NEARLY OPTIMAL STATIC LAS VEGAS SUCCINCT DICTIONARY*
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Abstract. For positive integers U, n and o, given a set S of n (distinct) keys from key space [U], each associated
with a value from [o], the staric dictionary problem asks to preprocess these (key, value) pairs into a data structure,
supporting value-retrieval queries: for any given z € [U], valRet(z) must return the value associated with z if
x € S,orreturn L if x ¢ S. The special case where o = 1 is called the membership problem. The “textbook”
solution is to use a hash table, which occupies linear space and answers each query in constant time. On the other
hand, the minimum possible space to encode all (key, value) pairs is only OPT := [lg, (Z) +nlgy o] bits, which
could be much smaller than a hash table.

In this paper, we design a randomized dictionary data structure using

OPT + polylgn + O(lg(l) U)

bits of space, and it has expected constant query time, assuming the query algorithm can access an external lookup
table of size n© for any constant £ and e. The lookup table depends only on U, n and o, and not the input. Previously,
even for membership queries and U < nO@ | the best known data structure with constant query time requires
OPT + n/poly lgn bits of space (Pagh [21] and Pitrascu [23]); the best known using OP'T + n!~¢ space has
query time O(lgn). Our new data structure answers open questions by Pitrascu and Thorup [23, 30].

We also present a scheme that compresses a sequence X € [o]™ to its zeroth order (empirical) entropy up to
o - poly lg n extra bits, supporting decoding each X; in O(lg o) expected time.

Key words. succinct data structure, dictionary, perfect hashing

AMS subject classifications. 68P05

*Preliminary version appeared in STOC’20.
TDepartment of Computer Science, Princeton University. yuhch123@ gmail.com

1


mailto:yuhch123@gmail.com

1. Introduction. Given n (key, value) pairs {(z;,v;)}i=1, . » with distinct keys z; €
[U] and (possibly duplicated) values v; € [o],' the static dictionary problem asks to prepro-
cess them into a data structure, supporting value-retrieval queries

e valRet(x): return v; if © = x;, and return L if @ # @1, ..., 2y.
When o = 1, it is called the membership problem, i.e., preprocessing a set S of n keys into a
data structure, supporting queries of form “is x € S7

Dictionaries are very fundamental data structures, which have been extensively studied
in theory [4, 5, 6, 8, 9, 10, 11, 18, 19, 21, 22, 29, 33]. They are also one of the most basic
data structures in practice, included in standard libraries for most of the popular programming
languages.’

One “textbook” implementation of a dictionary is to store a hash table: use a hash func-
tion to map all keys to m = O(n) buckets, and store each (key, value) pair in the correspond-
ing bucket. Simple hash functions (e.g. (kz mod p) mod m for prime p > U and random
k € {1,...,p — 1}) have low collision probabilities, and resolving collisions by chaining
leads to a dictionary data structure with expected constant query time. Using perfect hashing
(e.g. [11]), one can further improve the query time to worst-case constant. However, such data
structures use at least nlg U + n lg o bits of space, even just to write down all (key, value)
pairs in the buckets, while the information theoretical space lower bound for this problem is
only*

OPT :=1g <U) +nlgo
n

bits, which is about n 1g n bits less than n1g U+n lg o (note that g (V) = nlg(U/n)+0(n)).

It turns out that it is possible to not explicitly store all pairs, and beat nlg U + nlg o bits.
For membership queries (o = 1), the previously best known data structure by Pagh [21], as
later improved by Pitragcu [23], uses OPT + O(n/polylgn + lglg U) bits of space, and
answers queries in constant time. Such data structures that use OPT + o(OPT) bits of
space are called the succinct data structures [15]; the extra space is called the redundancy.
This data structure also gives a smooth tradeoff between time and space: for query time O(t),
it uses space

OPT +n/r+ O(lglgU),

where r = (lgT")Q(t). To achieve this query time, it is assumed that the query algorithm has
access to an external lookup table of size min{n?3, %}, which depends only on U and n, and
not the input. In particular, when U = poly n, if the redundancy is n°%°, the query time
becomes O(lg n). If we want the space to be very close to OPT, the query time is O(Ign),
but the lookup table size becomes about n? (it may even be larger than the data structure
itself). For ¢ > 1, only (OPT + O(n + lglgU))-bit data structures were known [21].
While these data structures have deterministic query algorithms (and worst-case query-time
guarantee), no better zero-error randomized data structure was known.’

1.1. Our contributions. In this paper, we show that if we allow randomization, a much
smaller redundancy and optimal time can be achieved simultaneously. We design a dictionary
data structure with polylgn 4+ O(lglgU) bits of redundancy and expected constant query

1[U] denotes the set {0,...,U — 1}.

2Note that in some literature, all elements in the key space are called the “keys”. In this paper, we only call
elements in the input set S “keys”, and all other elements in the key space are called the “non-keys”.

