 eigenvalues of Aar in [ko — 6q, ko + 3¢]. The two other

27i

nontrivial eigenvalues equal %, and correspond to the eigenforms wt ) where w = e . Then—3

eigenvalues in [ko — 6q, ko + 3q] then account for n — 3 eigenvalues of AT in each of I, and I_, and
there are now n (q2 +q— 2) +6 eigenvalues in [kl —2./q, k1 + 2\/(}] Unlike in the case of graphs, the
3k1 eigenvalue of AT appears even if X is not 3-colorable, as the difference col (w) — col (v) € Z/3z is

still well defined for neighboring vertices.

2va
) g+1

which ruin this are the the disorientation, and the n — 1 eigenvalues in I;. Therefore, a mixing lemma

Note that a Ramanujan triangle complex is “almost” a (1, q+1 )—expander: the eigenvalues
for these complexes, along the lines of Theorem [L.5] could perhaps be established by using only forms
which are orthogonal to the “bad eigenforms”. This is not hard for the disorientation, but at present
open for the eigenforms which correspond to ;. Nevertheless, the fact that the spectrum is bounded

from below suffices us to deduce an isoperimetric bound:

Theorem (Theorem extended). If X is a non-3-colorable Ramanujan triangle complex with n
vertices, vertex degree ko = 2 (q2 +q+ 1) and edge degree k1 = q+ 1, then

|F(A,B,C)| _ 1 ( ) ( 10 ))
PN S = gr1-2v9) (22 +2g+2—6g (14— >
Asle] =l Vo) STATIBIIC]

holds for any partition V (X) = A B[] C. Thus, if we fiz ¥ > 0 and define

_ |F(A,B,0)|n?
hy (X) = _ 5.10
19( ) V=/§I]1_[1£l]_[c |A| |B| ‘C‘ ’ ( )

[ALLIB],|C[=9n

then
hy (X) > 2¢° = 0y (¢*°) . (5.11)

Remarks. (1) This corresponds to the pseudo-random intuition of expansion: X has %nkok’l trian-
gan@+at @+l 2
(3) n?

(2) The restriction |A|,|B|,|C| > 9n is unavoidable, for the following reason: let us take any sub-
linear function f (n) (i.e. @ "3 0) and define hy (X) by replacing ¥n with f(n) in . If
X is any sequence of triangle complexes with n; = |X ?’ — oo and with globally bounded vertex
degrees, then one can take A C X! to be any set of size f (n;), B to be A = {v|dist (v, 4) = 1}
(if |B] < f (n;) enlarge it by adding any vertices), and C the rest of the vertices. Assuming i is
large enough one has |A|,|B|,|C| > f (n;), and F (A, B,C) = & since all triangles with a vertex
in A have their other vertices in either A or B. Therefore, hy (X;) = 0 for all large enough i.

gles, so its triangle density is indee

Theorem is an immediate corollary from Theorem [5.8| and the following Cheeger-type inequal-
ity:
Theorem 5.9. Let X be a triangle complex on n vertices V', with
Spec A(ﬂzo C [ko — o, ko + po)

Spec A | z S [A1,0)
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for some kg, pg, A\1. Then

|F (A, B,C)|n? 1073
LI Sk i i TS W (N S H . 14 ——mM8M8M 12
N S ST (5:12)

holds for any partition V.= A B][C, so that

10020 (b (1 22).

Note that if X has a complete skeleton then Spec AH}ZO = {n}, so that kg = n and pg = 0.

|F(A,B,C)|n?
Therefore, (5.12)) reads TA[BIIC

give now the proofs of Theorems [5.8 and

> A1 - n, so that Theorem is obtained as a special case. We

Proof of Theorem[5.8 The element o = §é§) € G acts by rotation on the triangle consisting of
the vertices K, oK, and 02K (note that 03 = id in G). Let us choose fundamental vertex vy = K,
edge eg = [K,0 K], and triangle tg = [K,0K,0?K]|. If X =T'\B, we can identify Q° = Q° (T'\B) with
L? (T\G/K). As G preserves the orientation of edges, and acts transitively on the nonoriented edges

of B, we can identify Q! = L? (T'\G/E), where
E =stabeg = KNoKo ! = {(Eg%) eK)m,yEw(’)}

(E is sometimes called a “parahoric subgroup”). If I is the Iwahori subgroup

*

- 1ng?Ke2={(2sx
I=KnNnoKo "No*Ko “ = {(yZ*) EK‘x,y,zEWO},
which fixes all vertices of to, then I and () commute, and Q? can be identified with L? (T\G/E),
where

de f

T < stabgto = (o) [ = TU ol Ud?I.

The space L? (I'\G/K) corresponds naturally to L2 (I'\G)™, the space of K-fixed vectors in the
right G-representation L? (I'\G), and similarly for E and T. As I C E C K and I C T, the three of
L2(N\&)", L2 (N\@)” and L2 (T\G)" are contained in L2 (I'\G)” - the space of Iwahori-fixed vectors.
We now turn to express the Laplacians and adjacency operators on B and its quotients as Hecke, and
generalized Hecke operators on these spaces.

In dimension zero, A = Ag; +Aj, where Af; and Ag, are the classical Hecke operators studied
in [CSZ03, [Li04, [LSV05al LSV05b], and which correspond, respectively, to

KoK = | (WTT)KUU(lﬂi>KU(11W)K and
F

z,yclky zel,
Ko’k = | (ﬂfr?)KUU (”fﬂ)Ku(lﬂ )K.
z,y€lfy z€F, T
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Similarly, A7 = A7, + A7/, where A’y and Af, correspond to

EJE:<ﬂ11>EU U (ﬂil)E and EUQE:(WWI)EU U (ﬂﬂi)E,

z€F, z€F,

respectively. In dimension two, Ag‘ corresponds to

Hr=UU () (L)

j=0z€cF,

0
T(o

7‘_2

o3 0o

(this can be used for verification purposes, since Spec AHBl = Spec Ay |Bl)'

The representation L? (I'\G) decomposes as a sum of irreducible unitary representations,
L2(T\G) = @, Vi, and L2 (T\GQ)' = @, V,!. Tt is therefore enough to study the V; which contain
Iwahori-fixed vectors. Such representations are called Iwahori-spherical, and a theorem of Casselman
[Cas80] states that they are embeddable in the principal series representations. The principal series
representation V; with Satake parameters 3 = (21, 22, 23), where z; € C and 22223 = 1, is obtained as

* %

follows: The Borel group B = {(é x I) € G} admits a character x; (b) = H?Zl 247 bit (here we need
z12223 = 1 to assure that x; factors modulo Z (GL3 (F))), and V; is the unitary induction of x; from

B to G, namely
Vz{f:G%(C

F(bg) =072 (b)x; (b) f (9) Vb€ B}
[ic If (B)| dk < o0 ’

where 6 (b) = ord? (by1) ord; ? (bss) is the unimodular character of B.

By the Iwasawa decomposition G = BK, for f € VX we have f (g) = f (bk) = 572 (b) x; (b) f (k) =
67z (b) X; (b) f (id), so that VX is at most one-dimensional. In fact, it is one-dimensional, since
b € BN K implies that byy,bay, bss € O%, so that f (bk) = 62 (b) X; (b) is well defined. Letting a

in G, the so-called Iwahori-
wes, BwI shows that dimV;' = 6, with basis {fu},ecg, defined by
fu (w') = {1 ®=%, The subspace VE CV]@isspanned by Z < Y o fu. Also, (12) = (1 ! 1) €k

permutation w € S3 stand for the the permutation matrix (T)m. = Ouw(i),j
Bruhat decomposition G = |J

— 10 wHw’
implies that G = {J,,c 4, BwE, and that dim V;E = 3 with basis {huy},,c,, Where hy, “ fu+ fw-(12)-
With some more work, one can show that G = BT'|J B (12) T, and that dim V" = 2 with basis

Z1 1 1
fo+ P fasz) + quf(123), fao) +22f@23) + Z3qf(13)~

As G acts both on V; and on L? (I'\G) by right translation, the action of the (generalized) Hecke

operators on both of them is given by the corresponding decomposition to right cosets. For example,

W= (o) (1))

j=0 z€F,

for f € L2 (I'\G)" = 02 (X). Using the coset decompositions corresponding to our Hecke operators, we
find that A acts on VZ’K = C.% as multiplication by ¢ 23:1 (2 + Zi_l). Denoting 3 = Zf’zl (2 + zi_l),
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this gives (as Al = kol — A7)
Spec AHV{ = {ko — q3}. (5.13)

Similarly, A" acts on V;E with respect to our chosen basis by

0 qz3 +qz123  qPzs + qzazs
[AT]{h()vh(lz?»)vh(wz)} = z2 + 2122 0 qzo + qzazs
%"‘2122 21 + 2123 0

Using A = kI — A} one obtains that AHvE has a zero eigenvalue (which corresponds to 9* %),
3
and the eigenvalues

A
+ 2 2 2

3 =
3ky £ \//f? +4qIL T+ 2) 3k + /K2 + 8¢ +4q; 3k 3k \ 2
- - 5 =L () —as (514)

where Az = ko — g3 is the eigenvalue of AJ acting on VzK =Cx.

In general, a Iwahori-spherical representation is only a subrepresentation of V;. Let us denote by
W; this subrepresentation (there is only one such). Tadic [Tad86] has classified the Satake triples 3 for
which the representation W, admits a unitary structure. In [KLW10] the possible 3 for PGL3 (F) are
explicitly computed, and W is identified within V; using [Bor76l, [Zel80]. Furthermore, the 3 for which
W, cannot appear in a Ramanujan complexes are singled out [KLWI(, Theorem 2|. It turns out that
a unitary W; which can appear in a Ramanujan quotient, and which is E-spherical (i.e. have E-fixed

vectors), is of one of the following types:

(a) |z;] = 1 for i = 1,2,3. In this case Vj is irreducible, hence W, = V;. Here 3 = 2R (D" z;) €
[—3,6] gives Az € [ko — 6¢, ko + 3¢, and Ay € I (see (5.14)) and (5.9)).

() 3= (%,c\/&, 0_2) for some |¢| = 1. In this case W” is one-dimensional, and it is spanned
by H = h(132) — qh(123), which corresponds to to A_ in ([5.14). For this 3 we have

1 c c
A=< (3ki £ /k?+8¢+4 (+c +c —|—+02+02>
2( 1 \/1 q q NG Va+ey/q q

— % (3k1 - \/q2 +8qy/aR (¢) + 2¢ + 16gR (¢)” + 1 + 8 /g (C))

= % (3k1 — (¢ +4vaR(c) + 1)) = k1 — 2¢/qR (¢)

which lies in [k:l —2./q, k1 + 2\/5] As 7 is not K-fixed, WZ’K =0.

(c) 3= (g, 1,1). In this case Wj is the trivial representation p : G — C*, and WéE = WaK are

q

one-dimensional (spanned by .#). As .7 is constant, AT.# = 0 and A].# = 3k;.Z (this
can also be verified using (5.13)) and (5.14])).

2mi 2mi

s orw=-¢e" 3 . Here W, is the one-dimensional representation

(d) 3= (wq,w, ¢) wherew = ¢
p(g9) = w9 and again WéE = WZK = C-.Z. This time Af.Z = %5;, and AT.Z = 0.
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Let X = I'\B be a Ramanujan complex with L? (T'\G) = @, W;,, which is not 3-colorable. In this
case the representations of type (d) do not appear in L? (I'\G). The representation (c) appears once
in L? (I\G), and corresponds to BY, the constant functions in QY, and to the disorientation forms in
Q!. Since representations of type (b) contain no K-fixed vectors, n = dim Q° (X) = dim L2 (I'\G)* =
>, dim W/ shows that that there are (n — 1) representations of type (a) in L? (I'\G), each contributing
three eigenvalues to Al (one of which is trivial). The representations of type (c) and (a) account so
far for 1+ 3 (n — 1) eigenforms in Q!, and by n (¢* + ¢+ 1) = dim Q' = }°, dim Wf it follows that
L? (T'\G) must contain n (¢> + ¢+ 1) =1 —3(n—1) =n(¢> + ¢ — 2) + 2 representations of type (b).

If X is 3-colorable, there are two representations of type (d) in L? (I'\G). These correspond to
the eigenfunctions fi (v) = w™ ¥ in Q0 which have eigenvalue ¢ (q2 +q+ 1) = %, and to the
coboundary forms 9* f1 in Q2'. The computation of the number of representations of type (a), (b) and

(c) then continues analogously to the non 3-colorable case. O
Proof of Theorem[5.9 Denote |A|,|B],|C| by a,b,c, respectively, and define
c veAweB

a veEBwel
b veCweAd

fe@,  flow)=
0 else
(implying f (vw) = —c for v € B,w € A, etc.). Let fz = Pgif and fz = Py, f. Then
P (A.B.0)ln* = 3 (61" () = 1611 = 167"
:
= (A% fz.f2) 2 M F2IP = 2 (117 = 1£517)

Let us denote E = koPp:1 — A7 . Since

Spec AT | 5, = Spec AF{’BO C SpecA(ﬂZ0 C [ko — po, ko + pol,

and SpecAl_|Z1 =0

we have || E|| < o, so that

(ELN+ AN mollfI° + 1071

If8]1° = (Ppi f,Ppi f) = (Ppif, f) < 5 -
0 0
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We would like to bound ||@f||*. Let us begin with

S @) =Y (e bas 03 b))

acA acA peB yel

=¢ Y Oaplap —2bC > Gapbary + 07 Y barbay

ﬁf;ﬁgB a,B,y a7,y

=c*|F' (B, A, B)| — 2bc|F" (B, A, C)| +b* |F' (C,A,C)|.

By [Pari3al, Lem. 1.3] with ¢ = 2 and j = 0, we have (recall that k_; =n and e_; = 0):

]{3 2
|F' (B, A,B)| - <°> b2a| < 2kouob
n

o\ 2
|F1 (B7A,C')| — (Tf) bac| < 2kopoVbe

2
|F! (C’,A,C)‘ - (Z) c2a| < 2kopgc.

Therefore,

S (01)? (@) < 2kouo [cb+2(bc) b2 } —2k0u0bc(\/5+\/5>2.

acA

and repeating this for 35 p and 37 - gives

2 2 )
10F11> < 2kopo [bc (\/E+ \/E> + ac (Va + \ﬁ)Q +ab <\/E+ \/l;) } < kopon®.
Using the classic expander mixing lemma for FE (A, B), E (B,C) and E (C, A) we have
I£I* = |E (4, B)| & + |E (B,C)| a® + |E (C, A)| b
k
> <T;)ab - uo\/(%) A+ < bc — uo\ﬁ) a® + < ca — uo\/@>
2 2 2 pon®
= kgabc — pig [\/(%c + Vbea® + vach } > koabe — 5

Combining everything now gives

|F (A, B,C)|n?

