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ABSTRACT 

An a d a p t i v e   f i l t e r   w h i c h   r e c o n s t r u c t s  
a con t inuous   s igna l   f rom i t s  samples i s  
d e s c r i b e d .   T h i s   f i l t e r  i s  based   on   t he  
minimum mean-squa re -e r ro r   r econs t ruc t ion  
f i l t e r ,   a s s u m i n g   a n   a l l - p o l e   m o d e l   f o r  
t h e   s a m p l e d   s p e c t r a l   d e n s i t y   o f  the i n p u t  
s i g n a l .  The u s e   o f   t h i s   m o d e l   l e a d s   t o  
two i m p o r t a n t   s i m p l i f i c a t i o n s .   F i r s t ,  
s i m p l e   l i n e a r   r e g r e s s i o n   c a n  be u s e d   t o  
i d e n t i f y   t h e  unknown pa rame te r s   o f   t he  
s i g n a l   s p e c t r a l   d e n s i t y .   S e c o n d ,   t h e  
r e s u l t i n g   f i l t e r   h a s   a n   i m p u l s e   r e s p o n s e  
which i s  of f i n i t e   d u r a t i o n .   T h e s e  s i m -  
p l i f i c a t i o n s   l e a d   t o   a n   a d a p t i v e   f i l t e r  
which i s  a t   t h e  same time b o t h   g e n e r a l l y  
appl icable   and   eas i ly   implemented   on  a 
d i g i t a l   o r   h y b r i d   c o m p u t e r .   E x p e r i m e n t s  
w i t h   b o t h   d e t e r m i n i s t i c   a n d  random i n p u t s  
a re   desc r ibed   wh ich  show t h a t   t h e   a d a p t i v e  
f i l t e r  y i e l d s   s i g n i f i c a n t  improvement  over 
a l i n e a r   p o i n t   c o n n e c t o r   o r   o t h e r  commonly 
u s e d   r e c o n s t r u c t o r s  w i t h  r e l a t i v e l y  low 
o r d e r   m o d e l s   a n d   w i t h   r e l a t i v e l y   s h o r t  
i d e n t i f i c a t i o n  times. 

I .  INTRODUCTION 

I n  many i n f o r m a t i o n   p r o c e s s i n g  
systems it  i s  n e c e s s a r y   t o   r e c o n s t r u c t  
con t inuous   s igna l s   f rom  equa l ly   spaced  
s a m p l e s .   I n e x p e n s i v e   d e v i c e s   f o r   d o i n g  
t h i s   i n   r e a l  time have   been   wide ly   used  
f o r  many y e a r s ,   t h e   s i m p l e s t   o f  these 
be ing  low p a s s   f i l t e r s   o r   z e r o - o r d e r  
( b o x c a r )   h o l d s .   T h e s e   a r e   a d e q u a t e   i n  
many s i t u a t i o n s .  When r edundan t   da t a  i s  
u n a v a i l a b l e   o r  comes a t  a h i g h   c o s t ,  how- 
e v e r ,  i t  may become f e a s i b l e   t o   i n c r e a s e  
the   complex i ty   o f   t he   r econs t ruc t ion   p ro -  
c e s s ,  e i t h e r  t o   e x t r a c t  maximum informa- 
t i o n  from a d i g i t a l   s i g n a l   o r   t o   m i n i m i z e  
bandwidth   requi rements .   This   sugges ts   the  
use  of a r e c o n s t r u c t i o n   f i l t e r   w h i c h   a d a p t s  
t o   t h e   s p e c t r a l   d e n s i t y  of  the  incoming 
sampled s i g n a l .  