3These dictionary data structures usually also support insertion and deletion of key-value pairs.

4Throughout the paper, lg is the binary logarithm.

SMonte Carlo algorithms, where the query is allowed to err with a small probability, would have a different
optimal space bound. Thus, they are not the focus of this paper.
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time, making a step towards the optimal static dictionary. The query algorithm only needs to
access the data structure and a small lookup table of size n°.

THEOREM 1.1. For any constant € > 0, there is a randomized algorithm that can pre-
process n (key, value) pairs into a data structure with

OPT + polylgn + O(Iglg U)

bits, and a lookup table of size n® that only depends on U, n and o, such that for any given
query x € [U], a query algorithm can output valRet(x) in expected constant time on a
random access machine with word size w > ¢ - (IgU + 1g o) for some large constant ¢, by
accessing the data structure and the lookup table.

In fact, the 1glg U term can be improved to Iglg - - - Ig U for logarithm iterated any constant
o

number of times. Hence, when U is at most 22 with O(1) levels, this term can be removed.
In this case, among the OPT + poly lgn bits of the data structure, the first poly lgn are
the (plain) random bits used by the preprocessing algorithm, and the “actual” data structure
only occupies the next (and last) OPT + 1 bits. The expectation of the query time is taken
over these random bits, which we assume the worst-case input data and query do not see.
Moreover, the query time is O(1) with probability 1 — o(1), and is poly lg n in worst case.

By storing the lookup table as part of the data structure, Theorem 1.1 implies a data
structure with OPT + n€ 4+ O(lglg U) bits and expected constant query time, which is still
an improvement over the previous best known. In the cell-probe model, where we only count
how many times the query algorithm accesses the memory and the computation is free, the
lookup table is not necessary, because it does not depend on the input and can be computed
without accessing the data structure.

In the theorem, we assumed that each (key, value) pair fits in O(1) words, which is
necessary to obtain constant query time on random access machines. We will discuss larger
keys or values in Section 10.

Perfect hashing. In general, a perfect hashing maps n input keys to distinct buckets, and
it is called minimal if it maps them to exactly n distinct buckets, labeled from 0 to n — 1. En
route to the new dictionary data structure, the key component is a succinct membership data
structure, equipped with a two-sided minimal perfect hashing, defined as follows.

DEFINITION 1.2. Given a set S C [U] of size n, a two-sided minimal perfect hash func-
tion with membership (2-PHM) for S is an bijection between [U] and ({0} x [n]) U ({1} x
(U — n]) such that it maps S to {0} x [n]. Hence, when restricted to S, it can be viewed as a

éijection h between S and [n|; when restricted to S, it can be viewed as a bijection h between
S and [U — n).

That is, we want to perfectly hash all keys, as well as all non-keys.

THEOREM 1.3 (informal). For any constant € > 0, there is a randomized algorithm
that preprocesses a set S C [U] of size n into a data structure with

U
lg (n> + polylgn + O(lglgU)

bits, and a lookup table of size n® that depends only on n and U. Moreover, the data structure
determines 2-hq : [U] — ({0} x [n]) U ({1} x [U = n]), a 2-PHM for S, such that for
any x, the query algorithm outputs 2-hq(x) in expected constant time on a random access
machine with word size w > c - 1g U for some sufficiently large constant c, by accessing the
data structure and the lookup table.



See Section 9 for the formal statement. Note that the optimal space bound for 2-PHM is the
same as storing the set S. This is because if we have stored the set .S, then one trivial way
to define a 2-PHM is to map the i-th largest element in S to (0, ¢), and map the i-th largest
element in [U] \ S to (1,14).

Locally decodable arithmetic codes. We also show that the above perfect hashing data
structure can be applied to obtain a version of locally decodable arithmetic codes with a
better space [23]. This problem asks to compress a sequence X = (x1,...,x,) € X" for
some (small) alphabet set 3, such that each symbol z; can be recovered efficiently from
the compression. We should think of a sequence X that is sampled from some low entropy
source, and the encoding should take much less than nlg|X| bits. The size of such a data
structure should match the zeroth order entropy of X, i.e., if each symbol in the sequence
has entropy H (marginally), then the encoding has length ~ n - H. Patrascu [23] gave a data
structure whose size is

t
Zfalg +O0(|X]1gn) +n/( n) +O(n3/4),

a€X

where f, is the number of occurrences of a. It supports single-element access in O(t) time
on a word RAM. Note that when each symbol z; is sampled independently from a source
of entropy H, then the empirical entropy v falg % is approximately n - H with high
probability.

THEOREM 1.4. For any constant ¢ > 0, there is a randomized algorithm that prepro-
cesses a sequence (1, ...,Ty,) € X" into a data structure with

+ |X]| - polylgn
<fa1'fa2 . > | |

bits, where f, is the number of occurrences of a. For any index i, the query algorithm recovers
x; in O(1g |X)|) time in expectation on a word RAM with word-size w > c¢-lgn for some large
constant ¢, assuming it has access to an external lookup table of size n°.