; A 2 2 A1 2 Ho 3
> AL - > AL 1-Ho) _
o 2 (1A= 151) = 2 (WP (1= %) = o
A1 pon® Lo 3 10n3
> — koabc — 1—-—=) - > ko — 1 .
~ abc (( oave 9 ko Hom” | = Av (ko= po {1+ 9abc

49



6 High dimensional random walk

In this section we study the stochastic process on complexes which was demonstrated in §1.4] For

this purpose we introduce a different inner product structure on €/ than the one used so far, and this
will change the Laplacians and the spectral gap as well (see . We do not assume that X has a
complete skeleton in this section, but we are again primarily interested in the (d — 1) dimension, hence
we will write again A* = Adiq and A = Ay_1. Throughout this section we assume that X is uniform,

meaning that every cell is contained in some cell of dimension d.

6.1 The (d—1)-walk and expectation process

Let X be a uniform d-dimensional complex and 0 < p < 1. Recall that two oriented (d — 1)-cells
0,0 € Xifl are said to be neighbors (denoted o ~ o’) if there exists an oriented d-cell 7, such that
both o and ¢’ are faces of T with the orientations induced by it (see Figure . The following process
is the generalization of the edge walk from

Definition 6.1. The p-lazy (d — 1)-walk on a d-complex X is defined as follows: The walk starts at
an initial oriented (d — 1)-cell og, and at each step the walker stays in place with probability p, and

with probability (1 — p) chooses uniformly one of its neighbors and moves to it.

Put differently, it is the Markov chain on X ifl with transition probabilities

D =0
Prob(Xusy = o'lXu = 0) = { zigks  o'~o
0 otherwise

For j = 0 Definition [6.1] gives the standard p-lazy random walk on a graph.

Definition 6.2. We say that X is (d — 1)-connected if the (d — 1)-walk on it is irreducible, i.e., for
every pair of oriented (d — 1)-cells o and ¢’ there exist a chain ¢ = 09 ~ 01 ~ ... ~ 7, = ¢’. Moreover,
having such a chain defines an equivalence relation on the (d — 1)-cells of X, whose classes we call the

(d — 1)-components of X.

Remark. Due to the assumption of uniformity, it is enough to observe unoriented cells - X is (d — 1)-
connected iff for every o, 0’ € X%~ there exists a chain of unoriented (d — 1)-cells 0 = 0g, 01,...,0, =
o' with o; U4 € X9 for all i. This is also equivalent to the assertion that for any 7,7’ € X? there
is a chain 7 = 79, 71,..., T = 7' of d-cells with 7, N 7;_; € X! for all i (this is sometimes referred
to as a chamber complex). We note that it follows from uniformity that a (d — 1)-connected complex
is connected as a topological space. The other direction does not hold: the complex »« is not 1-
connected, even though it is connected (and uniform).

Observing the (d — 1)-walk on X, we denote by p2° (o) the probability that the random walk

starting at og reaches o at time n. We then have:

Definition 6.3. For d > 2, the expectation process on X starting at oy is the sequence of (d — 1)-forms
{€20}.7 ) defined by
&y (o) =py° (o) —p° ().
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For d =1 (i.e. graphs) we simply define £¥° = prO The normalized expectation process on X is

0 (o) 0= (s b - e,

where p is the laziness of the walk. In particular, for d = 1 one has gﬁo = &0 = ppo for all p.
The reason for this particular normalization is that for a lazy enough process (in particular for
n ~
p > %) one has [|E5°]| = © ((”(d%‘;)ﬂ) ) (see (6.8). Note that £7° = £7J° = 1,,.

Remark 6.4. The name “expectation process” is due to the fact that for any (d — 1)-form f the expected

value of f at time n is

EX(fl= Y py = Y &) f()
a'eXil oceXd-1
where, as implied by the notation, £7° (¢) f (¢) does not depend on the orientation of o.

The evolution of the expectation process over time is given by £7%, = AE7°, where A = A(X,p)

is the transition operator acting on Q¢~! by

(Af) (o) = pf (0) Z deg (feQitoexi ). (6.1)

In terms of the adjacency operator we have A = pI + (1 —p). A7 D!, but we will not use this in
what follows. Note that the evolution of pJ° is given by the same A, acting on all functions from X i‘l
to R, and not only on forms.

It is sometimes useful to observe the Markov operator M = M (X, p) associated with this evolution,

which is characterized by
E2% [f] = E3° [Mf],

and is given explicitly by

(Mf) (o) =pf (o) + ddeg Zf (feQitoexit).

This is the transpose of A, w.r.t. to a natural choice of basis for Q4=1 (X).

6.2 Normalized Laplacians

Given any weight function w : X — (0,00), Q¥ become inner product spaces (for —1 < k < d) with

(f.9)=Y_ w(o)f(o)glo)  VfgeQr

oceXk

() The results which follow hold for graphs as well, using this definition of £5°, but they are all well known. In some
cases the proofs are slightly different, and we will not trouble to handle this special case.
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Recall that v<o if v ¢ 0 and vo = {v} Uo is a cell in X, and (O f) (o) = >, ., f (vo). The adjoint
coboundary operators w.r.t. the weighted inner products are given by

k
Z w(o\o;) f(o\o;) 0<Ek<d.

z:O

(O f) () = (5. f)

We will adhere to the notation 0; until we discuss infinite complexes, where sometimes dy, is defined
even though 0y is not.
The following weight functions will be used throughout §6] and §7

1 = Xd—l

w(o) = dego .
1 o€ X\Xx4!
Notice that for ¢ € X%~!
1 _
w(g)*deg =|{reXx?ocrt} = {’Ul’u<10’}|:g|{0'/€XdI}OJNO'H.

Due to our choice of weights, the inner product and coboundary operators in 7] are given by

Z}I{kf(a)g(cr) flge Q" k#d-1
.00 = S L@ p e gi (62)
ceXd-1 dego 7
> (1) f 0\ F<d-o
(Ouf) (o) = (95 f) (o) = § deg (o )dgl (D' fo\os) k=d—1 (6.3)
(1) f (#\o) )
;0 deg (0\0,) k=d,
and the Laplacians by
(A+f) (o) = Z (051) (vo) ZZ J (vo\ (vo),)
P e deg (vo\ (vo),)
(6.4)
v(o\oy)) a’)
ZZ deg 0\0) Z deg (o)

vdo =0

and
(A= f) (o) = degaz Z I (va\oy) . (6.5)
v<1¢7\(77¢

Several properties of the Laplacians are independent from the inner product chosen for 2°. For
example, the spectrum is real and non-negative, and the spectral gap A(X) = min Spec (Aﬂzd_l)
vanishes iff X has nontrivial (d — 1)-th homology. Note that while zero is still obtained precisely on

closed forms, i.e. ker AT = Z9=1 these are not the same as for the non-normalized Laplacian. For
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example, BY consists of the scalar multiples of the degree function, and not of the constant functions.

Let us define the following variant of the spectral gap:

Definition 6.5. The essential gap of X, denoted X(X)7 is
X(X) = min Spec (A*|B,_,) = minSpec (Alp,_, ).

While A vanishes iff X has nontrivial (d — 1)-homology, \ never vanishes, as Bg_1 = (del)l =
(ker A+)l. If the (d — 1)-homology is trivial then By_; = Zg_; implies A = A, hence X is only of
additional interest when there is nontrivial homology. In a disconnected graph X controls the mixing
rate of the random walk as A does for a connected graph, and we will see that the same happens in

higher dimension (see (6.10])).

In order to understand the other extremity of Spec AT we introduce the following definition:

Definition 6.6. A disorientation of a d-complex X is a choice of orientation ler of its d-cells, so that
whenever 0,0’ € X¢ intersect in a (d — 1)-cell they induce the same orientation on it. If X has a

disorientation we say it is disorientable.

Remarks. (1) A disorientable 1-complex is precisely a bipartite graph, and thus disorientability
should be thought of as a high-dimensional analogue of bipartiteness. Another natural analogue
is “(d 4 1)-partiteness™ having some partition Ay, ..., Ag of V so that every d-cell contains one
vertex from each A;. A (d + 1)-partite complex is easily seen to be disorientable, but the converse
does not hold for d > 2.

(2) Notice the similarity to the notion of orientability: a d-complex is orientable if there is a choice
of orientations of its d-cells, so that cells intersecting in a codimension one cell induce opposite
orientations on it. However, orientability implies that (d — 1)-cells have degrees at most two,
whereas disorientability imposes no such restrictions. Note that a complex can certainly be both
orientable and disorientable (e.g. Figure a)).

Proposition 6.7. Let X be a finite complex of dimension d.
(1) Spec A" (X) is the union of Spec AT (X;) where X; are the (d — 1)-components of X .
(2) The spectrum of At = AT (X) is contained in [0,d + 1].
(3) Zero is achieved on the closed (d — 1)-forms, Z4=1.

(4) If X is (d — 1)-connected, then d+ 1 is in the spectrum iff X is disorientable, and is achieved on
the boundaries of disorientations (see (6.6))).

Proof. (1) follows from the observation that A" decomposes w.r.t. the decomposition Q¢! (X) =
@D, 241 (X;), as ~-neighbors are necessarily in the same (d — 1)-component. We already know (:3),
and the fact that the spectrum is nonnegative. Now, assume that At f = Af. Choose ¢ € X! which

mize L@
maximize go=5. By (6.4)),

f(a")
deg (0)

M@)= (AT @) =Ffl0)- )
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and therefore

(Af (@) <|f (o

<(d+DIf (@),

(since #{o"|o’ ~ 0o} = ddego), hence A < d + 1 and (2) is obtained. Next, assume that X is
(d — 1)-connected and that X¢ is a disorientation. Define

1 e X4
F(r)= + , (6.6)
-1 reXx{\x¢

and f = 94F. For any 0 € X{ ', there exists some vertex v with v <o (since X is uniform).
Furthermore, by the assumption on X ,if v<ao and v’ <o for vertices v, v’ then vo € Xi if and only

if v'o € Xi, and thus

f(0) = (0aF) (o) = 3 F (vr) = deg (o) F ()

v<do

where 7 is any d-cell containing o. If o and ¢’ are neighboring (d — 1)-faces in X iﬁl, then by definition,
for some 7 € X, o is a face of 7 and o’ is a face of 7, so that
flo) | f(o)

=F F(7)=0
dego+dego’ () + F(7) ’

and consequently for any o € X171

(A*f) (0 Z e - Xa @) _ (@417,

deg deg o)

so that f is a AT-eigenform with eigenvalue d + 1.
In the other direction, assume that X is (d — 1)-connected and that AT f = (d+ 1) f for some
f e Q1 (X)\{0}. Fix some & € X{ ! which maximize ‘({e(gy, normalize f so that %ga%l =1, and
define .
a5 f

Td+1

X{={reXi|F(r)>0}.

We have f = % = 8;?r‘§1f = 04 F by assumption, and we proceed to show that Xfi is a disorientation

with F' the corresponding form as in . By the definition of AT

f (o) 1 ~
d = E <= g 1=d
.7 =1/ (o) d deg —d 4~ e
so that ‘fég()yl = 1 for every 0 ~ ¢. Continuing in this manner, (d — 1)-connectedness implies that

L@l = 1 on all X4 . Using again the definition of AT, for any o in X¢

dego —
flo) _ 1 f(o')
dego ~ dego-d Z deg (o’)’

(o) _ _ f
deg o’ deg o

Since the r.h.s is an average over terms whose absolute value is that of the L.h.s this gives
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whenever o ~ ¢’, hence

d

1 (=" f(r\m) __f(r\0)
FO = 502 dg ()~ deg (o)

=0

is always of absolute value one. Furthermore, if 7,7’ € Xi intersect in a face o and induce opposite

orientations on it, then 7 = vo and 7/ = v/o for some vertices v, v’, hence

F(r)=F (vo) = =F (o) =—F (Vo) = —F (1)

which concludes the proof. O

6.3 Walk and spectrum

By equations (6.1)) and (6.4), the transition operator A = A (X, p) of the (d — 1)-walk defined in
relates to the normalized Laplacian by
d—1 1 1-—
g bld=1+ NS

T —
d d

(6.7)
so that the expectation process is given by:

p(d—1)+1
d

1_ n
30 = A"EZ0 :( - dp-N) £3°.

This gives the asymptotic behavior of the expectation process:

Proposition 6.8. Let A = A(X,p) denote the transition operator of the p-lazy (d — 1)-walk on X.
Then:

(1) The spectrum of A is contained in [Qp -1, %], with 2p — 1 achieved by disorientations,

and p(d%‘})ﬂ by closed forms (Z91).

(2) The expectation process satisfies

! PEZD TN eoo) < max (j2p— 1, PE=DF! (6.5)
VEa2Kqg 1 d d

where K is the mazimal degree of a j-cell in X.

Proof. (1) follows trivially from (6.7)) and Proposition The upper bound in (2) follows from (1)
by £50 = A"ES® and [|ES°|| = ||1,,] = ﬁ < 1. For the lower bound, le.zt v be a vertex in oy,
and og,...,0% the (d—1)-cells containing oo\v. Define f = ;1,5\, = Zf:o dego; - 1,,, so that

f ezl and ||f|? = Zf:o dego; < K4 9Kg4_1. Since A1 decomposes w.r.t. the orthogonal sum
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Qd_l = Zd_l @ Bd—l SO does A = p(d%dl)-i-l . [ - % : A+7 hence by (1)

1701 = 14" Loy | = (B9 ) T P zacs (L) 2 (B52) " [y Lo )|

:<p(d—1)+1)" |f (00)] > 1 <p(d—1)+1)".
d [ flldegoo — /Ki 2Ka 1 ¢

O

This proposition leads to the connection between the asymptotic behavior of the (d — 1)-walk and

the homology and spectrum of the complex:

Theorem 6.9. Let 5;; be the normalized expectation process associated with the p-lazy (d — 1)-walk on
X starting from o (see Deﬁnitions . Then ggo = limy, Eg exists and satisfies the following:

(1) If 3051;—11 <p <1, then Ego is exact for every starting point o if and only if Hy_1(X) = 0 If

1
furthermore p > 5 then

~ _ 1—p n
is o pi-l) = 1————X\(X . .
dm(sn, ) 0(( e )) ) (6.9)
(2) More  generally, the  dimension  of Hg—1(X) equals  the  dimension  of
Span {IP)Z(F1 (5;’0) ‘ o€ X‘iil}.

(3) If p = de%ll then 5;;0 is exact for all o if and only if X has a trivial (d — 1)-homology and no

disorientable (d — 1)-components.