F o r   t h e   c a s e   w h e r e   t h e   s i g n a l s   a r e  
w i d e   s e n s e   s t a t i o n a r y  random p r o c e s s e s ,  
where   the   p rocess ing  i s  to   app rox ima te  a 
l i n e a r   o p e r a t i o n  L on the c o n t i n u o u s   s i g -  
nal,   and  where a mean- squa re -e r ro r   c r i -  
t e r i o n  i s  used,  the s o l u t i o n   t o   t h e  
optimum f i l t e r   p r o b l e m   h a s   b e e n  known f o r  
s e v e r a l   y e a r s  [ 1 , 2 , 3 ] .  Consider  the 
g e n e r a l   s o l u t i o n   i l l u s t r a t e d   i n   F i g .  1, 
w h e r e   t h e   o r i g i n a l   c o n t i n u o u s   s i g n a l  i s  
c o r r u p t e d   b y   a d d i t i v e   n o i s e   n ( t )   b e f o r e  
sampling. The  optimum r e c o n s t r u c t i o n  
f i l t e r ,  H ( s ) ,  w i t h o u t   r e g a r d   t o   r e a l i z a -  
b i l i t y  i s  g iven   by  

L(S)@ f ( s )  

a Y y (  2) H(s) = 

where 
L ( s )  i s  t h e   d e s i r e d   o p e r a t i o n  on t h e  

1 ( s )  i s  t h e   c r o s s  power s p e c t r a l  
i n p u t   s i g n a l  f ( t ) ,  

yf  dens i ty   be tween  f ( t )  and 
y ( t )  = f ( t )  + n ( t ) ,  

IP ( z )  i s  the   sampled   power   spec t ra l  

T i s  t h e   s a m p l i n g   i n t e r v a l .  
I n   o r d e r   t o   c o n s t r u c t   t h e   a b o v e  

optimum f i l t e r  i t  i s  n e c e s s a r y   e i t h e r   t o  
know 2 p r i o r i   t h e   v a r i o u s   s e l f   a n d   c r o s s  
s p e c t r a l   d e n s i t i e s ,   o r   t o   u s e  some type  of 
i d e n t i f i c a t i o n   t e c h n i q u e   t o   l e a r n   t h e s e  
f r o m   t h e   s i g n a l s   t h e m s e l v e s  [ 4 ] .  I n   t h i s  
pape r  i t  w i l l  be   assumed  tha t   on ly   the  
s a m p l e d   s i g n a l  i s  a v a i l a b l e   f o r   m a k i n g  
t h e   i d e n t i f i c a t i o n   a s   w o u l d   b e   t h e   c a s e   i f  
t h e   r e c o n s t r u c t i o n   w e r e   a t   t h e   r e c e i v i n g  
end  of a pulse   code  modulat ion  system. A 
p r e v i o u s l y   d e s c r i b e d   i d e n t i f i c a t i o n  method 
w i l l  be used [5]  and it w i l l  be shown 
t h a t   t h i s   m e t h o d ,   b a s e d   o n   a n   a l l - p o l e  
m o d e l   f o r   t h e   s a m p l e d   s p e c t r a l   d e n s i t y  
G Y y ( z ) ,   l e a d s   t o   s i m p l e   a n d   u s e f u l   a d a p t i v e  
r e c o n s t r u c t i o n   f i l t e r s .  

y y   d e n s i t y   o f   y ( t ) ,   w h e r e  z = esT, and 

11. THE IDENTIFICATION - ADAPTATION SCHEME 

C o n s i d e r   f i r s t   t h e   c a s e   w h e r e   t h e  
o r i g i n a l   a n a l o g   s i g n a l   f ( t )  i s  uncor rup ted  
b y   n o i s e .  The s a m p l e d   s p e c t r a l   d e n s i t y  
i f f ( z ) ,  a n d   t h e   c o n t i n u o u s   s p e c t r a l   d e n s i t y  
f f ( s )  must be i d e n t i f i e d   t o   s y n t h e s i z e   t h e  

optimum f i l t e r .  I t  w i l l  be assumed t h a t  
t h e   s a m p l e d   s p e c t r a l   d e n s i t y  i s  a l l - p o l e ,  
i . e .  of   the  form 

8 2  
D ( ~ ) D ( = - ' )  