Note that the first term in the space is the minimum possible space to store a sequence
with frequencies (f,)aecx, Whichis at most ) v, fa lg 7

1.2. Related work. The perfect hashing scheme [11] by Fredman, Komlés and Sze-
merédi maps [U] to [n + o(n)] such that for any given set S of size n, there is a hash func-
tion h that maps all elements in S to different buckets (i.e., no hash collision) such that
h(x) can be evaluated in constant time. This hash function takes O(ny/Ign + lglg U) bits
to store. It was later improved to O(n + lglg U) bits by Schmidt and Siegel [28], and to
nlge+1glgU + o(n+1glg U) bits by Hagerup and Tholey [14]. By storing the (key, value)
pair in the corresponding bucket, the perfect hashing scheme solves the dictionary problem
with O(n) words of space and constant query time. Fiat, Naor, Schmidt and Siegel [9] showed
that only O(lgn + lglg U) extra bits are needed to store both the hashing function and the
table, obtaining space of n[lgU]| + n[lgo] + O(Ign + lglgU). Fiat and Naor [8] further
removed the O(lg n) term, as well as the O(1glg U) term when U is not too large.

The first dictionary data structure that achieves nearly optimal space is due to Brodnik
and Munro [4]. Their data structure uses OPT + O(OPT/ 1glglg U) bits, and it has con-
stant query time. Pagh [21] reduced the dictionary problem to the rank problem (see below,
also Section 5.1 for definition of the rank problem), and designed a data structure for mem-
bership queries using OPT + O(nlg?lgn/lgn + lglgU) bits for n < U/lglgU, and
OPT + O(UlglgU/1gU) forn > U/lglgU. Pagh’s dictionary uses rank data structures
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as subroutines. By improving the rank data structures, Pdtragcu [23] improved the bound to
OPT + n/polylgn + O(lglgU), as we mentioned earlier.

It is worth mentioning that when n = U, i.e., when the input is a sequence of values
v1,...,vy € [o], Dodis, Pitragcu and Thorup [7] designed a data structure using optimal
space. Their data structure uses a lookup table of poly lgn size. We make this lookup table
more explicit (see Lemma 5.1 in Section 8) as an application of our new technique.

No non-trivial lower bounds on the query time are known without restrictions on the
data structure or model. Fich and Miltersen [10] and Miltersen [18] proved (lgn) and
Q(lglgn) lower bounds in the RAM model with restricted operations. Buhrman, Miltersen,
Radhakrishnan and Venkatesh [5] proved that in the bit-probe model (where the word size
w is 1), any data structure using O(OPT) space must have query time at least O(lg ¥).
Viola [31] proved a lower bound for the case where U = 3n, that any bit-probe data structure
with query time ¢ must use space OPT + n,/2°(@) — logn.

Raman, Raman and Rao [27] considered the indexable dictionary problem, which gen-
eralizes membership. Given a set S of n keys, it supports rank and select queries: rankg ()
returns L if ¢ S, and returns ¢ if x is the -th smallest in S; selectg(i) returns the i-th
smallest element in S. They obtained a data structure using OPT + o(n) + O(lglg U) bits
and constant query time. Grossi, Orlandi, Raman and Rao [13] studied the fully indexable
dictionary problem. It generalizes the indexable dictionary problem to let rankg () return
the number of elements in .S that are at most x (also for z ¢ S). They obtained a data struc-
ture using space OPT + O ('t + U¢ - n!=*¢) with query time O(s/d + 1/€). In fact,
this problem is much harder. It was observed in [26] that rank queries can be reduced from
colored predecessor search, which has a query time lower bound of Q(lglgn) even when
the space is O(nlgU) [24, 25] (not to say the succinct regime). When U > n?, the prob-
lem requires n' ¢ space to get constant query time (when the word-size is Ign), even only
supporting rank queries.

Makhdoumi, Huang, Médard, Polyanskiy [17] studied locally decodable source coding.
They consider X that consists of i.i.d samples from a source of entropy H, and would like to
encode X such that each X; can be recovered efficiently. However, the main focus is non-
adaptive bit-probe query algorithms. That is, the query algorithm has to decide which t bizs
of the encoding to access based only on the queried index ¢. They also studied the lossy case,
where the encoding is equipped with the error correcting ability.

1.3. Technical contributions. We make two technical contributions to succinct data
structures: We summarize the “spillover representation”, introduced by Patrascu [23], to de-
fine binary strings with fractional lengths and build a “toolkit” of black-box operations; we
study the “opposite” of data structures, called the data interpretation. We believe they will
have more applications to other problems in succinct data structures.