(4) More generally, if ?ii%ll < p <1 then Ego 1s closed, and likewise for p = ?ii%ll, unless X has a
disorientable (d — 1)-component. If p > % then

dist (&7, 2471) = 0 ((1 _ ﬁx (X))n) . (6.10)

Proof. Case (i) — 3dd__11 <p <1l We have |2p—1| < p(d%‘})ﬂ, so that ||A|] = maxSpecA =
w. Thus,

spec ., € 20— 1 2O € g .

n
Since A decomposes w.r.t. Q4! = B;_; ® Z%~! and A|Z(l—1 = || 4] 'I|Zd—1’ this means that (H%I)

~ n n
converges to the orthogonal projection Pya-1. Now &7 = (m) E7 = (”i%”) &§, which shows
that

£ =Pyu (Eg) = Pya (E3) =Pyas (L,). (6.11)

In particular §go is closed, so that if the homology of X is trivial then it is exact. On the other hand,

assume that Ego is exact for all o: then

ET =Pga (E) = Pga-r (1y) = Pga-r (Ly) + Pya-1 (1,)

() Note that the first value of p for which the homology can be studied via the walk in every dimension is p = %
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so that Pya—1 (1,) = 0 by (2.2). As {1,} span Q¢! this shows that H;_; = H%"1 = 0. To further

understand the dimension of the homology, observe that
Span {Pzdfl (Ego) ‘ o€ Xd_l} =H"H(X),

which follows from
Pras (82) = Paas (Prues (1)) = Prgucs (L)

If p > 1 then we know not only that ||A| = max Spec 4 but also that HA|Z&1 = max Spec (A’Zd,l)’
6.10)

which allows us to say more: In this case A is positive semidefinite, so that (| follows by

d " d "
————A) —Pgaa||=||| —————A4
H(p<d— D+1 ) ” H(p(d— +1 ’BH)
1-p " 1-p = "
=|I- ———— AT =({1-—— (X
(= st ) b = (- pa=g7 )
which gives as well when the homology is trivial.

Case (i) — p= 3‘3__11: Now, [2p—1| = W = ||A||. If X has no disorientable (d — 1)-
components then again Spec A|Bd,1 C (—1All, JA]l), which gives (6.11)), and everything is as before.
On the other hand, let us assume that 5(;’0 is closed for all 0. Denoting by Qﬁ_l the A-eigenspace of

d
147 now (m

Since Ego is closed this shows that Pya—1 (1,) = 0, and consequently that Qg;}l = 0, i.e. X has no
2p—1

2n
A) converges to Pya-1 +Pga-1 (AT is diagonalizable and consequently so is A).
2p—1

disorientable (d — 1)-components. O

Remarks.

(1) The study of complexes via (d — 1)-walk gives a conceptual reason to the fact that the high-
dimensional case is harder than that of graphs: while graphs are studied by the evolution of
probabilities, analogue properties of high-dimensional complexes are reflected in the expectation
process. As the latter is given by the difference of two probability vectors, it is much harder to

analyze. Several examples of this appear in the open questions in

(2) In order to study the connectedness of a graph it is enough to observe the walk starting at one
vertex. If p%2 is not exact (i.e. not proportional to the degree function) for even one vy, then
the graph is necessarily disconnected. In general dimension, however, this is not enough: there
are complexes (even (d — 1)-connected ones!) with nontrivial (d — 1)-homology, such that £, is

exact for a carefully chosen o.

(3) If one starts the process with a general initial distribution py instead of the Dirac probability
1., then Theorem holds for the corresponding expectation process (i.e. & (o) = po (o) —
po (0), Ent1 = AE,). Furthermore, in these settings a disorientable component corresponds to
a distribution for which &, is 2-periodic for p = A=L (see Figure a)); a nontrivial homology

corresponds to a distribution which induces a stationery non-exact &, for p > % (see Figure

BIib)).
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(a) (b)
Figure 6.1: Two distributions on the edges of 2-complexes (the orientations drawn have uniform
probability, and their inverses probability zero). (a) is a distribution for which &, = (%)né'n is 2-
periodic under the 1-lazy walk; (b) is a distribution for which &, is stable and non exact (under the

p-lazy walk, for any p > %)

58



7 Infinite complexes

In this section we move on to infinite complexes. We use the weighted inner products and normalized
Laplacians introduced in but some necessary adjustments are due: they are explained in the next

two sections.

7.1 Infinite graphs

Recall that for a finite graph G = (V, E), we observed AT = A™* (G), and defined
A(G) = min Spec A+|(BO)L = minSpec AT| .

In contrast, when G is an infinite graph (i.e. |V| = co) one usually restricts his attention to L? (V)
and defines
A (G) = min Spec A+’L2(V). (7.1)

Here there is no restriction to Zp, nor to (BO)J'. These two spaces, which coincide in the finite

dimensional case, since

Zy =kerdp = (im )" = (B)", (7.2)

fail to do so in the infinite settings. In fact, Zy is not even defined, as (0o f) (@) = >_,cy f (v) has no

meaning for general f € L? (V). One can observe BY = im dy, taking (6.3)) as the definition of 5y (as 9 is

not defined). With this definition, B° consists of the scalar multiples of the degree function. Since these

are never in L? (V') (assuming that there are no isolated vertices), we have B® = 0 and (BO)L =L2(V),

justifying (|7.1). Another thing which fails here is the chain complex property 9y9; = 0: there may exist

f € QY (G) such that 9p0 f is defined and nonzero. For example, take V = Z, E = {{i,i+1}|i € Z},
0 i<0

and f ([¢,i+1]) = . Here 0, f = 1, and thus (9p0, f) (@) = 1. If G is transient, e.g. the Z3
1 0<s

graph, or a k-regular tree with k > 3, then there are even such f in L? - see

7.2 Infinite complexes of general dimension

For a complex X of dimension d, and —1 < k < d, we denote
O = Qb (X) = {F € Q" (0 |11 < o0} 2% (X),
where we recall that

k 0'2 k#£d—
= S wiey (ot = | oo [0 b=

ceXk ZUEX’“ {ii[;)a k=d—1

Whenever referring to infinite complexes, the domain of all operators (i.e. 9,0, AT, A~ A) is as-
sumed to be Q’zz, unless explicitly stated that we are interested in QF.

Let us examine these operators. We shall always assume that the (d — 1)-cells in X have globally
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bounded degrees, which ensures that the boundary and coboundary operators 9y : Q¢ — Q41 §, :
Q4= — Q? are defined, bounded, and adjoint to one another, so that AT = 9,84 = 940} is bounded
and self-adjoint. We do not assume that the degrees in other dimensions are bounded, as this would
rule out infinite graphs, for example. This means that in general §; does not take Q’Z;l into sz but
only to 2%, and J;, need not even be defined. In particular, one cannot always define A~.

The cochain property d;0x—1 = 0 always holds, whereas in general Jx_10% (f) can be defined and
nonzero for some f € QF,. If the degrees of (k — 1)-cells are bounded, then §; and §j are bounded
and 0y = 0;. Thus, if the degrees of (k — 1)-cells and (k — 2)-cells are globally bounded one has
Ok—10k = (0k0k_1)" = 0* = 0 as well.

In contrast with infinite graphs, an infinite d-complex may have (d — 2)-cells of finite degree, so
that the image of §4_; may contain L?-coboundaries. For example, if v is a vertex of finite degree
in an infinite triangle complex, then the “star” 6,1, is an L?-coboundary. We denote by BY~! the
L2-coboundaries, i.e. B¥! = imd4_1 N Q%,'. In order to avoid trivial zeros in the spectrum of A,

we define Z;_1 = (Bd_l)L (the orthogonal complement in Q‘f;l), and
— mi +
A (X) = min Spec A ’del'

We stress out that Z;_1 is not necessarily the kernel of 931 (which is not even defined in general). If
the (d — 2)-degrees are globally bounded then d;_; is defined and dual to d4—1, and this gives inclusion
in one direction:

Zgy = (B* )" = (imdg_1)" C kerdy 1. (7.3)

For finite complexes there is an equality here (as in (7.2)) due to dimension considerations.

In infinite graphs we had B® =0, Z, = Q%, = L? (V) and A = min Spec A

lemma shows that this happens whenever all (d — 2)-cells are of infinite degree:

| L2 vy The following

Lemma 7.1. If X is a d-complex whose (d — 2)-cells are all of infinite degree, then B*™' = 0 and
thus A (X) = min Spec A™.

Proof. Let f € Q%72 be such that ;_1f € Q;"\ {0}. Choose 7 € X{ 2 for which f(7) > 0, and
let {o;};=; be a sequence of (d — 1)-cells containing 7. Since Y .°, (6a-11)% (03) < |da_1rfII” < oo, for
infinitely many i we have |(dg—1f) (0;)] < @ Since 7 contributes f (1) to (dq—1f) (0;), one of the

other faces of o; must be of absolute value at least 2({1(1)1) . Since these faces are all different (d — 2)-cells
(if o; N o; contains 7 and another (d — 2)-cell, then o; = o), we have || f|| = oco. O

7.3 Example - arboreal complexes

Definition 7.2. We say that a d-complex is arboreal if it is (d — 1)-connected, and has no simple
“d-loops”. That is, there are no non-backtracking closed chains of d-cells, og,01,...,0, = 0q s.t.

dim (o; No;41) =d — 1 (0; and 0,41 are adjacent) and o; # ;42 (the chain is non-backtracking).

For d = 1, these are simply trees. As in trees, there is a unique k-regular arboreal d-complex for
every k € N, and we denote it by T,f. It can be constructed as follows: start with a d-cell, and attach

to each of its faces kK — 1 new d-cells. Continue by induction, adding to each face of a d-cell in the
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boundary k — 1 new d-cells at every step. For example, the 2-regular arboreal triangle complex T3 can

be thought of as an ideal triangulation of the hyperbolic plane, depicted in Figure

Figure 7.1: The 2-regular arboreal triangle complex TZ.

Theorem 7.3. The spectrum of the non-lazy transition operator on the k-regular arboreal d-complex

5

1-d—2/d(k—1) 1-d+2y/d(k—1)
. D T (3 2 sk
S T2.0) =
pec A (T}, 0) |:1—d—2\/d(k—1) 1—d+2\/d(lc—1)] d<k

kd :

kd 4

(7.4)

Remarks.

(1) For d = 1 this gives the spectrum of the k-regular tree, which is a famous result of Kesten [Kes59]:

C2VE-1 QW].

Spec A (Tkl,O) = [ o 3
(2) Since for 2 < k < d the value % is an isolated value of the spectrum of T}, it follows that it
is in fact an eigenvalue. This is a major difference from the case of graphs, where the value
é = 1 cannot be an eigenvalue for infinite graphs. This phenomena will play a crucial role in the

counterexample for the Alon-Boppana theorem in general dimension (see §7.5{7.6)).

(3) Another phenomena which does not occur in the case of graphs, is that in the region 2 < k <d
the spectrum expands as k becomes larger. The spectrum is maximal (as a set) for k = d + 1,
where Spec A (T(‘lﬂr17 O) = {7%, ﬂ, merging with the isolated eigenvalue which appears for
smaller k.

(4) The spectra of the Laplacian At = AT (T,‘j)7 and of the p-lazy transition operator A, =
A (Tg,p), are obtained from (7.4) using At =T —d-Aand A, =p-I+(1—p)-A.

In order to prove Theorem we will need the following lemma, for the idea of which we are

indebted to Jonathan Breuer:
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Lemma 7.4. Let X be any set, and L*(X) the Hilbert space of complex functions of finite L*-norm
on X (with respect to the counting measure). Let A be a bounded self adjoint operator on L?(X), and
a < beR, such that the following hold:

(1) For every x € X and a < \ < b, there exists ¥ € L*(X) such that (A — X)) = 1,.
(2) The integral f:c()\)2 dX is finite, where ¢ (X) = sup [|[¢3]| -
zeX

Then (a,b) N Spec (A) = @.

Proof. We show that Py, ), the spectral projection of A on the interval [a, ], is zero, and the conclusion

(a,b) N Spec (A) = @ follows by the spectral theorem. Stone’s formula states that

—1 ' -1 -1 1
li A—X—i —(A=X+i d\ =P P
(82¢3m2ﬂ'1 /a |:( 25) ( + Zf‘:) ] (a,b) + 5 {a,b}

where P(, ;) and Py, 3y the spectral projections of A on (a,b) and {a, b} respectively, and (s) lim denotes
a limit in the strong sense. Denoting P = P(, ;) + %]P’{a,b}, this gives for every x € X

b

im 5 <[(A A —de) T o (A— A+ is)*l} L., 1z> d\ = (P1,, 1,)

Evaluating the right hand side we get

(P1,, 1,) :gig;m/bq(/x—x—ia)l - (A—A+z’s)*1] ]lx,]lm>d>\

:hm1‘/b<[(A—)\—i5)_1—(A—)\—i—ia)_l} (A— ) g,(A—A)w§>dA

1 _ _
:nfolﬂ/ <(A—)\—|—z'5) VA= XN tic— A+ N +ig] (A— X —ie) 1(A—A)2¢g,¢;>dA
€ Y5 a

b
i & o2 o4 2 A A
~lim a<((A N2 4+e2) 7 (A— ) x,wx>d)\

b
SlimE
el ™ [,

]((A A2 (A- A)QH c(N)2dA.

Defining f. 5 (t) = @f(ft;)i)?\):g?’ we have | f; » ()| < 1forevery t, A € Rand e > 0, and thus || f- » (4)] < 1.

Therefore, using (2), the last limit above is zero. Consequently, for any =,y € X
(P1,,1,)| = |(P1,,P1,)| < (P1,,P1,)? - (P1,,P1,)? = 0.

It follows that for general f € L?(X)

(Pf, f) = <JP> (Z f(w)llz> > f(y)1y> = Y f)f(w)(Pl,,1,) =0,

reX yeX z,ycX

which implies that P = 0, hence also P, ) and Py, 1y, and therefore also P ). O
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Proof of Theorem[7.3 Let X = T, and Ay = # Vdd(H. The proof is separated into two parts.
First we prove that every A_ < A < A,, and also A = é when k < d, is in the spectrum, by exhibiting
an appropriate eigenform or an approximate one. In the second part we use Lemma[7.4] to prove that
there are no other points in the spectrum.

Define an orientation ijfl as follows: choose an arbitrary (d — 1)-cell og € Xifl and place it in
X iﬁl. Then add to X_‘ffl all the k- d neighbors of oy. Next, for every neighbor 7 of the recently added
k- d cells, add T to Xi_l, unless 7 or T is already there. Continue expanding in this manner, adding
at each stage the neighbors of the last “layer” which are further away from the starting cell og. Apart
from orientation, this process gives Xﬁlfl a layer structure: {oo} is the 0" layer, its neighbors the 1
layer, and so on. We denote by S, (X, 0¢) the n'™ layer, and also write B, (X,00) = Uj.<,, Sk (X, 00)
for the “n'" ball” around 0. Figure demonstrates this for the first four layers of T3. -

By (TF,00) By (T3, 00) By (T3, 00) Bs (T3, 00)

Figure 7.2: The orientation at the zeroth, first, second, and third layers of X = T%.