Q f f W  = 

where 

P 
D (  z )  = 1 dnz-" , do  = 1 

n= o 

and 0 '  i s  a p o s i t i v e   r e a l   c o n s t a n t ;   o r   c a n  
be approximated  by  such a form f o r   s u f -  
f i c i e n t l y   l a r g e  p. While t h i s   a s s u m p t i o n  
in t roduces   an   approx ima t ion   p rob lem,  i t  
r e s u l t s   i n  the f o l l o w i n g  two v i t a l   s i m p l i -  
f i c a t i o n s  : 
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once a t   s u f f i c i e n t l y   s m a l l   i n c r e m e n t s  of 
time  and s t o r e d   i n  a t a b l e ,   a n d   t h e   f i l t e r  
( 4 )  implemented a s  a moving  average, 
f i l l i n g   i n   p o i n t s   b e t w e e n   s a m p l i n g   i n -  
s t a n t s .  ~ i g .  2 shows a block  diagram  of  
t h e   i d e n t i f i c a t i o n  - r e c o n s t r u c t i o n   p r o -  
c e s s .   F o r   t h e   e x p e r i m e n t a l   r e s u l t s  
r e p o r t e d   i n   t h e   n e x t   s e c t i o n ,   t h e   a d a p -  
t i v e   f i l t e r  was   implemented   en t i re ly   by  
a d i g i t a l   c o m p u t e r .  

I f   t h e   c o n t i n u o u s   a n a l o g   s i g n a l  i s  
cor rupted   by   an   addi t ive   no ise   component ,  
n ( t ) ,   t h e   s i t u a t i o n  i s  s l i g h t l y  more com- 
p l ica ted .   Assuming  tha t   on ly   the   samples  
of y ( t )   c a n  be u s e d   f o r  the i d e n t i f i c a t i o n  
procedure,  the  optimum f i l t e r   c a n n o t  be 
de termined   s ince  it would  not be p o s s i b l e  
t o   e s t i m a t e  @ ( s )  . However, i t  i s  nor- 
ma l ly   r easonagfe   t o   a s sume   t ha t  the s i g -  
n a l   a n d   n o i s e   a r e   i n d e p e n d e n t   a n d   a l s o  
t h a t   t h e r e   a r e   p e r i o d s  when t h e   s i g n a l  i s  
n o t   b e i n g   t r a n s m i t t e d  when the n o i s e   a l o n e  
can be i d e n t i f i e d .  With these assumptions 
the optimum r e c o n s t r u c t i o n   f i l t e r  i s  
given  by: 

Thus t h e  optimum f i l t e r  when u n c o r r e l a t e d  
noise  i s  p r e s e n t  i s  made up  of  two com- 
ponents:  the f i r s t ,  

can be shown t o   c o n n e c t   t h e   s a m p l e   p o i n t s  
[ 7 ]  ; the   second,  

a t t e m p t s   t o   a v e r a g e   o u t   t h e   n o i s e  compo- 
nent .  

111. EXPERIMENTAL  RESULTS 

I n   o r d e r   t o   i n v e s t i g a t e   t h e   p e r f o r -  
mance o f   t h e   a d a p t i v e   r e c o n s t r u c t i o n  
f i l t e r ,   t h e   p r o b l e m  was   s imula ted  on a n  
IBM 7094  computer  and the mean-square 
r e c o n s t r u c t i o n   e r r o r  was  compared  with 
t h a t  of a ze ro -o rde r   ho ld ,  a f i r s t - o r d e r  
hold,  and a l i n e a r   p o i n t   c o n n e c t o r .  A 
delay  of  p s a m p l i n g   i n s t a n t s  i s  of   course  
i n h e r e n t   i n   t h e   r e a l i z a t i o n  o f   t h e   f i l t e r .  
I n  most  communication  systems a s m a l l  
d e l a y  i s  a l l o w a b l e  so  t h a t   f o r   p - t h   o r d e r  
a l l -po le   p rocesses   one   would   p robably  
a l low a d e l a y   o f  p s a m p l i n g   i n t e r v a l s   i n  
any   case .  The a d a p t i v e   f i l t e r  was t e s t e d  
on a v a r i e t y   o f   d e t e r m i n i s t i c   a n d  random 
s i g n a l s .  Some t y p i c a l   r e s u l t s  are p re -  
s en ted  be low. 

Experiment 1. D e t e r m i n i s t i c   S i n e  Wave. 