1.3.1. Strings with fractional lengths. A data structure is simply a bit string, and its
length (or size) is the number of bits. Under standard notions, an s-bit string is only well-
defined for integer s. Here, we show how to define strings when s is non-integer.® We will
see why this notion is useful later (or see [23]).

Let (M, K) be a pair such that M € {0,1}™ is a bit string, and K € [R] is an integer.
These pairs are viewed as “binary strings” of length s = m + 1g, R. When R is a power
of two, this matches the standard notion of length, as we could simply write K in its binary

6The terminology “fractional” may seem to imply that s has to be expressible as fractions, i.e., rational numbers.
However, this is not the case.



representation using lg R bits and append it to M. As we increase R, such a pair could
potentially represent more information. Only when R is increased by a factor of two, does
the pair correspond to a string with one more bit. That is, by restricting R € [27,2%1)
for some fixed parameter x, we essentially “insert” 2% — 1 valid lengths between adjacent
integers. It makes the measure of space more fine-grained. In this paper, R is always set to
20(w) je. k = ©(w) (recall that w is the word size). Thus, K is an O(w)-bit integer, and
the algorithms are able to do arithmetic operations on K in constant time.

We summarize a few black-box operations on fractional-length strings. The two major
ones are concatenation and fusion.

Concatenation. Given B (fractional-length) strings S, ...,Sp of lengths s1,..., sz,
we show that they can be “concatenated” into one string of length s ~ s; + --- + sp.
Moreover, we prove that given access to S, each S; can be decoded efficiently. We emphasize
that decoding an S; = (M;, K;) does not mean reconstructing the entire string. Instead, the
decoding algorithm only recovers K, and finds where M; is located within the long string
(where M; is guaranteed to be a consecutive substring). Thus, the decoding algorithm can
be very efficient. Nevertheless, after decoding, S; can still be accessed as if it was stored
independently.

Concatenation is useful when the data structure has multiple parts. We could simply
construct each part separately and then concatenate them. It also demonstrates, to some
extent, why fractional lengths are useful and necessary. If we only use integral-length strings,
then each S; will have length (at least) [s;]. The length of the concatenated string becomes
[s1] 4+ -+ [sg], which could be B — 1 bits longer than [s; + -+ + sg].

Fusion. The other major operation is to fuse an integer into a string. That is, we first
fix lengths s1,...,sc. Then the fusion operation maps a pair (i, S;), for i € [C] and S;
of length s;, to a single fractional-length string S. We show that S can have length s =
lg(2° 4 - - - +2%¢). This is the best possible length, since there are 251 + - - - 4 2°¢ different
pairs (4, S;) in total. Furthermore, we show that given access to S, we can efficiently decode
the original input pair (i, S;).

The fusion operation is useful when we study different cases of the input, and construct a
data structure for each case separately. Suppose we can partition the set of all possible inputs
7 into C subsets 71, . . . , Z¢, such that we can apply a possibly different construction for each
Z; that produces a data structure of size ~ lg|Z;|. Then by fusing the index of the subset that
contains the input into the data structure, we obtain a data structure for all inputs using space
~lg|Z|.

By including a few other operations, we build a “toolkit” for operating on fractional-
length strings. The view of fractional-length strings makes the “spillover representation” of
Piatrascu [23] more explicit. The original data structure of [23] needs huge lookup tables to
store truth tables for O(w)-bit word operations. The new view assigns semantic meanings to
those operations, so that a major part can be efficiently computed without lookup tables. This
is the main reason why we can reduce the lookup table size.

1.3.2. Data interpretation. For a data structure problem, we preprocess a combinato-
rial object into a binary string. Then this string is stored in memory, which is divided into
w-bit words. In each time step, a query algorithm may access a memory word (i.e. a w-bit
substring), or do local computation. Finally, it computes some function of the input object.
The concept of data interpretation is to perform the above procedure in the opposite direc-
tion. Given a binary string, we preprocess it into a combinatorial object. In each time step, a
query algorithm may query an oracle for some function of the object, or do local computation.
Finally, it reconstructs a w-bit substring of the input string.
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It might not be obvious at this moment why it is beneficial to convert a string (data
structure) back to a set, but it turns out to be a key subroutine in our data structure. Since this
paper concerns data structures with space almost matching the information theoretical lower
bound, we will also make data interpretation space-efficient. We design a data interpretation
algorithm which preprocesses an input string of (fractional) length ~ lg (V) into a set S C
[V] of size m, such that assuming there is a rank oracle for S (rankg(x) returns the number
of elements in S that are at most x), any designated w consecutive bits of the input string can
be reconstructed in poly lg V' time (see Section 8.2).