We shall study Xi_l—spherical forms, i.e. forms in Q91 (X) which are constant on each layer of
Xi_l. For such a form f, we abuse notation and write f (n) for the value of f on the cells in the
nt™ layer of Xf,irfl. As in regular trees, if one allows forms which are not in L2, then for every A € R

there is a unique (up to a constant) Xi_l—spherical eigenform f with eigenvalue A. This form is given
A—a_ - A
F(n) = (a) ot (%) an,
ap — - ay —

d—1+dk;)\i\/(d—1+dk)\)2—4d(k;—1) -

explicitly by

where

except for the case ay = a—, which happens when A € {A_,A;}. In this case f is given by

(d—1) +dkA\" (d—1)+dkA\""!
f(")“”)( 2d(k—1) ) “"( 2d(k—1) ) !

but this will not concern us as the spectrum is closed, and it is therefore enough to show that (A_,A;)
is contained in it to deduce this for [A_, A4 ].
The term inside the root in is negative for A_ < A < A4, hence in this case |ay| = |a_| =
L__ We claim the following: for any A_ < A < A, there exist 0 < ¢; < ¢ < 0o (which depend

Vd(k—1)

on \) such that
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(1) For all n € N,

1 n
< — | . 7.6
f<n>|_cQ< d(k_1)> (76)
(2) For infinitely many n € N,
1
—_— | < . 7.7
( d(k1)> <17 ) &
Indeed, (1) follows from |f (n)| < [ a’\:_aa’_ ’ + ai*__a’\_ ] < d(2—1)) (asay #a_for AL <A< Ay).

A—o_

and observe that
(X+—(X,

Next, denote v =

0= D) = |yat + 707 |[d(k = 1)]F =28 (3 (e VAE—1) ).

If (2) fails, then |f (n)| [d(k —1)]? =3 0. Since ‘a+\/d(k — 1)’ = 1, this means that nargay
5 —arg~y (modm), hence ay € R, which is false.

Even though f is not in Qj:l;l (X) it induces a natural sequence of approximate eigenforms:

fk)y o0€e€8;(X,00) andk <n
fn(o) =4 —f(k) T€SL(X,00) andk <n

0 otherwise.

To see this, observe that (Ag — ) f = 0, and that f,, coincides with f on B, (X, 0¢) for k¥ < n and
vanishes on (Tﬁ)di1 \By, (X, 00). It follows that (Ag — A) fy, is supported on Sy, (X, 00)USp+1 (X, 00),
and by |S, (X,00)| = d"k (k—1)""", the definition of Ay, and (7.0)

* 1S (X, 00)| (& ()

(A0 = X) full® _ 150 (X, 00)[ (g [f (0 = 1) = (d = 1) f ()] = Af(n)
1fall® > i=018; (X, 00)[ f2(4)
k(=) (B (1) d Tk (k= 1) (4 f ()
- J2(0) + 325 dik (k=17 2 (j)
Cd T (k=) (4 ) d T (k1) f ()
- P20+ 35 dik (k= 1) 12 ()

dk

PO + 0 e = DY £(G)*

(Ao =N fu |l

7z — 0and

By (7.7)), the denominator becomes arbitrarily large as n grows, and therefore
A € Spec Ap.
Turning to the isolated eigenvalues in (7.4]), one can easily check that f(n) = ﬁ is an eigenform

with eigenvalue 57 and for 2 < k < d it is in L?. This concludes the first part of the proof.

Next assume that A € (—1, %)\ [A_, A;]. We show that in this case Lemma|7.4|can be applied. Let
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oo and X271 be as before, including the layer structure. Define the following X ¢~ !-spherical forms:
+ +

n

a
a_ — A\

n
ay

U5, (n) = 5, (n) = (7.8)

oy — )\7
The functions v, is defined whenever A # a4, which holds unless A = 2 and k < d + 1 (see (7.5)).
Similarly, cpgo is defined unless A = —1, or A = % and k < d+ 1. It is straightforward to verify that

(AO - )‘I) wt)f\o = (AO - /\I> @éo = ]]-Uo

whenever the functions are defined. For every X_‘f__l-spherical form f one has

712 = 32 150 (X,00)| £2 (n) = 72 (0) + e S [k = 1) )" 2 (). (79)
n=0 n=1

One can verify that 0 < d(k—1)a2 < 1 holds for all A < A_, and thus by and ||w§0H
is finite. In fact, ||1/J§‘0 || is continuous w.r.t. A in this region, so that it is bounded on every interval
[a,b] C (—oo, A_). Furthermore, for any o € X?~! there is an isometry of T which takes o to o, and
thus ¢, to a form 1 with the same L?-norm as 1, and which satisfies (Ag — AI) 9} = 1,. We can
now invoke Lemma for [a,b] C (—oo, A_), using w(’}o and its translations by isometries, and obtain
that (a,b) N Spec Ag = @. Thus, Spec Ay does not intersect (—oo, A_).

Similarly, 0 < d (k — 1) @2 < 1 holds for all A > A, so that the same argumentation for ¢, shows
that Spec Ag does not intersect (A, 00), provided that d +1 < k. When k£ < d 4+ 1 we know that
1 € Spec Ay, and we need to show that Spec Ay does not intersect (A, 00)\ {2}. This is done in the
same manner, observing all intervals [a,b] s.t. [a,b] C (A, %) or [a,b] C (4, 00). O

a4’

7.4 Continuity of the spectral measure

In this section we generalize parts of Grigorchuk and Zuk’s work on graphs [GZ99] to general simplicial

complexes. We assume throughout the section that all d-complexes referred to are (d — 1)-connected,

and that families and sequences of d-complexes we encounter have globally bounded (d — 1)-degrees.
For a uniform d-complex X we define the distance between two (d — 1)-cells to be the minimal

length of a (d — 1)-chain connecting them:

dist (o, 0’) = min {n

J09,01,...,0n =09 € X1 s.t.
O’z‘UO'H_lGXd Vi '

We denote by B, (X, o) the ball of radius n around ¢ in X, which is the maximal uniform subcomplex
of X all of whose (d — 1)-cells are of distance at most n from A marked d-complex (X,0) is a
d-complex with a choice of a (d — 1)-cell o. On the space of marked d-complexes with finite (d — 1)-

(Dthis is similar to By, (X, o) defined in the proof of theorem but there By, (X, o) referred only to the (d — 1)-cells,
and here to the entire subcomplex
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degrees one can define a metric by

1
dist ((X1,01),(Xa,02)) = inf {-l—l : B, (X1, 01) is isometric to B, (Xa, 02)} .
n

Remarks.

(1) A limit (X, 0) of a sequence (X, 0, ) in this space is unique up to isometry.

(2) For every K € N, the subspace of d-complexes with (d — 1)-degrees bounded by K is compact.
This is due to the fact that there is only a finite number of possibilities for a ball of radius n,
so that every sequence has a converging subsequence by a diagonal argument (see |[GZ99| for
details).

Our next goal is to study the relation of this metric to the spectra of complexes. We use some
standard spectral theoretical results which we summarize as follows: Let X be a countable set with
a weighted counting measure w, ie., [y f = > .y w(z)f(x), and A a self-adjoint operator on
L? (X,w). For every z € X, the spectral measure y, is the unique regular Borel measure on C such
that for every polynomial P (¢) € C[¢]

(P(A)L;, 1) = /(CP(z)dux(z),

where 1, is the Dirac function of the point z. For x,y € X the spectral measure ji; , is the unique

regular Borel measure on C such that for every polynomial P

(P(A)1,,1,) = /(CP(z)dyLy(z).
The spectrum of A can be inferred from the spectral measures by

Spec A = U SUPD o,y = U SUpP g - (7.10)
z,yeX reX

We wish to apply this mechanism to the analysis of the action of A = A (X,0) = I_dA+ on Q”ngl (with

the inner product as in (6.2))), and this is justified by observing that for any choice of orientation X i_l
of X4=1 we have an isometry Q%;l ~ [? (Xi_l,w), where w (o) =

Jego Forany o € X we
denote by X the spectral measure of A w.r.t. 1,. Similarly, ufﬁ, denotes the spectral measure of A
w.r.t. 1, and 1,-.

Lemma 7.5. If lim (X,,0,) = (X,0) then pXr converges weakly to iy .

n—oo
Proof. For regular finite Borel measures on R with compact support, weak convergence follows from
convergence of the moments of the measures (see e.g. [Fel66, §VIIL.1]). For m > 0 the m*® moment of

pX, denoted (,uff)(m), is given by

o

()™ = [ 2 () = (A1, 10) = (A7EG 1) = (€5 1) = T,
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where &7 is the 0-lazy expectation process starting at o, at time m. However,
& (o) =py, (o) —py, ()

is determined by the structure of the complex in the ball B,, (X, c). For large enough n, B,, (X, o) is
(m) _ (MX)(m). =

o

isometric to By, (X,,0,), which implies that (")

7.5 Alon-Boppana type theorems

Definition 7.6. A sequence of d-complexes X,,, whose (d — 1)-degrees are bounded globally, is said

to converge to the complex X (written X,, — X) if (X,,,0,) converges to (X, o) for some choice of
on € XV and o0 € X971,

In particular, if X is an infinite d-complex with bounded (d — 1)-degrees, and {X,} is a sequence

of quotients of X whose injectivity radii approach infinity, then X, == X.

The following is (one form of) the classic Alon-Boppana theorem:

Theorem 7.7 (Alon-Boppana, cf. [GZ99]). Let G,, be a sequence of graphs whose degrees are globally

n—oo

bounded, and G a graph s.t. G, — G. Then

liminf A (Gp) < A (G).

n—0oo

In the literature one encounters many variations on this formulation: some refer only to quotients
of G, some only to regular graphs, and some are quantitative (e.g. [Nil91]).
In this section we study the analogue question for complexes of general dimension. We start with

the following:

Theorem 7.8. If X,, = X and \ € Spec A (X,0), there exist \,, € Spec A (X,,,0) with lim A\, = .
n—oo

The same holds for the corresponding Laplacians A;} and A}n,

Proof. Let 0,0 be as in Deﬁnition Since A € Spec A (X, 0), for every € > 0 there exists o/ € X!
such that X (A —e,A+¢)) > 0. We denote r = dist (0,0”), and restrict our attention to the tail
of {(Xn,0,)} in which B, (X,,0,) is isometric to B, (X,0). If o, is the image of ¢’ under such an
isometry, and d,, = max {k | B (Xy,0n) = B (X,0)}, then By, _ (Xp,00) = By, (X,0"), and since
d, —r — oo we have (X,,,0],) — (X,0'). By Lemma piz (A=, A+¢)) > 0 for large enough n
and therefore Spec A (X,,,0) intersects (A — e, A+ ¢). The result for the Laplacians follows from the
fact that At =1 —d- A. O

In particular this gives:
Corollary 7.9. If X, 5 X then Spec Ax C |, Spec Ax, .

This is an analogue of [Li04, Thm. 4.3], which is also regarded sometimes as an Alon-Boppana
theorem. In [Li04] the same statement is proved for the Hecke operators acting on the vertices of
X = B, the Bruhat-Tits building of type gn,l (see i) and on a sequence of quotients of X whose

injectivity radii approach infinity.
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Returning to the spectral gap formulation of the Alon-Boppana Theorem, Theorem [7.8] yields as

n—oo

an immediate result that if X,, — X then

lim inf min Spec A;n < minSpecA¥ <\ (X). (7.11)

n— oo

In order to obtain the higher dimensional analogue of the Alon-Boppana theorem one would like to
verify that this holds also when the spectrum of A}n is restricted to Z4_1 = (Bd’l)J‘. But while this
holds for graphs, the situation is more involved in general dimension. First of all, it does not hold in

general:

Theorem 7.10. Let T3 be the arboreal 2-reqular triangle complex (Figure , and X, = B, (T22, eo)
be the ball of radius v around an edge in it (as in Figure . Then lim \(X,) = % — /2, while
T—>00
A(T3) =0.
The proof follows in the next section. Before we delve into this counterexample, let us exhibit first

several cases in which the Alon-Boppana analogue does hold:
Theorem (1.12). If X,, "°3 X, and one of the following holds:
(1) Zero is not in SpecA}}|Zd_1 (i.e. A\(X) #£0),

(2) zero is a mon-isolated point in Spec A% or

{deﬂ

(8) the (d — 1)-skeletons of the complexes X,, form a family of (d — 1)-expanders,
then liminf,, . A (X,) < A (X).

Proof. By Theorem there exist A\, € Spec A}n with A\, = A(X). If (1) holds, then A, > 0 for
large enough n, which implies that A\, € Spec A}n‘zd_l, hence A (X,,) = min Spec A}nlzd_l < An.
Thus, liminf, e A (X,,) < liminf, 00 Ay = A(X). If (2) holds then there are u, € Spec A%\ {0}
with g, — A(X). For every pu, there is a sequence A, € Spec A}}
A = A (X).

In (3) we mean that the (d — 2)-cells in X,, have globally bounded degrees, and the (d — 2)-

dimensional spectral gaps

m{zd,l with Ay ™5 iy, and

Ad—2 (Xy) = min Spec A:j—z’zd,z(xn)

are bounded away from zero (see Remark (1) after the proof). For example, if X,, are triangle com-
plexes, this means that their underlying graphs form a family of expander graphs in the classical sense.
By the previous cases, we can assume that A (X) = 0, and furthermore that zero is an isolated point in
Spec A% |Zd_1' This implies that it is an eigenvalue, so that there exists 0 # f € Zy_1 (X) = B4~1 (X)*
with AL f =0.

Since X,, =3 X there exist 0, € X,, 0o € X, a sequence r(n) — oo, and isometries i, :
Br(n) (Xna Un) — Br(n) (X7 Joo)' Define f, € ngl (Xn) by

f @ (7)) dist(7,0,) <71 (n)

fa(T) = .
0 r(n) < dist (1,04,).
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We first claim that |[A*f,| and ||A~f,| converge to zero (A~ = A~ (X,,) are defined since the
(d — 2)-degrees are bounded). Since f, is zero outside B, () (Xn,0,) and coincide with f on it, by
AT f =0 we have

[at 5l = 3 1A @] = > At @)
sexd-1 o:r(n)<dist(o,0,)<r(n)+1
2
fn (")
= Z fn (o) — Z
o:r(n)<dist(o,0,)<r(n)+1 o'~ao deg o'

2
Using (Zle ai> < ka:l a? this gives

|a* £l < (dx +1) > [m (@)F+ > |fa <o—’)|2] :
o:r(n)<dist(c,0,)<r(n)+1 o/~o

where K is a bound on the degree of (d — 1)-cells in X and X,,. Since every (d — 1)-cell has at most
dK neighbors, we have

|A% 1" < dK (@ + 1) > I (@)
o:r(n)—1<dist(c,0,)<r(n)+2
2

n—oo

< dK (dK + 1) ).

f|X\BX (o,r(n)—2) ‘

The reasoning for ||A~ f,,|| — 0 (see (6.5)) is analogous: gives A~ f = 0, and the assumptions
that (d — 2)-degrees are globally bounded yields similar bounds as done for A*.