An u n c o r r u p t e d   s i n e  wave 

f ( t )  = s i n  t 

was   sampled   wi th   sampl ing   in te rva l  T = l .  
230 p o i n t s  were u s e d   f o r   i d e n t i f i c a t i o n  
and a s e c o n d - o r d e r   s p e c t r a l   d e n s i t y   m o d e l  
was   used   (p  = 2 ) .  F i g .  3 shows  the 
r e su l t i ng   impu l se   r e sponse   o f   t he   adap t ive  
f i l t e r .   S i n c e  no  noise   was  present   and 
s i n c e   t h e   s i n e  wave h a s  a second-order  
a l l - p o l e   z - t r a n s f o r m ,   t h e   i d e n t i f i c a t i o n  
was n e a r   p e r f e c t ,   a s  was t h e   r e c o n s t r u c -  
t i o n .  The fo l lowing   t abu la t ion   compares  
t h e   a d a p t i v e   f i l t e r   w i t h  some common 
r e c o n s t r u c t i o n   f i l t e r s :  

Normalized  Mean-Square-Error 

a d a p t i v e   f i l t e r  0 .0000 

l i n e a r   p o i n t   c o n n e c t o r   0 . 0 0 3 9  

f i r s t - o r d e r   h o l d   0 . 0 9 0 0  

zero-order   ho ld   0 .1407 

Experiment 2 .  D e t e r m i n i s t i c   T r i a n g l e  Wave. 

The case  of  a d e t e r m i n i s t i c   t r i a n g l e  
wave,   where  the  a l l -pole   model  i s  n o t  
e x a c t ,   i l l u s t r a t e s   t h e   e f f e c t   o f   m o d e l  
order   on  the a c c u r a c y   o f   t h e   i d e n t i f i c a t i o n  
a n d   r e c o n s t r u c t i o n .  One cyc le   o f   t he  
t r i a n g l e  wave  was 

4 ( t - 1 )  0 t 5 2 
f ( t )  = { 

4 ( 3 - t )  2 t g 4 

a n d   t h i s   p e r i o d i c  wave  was  sampled  every 
0 . 6  seconds s o  t h a t   t h e   s a m p l i n g   i n s t a n t s  
w o u l d   n o t   u s u a l l y   c o i n c i d e   w i t h   t h e   c o r -  
n e r s  of t he   t r i ang le   wave .   Aga in  230 
p o i n t s  were u s e d   i n   t h e   i d e n t i f i c a t i o n .  
F i r s t ,   S e c o n d ,   F o u r t h ,   a n d   S i x t h   o r d e r  
models were u s e d   f o r  the s a m p l e d   s p e c t r a l  
d e n s i t y ,   w i t h  the f o l l o w i n g   r e s u l t s :  

MSE For  MSE For  MSE For  MSE For  
p Adapt ive L i n e a r  F i r s t - O r d e r  Zero-Order 

F i l t e r  P o i n t  H o  I d  Hold 
Connector  

1 0.0976  0.0752  1.029  1.429 

2 0.0474 

4 0.0347 

6 0.0131 

(I 

I,  I,  I, 

I t  i s  s e e n   t h a t   a t   l e a s t  a second-order  
model i s  r e q u i r e d   t o   o u t - p e r f o r m   t h e  
l i n e a r   p o i n t   c o n n e c t o r .   F o r   h i g h e r   o r d e r  
models   the  performance  of  the a d a p t i v e  
r e c o n s t r u c t i o n   f i l t e r   i m p r o v e s   s t e a d i l y .  
F i g .  4 shows the cor responding   impulse  
r e s p o n s e s .   F i g .  5 shows t h e   t y p i c a l  
behavior   o f  the f i r s t - o r d e r   a d a p t i v e   f i l -  
t e r  which i s  s i m i l a r   t o   t h e   l i n e a r   p o i n t  
c o n n e c t o r .   F i g .  6 shows the   behav io r   o f  
t h e   s i x t h - o r d e r   a d a p t i v e   f i l t e r .  A s  i n  
t he   ca se   o f   t he   s ine   wave ,   t he   adap t ive  
s t r u c t u r e ,  when the model   order  i s  



a p p r o p r i a t e ,  i s  a b l e   t o   " r e c o g n i z e "   t h e  
c h a r a c t e r   o f   t h e  wave  and  produce a 
l i n e a r   f i l t e r   w h i c h  w i l l  pe r fo rm much 
b e t t e r   t h a n   a n y   c o n v e n t i o n a l   r e c o n s t r u c -  
t i o n   d e v i c e .  