2. Overview. In this section, we give an overview over our new data structure. For
simplicity, we will focus only on the membership queries, and assume U = poly n, and there
is no divisibility problem. These assumptions will be removed in the later sections. In this
case, all previous solutions use hash functions in their main construction, to map the keys
into buckets. Our data structure is conceptually different: Instead of random hash functions,
we consider random inputs. While our data structure works for worst-case inputs, let us first
think of the input set being n uniformly random (distinct) keys. Then with high probability,
the input already has the properties we wanted from a random hash function, e.g., by dividing
the key space into buckets in some fixed way, we have the sizes of buckets roughly balanced,
etc. We first construct a data structure just for those “random-looking” inputs. On the other
hand, with low probability, the input may look “non-typical,” e.g., some bucket may have
size much larger than average. However, “with low probability” means that only a small
fraction of all possible inputs have these non-typical features. Suppose the total number
of such inputs is, say n% - 20PT then only OPT — 2Ign bits are needed for the optimal
encoding. This suggests that we can afford to spend more extra bits on them. Suppose we
use OPT — Ign bits (Ign extra bits) to encode these non-typical inputs, it is still negligible
overall — among all O(2°FT) possible data structures (memory states), such an encoding
only wastes ~ 29T . 1 memory states. Another useful way to view it is that if we use r
extra bits for such rare cases, then those r bits “start” at the (OPT — 21gn)-th bit, rather
than the OP'T-th bit. The more non-typical the input is, the more extra bits we can afford to
spend. Finally, we will use the fusion operation to fuse all cases together. Similar strategies
for constructing succinct data structures, where we consider random inputs and/or non-typical
inputs, have been used in [3, 32, 34]. In the following, we give an overview for the “random-
looking” case, the formal argument can be found in Section 7.3. Then in Section 7.4, we show
that we can afford to apply known constructions with larger redundancy on the “non-typical
parts” of the “non-typical” sets, according to the above argument.

2.1. Random inputs. We partition the universe into n/ 1g* n blocks of size V. Then
for a “random-looking” input set S, every block contains 1g* n + 1g® n keys.” As we will
see in Section 8.1, for polylgn = poly w keys, we can construct a rank data structure
with only O(1/U) extra bits, such that given the number of keys, a query algorithm answers
rank queries in constant time. In particular, it supports membership queries (e.g., by asking
rankg(x) and rankg(z — 1)). The high-level idea is to construct a rank data structure for
each block, then concatenate them. In order to answer a query in block ¢, we need to

e recover the number of keys in block 7 (as the rank data structure assumes this number
is known), and
e approximate the total length of data structures for the first « — 1 blocks (to decode
the ¢-th data structure).
That is, besides the n/ lg4 n rank data structures, we need to store their lengths such that
any prefix sum can be approximated. Unfortunately, any data structure supporting prefix

7a 4 b denotes a number in the range [a — b, a + b].
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sum queries cannot simultaneously have “low” query time and “small” space, due to a lower
bound of Patragcu and Viola [26]. The underlying issue in this approach is that the data
structure for each block has a variable length (the length depends on the number of keys in
the block, which varies based on the input). In order to locate the i-th data structure from the
concatenated string, computing a prefix sum on a sequence of variables seems inevitable. The
Pétragcu-Viola lower bound even prevents us from supporting prefix sums implicitly. That is,
not only separately storing a prefix sum data structure for the lengths requires “high” query
time or “large” space, there is also no “clever” way to jointly store the lengths together with
the data structures for the blocks. Hence, this “variable-length encoding” issue is the primary
problem we need to tackle for “random-looking” inputs.

To this end, observe that although the number of keys in each block is not fixed, its
deviation is actually small compared to the number, i.e., the number of keys cannot be too
different for different inputs. Then the main idea is to construct two data structures for each
block, consisting of

e a main data structure, which stores “most of the information” about the block, and
importantly, has a fixed length (independent of the number of keys), and
e an auxiliary data structure, which stores all “remaining information” about the block
(and unavoidably has variable length).
Furthermore, we wish that with high probability, a given query can be answered by only
accessing the main data structure (in constant time) without knowing the number of keys. If
this is possible, then to construct the final data structure, we
e concatenate all main data structures,
e concatenate the auxiliary data structures, and store them together with a prefix sum
structure,
¢ finally concatenate the two.
Now, since all main data structures have fixed lengths, each one can be decoded in constant
time without a prefix sum structure (the total length of the first ¢ — 1 data structures is simply
1 — 1 times the length of a single one). Then to answer a query in block 4, we first decode
the ¢-th main data structure, and query it in constant time. With high probability, the answer
to the query is already found, and we are done. Otherwise, we decode the i-th auxiliary data
structure by querying the prefix sum structure, and query the data structures to find the answer.
This may take a longer time, but if the probability that we have to decode the auxiliary data
structure is sufficiently low, then the expected query time is still constant.