For every n write f,, = 2, + by, with 2, € Zg_ (X,,) and b,, € B¥"!(X,,). It is enough to show
N HAW‘T“ — 0, showing that A (X,,) =

[EM] [N

that ||z,|| are bounded away from zero, since then

min Spec (Aﬂzd,l(x )> converge to zero.
Assume therefore that there are arbitrarily small ||z,|, and by passing to a subsequence that

A7bn A7 fn .. .
H o = I TouT — 0. This implies that A}, =

min Spec (A‘ |Bd*1(X,,)) converge to zero. However,

llznl]] — 0. Then |b,] — |IfIl > 0, giving

A, = min Spec (A_|Bd*1(xn)> = min Spec (8;_16d_1‘3d,1(xn))
< min Spec (&1718;71 ’de(Xn)) = min Spec (Aj_Qleiz(Xn))
> min Spec (A$—2|Zd72(xn)) = Ai—2 (Xp)
where * is due to the fact that B4~! and B,_; are the orthogonal complements of ker 9;_1 and ker 9%,
respectively. This is a contradiction, since A\j_o (X,,) are bounded away from zero. O

Remarks.
(1) If XU) denote the j-skeleton of a complex X, i.e. the subcomplex consisting of all cells of
dimension < j, then one can look at A (Xy(bdfl)) instead of at Ag_2 (X,,). Since we have different

weight functions in codimension one, these are not equal. However, since we assumed that all
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(d—1) and (d — 2) degrees are globally bounded (and nonzero), the norms induced by these
choices of weight functions are equivalent, and thus A (szd_l)) are bounded away from zero iff
Ad—2 (X,) are.

(2) The Alon-Boppana theorem for graphs follows from condition (2) in this Proposition (as done
in |[GZ99]), since zero is never an isolated point in the spectrum of the Laplacian of an infinite
connected graph. Otherwise, it would correspond to an eigenfunction, which is some multiple of

the degree function, hence not in L2.

7.6 Analysis of balls in T7

In this section we analyze the spectrum of balls in the 2-regular triangle complex TZ, proving in
particular that they constitute a counterexample for the higher-dimensional analogue of Alon-Boppana
(Theorem . We denote here X, = B, (T22, eo), the ball of radius r around an edge eg in T22: Xo
is a single edge, X; = @, X5 = @ , X3 = @, and so on. For r > 1 we define three r X r matrices

denoted MJ(FQ, MJ(:) M) and forr >0 a (r4+1) x (r+ 1) matrix MSTJ)F, as follows:

M = (1), M=M= m = (o)

1 _ - 2 _ 3@ _ (3 -1 @ _ (35 -1
M= (475, M++*M+—*(_212>a M——*(flg)

!
(r) (r) A
K T
M) =M = r
4§
-1 2
3 1
o_ [P
s
MY’ = r
-3 3 1
-1 2
1 -2
o[
T
M>y = r+1
b g
-1 2

Theorem 7.11. The spectrum of X, = B, (T22) is given (including multiplicities) by

r—1 L qor—i+l
Spec AT (X,) = Spec M_(QL U Spec M_(Q U Spec My Spec MET_?_ U U [Spec M_E_jj_]
j=1
where [X]" means that X is repeated i times.
To make this clear, this gives
r—1 )
Spec AT (X,)| =4r+1+4 ) 2r7H . j =22 3= |X]!| = dim Q' (X,),
j=1
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as ought to be.

Proof. The symmetry group of X, (for r > 1) is G = {id, 74, 7, 0}, where 7, is the horizontal reflection,
T, is the vertical reflection (around the middle edge ej), and 0 = 7, 0 7, = 7, 0 73, is a rotation by .

The irreducible representations of G are given in Table [7.1]

| [elm[n ][ o]
Vie (1] 1] 1] 1
Vio [ 1] 1 | -1 -1
V|1 [ =11 [—1
Vo_ 1] -1]-1] 1

Table 7.1: The irreducible representations of G = Sym (X.).

We define four orientations for X,, denoted X**, demonstrated in Figure In all of them eg
is oriented from left to right, and the first (top right) quadrant is oriented clockwise. Each of the
other quadrants is then oriented according to the corresponding representation, e.g. X~ satisfies the
following: for every oriented edge e, if e € Xt~ then me € X, while 7,e,0e ¢ X7~ (so that
T.e,0€ € X;F7).

Xt X X5t X5~

Figure 7.3: The four choices of orientations for X, depicted for r = 3.

The space of 1-forms Q' (X,) is naturally a representation of G = Sym (X,.), by (vf) () = f (v e)
(where v € G, f € Q' (X,), e € X!). We denote by Qg[ = QL (X") its Vii-isotypic components.
For example, f € QS:Z if and only if it satisfies 7,f = f and 7,f = —f (which implies that of =
Tothnf = —f).

We say that a 1-form on X, is +-+-spherical, denoted f € S_(Q, if it is

(1) spherical in absolute value (i.e. |f (e)| = |f (¢/)| whenever dist (eg, e) = dist (eg, €’)), and
(2) V,,-isotypic (namely f € QE:_)H or equivalently, f is of constant sign on X T).

The definition of SJ(Q, S(L)r, S(fz are analogue.
Let e1,...,e, be edges in the first quadrant of X, oriented as in X+, and with dist (e;, eq) = i.
Let f be an eigenform of A" with eigenvalue \, which is in one of the Sj(;)[ Then for 2 <i<r—1

A (e) = (A7f) (e3) = £ (&) = 5 1 (e1-1) = f () + 2 (essa)]
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and

M (er) = (ATS) (er) = f (er) = [f (er—1) — f (er)].-

The behavior of f around ey, e; depends on the isotypic component. We assume r > 2, and leave it to
the reader to verify the cases r = 0, 1. Every form in QE:_)‘_, QE:)_, Q(_T) must vanish on the middle edge

eo: for the first two, since

f(eo) = (mnf) (e0) = [f (Theo) = f (€0) = —f (e0)

and for the last one since f (eg) = (=7, f) (e0) = —f (7v€0) = —f (ep). For a spherical (—4)-functions

we have

1

A (eo) = (AT f) (eo) = f (e0) — 3 [4-f(e1)],

and at e; we have (using the fact that f(eq) =0 for f € Qﬁ_, QS_T)_, Q(_T)_)

fler) = $1f (1) +2f (e2)] fea o)
A (er) = (ATf) (1) = { f(er) = 5[ (e0) = f (er) +2f (e2)] fe Q)
fler) = 5[=f(ex) +2f (e2)] fe o

The matrices Mﬂ(;i represent these equations, and thus the -++-spherical spectrum of X" is
Spec AJF!SQ = Spec MJ(FQ7 and likewise for the other S(iri

Until now we have only accounted for the spherical part of Q! (X), finding in total 47+1 eigenvalues.
The other eigenvalues are obtained by using spherical eigenforms of X* with i < r.

Denote by X the upper half of X,., including eq, which is a fundamental domain for {id,7,}.

o

Observe that X\ X; (by which we mean X, after deleting ey and the two triangles adjacent to it, but
not the other four edges), is comprised of four copies of Xffp which intersect only in vertices. Denote
these four copies of X”_| by Y1,...,Y,. Let f € SJ(:J:D be a (++)-spherical A-eigenform on X, _;, and
define g € Q' (X,.) by g’n = f’Xf,l and g’Y2 = g‘ys = g‘n = 0. We show now that g is a A-eigenform

of X". Since f € QS:;I), g(e1) = f(ep) = 0, where e; is the edge incident to eg in Y;. Therefore,
ATg = \g holds everywhere outside Y;. Tt also holds at e, since if ez, ¢} are the two edges incident
to ey in Y7, then g (e3) = —g (eh) since f is symmetric with respect to 7,. Obviously, ATg = Ag holds
in Y1\ {e1}, and we are done. We could have taken g’Yi = f|Xf}_1 for any i € {1,2,3,4}, and the

)

resulting eigenforms are independent. We remark that taking f € QS::I would also work, but would

give again the same eigenforms, while f € Q(f)+7 Q") would not define an eigenform on X,..

More generally, Xr\)(()' ; is comprised of 2771 copies of Xf_ ;» and in a similar way every eigenform of
A+|85:j) contributes 27! eigenforms to X”. We recall that for f € S_(L:j) we always have f (eq) = 0,
and observe that due to the recursion relations if f # 0 then f(e;) # 0. Therefore, the eigenforms
obtained from copies of X:,’_ j for various j are all linearly independent, as they are supported outside

different balls in X". Together with the 4r 4+ 1 spherical eigenforms, this accounts for

r r—1
dr 414 39 [Spec At | gy | =4 414 39 (- ) =274 3
T+ +jz::1 pec }5(++') r+ +jz::1 (r—7)
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independent eigenforms, and since this is the dimension of Q! (X,.) we are done. O

Proposition 7.12. For every r € N and \ € Spec Mgi, either A =0 or % —V2 <\

Proof. Let pT_F (A) = det (M_E_Tl — A ), and similarly for the other £#+. Expanding M" A1 by

minors gives

2
P ) =1, p[_2]_(>\):>\2—g>\+2, p[f’]_:—A3+5A2—Z7A+2

P = (3 - A) PN — %p[fizl ) (r>4).

This yields a quadratic recurrence formula in Q[A] whose solution (for r > 2) is Pl N\ =
a(A) psr (A)" 4+ B(A) p— (N)", where

(2X — 2) VANT — 12X+ 1+ 422 — 10A — 2

aN)=2-8(\) = ,
(2A —3) VAXNZ — 120+ 1 +4A2 — 12X + 1
RSP s ey vy
pe(N) =75 VAR - 122+ 1.

or 0 < A < 2 — /2 one can verify that <0<a and 0 < p— < , and for r > 2
F A g V2 fy that 5 (A A d A + (A df

PO = O (a N+ (M_ (A)>r> > e (V) (a V) +8(N) (“— (A)>2>

pir (A) pir (A)

= e O (a W) e )7+ BO) e ) = e )7L () > 0,

[r]

[r]

Using the solution for p~ one can write p.,’ , for r > 4, as

P = (5= 2) s - 3

Il

Q

=
7N
7N
N | =

|

>
N———

=

+

—~

=

|
N |
N———

=

+

W+ B ((; - /\) pe (N = ;) e (A2

Now ar(A) ((3 = A) e (A) = 3) <0< BN ((3=A) p=(A) = 3) for 0 < X < 3 — /2, and it follows

that p. — oes not vanish in this interval. 1s takes care of p as well, since = ..
hat plfL (A) d ish in this i 1. This tak £ plll, (A 11, since ML = pl)

The considerations for p[_r]_‘_ (M) are similar, and we leave them to the reader. O

We can conclude now that {X,} .y constitute a counterexample for high-dimensional Alon-

Boppana:

Proof of Theorem[7.10. By the results in this section, the spectrum of A}T is contained in {0} U
(% -2, 3]. Since X, is contractible, its first homology is trivial and thus the zeros in the spectrum
all belong to coboundaries, i.e., Spec A}E-’Zl - (% — V2, 3] Therefore, liTn_1>§>rolf)\ (X,) > % —+v2. In
fact, HTH_lirolf)\ (X,) = % — v/2. This follows from % — /2 € SpecT? (by Theorem , together with

Theorem which asserts that there exist A\, € Spec A;T such that A\, — % — /2. As A\, can be
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. . +
assumed to be nonzero, they are in fact in Spec AXT|Zl’

Finally, by Lemma and Theorem we have A (T22) =0.

r—00 r—00

so that liminf A (X,) < lim A, = % — V2.
O

7.7 Spectral radius and random walk

The spectral radius of an operator T is p (T) = max {|\|| A € SpecT}. If T is a self-adjoint operator
on a Hilbert space then p (T) = ||T||. In this section we observe the transition operator A = A (X, p)
acting on Q‘;H and relate it to the asymptotic behavior of the expectation process on X. Under

additional conditions, this can be translated to a result on the spectral gap of the complex.

Proposition 7.13. Let £7 be the expectation process associated with the p-lazy (d — 1)-walk on a finite
or countable d-complex X with bounded (d — 1)-degrees.

(1) For all values of p

sup limsup /187 (@] = 14] = p (4).

a.eXifl n— 00
(2) If 3 <p <1 then

d-=1+1 1-p

sup limsup Y/ &7 (0) = ||A|| = max Spec A = b

-min Spec A*.
UEXi_l n— o0 d d

(3) If% <p <1 and all (d—2)-cells in X are of infinite degree, then

d—1 1 1-
sup limsup Y/ &7 (o) = ll )+1_ P
ani’l n—00 d d

(X))

Proof. For an oriented (d — 1)-cell o,

& (o) =A"Ef (o) =dego (A"1,,1,) = dega/

Mg () =dego [ g (),
C

Spec A

where pi, is the spectral measure of A with respect to 1. It follows that

/ 2"dpg (2)
SUPP fo

=max {|\| | A € supp o },

n—oo n—oo

limsup {/|€2 (o)] = limsup K/dego

and by Spec(A) = |J supp (uo) (see (7.10))

ani_l

sup limsup {/|E7 (o) = sup max{|A||\ € supppo} = p(4),

cexg~t n—ooo cex{t
settling (7). Since Spec (4) C {2p -1, p(d%dl)ﬂ}, in the case p > % the spectrum of A is nonnegative.

Therefore,
& (o) =A"Ef (o) =dego (A"1,,1,) >0
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so that |E7 (0)| = €7 (o), and in addition p (A) = max Spec A. This accounts for (2), and combining
this with Lemma [7.1] gives (3). O

This proposition is a generalization of the classic connection between return probability and spectral
radius in an infinite connected graph. Namely, for any vertex v the non-lazy walk on this graph satisfies
lim {/p? (v) =1—A(G) =maxSpec A = |A|| = p(A),

n—oo
where A is the transition operator of the walk. There are slight differences, though: in general
dimension p > % is needed for some of these equalities, and in addition one must take the supremum
over all possible starting points for the process. For graphs this is not necessary (provided the graph
is connected), and we do not know whether the same is true in general dimension. One case in which

this is not necessary is when the complex is (d — 1)-transitive, in the sense that its symmetry group
acts transitively on X9~1. This (together with Theorem [7.3) leads to the following corollary:

Corollary 7.14. For the k-regular arboreal d-complex Tg, the non-lazy random walk starting at any
(d — 1)-cell o satisfies

lim sup ’{/|p% (o) —pg (7)]

n—oo

d—142/dk 1)
- kd '

Forp > %, the p-lazy walk satisfies

P+ 1-p 2<k<d+1
. o — d
lim sup Pn (0) — Pn (0) - 1—d+2+/d(k—1) :

n-so0 pt(1—p) 2Vt <
Another corollary of Proposition [7.13]is the following:

Corollary 7.15. If dim X = d and there exists some 7 € X972 of finite degree (in particular, if X is
finite), then the p > % lazy random walk satisfies

1—
sup limsup {/pg (9) — P7 (@) =p+ —.