Experiment  3.  Random S i g n a l .  

I n  a more r e a l i s t i c   s i t u a t i o n ,   t h e  
s i g n a l s   a r e  random r a t h e r   t h a n   d e t e r m i n i s -  
t i c .  To s i m u l a t e   t h i s ,   t h e   o u t p u t   o f  a 
normal  random  number g e n e r a t o r   w a s   f i l -  
t e r e d   b y   t h e  low p a s s   d i g i t a l   f i l t e r  

10 (1-a)  3 

(1-az ) -1 3 

and t h e   r e s u l t i n g   s i g n a l  was i n t e r p r e t e d  
t o   b e   t h e   o r i g i n a l   a n d   c o n t i n u o u s   i n p u t  
s i g n a l  f ( t )  . E v e r y   t e n t h   s a m p l e   o f   t h i s  
s i g n a l  was t a k e n   a s   i n p u t   f o r  the adap- 
t i v e   r e c o n s t r u c t i o n   p r o c e s s .   C u r v e s   o f  
the   normal ized   mean-square-er ror   vs .  a 
f,uhich de te rmines  the bandwidth  of the 
o r i g i n a l   s i g n a l  f ( t )  ) a r e   p l o t t e d   i n   F i g .  
7 f o r  the t h i r d - o r d e r   a d a p t i v e   r e c o n s t r u c -  
t i o n   f i l t e r ,   t h e   l i n e a r   p o i n t   c o n n e c t o r ,  
and t h e   z e r o   a n d   f i r s t   o r d e r   h o l d s .  A s  
expected the e r r o r   d e c r e a s e s  w i t h  the s i g -  
n a l   b a n d w i d t h   f o r   a l l   t h e s e   f i l t e r s .   W i t h  
only 260 p o i n t s   u s e d   f o r   i d e n t i f i c a t i o n ,  
t h e   a d a p t i v e   f i l t e r   p e r f o r m e d   s i g n i f i -  
c a n t l y   b e t t e r   t h a n   t h e   o t h e r   c o n v e n t i o n a l  
f i l t e r s .  

Experiment  4.   Sine Wave P l u s  Random Noise.  

To i l l u s t r a t e   t h e   p e r f o r m a n c e   o f   t h e  
adap t ive  scheme  when n o i s e  i s  p r e s e n t ,  
w h i t e   g a u s s i a n   n o i s e   n ( t )   w i t h   z e r o  mean 
and u n i t   v a r i a n c e  was  added t o  a deter-  
m i n i s t i c   s i n e  wave s o  t h a t  

y ( t )  = 4 . 5   s i n  t + a n ( t )  

The samples  of n ( t )  were u n c o r r e l a t e d   a n d  
t h e   c o n t i n u o u s   s p e c t r a l   d e n s i t y  of n ( t )  
was f l a t  a n d   b a n d l i m i t e d   t o   h a l f   t h e  sam- 
p l ing   f r equency .   F ig .  8 shows t h e  
resu l t ing   normal ized   mean-square   recon-  
s t r u c t i o n   e r r o r   v s .   t h e   s t a n d a r d   d e v i a t i o n  
of t h e   n o i s e ,  0 ,  f o r   t h e   s e c o n d   o r d e r  
a d a p t i v e   f i l t e r   w i t h  290 p o i n t s   f o r   i d e n -  
t i f i c a t i o n ,   f o r   t h e   l i n e a r   p o i n t   c o n n e c t o r ,  
and f o r  the z e r o   a n d   f i r s t - o r d e r   h o l d s .  
With s m a l l   n o i s e   t h e   a d a p t i v e   f i l t e r  i s  
much bet ter  than  the o t h e r s ,   b e c a u s e   t h e  
i d e n t i f i c a t i o n  i s  e f f e c t i v e  a n d   t h e   s i t u -  
a t i o n  i s  l i k e   t h a t   i n   E x p e r i m e n t  1. A s  
t h e   n o i s e   l e v e l   i n c r e a s e s   t h e   a d v a n t a g e  
g a i n e d   b y   i d e n t i f i c a t i o n   d e c r e a s e s   a n d   t h e  
b e h a v i o r   o f   a l l  the f i l t e r s   t e n d s   t o  
become s i m i l a r .  