Next, we describe an approach to construct such two data structures for a block, which
uses more space than what we aim for, but exhibits the main idea. For each block of size V,
we pick Ig* n — 1g° n random keys in the block to store in the main data structure. We also
pick V — (lg* n + 1g® n) random non-keys (i.e. the elements in the key space but not in the
input set), and store them in the main data structure. This is always possible because there
are at least lg* n — 1g° n and at most 1g* n + 1g® n keys in each block for “random-looking”
inputs. Hence, only 21g® n elements are “unknown” from the main data structure. Then we
show that such a separation of the block into lg4 n—Ilg*n keys, V — (lg4 n+1g® n) non-keys
and 21g3 n unknowns can be jointly stored using the near-optimal ~ lg (1g4 nflgynmggn
bits (this is an easy application of the rank data structures).® Its size is independent of the
actual input. Then in the auxiliary data structure, we store the remaining information about

the block, i.e., among the unknowns, which ones are the keys. For a block with m keys, it
3

takes ~ Ig (m7 (lzign flgg n)) bits. Then for each query, the answer can be found in the main

data structure with probability at least 1 — O(1/1lgn). Only when the main data structure

S(kf@) =n!/(k1'k2!(n — k1 — k2)!).



returns “unknown” does the query algorithm need to access the auxiliary data structure.

The above construction has all the desired properties, except that it uses too much space.
The inherent reason is that it implicitly stores the randomness used in deciding which keys
and non-keys to store in the main data structure. If we sum up the sizes of the main and
auxiliary data structures,

1 \%4 41 21g%n
& lgtn —1g3n, 21g®n & m — (lg*n —1g°n)

g (V) 1 " +1 vom
~%\m & lg*n —1g°n & V—(lg*n+1g*n) )’

Unsurprisingly, the number of extra bits lg (1g4 g L) +Hlg (v (1;;111@3 n)) is exactly how
much is needed to decide which keys and non-keys to store in the main data structure. These
“random bits” are not part of the input, and implicitly storing them causes a large amount of
redundancy.

However, when the inputs are uniform, we do not really need any external randomness
to decide the two subsets, since the entire data structure is close to a random string. This
suggests that for each block, we should treat the data structure from other part of the inputs as
the “randomness”. That is, we turn the necessity of implicitly storing the random bits into an
opportunity to store other information. This is where we use data interpretation. We convert
existing data structures back to subsets of certain sizes, which correspond to the keys and
non-keys in the main data structure (note that the main purpose of using data interpretation is
to save space). We present more details in the next subsection.

2.2. Using data interpretation. To implement this idea, we will have to slightly modify
the construction. Now, the universe is partitioned into pairs of blocks. Each pair consists of
a primary block and a secondary block, such that for a “random-looking” input, the primary
block contains 1g%° n + 1g“™! n keys, and the secondary block contains ©(1g°™* n) keys, for
some constant ¢, where the secondary block plays the role of the “randomness”.’ Fix a block
pair, let V' be the size of the primary block, m be the number of keys in the primary block,
Vsec be the size of the secondary block, and mge. be the number of keys in the secondary
block. The goal is to construct two data structures using ~ lg (V) + lg (V>*°) bits in total.

Msec
We first construct a rank data structure for the secondary block using ~ lg (7‘;“) bits. We
then split this data structure into three substrings of lengths approximately lg (1g2° n_"}gcﬂ n),
V—m .. . .
lg (Vi(lgzc ntlgett n)) and the remaining bits (we show that such a split can also be done for

fractional-length strings). Then mge. = (9(1gcJrl n) guarantees that there are enough bits

and such split is possible. Next, we apply a data interpretation algorithm to interpret the
first string of length Ig (lgzcn_"fgcﬂ ) as a set of size 1g°“n — 1g""" n over a universe of
size m, indicating which of the m keys in the primary block should be stored in the main
data structure. We also interpret the second string as a subset indicating which of the V' —
(1g%¢ n + 1g°"* n) non-keys should be stored in the main data structure. Moreover, we show
that the data interpretation algorithm guarantees that any consecutive w bits of the original
string can be recovered in lgo(l) n time, assuming there is a rank oracle of the set generated
from the interpretation. Therefore, there is no need to store the first two strings, as they can
be implicitly accessed efficiently.

The main data structure is the same as what we stated in the previous subsection: storing
lg* n—1g" nkeys, V — (1g% n+1g°t* n) non-keys and 21g°** n “unknowns”, supporting
rank queries in constant time. The auxiliary data structure now consists of two parts:

9The parameters used here are slightly different from the formal proof for simplicity of notations.
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c+1 c+1 n)

e among the 21g°™! n unknowns, which m — (Ig%“n — Ig
o the third substring from above.
One may verify that the sizes of the two data structures is what we claimed. This leads to our
main technical lemma.

are keys, and

LEMMA 2.1 (main technical lemma, informal). For V' < poly n, given S C [V] of size
m and Sseec C [Viec) Of size Mgec, we can construct a main data structure Diyain of size