O’EXi_l n—00

Proof. The form d;_11, is in QdLQI and in ker §4, so that 0 € Spec A™. O

7.8 Amenability, transience and recurrence

An infinite connected graph with finite degrees is said to be amenable if its Cheeger constant

_ |E (A, V\A)]|
"= m T

is zero. It is called recurrent if with probability one the random walk on it returns to its starting point,

and transient otherwise. A nonamenable graph is always transient.
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All three notions have many equivalent characterizations. Among these are the following, which

relate to the Laplacian of the graph:

(1) If X has bounded degrees, then it is amenable if and only if A (X) = minSpec AT = 0. This
follows from the discrete Cheeger inequalities for infinite graphs (see [Dod84) Tan84) [AMS5]
Alo86]).

(2) X is transient if and only if EV [%?g%getro%f} =3 Py (v) < oo for some v, or equivalently for

all v.

(3) X is transient if and only if there exists f € Q7 , (X) such that 8 f = 1, for some v, or equivalently
for all v [Lyo83].

This suggests observing the following generalizations of these notions for a simplicial complex of di-

mension d:
(A) A(X)=0.
(A" min Spec At = 0.

(T) S £7 (0) < oo for every o € X971, where € is the normalized expectation process of
laziness p on X, for some % < p < 1 (equivalently, all p - see Proposition (@))

(T) For every o € X971 there exists f € Q%, (X) such that 9uf = 1,.

For infinite graphs, (A) and (A’) are the same and are equivalent to amenability, and (T) (for any p)
and (T’) are equivalent to transience. These definitions suggests many questions, some of which are
presented in The next proposition points out some observations regarding them. Let us also define

the property:
(S) All (d — 2)-cells in X have infinite degrees,
which holds in any infinite graph.
Proposition 7.16. Let X be a complex of dimension d with bounded (d — 1)-degrees. Then
(1) (A) = (A).
(2) (A))+(8) = (A).
(3) =(A) = (T') = (S).
(4) ~(A) = (T).
(5) If (T) holds for some % < p <1, then it holds for any such p.

(6) If zero is an isolated point in Spec AT then — (T).
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Proof. (1) is trivial and (2) follows from Lemma[7.1]
(3) If (A) fails then 0 ¢ Spec A+, which means that A™ is invertible on Q4" (X). Thus, for every

o € X% 1 there exists ¢ € Q%Ql s.t. ATy = 1,, and taking f = d41) gives (T’). If (S) fails, then some

7 € X% 2 has finite degree. In this case for any f € Q% one has

(Oa—10af) () =D _ (0af) (wr) =D f(wvr) =0,

4T vdT WwLYVT
since this sums over every d-cell containing 7 exactly twice, with opposite orientations. If ¢ is any
(d — 1)-cell containing 7, then 0;f = 1, would give 0 = (04-10af) (7) = (0a—11s) (7) = 1, so that

(T') fails.
(4) If min Spec A* > 0 then by Proposition [7.13](2)

/g, 1- :
sup limsup {/&J (o) =1— p(d—71§)+1 -min Spec AT < 1

UEXi’_l n—00

which gives Zn 0 &7 £7 (o) < oo for every .
5) Let 2+ < p. Denote by { &P the p-lazy normalized expectation process starting from o,
3 >D Y {¢n p-lazy p p g
n=0 ~
and let A, = % - A,. Recall that £P7 = gggg’g = Zlg]lg, and let u, = 127 be the spectral

measure of Ep w.r.t. . Then

isw ZA” degoZ<A 1,,1, > degaZ/z\”dup ).

n=0 Spec Ap
Since Spec Zp - {%, } C [0,1], by monotone convergence
dp, (A
st degaz / Ndpi, (A) = deg o / p () (7.12)
Spec gp I=2A

n=0 Spec Ap

Given p < ¢ < 1 one has ﬁq =

which is to be understood as oo if u, has an atom at A = 1.
=g . P+ ¢ (0 1). The spectral measure of A, wrt. ois

ng—k(l—w)l, where = 7 (p, ¢, d) = =5 " gtd—T11

thus given by pg = ,uf" = ,uf” 0 g~ where g (\) = 7A + 1 — m, so that

oo

(oo}
~ dpg (A dpy (A 1 =
ZEﬁ’”(U)zdega/ g (A) :dega/ ty (A) :fzgfl””(a)
n—0 Spcc(gq) 1-=A Spec A, 1- (’/T)\ +1-— ﬂ—) ™ n—0
which completes the proof. Finally, (6) follows from (7.12)) as an isolated point in the spectrum implies
an atom at 1.
O
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8 Isospectrality

This section, which is based on the paper [Parl3b|, treats the results on isospectrality which are

introduced in

8.1 (G-sets

Recall that our isospectral construction relies on the condition (1.7)):

N H| <Nk
VeGs X T TR

To explain where this condition comes from, we invoke the theory of G-sets. We start by recalling the
basic notions and facts.

For a group G, a (left) G-set X is a set equipped with a (left) action of G, i.e. a multiplication
rule G x X — X. Such an action partitions X into orbits, the subsets of the form Gz = {gxz|g € G}
for x € X. A G-set with one orbit is said to be transitive, and every G-set decomposes uniquely as a
disjoint union of transitive ones, its orbits. For every subgroup H of G, the set of left cosets G/H is a
transitive (left) G-set.

We denote by Homg (X,Y) the set of G-set homomorphisms from X to Y, which are the functions
f : X — Y which commute with the actions, i.e. satisfy f(gz) = gf (z) for all g € G, z € X. An
isomorphism is, as usual, an invertible homomorphism.

Every transitive G-set is isomorphic to G/m, for some subgroup H of G, and G/m and G/K are
isomorphic if and only if H and K are conjugate subgroups of G. More generally, every G-set is
isomorphic to | J;; ¢/H; for some collection (possibly with repetitions) of subgroups H; (i € I) in G,
and these are determined uniquely up to order and conjugacy. Namely, X = |JG/H; and YV = | G/k;
are isomorphic if and only if after some reordering H; is conjugate to K; for every 1.

A right G-set is a set equipped with a right action of G, i.e. a multiplication rule X x G — X
(satistying x (9¢’) = (zg) ¢'). The classification of right G-sets by right cosets is analogous to that of
left G-sets by left ones.

8.1.1 Linearly equivalent G-sets

Henceforth G is a finite group, and all G-sets are finite, so that every G-set is isomorphic to a finite
disjoint union of the form |J&/H,;. For a G-set X, C[X] denotes the CG-module (i.e. complex repre-
sentation of G) having X as a basis, with G acting on C[X] by the linear extension of its action on
X, ie g> ajx; =Y aigx; (g€ G, a; €C, x; € X).

If X 2Y (as G-sets), then C[X] = C[Y] (as CG-modules), but not vice versa. In fact, this is
precisely where and come from:

Proposition 8.1. For two (finite) G-sets X, Y the following are equivalent:
(1) C[X] =2 C[Y] as complex representations of G.

(2) Every g € G fizes the same number of elements in X and in'Y'.
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(8) X =2UG/m: andY =2 JCG/k,; for H;, K; < G satisfying (L.7).

Proof. The character of C[X] is xcrx](9) = [fixx (g)|, hence by character theory (1) is equivalent
to (2). It is a simple exercise to show that |ﬁXG/H (g)‘ = w, so that for H; such that
X 2 |JE/H,; we obtain

, | H,|

3

ficx (9)] = Y [fxepn, (9)] = 0 (9)]- S 0L

showing that (2) is equivalent to (3). O
Definition 8.2. G-sets X and Y as in Proposition [8.1] are said to be linearly equivalent.

Remark. In the literature one encounters also the terms arithmetically equivalent, almost equivalent,
Gassman pair, or Sunada pair. Also, sometimes the “trivial case”, namely when X =Y as G-sets, is

excluded.

8.1.2 Back to the example

In (1.8) we presented subgroups H;, K; of G = {e,0, 7,07} = Z/2z x Z/2z, which satisfied condition
(1.7). Figure shows the corresponding G-sets X = |JG/H, and Y = |JG/k,, and one indeed sees

that

6 g=e
lfixx (9)| = [fixy (9)] =
2 g=o0,7,0T

T

Figure 8.1: X and Y are linearly eguivalent G-sets Ce 7. e oL 7_‘ ‘7_
for G = {e,o,7,07}, corresponding to the sub- P o
. s o—e0 00, T
groups in (|1.8)). *o—0
X Y

We note that X and Y are not isomorphic as G-sets, as the sizes of their orbits are different: X

has three orbits of size two, whereas Y has one orbit of size four and two orbits of size one.

8.1.3 The transitive case - Gassman-Sunada pairs

When restricting to transitive G-sets, X and Y are linearly equivalent exactly when X 2 G/g, Y >~ G/k
for H, K < G satisfying the Sunada condition . In the literature H, K are known as almost
conjugate, locally conjugate, arithmetically equivalent, linearly equivalent, Gassman pair, or Sunada
pair, and again one usually excludes the trivial case, which is when H and K are conjugate. For a
group to have a Sunada pair its order must be a product of at least five primes [DiP09], but there
exist such n (the smallest being 80), for which no group of size n has one. The smallest group which

admits a Sunada pair is Z/sz x Aut (%/8z) (of size 32).
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8.1.4 Tensor product of G-sets

The theory of G-sets is parallel in many aspects to that of R-modules (where R stands for a non-
commutative ring). This section describes in some details the G-set analogue of the tensor product of
modules. Except for Definition and the universal property 7 this section may be skipped by
abstract nonsence haters.

If M is a right R-module, for every abelian group A the group of homomorphisms Hom 4 (M, A)
has a structure of a (left) R-module, by (rf) (m) = f (mr). In fact, Homu, (M, ) is a functor from
Ab to Rmod, the category of left R-modules. This functor has a celebrated left adjoint, the tensor
product M ®g _ : Rmod — Ab. This means that for every R-module N there is an isomorphism

HOIIlAb (M QR N, A) = HomR (N, HomAb (M, A))

which is natural in N and A.

The analogue for G-sets is this: If X is a right G-set, then for every set S the set Homg.: (X, S)
has a structure of a (left) G-set, by (gf) () = f (xg). Here Homg., (X, ) is a functor from Set to
Gset (the category of left G-sets), and again it has a left adjoint:

Definition 8.3. The tensor product over G of a right G-set X and a left G-set Y, denoted X xg Y,
is the set X*XY/(zg,y)~(z,gy), i.e. the quotient set of the Cartesian product X x Y by the relations
(zg,y) ~ (z,9y) (forallz € X, g€ G,y €Y).

The functor X xg _ : Gset — Set is indeed the left adjoint of Homg,: (X, ): For every G-set Y

there is an isomorphism (natural in Y and 5)
Homg.; (X x¢ Y, S) = Homg (Y, Homg,; (X, 9)).
As it is custom to write B4 for Homg, (A, B), this can be written as
S§¥*6Y =~ Homg (Y, $¥) (8.1)

which for G = 1 is the familiar isomorphism of sets SX*Y = (SX)Y.
The tensor product of G-sets behaves much like that of modules, e.g., there are natural isomor-

phisms as follows:
e Distributivity: (UX;) xgY 2 |J(X; x¢Y).

e Associativity: (X xqgY) Xy Z 2 X x¢ (Y xg Z) (where Y is a (G, H)-biset, i.e. (gy) h = g (yh)
holds for all g € G, y € Y, h € H).

e Neutral element: G xg X = X.

e Extension of scalars: if H < G, G is a (G, H)-biset. For an H-set X, this gives G x g X a G-set
structure (by ¢’ (¢,2) = (¢’g,x)). This construction is adjoint to the restriction of scalars: for

any G-set Y one has
Homg (G xg X,Y) 2 Homy (X,Y). (8.2)
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Remark. A point in which groups and rings differ is the following: A left G-set can be regarded as a
right one, by defining the right action to be g = g~!x. Thus, we shall allow ourselves to regard left
G-sets as a right ones, and vice Vers Going back to Definition if we choose to regard X as a
left G-set, we obtain

XxY X xY X xY

XY = e @y ~ @) @y~ (g C

i.e. the tensor product is the orbit set of the normal (Cartesian) product of the left G-sets X and Y.
A word of caution: the process of turning a left G-set into a right one does not give it, in general, a
(G, G)-biset structure.

8.2 Action and spectrum
8.2.1 Tensor product of G-manifolds

Assume we have an action of G by isometries on a Riemannian manifold M and on a finite G-set
X. Our purpose is to study M x¢g X, which has a Riemannian orbifold structure as a quotient of
M x X (where X is given the discrete topology) In we discussed unions of the form | J M/H, for
subgroups H; < G, and this is still our object of study: we can choose subgroups H; of G such that
X = |JG/H;, and for any such choice we have an isometry M xg X = |JM/H,. This can be verified

directly, or by the tensor properties:

MxagX=2Mxg (UG/H7) gU(M XGG/H,,) gU(M XaG (G XH, 1))
%U((M XGG) X H; 1) gLJ(Z\4><Hi 1) gLJA/[/HZ

where 1 denotes a one-element set. In this light, the tensor product generalizes the notion of quotients,
since quotients by subgroups of G correspond to tensoring with transitive G-sets: M/o = M x ¢ G/H.
The advantage of studying M X X rather than |J M/, is that the former is free of choices, and thus
more suitable for functorial constructions, and yields more elegant proofs. On the other hand, | ¥/H;
is much more familiar, and the reader is encouraged to envision M X X as a union of quotients of M.

The next theorem, which describes the space of functions on M xg X, is the heart of our isospec-

trality technique.

Theorem 8.4. If a finite group G acts by isometries on a Riemannian manifold M then for every

finite G-set X there is an isomorphism
L? (M x¢ X) = Homeg (C[X], L* (M))

(where L* (M) is a representation of G by (gf) (m) = f (¢7'm).)

(1) For rings, a left R-module can only be regarded as a right R°PP-module, and in general R 2 R°PP. In groups,
G 22 G°PP canonically by the inverse map.