I V .  SUMMARY 

An a d a p t i v e   s i g n a l   r e c o n s t r u c t i o n  
f i l t e r   h a s   b e e n   d e s c r i b e d   w h i c h  i s  based  
on the minimum mean-square-error   recon-  
s t r u c t i o n   f i l t e r   w i t h   a n   a l l - p o l e  model 

f o r   t h e   s a m p l e d   s p e c t r a l   d e n s i t y  of   the 
i n p u t   s i g n a l .  The use   o f   t h i s   mode l   l eads  
t o  a s i m p l e   i d e n t i f i c a t i o n  scheme  and a 
f i l t e r  wi th   an   impulse   response   which  i s  
of f i n i t e   d u r a t i o n .  A s  w e  have   seen   these  
s i m p l i f i c a t i o n s   l e a d   t o   a n   a d a p t i v e   f i l t e r  
which i s  eas i ly   imp lemen ted   on  a d i g i t a l  
computer.  

Exper iments   per formed  wi th   bo th  
d e t e r m i n i s t i c   a n d  random inpu t s   have  
shown t h a t   t h e   f i l t e r   y i e l d s   s i g n i f i c a n t  
improvement  over a l i n e a r   p o i n t   c o n n e c t o r  
a n d   z e r o   a n d   f i r s t   o r d e r   h o l d s   w i t h   r e l a -  
t i v e l y  low o r d e r   m o d e l s   a n d   w i t h   r e l a t i v e l y  
s h o r t   i d e n t i f i c a t i o n  times. When t h e  
a d d i t i o n a l   c o s t   a n d  time f o r   r e c o n s t r u c t i o n  
can  be j u s t i f i e d   t h i s   a d a p t i v e   f i l t e r   p e r -  
f o r m s   s i g n i f i c a n t l y   b e t t e r   t h a n   c o n v e n -  
t i o n a l   r e c o n s t r u c t i o n   d e v i c e s .  

used  depends  on  whether   or   not   an  analog 
s i g n a l  were d e s i r e d .  The f i l t e r   a s  imple- 
mented  on a d i g i t a l   c o m p u t e r   c a n   o n l y   f i l l  
i n   d a t a   p o i n t s  and s o  e f f e c t i v e l y   i n c r e a s e  
t h e   s a m p l i n g   r a t e .   I f   a n   a n a l o g   s i g n a l  
were d e s i r e d  a s i m p l e   h o l d   c i r c u i t   m i g h t  
f o l l o w   t h e   a d a p t i v e   r e c o n s t r u c t i o n   a t  a 
s a m p l i n g   r a t e  many times t h e   o r i g i n a l .  
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F i g .  1 Block  Diagram  of Minimum 
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F i g .  3 Impulse  Response  of   second  order  
A d a p t i v e   R e c o n s t r u c t i o n   F i l t e r  
f o r   f ( t )  = s i n  t . 

F i g .  2 Block   Diagram  of   Adapt ive   F i l te r  
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F i g .  4 Impulse  Responses  of  Adaptive 
R e c o n s t r u c t i o n   F i l t e r s   f o r  
T r i a n g u l a r  Wave 
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F i g .  5 R e c o n s t r u c t i o n  of T r i a n g u l a r  
Wave w i t h  1st o rde r   Adap t ive  
F i l t e r .  

F i g .  6 R e c o n s t r u c t i o n  of T r i a n g u l a r  
Wave w i t h  6 t h  Order  Adaptive 
F i l t e r  
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F i g .  7 Normal i zed   E r ro r   v s .  a . 
Experiment 3 

F i g .  8 Normal ized   Er ror  v s .  U f o r  
y(t) = 4 . 5  s i n  t + a n ( t )  . 
Experiment 4 

N o t e :   n (  t )  g e n e r a t e d  by  a normal  random 
number gene ra to r   w i th   ze rG  mean  and u n i t  
v a r i a n c e .  
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