~e Ig2n — gt n,21g n

and an auxiliary data structure D, of size

~lg (V) wig () 21 v
~8\m & Msec & Ig*“n —1gttn,21g T n )

?
e any given query “x € S” can be answered in constant time by accessing only Dy ain
with probability 1 — O(1g™ "' n);

? ?
e any given query “x € S” or “x € Sgo.” can be answered in polylgn time by
accessing both Dy .in and D, in worst case.

such that

See Lemma 7.1 for the formal statement. Then, the final data structure will be the con-
catenation of all main and auxiliary data structures, in a similar way to what we stated in
the previous subsection. The auxiliary data structure needs to be decoded only when the
main data structure returns “unknown” or the query lands in a secondary block. By ran-
domly shifting the universe, we bound the probability of needing the auxiliary data structure
by O(lg_c‘”'1 n). By setting ¢ to be a sufficiently large constant, the expected query time is
constant.

2.3. Organization. In Section 3, we define notations and the model of computation. In
Section 4, we formally define fractional-length strings, and present the operations on them.
In Section 5, we present applications of fractional-length strings. In Section 6, we show how
to construct the succinct dictionary and locally decodable arithmetic codes using 2-PHM.
In Section 7, we design the data structure for the case where U = poly n using the main
technical lemma. Then we prove the main technical lemma in Section 8, and generalize to all
n and U in Section 9.

3. Preliminaries and Notation.

3.1. Random access machine. A random access machine (RAM) [12] has a memory
divided into w-bit words, where w is called the word-size. Typically, we assume the number
of words in the memory is at most 2", and that the words are indexed by the elements of
[2*]. In each time step, an algorithm may load one memory word to one of its O(1) CPU
registers, write the content of a CPU register to one memory word, or compute (limited) word
operations on the CPU registers.

The standard word operations are the four basic arithmetic operations (addition, subtrac-
tion, multiplication and division) on w-bit integers, bit-wise operators (AND, OR, XOR), and
comparison. In this paper, we also assume that the machine supports floating-point numbers.
We use two registers a and b to represent the number a - 2° such that 1 < @ < 2 and b is an
integer. The arithmetic operations extend to these numbers as well (possibly with rounding
errors). This is without loss of generality, as they can be simulated using the standard oper-
ations. Finally, we assume it is possible to compute 2% up to a 1 £+ 27 multiplicative error
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for |z| < 2°(*), and lg, = up to an additive error of +2~* for |lg, z| < 2°(*). We further
assume that the error can be arbitrary but has to be deterministic, i.e., for any given z, 27
and lg, x always evaluate to the same result within the desired range. By expanding into the
Taylor series, the two can be computed in O(w) time using only arithmetic operations, which
is already sufficient for our application.

To compute 27, we first compute xg = |x] and 1 = x — x¢. Since xg is an integer, and
1 < 2% < 2, it suffices to approximate 27'. Since 0 < x; < 1, by Taylor expansion, we
have 1

2%1 — em1ln2 — Z ﬁ . (371 1n2)i7
i>0

where In2 < 1 is a constant that can be stored. Truncating the sum at ¢ = w results in
an additive error of at most O(1/w!), and the sum can be computed using O(w) arithmetic
operations. The rounding error from the arithmetic operations can be made to at most 272,
Finally, observe that 2°* € [1, 2), the multiplicative error is at most 1 + 27>,

To compute lg, =, where x = a - 2°, note that 1g, = b + lg, a. Letting t = (a — 1) /a,
we have a = 1/(1 — t), and 0 < ¢ < 1/2. By Taylor expansion, we have

lgya = (lze) - n(1/(1 — 1)) = (150) 3

i>1

By truncating the sum at ¢ = w, the truncation error is at most O(2~%* /w), since t < 1/2.
Similarly, the sum can be computed in O(w) arithmetic operations, and the rounding error
from them can be made to at most 2~2%_ Therefore, the total additive error is at most 2~ .

3.2. Notation. In this paper, for integers X and Y > 0, let X div Y denote | X/Y |,
X mod Y denote X — Y - (X div Y), and let [Y] denote the set {0,1,...,Y — 1}. For
integer a and set S, let a + .S denote the set {a + x : € S}. Let frac(a) denote o — | .
Throughout the paper, Ig  is the binary logarithm lg, z, O(f) = f-polylg f.'° a+b denotes
a number in the range [a — b,a +0]. Let (,, ", ) = n!/(kitkao!(n — k1 — k2)!).

Let v
OPTy,, =g < )
m

be the information theoretical optimal space when storing a set of m keys over key space of
size V.