() More generally, if M and M’ are G-manifolds, M x ¢ M’ is an orbifold (manifold, if G acts freely on M x M’), but
here we shall only consider the tensor product of a G-manifold and a finite G-set (which can be regarded as a compact
manifold of dimension 0).
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Remark. In the language of [BPBS09, [PB10], this means that M x& X is an M/c[x]-manifold, and
since M x¢ X = |JM/H;, this is implied in [BPBS09, §9.3]. However, the perspective of tensor product

gives a direct proof.

Proof. We have isomorphisms of vector spaces:
CM*eX ~ Homg (X,CM) =2 Homeg (C[X],CM). (8.3)

The left one is by adjointness of tensor and hom (8.1]), and it is given explicitly by sending f € CM*cX
to F € Homg (X,CM) defined by F (z)(m) = f (m,z). The next isomorphism is by adjointness of
the free construction X — C[X] and the forgetful functor CGmod — Gset, i.e.

Homg (X, ) = Homeg (C[X], ), (8.4)

and is given explicitly by linear extension, namely, defining F (3" a;z;) = > a;F (z;). The cor-
respondence of the L? conditions then follows from the finiteness of G and X, and the fact that

foX|f|2:ZmeX fM\f(-,x)|2. O

Definition 8.5. The spectrum of a Riemannian manifold M is the function Spec;; : R — N which
prescribes to every number its multiplicity as an eigenvalue of the Laplace operator on M, i.e.
Specyy () = dim L3 (M) where L3 (M) = {f € L*> (M) | Af = Af}.

Corollary 8.6. If G acts on M, and X and Y are linearly equivalent G-sets, then M xg X and
M xgY are isospectral.

Remark. For transitive X and Y, this is equivalent to Sunada’s theorem.

Proof. By Theorem we have L? (M xg X) = L? (M x¢g Y), but we must verify that this isomor-
phism respects the Laplace operator. If y — > _ a, .2 is a CG-module isomorphism from C [Y] to
C[X], then T : L2 (M x¢ X) —> L? (M x¢ Y) is given explicitly by (T f) (m,y) = Y wex Gyef (M, )
(T is a transplantation map, see [Bus806, Bér92l [(CDS94, [Cha95]). This isomorphism commutes with
the Laplace operators on their domains of definition, hence inducing isomorphism of eigenspaces,
and in particular equality of spectra. Alternatively, one can replace L? throughout Theorem
with L3, obtaining directly L3 (M xg X) = Homcg (C[X], L3 (M)), and thus L3 (M xg X) =
L3 (M xgY).

OJ

The theorem and corollary above give us isospectral manifolds, but do not tell us whether they are
isometric or not. First of all, if X and Y are isomorphic as G-sets then M xg X and M xg Y are
certainly isometric. However, this may happen also for non-isomorphic G—set The next section

deals with this inconvenience.

(D For example, if H and K are isomorphic subgroups of G, and the action of G on M can be extended to an action
of some supergroup G in which H and K are conjugate, then M/H and M/K are also isometric.
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8.2.2 Unbalanced pairs

In §8:T.2] we concluded that the G-sets X and Y in Figure [8:I] were non-isomorphic by pointing out
differences in the sizes of their orbits. This property is stronger than just being non-isomorphic, and

we give it a name.

Definition 8.7. For a finite group G, a pair of finite G-sets X,Y is an unbalanced pair if they are
linearly equivalent (i.e. C[X] = C[Y] as CG-modules), and if in addition they differ in the sizes of
their orbits, namely, for some n the number of orbits of size n in X and the number of such orbits in
Y are different.

Remark 8.8. Since the size of a G-set X equals dim C[X], and the number of orbits in X equals
dim ((C [X ]G) linearly equivalent G-sets necessarily have the same size and number of orbits.
Thus, there are no unbalanced pairs in which one of the sets is transitive, and in particular there are

no unbalanced Sunada pairs.

Theorem 8.9. If XY is an unbalanced pair of G-sets, then for any faithful action of G by isometries
on a compact connected manifold M, the manifolds (or orbifolds) M x X and M xgY are isospectral

and non-isometric.

Proof. Isospectrality was obtained in Corollary To show that M xg X and M Xg Y cannot be

isometric, we choose H; such that X = | JG/H,, and observe that

e Since M is connected, {M/H,} form the connected components of M x g X.

e Since G acts faithfully and M is connected, vol M/m; =

Thus, the sizes of orbits in X correspond to the volumes of connected components in M xg X
Therefore, if X and Y form an unbalanced pair then M xg X and M xg Y differ in the volumes of
their connected components. To be precise, if X and Y have different numbers of orbits of size n, then

M xc X and M xg Y have different numbers of connected components of volume ""l’g,l‘M . O

8.2.3 The Burnside ring and the lattice of isospectral quotients

A nice point of view is attained from Q2 (G), the Burnside ring of the group G. Its elements are formal
differences of isomorphism classes of finite G-sets, namely X — Y where X and Y are finite G-sets,
with X —Y = X’ — Y’ whenever X UY’ = X’ UY. The operations in Q (G) are disjoint union
and Cartesian product (extended to formal differences by distributivity). If we fix representatives
Hy,...,H, for the conjugacy classes of subgroups in G, the classification of G-sets (see tells us
that Q(G) = {321_, ni - G/m: | n; € Z}, so that as an abelian group Q (G)" = Z" with {G/m;}I_, being
a basis.

Now, instead of looking at a pair of G-sets (X,Y), we look at the element X —Y in Q(G).
First, we note that some information is lost: For any G-set Z, the pair (X,Y) and the pair
(X'=XUZY =Y UZ) both correspond to the same element in Q(G), ie. X - Y = X' - Y".

(MVE denotes the G-invariant part of a representation V: V& = {v € V |gv = v Vg € G}.
() This correspondence between sizes of orbits and volumes of components is apparent in Figures and
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Second, we notice this is in fact desirable. In order to produce elegant isospectral pairs, one would like
to “cancel out” isometric connected components shared by two isospectral manifolds (as in [Cha95]),
and the pair M xg X', M xg Y’ is just the pair M xg X, M xgY with each manifold added M xg Z.

Thus, we would like to look at reduced pairs, pairs of G-sets X,Y which share no isomorphic sub-
G-sets (equivalently, no isomorphic orbits). The map (X,Y) — X —Y gives a correspondence between
reduced pairs and the elements of (G Since X 2 Y if and only if X —Y = 0, nonzero elements in
Q (G) correspond to reduced pairs of non-isomorphic G-sets, and 0 corresponds to the (reduced) pair
(2, 2).

A second ring of interest is R (G), the representation ring of G. Its elements are formal differences
of isomorphism classes of complex representations of G, with the operations being direct sum and
tensor product. R (G) also denotes the ring of virtual characters of G, which is isomorphic to the
representation ring (see e.g. [Ser77, §9.1]). There is a ring homomorphism from Q(G) into R (G),
given by X — C[X] (or X + xc[x], considering R (G) as the character ring). We denote the kernel
of this homomorphism by L (G), and say that its elements are linearly trivial. The formal difference
X —Y isin £(G) if and only if C[X] = C[Y], so that we have a correspondence between linearly
trivial elements in  (G) and reduced pairs of linearly equivalent G-sets.

Since £ (G), the ideal of linearly trivial elements, is a subgroup of the free abelian group Q (G)* =
Z", it is also free abelian: £ (G) = Z™ for some m < r. This means that we can find a Z-basis for £ (G)
(we demonstrate how to compute such a basis in . This gives a lattice of linearly equivalent reduced
pairs, as follows: if {X; —Y;} is a basis for £ (G), and we define for 7 = (nq,...,ny) € Z™

i=1..m

Xn=< U niXi>U< U |in>

i:n; >0 i:n;<0

Y'Fz:< U |7%Xz> U( U niYi>
1:n;<0 1:n;>0

then every reduced pair of linearly equivalent G-sets (X,Y) is obtained by canceling out common
factors in (X5, Ys), for a unique 7 € Z™.

Given an action of G on a manifold M, we associate with every G-set X a manifold, namely
M xg X. The lattice of linearly equivalent pairs then maps to a lattice of isospectral pairs (see the
example in . For a general manifold M, this might be only a sublattice of the lattice of isospectral
quotients, which can be described as follows: We pull the spectrum function backwards to Q (G),
defining Specy _y = Specyr, . x — SPeCpry .y (80 that we have Spec : Q(G) — ZF). Isospectral pairs
of the form (M xg X, M X Y) are exactly those for which X —Y € ker Spec, and Corollary states
that this kernel (for any M) contains £ (G).

8.3 Construction of unbalanced pairs

Our objective in this section is to find unbalanced pairs. That is, given a group G, to find two G-sets
X,Y which differ in the number of orbits of some size, and such that C[X] = C[Y] as CG-modules.

(1) Just like the map (z,y) — % gives a correspondence between reduced pairs of positive integers (z,y € N such that
ged (z,y) = 1), and positive rationals.
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We shall do so by “balancing” unions of transitive G-sets, which correspond to coset spaces of the form

G/H. For every subgroup H < G we denote by .y the function

llgl N H||Cq (9)]
|H]|

T (9) = Xcjoym) (9) = |fixe/n (9)] = (8.5)
C [G/H] is sometimes called the quasiregular representation of G on H, and .#y is thus the quasiregular
character. It also bears the names 1%, leI, or Indgl, being the induction of the trivial character of
H to G. Lastly, it is the image of G/ under the map Q (G) — R (G), when the latter is regarded as
the ring of virtual characters of G.

In light of Proposition we shall seek H;, K; such that ) . %y, = >, k,, and then check that

the obtained linearly equivalent pair is unbalanced. We use a few easy computations:

(1) For the trivial subgroup 1 < G, we have

S (g) = Gl g=e (8.6)
0 gFe
(2) For H =G,
yg =1 (87)
(3) For any H,
y(e) =[G : H| (8.8)

(4) For G abelian [¢g] = {g} and C¢ (9) = G, so that Sy =[G : H| -1y, i.e.

T (9) = f:m g;g (8.9)
g

8.3.1 Cyclic groups
Finite cyclic groups have no unbalanced pairs. This follows from the following;:
Proposition 8.10. If G is finite cyclic, linearly equivalent G-sets are isomorphic.

Proof. Let G = Z/nz, and D = {d|d > 0, d | n}. The subgroups of G are Hy = (d) for d € D, and
by Sn, = 7 1g,. A non-trivial pair of linearly equivalent G-sets corresponds to two different
N-combinations of {p,},c, that agree as functions. Finding such a pair is equivalent to finding a

nonzero Z-combination of {-#g, },., which vanishes. However, the matrix (g, (d')), 4 cp is upper

triangular with non-vanishing diagonal, which means that {YH 4

Q, hence so are {-Zu, } 4 p- O

} are linearly independent over
D/ deD

8.3.2 G=1Z/pzxZ/pz

Here we generalize the pair which appeared in Sections and Let p be a prime. G =
g:x}wmmAePWm)z

Z/pz, X Z/pz has p + 1 subgroups of size (and index) p: H) = {(m,y)
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{0,1,..,p — 1,00}. Every non-identity element in G appears in exactly one of these, and we obtain by

(B.8) and @.9)

plp+1) g=e
Z SH, (9) = .
AEPL(F,) p g#e
Consulting and (8.7), we find that this is the same as p - S5 + .71, so there is linear equivalence
between
xX= J ¢m and Y=1U..ULUG, (8.10)
AEP!(Fp) P
where 1 denotes the G-set with one element (corresponding to G/a). Obviously, this is an unbalanced
pair (X has p + 1 orbits of size p, and Y has one orbit of size p?> and p orbits with a single element).
Figure shows X,Y for p = 2 (by their Schreier graphs with respect to the standard basis of
Z/27 X Z/2z7).

8.3.3 Application - Hecke pairs

Let

G={(o,7|cP =7 =107 =70) 2 Z/pz X Z/pz

act on the torus T = R*/z2 by the rotations o - (z,y) = (m, Y+ %) and 7 - (z,y) = (x + %,y). From
the unbalanced pair one obtains the isospectral pair T'xg X and T' X Y, each a union of p+ 1
tori. These examples were constructed using different techniques by Doyle and Rossetti, who baptized
them “Hecke pairs” [DRII]. The cases p = 2,3,5 are illustrated in Figure One can verify that the
analogue pair for p = 4, for example, is not isospectral - the reason is that unlike in the prime case the
subgroups

{(z,\x) |z €2/az} X=0.3

{0,2) |z €Z/az} AN=o0

H)y =

do not cover (Z/az x Z/az)\ {0} evenly.

0
B

) _ o 8
oo K < Y & o o2

Figure 8.2: Isospectral pairs consisting of unions of tori, obtained as the tensor product over G =
Zpz, x Zpz, of the torus B*/z2 and the G-sets in (8.10)), for p = 2,3,5. Grids are drawn to clarify the
sizes.
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Remark. Since the spectrum of a flat torus is represented by a quadratic form, isospectrality be-
tween flat tori can be interpreted as equality in the representation numbers of form For example,
isospectrality in the case p = 2 (Figure top) asserts that together the quadratic forms 4m? + n?,
2m? + 2n? and 4m? + n? represent (over the integers) every value the same number of times as do
m? 4+ n?, 4m? 4+ 4n?, and 4m? + 4n? together.

8.3.4 G =17/qz xZ/pz

Now let G be the non-abelian group of size pq, where p and ¢ are primes such that ¢ = 1 (modp). G

has one subgroup @ of size ¢, and g subgroups P, P, ..., P, of size p. Since () is normal we have
l9] 9€@ p 9g€EQ
lglnQ = = ()= :
g g9¢Q 0 g¢@

Every non-identity element of G generates its entire centralizer, for otherwise it would be in the center.
Thus for g # ¢

= Fom P ¢ 9¢Q

but since P; are all conjugate we have .p, = .#p, for all i. Denoting P = P;, we have by the above

and

q g=e¢
Fp) =40 geQ\e
1L g¢Q@Q
and we find that
0 S0+ 7) (@)= (0 S+ 5) (@) =4 1TP I7°
p g#e

which gives us the unbalanced pair

X =6/pU...UG/PUG/q and Y =1U...U1UG.
| | ——
p p

This pair was discovered and used for constructing isospectral surfaces by Hillairet [Hil08].

8.3.5 Example - dihedral groups

A nice family of groups of the form Z/qz x Z/pz is formed by the dihedral groups of order 2¢q, where ¢ is
an odd prime. D, = <O’, T ‘ o, 72, (07)2> acts by symmetries on the regular ¢-gon (say, with Neumann
boundary conditions). In this case, the unbalanced pair we obtained above is X = Dq/(r)UDPa/(r)UDa/(0),

Y =1U1U Dy, which gives for every ¢ an isospectral pair consisting of six orbifolds, five of which are

() This insight (in the opposite direction) led Milnor to the first construction of isospectral manifolds [Mil64].

87



planar domains with Neumann boundary conditions, and the sixth (the quotient by (o)) a 27”—(:011(3.
Figure 8.3 shows the case ¢ = 5.
Let us remark that similar pairs with different boundary conditions can be constructed by observing

other representations of Dy and its subgroups - see [BPBS09, §9.3] for an example.

Figure 8.3: An isospectral pair obtained from the
action of D5 2 Z/5z x Z/2z on a regular pentagon. ﬁ A A
All boundary conditions are Neumann.

O/n)

O/ps  O/ps

8.3.6 Non-cyclic groups
A group H is said to be involved in a group G if there exist some L 4 K < G such that K/ & H

Proposition 8.11. If a group H which has an unbalanced pair is involved in G, then G has an

unbalanced pair.

Proof. Tt is enough to assume that H is either a subgroup or a quotient of G. Assume first that H < G.
If X,Y is an unbalanced pair of H-sets, the induced G-sets G x g X and G xy Y (see §3.1.4) form an

unbalanced pair as well:
e They are linearly equivalent: we have natural isomorphisms

Homeg (C|G xg X], ) 2 Homg (G xg X, )
= Hompy (Xv _) = Homcy ((C [X] ) _)

where the first and last isomorphisms are by (8.4), and the middle one is by (8.2)). Since C[X]
C[Y] as CH-modules, we obtain that C [G x g X] 2 C[G x g Y] as CG-modules.

e The sizes of orbits in G x gy X are the sizes of orbits in X multiplied by [G : H], since if X = | J H/H;
is a decomposition of X into H-orbits then
GxgX=>=2Gxgy (UH/H) %UG X g H/H,
%UG X xH xg, 1 ’EUG X, 1 %UG/Hi
is a decomposition of G x g X into G-orbits.

Assume now that 7 : G — H is an epimorphism. An H-set X has a G-set structure by gz = 7 (g) z,
and an unbalanced pair of H-sets X,Y is also an unbalanced pair of G-sets: since G realizes the
same permutations in Sym (X) as does H, a linear H-equivariant isomorphism C[X] = C[Y] is also

G-equivariant, and the orbits in X as a G-set and as an H-set are the same. O

Remark. If G acts on a manifold M, and X is an H-set for some H < @, then we have

MXG(GXHX)Q(MXGG) XHXgMXHX
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i.e. the induced G-set gives the same manifold as does the original H-set.
Theorem 8.12. FEvery non-cyclic finite group has an unbalanced pair.

Proof. Let G be a non-cyclic finite group. Assume first that some p-Sylow group P < G is not cyclic
(in particular this is the case if G is abelian). Let ® (P) be the Frattini subgroup of P, which is
the intersection of all of its maximal proper subgroups. For any p-group P the quotient P/a(P) is
an elementary p-group of the same rank as P, so that if P is non-cyclic then P/&(P) must contain
Z/pz x Z/pz. Therefore, Z/pz x Z/pz is involved in G and we are done by Proposition and

Zassenhaus classified the finite groups whose Sylow subgroups are all cyclic [Hal76, Thm. 9.4.3].
They are of the form

Gm,n,r = <a, b | a™ =b" = e, b_lab = G,T> = Z/mZ X9, Z/TLZ

for m,n,r satisfying (m,n (r — 1)) = 1 (here 9, (1) (1) = r, and ™ = 1 (modm) is implied to make
Oy Zfnz — Aut (2/mz) = (Z/mz)” a homomorphism). Since 0 xkerd,, < Z (G), and the quotient G/z(c)
is never cyclic for nonabelian G, we can assume (by Proposition that ¢, is injective. We can
also assume that n is prime, for otherwise for any nontrivial factor k£ of n we have a proper subgroup
<a, bk> =Z/mz X9 Z/nz which is non-cyclic by the injectivity of 9. We can further assume that m
is prime. Otherwise, pick some prime ¢ dividing m, and consider <am/ 4 b>: it is cyclic only if ¥, fixes
a™?, e a™™* = a™, so that m | % (r—1), which is impossible since (m,n (r —1)) = 1. Thus, by
§8.3.4] we are done. O

Since unbalanced G-sets are in particular non-isomorphic, this together with Proposition give
the following:

Corollary 8.13. For a finite group G, the map Q(G) — R(G) which takes a G-set X to the repre-
sentation C[X] is injective iff G is cyclic.

Theorems [8.9] and together imply the results announced in

Corollary 8.14. If a finite non-cyclic group G acts faithfully by isometries on a compact connected
Riemannian manifold M, then there exist G-sets X,Y such that M xg X and M XgY are isospectral

and non-isometric.
From this follows:

Corollary 8.15. If M is a compact connected Riemannian manifold (or orbifold) such that m (M)

has a finite non-cyclic quotient, then M has isospectral non-isometric covers.

Proof. Let M be the universal cover of M, and N a normal subgroup in 7 (M) such that G = m(M)/N
is finite non-cyclic. M = M/N is a finite cover of M and thus compact, and G acts on it faithfully,
with M/G = M. By the previous corollary there exist isospectral non-isometric unions of quotients of

M by subgroups of G, and these are covers of M. U
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8.4 Computation

Here we show how to compute, using GAP [GAP13], a basis for £ (G), the ideal of linearly trivial
elements in the Burnside ring €2 (G), which correspond to reduced pairs of linearly equivalent G-sets.
We then consider an action of G and compute the isospectral pairs which correspond to this basis and
action.

Let G = Dg (see , and let {H;} be a set of representatives for the conjugacy classes of
subgroups of G (so that {G/H,} is a Z-basis of Q2 (G)). In the example which follows we compute the
corresponding quasiregular characters ¢; = ., which are the images of this basis under the map
Q(G) —» R(G). We then compute a basis for £ (G), the kernel of this map, and apply the LLL

algorithm to this basis in order to possibly obtain a sparser one.

gap > G := DihedralGroup(12);;

gap > H:= List(ConjugacyClassesSubgroups(G), Representative);;

gap > c := List(H, h —> List(PermutationCharacter(G,h)));;

gap > LLLReducedBasis(NullspaceIntMat(c)).basis;
[[0,1,0,-1,0,0,-1,0,1,0], [1,—-1,0,—1,0,0,0,—1,0,2],
[-1,1,0,1,1,0,—1,0,—1,0], [-1,1,1,1,0,—2,0,0,0,0]]

For example, the first element in the basis we obtained tells us that ¢/m, — G/H, — G/H, + G/H, vanishes
in R(G), so that G/m, U G/H, is linearly equivalent to G/H, U G/H,. One has to explore the output
of ConjugacyClassesSubgroups(G) to find out which subgroups these exactly are, or alternatively, to
construct H; oneself (in this case, for example, Hs belongs to the conjugacy class of (r)). The first
line in Table presents representatives for the classes returned by ConjugacyClassesSubgroups(G),
and the bottom four lines of the table show the basis that was calculated for £ (Dg) above. One may
check that pairs II, IIT and IV are unbalanced.

Hi <1> <T> <O’3> TO'> <O’2> <T,Tz73> <T,TU2> <0'> <TO’,TO’3> (1,70)

o Yy Dw /7T aan 4
;
1
0

I 0 -1
II 1 -1 -1
II1 -1 1 1
VI -1 1 1

ol o] o

0
2
0 -1 0 -1 0
0

Table 8.1: Representatives for the conjugacy classes of subgroups in Dg, displayed with the corre-
sponding quotients of the hexagon, and a basis for £ (Dg) = ker (2 (Dg) — R (Ds)).

Given an action of G on a manifold M, every difference of G-sets X —Y € L (G) gives rise to an
isospectral pair, namely M xg X, M Xg Y. We consider the standard action of Dg on the regular
hexagon, which we denote by ©. The second line in Table shows the quotients ©/m; corresponding
to the subgroups H; < Dg in the topmost line, and we see that in this case there are no isometric
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quotients arising from non-isomorphic G-sets. The isospectral pairs corresponding to the basis we
obtained for £ (Dg) are shown in Table

1 D A~ /) <«

Q4 s~ DA
m |y g~ anan
v D)~ o T
I—HIOAANDDE

Table 8.2: The isospectral pairs corresponding to the basis for £ (Dg) described in Table and an
example of an element obtained as a combination of these.

All isospectral pairs which arise from linear equivalences between Dg-sets are spanned by these
four, as explained in The bottom line in Table demonstrates such a pair (corresponding to
the element I —1III). We remark that the pair corresponding to I is a hexagonal analogue of Chapman’s
“two piece band” [Cha95| - such analogues exist for every n (but for odd n the isospectral pair obtained

is also isometric).
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9 Generalizations and open questions

Isoperimetric constant

o As remarked after the statement of Theorem one always has h (X) = 0 for X with a non-
complete skeleton. One possible definition of a Cheeger constant for general complexes appears
in[5.5] Another natural candidate is the following:

7 n'|F(A07A17"'7Ad)|

h(X)=  min ,
( ) V:ngoAi |F8 (A07A17"'7Ad)|

where F? (Ag, A1, ..., Aq) denotes the set of (d — 1)-spheres (i.e. copies of the (d — 1)-skeleton
of the d-simplex) having one vertex in each A;. For a complex X with a complete skeleton,
lNz(X) = h(X) as F?(Ag,...,Aq) = Ag x ... x Ag. Tt is not hard to see that a lower Cheeger
inequality does not hold here: consider any non-minimal triangulation of the (d — 1)-shpere, and
attach a single d-simplex to one of the (d — 1)-cells on it. The obtained complex has A = 0, and
h = n. However, we conjecture that the upper bound still holds, namely, that the inequality
A (X) < h(X) holds for every d-complex.

e In Riemannian geometry, the Cheeger constant of a Riemannian manifold M is concerned with
its partitions into two submanifolds along a common boundary of codimension one. The original
Cheeger inequalities, due to Cheeger [Che70] and Buser [Bus82|, relate the Cheeger constant to
the smallest eigenvalue of the Laplace-Beltrami operator on C°° (M) = Q° (M). Can one define
an isoperimetric quantity which concerns partitioning of M into d + 1 parts, and relate it to the

spectrum of the Laplace-Beltrami operator on ¢~ (M), the space of smooth (d — 1)-forms?

Random simplicial complexes

e In Lemma it is shown that Linial-Meshulam complexes with expected degree O (logn) are
expanders. Is there a similar model for general complexes, for which the skeletons are not
complete? Specifically, is there one in which the expected degrees of cells are only logarithmic in

the number of vertices - for example, a random triangle complex with n vertices, O(nlogn) edges,

Clogn
n

and O(nlog? n) triangles, which is expanding (in contrast, we only know this for X (2, n,

which has O (n?logn) triangles).

e In the random graph model G = G (n,p) = X (1,n,p), taking p = % with a fixed k gives
disconnected G a.a.s. However, random k-regular graphs are a.a.s. connected, and in fact are
excellent expanders (see e.g. [E¥i08, [Pudi2]). In higher dimension, X = X (d,n, %) has a.a.s.
a nontrivial (d — 1)-homology, and also h (X) = 0 (by Corollary [5.7| (2)). Can one construct
a model for random regular complexes, and are these complexes high-dimensional expanders?
This is interesting even for a weak notion of regularity, such as having a bounded fluctuation of

degrees, or having all links of vertices isomorphic.
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Random walk

e In an infinite connected graph, the limit of {/p? (v) (which describes the spectral radius of the
transition operator, see §7.7) is independent of the starting point v. Is the same true in higher
dimension? Namely, is limsup,,_, . ¥/ (o) independent of ¢ for a (d — 1)-connected complex?

e If X — Y is a covering map of graphs, then A (X) > A(Y) (see e.g. [Kesh9, Lemma 3.1], but
beware - Kesten uses A (X) for what we denote by 1 — A(X)). Does the same hold in higher
dimension? If 7 : X — Y is a covering map of d-complexes, then the same argumentation as in
graphs shows that for any ¢ € X4! and 0 = 7 (5) € Y9! one has pg () < pZ (¢) and also
pJ (§> < p? (7). This, however, does not suffice to show that £7 (5) < £7 (o). Showing that
this hold (or even that it holds after taking n*"-roots and letting n — oo) would give the desired

result.

e It is not hard to see that a (d 4+ 1)-partite d-complex is disorientable, but for d > 2 one can also
construct examples of disorientable complexes which are not (d + 1)-partite. It seems reasonable
to conjecture that for simply connected complexes these properties coincide. Is this indeed the

case?

e The suggestions for higher-dimensional analogues of amenability and transience raise several

questions:

— Can high amenability and transience be characterized in non-spectral terms (i.e. combina-

torial expansion, or some 1 — 0 event in the (d — 1)-walk model)?
— Are the transience properties (T) and (T') equivalent under some conditions?

— Are all d-complexes with degrees bounded by d + 1 d-amenable?

e In classical settings, the Brownian motion on a Riemannian manifold constitutes a continuous
limit of the discrete random walk. Can one define a continuous process, say, on the (d — 1)-sphere
bundle of a Riemannian manifold, which relates to its (d — 1)-homology and to the spectrum of

the Laplace-Beltrami operator on (d — 1)-forms?

e There are surprising and useful connections between random walks on graphs and electrical
networks (see e.g. [DS84, [LP05]). Can a parallel theory be devised for the random (d — 1)-walk

on d-complexes?

Isospectrality

The isospectrality technique described in §8| (and thus Sunada’s technique as well) has actually little
to do with spectral geometry, since no property of the Laplace operator is used apart from being linear
and commuting with isometries. For any linear operator F' (on function spaces or other bundles, over
manifolds or general spaces), these methods produce F-isospectral objects, given an action of a group
which commutes with F'.

However, it seems that in much more general settings, when a group action is studied, Sunada pairs

are worth looking at. The most famous examples are Galois theory, giving Gassmann’s construction of
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arithmetically equivalent number fields [Gas26|, and Riemannian coverings, giving Sunada’s isospectral
construction; but Sunada pairs were also studied in the context of Lie groups [DGL&9], ergodic systems
ILTWO02], dessin d’enfants [MP10], the spectrum of discrete graphs [Bro96] and metric ones [SS06], the
Thara zeta function of graphs [ST00], and the Witten zeta function of a Lie group [Lar04].

Sunada pairs in G correspond to linearly equivalent transitive G-sets, and we have seen that in the
context of Riemannian coverings Sunada’s technique generalizes to non-transitive G-sets as well. It is
natural to ask whether other applications of Sunada pairs can be generalized in an analogous way. Of
particular interest are unbalanced pairs, which do not exist in the transitive case (see Remark . In
the settings of Riemannian manifolds they allowed us to deduce non-isometry, and one may hope that

they play interesting roles in other situations.
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