3.3. Useful equations and inequalities. Stirling’s formula states that

n! =2 (@) (1+0(1/n)).
e
Let P, () be two distributions over I/, then Pinsker’s inequality states that

[P —Qlli < v2Dkn(P || Q),
where |P — Q1 = >, |[P(2z) — Q()| is the total variation distance (¢, distance), and

Dki(P||Q) = ,cy P(x)lg QE’C; is the Kullback-Leibler divergence [16] (or the KL-

divergence). In particular, when @ is the uniform distribution over U/, we have
Dxu(P||Q) =) P(2)lg P(a) +1g[U| = H(Q) — H(P),
zel

where H(P) = ., P(z)lg % is the entropy.

10Note that in some literature, O( f) hides log factors in any parameter of the problem studied, e.g., lg3n =

O(1), which is not the case for this paper.
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4. Fractional-length Strings. In this section, we formally define binary strings with
fractional lengths using the spillover representation of [23], and present block-box operations.

4.1. Definition of fractional-length strings. Throughout the paper, let x be the fineness
parameter, which characterizes the gaps between adjacent valid lengths and determines the
space loss when doing the operations. It is an integer parameter that is specified by the
algorithm designer and will be hardwired into the preprocessing and query algorithms. In the
following, we will see that each operation introduces a redundancy of O(27*) bits; and on
the other hand, the algorithms will have to perform arithmetic operations on x-bit integers.
In our data structure construction, k£ will be set to O(lgU) = O(w), so that each operation
introduces negligible redundancy, and k-bit arithmetic operations can still be performed in
constant time.

DEFINITION 4.1 (fractional-length strings). For integers m, R such that either m = 0
and R € [1,2%), orm > 0 and R € [2%,2%"1), {0,1}™ x [R] is the set of all fractional-
length strings of dimension (m, R), denoted by FL(m, R).

For S = (M, K) € FL(m, R), we say S is a binary string of length s = m + 1g R, and

Let |S| denote the length of S. Let S|i, j| denote the sequence (substring) (S[i], ..., S[j])-
Let range[K| := R be the size of the range of K.

For any real number s > 0, s is a valid fractional length if there exists such m and R
such that s = m + 1g R.

Note that any valid fractional length s uniquely determines (m, R), since when s < k, we
have
m=0 and R =2%

when s > K,
m=|s—x| and R=2"".

We will also use FL(s) to denote FL(m, R).

Remark 4.2. Note the following facts about fractional-length strings:
e When s is an integer, by writing K in its binary representation, a binary string of
length s from Definition 4.1 is a standard binary string of s bits;
o A uniformly random string of length s has entropy exactly s;
e The length of a string may be an irrational number, but it can always be efficiently
encoded, e.g., by encoding | M| and range[K];

Since the word size is (), any O(k) consecutive bits of a string can be retrieved using
O(1) memory accesses, which suggests how a fractional-length string is accessed. Formally,
we define an access as follows.

DEFINITION 4.3 (access). Let S be a (fractional-length) string, an access to S is to
retrieve S|i, j] for j — i < O(k).

When j < |M]|, an access is to retrieve j — i + 1 bits of M. When j = | M|, it is to retrieve
7 — 4 bits and the integer K.

In the following, we show how to operate on fractional-length strings. First, one can
always convert a fractional-length string with a shorter length to one with a longer length.
Therefore, when we say an algorithm outputs a string of length at most s, we can always
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assume without loss of generality that its length is exactly the largest valid fractional length
that is at most s.

DEFINITION 4.4. An algorithm decodes a string Sy = (M1, K1) from So = (M, K>3),
where M is a (consecutive) substring of Mo, if the algorithm computes the value of K1 and
the start location of M.

After decoding S;, any further access can be performed as if Sy is stored explicitly, by only
directly accessing Ss.

PROPOSITION 4.5. Let s1, So be two valid fractional lengths such that s1 < ss. Then
given a string S; = (My, K1) of length s, it can be converted to a string Sy = (Ma, Ks)
of length so such that My is a substring of My. Moreover, given s1, s, S1 can be decoded
using O(1) time and one access to Sa.

Proof. Let s; = mq + 1g Ry and so = mo + lg Ry such that Ry, Ry € [25,2H+1). If
m1 = me, we must have Ry < Rs, by setting Ss := 87, 81 can be decoded trivially.
If m; < meo, then we append the lowest bit of K to M;: Let

My := My oQm2z—m™~1 g (K7 mod 2)

and

K2 = Kl div 2.
Thus, |[Mz| = mg, and K3 < R;/2 < 2% < R,. K can be decoded by accessing Sa[ms —
1, 77’L2]. O

4.2. Concatenation. Now we study the concatenation of fractional-length strings.

DEFINITION 4.6. An algorithm concatenates B strings Sy = (M, K1) € FL(s1), ...,
Sp = (Mg, Kpg) € FL(sp) into one single string S € FL(s), if each M; is a substring of
M, and each S; can be decoded from S.

We begin by proving there is an algorithm that concatenates two strings.

PROPOSITION 4.7. Let s1,82 > 0 be valid fractional lengths. Given two strings S1 €
FL(s1) and Sy € FL(s2), they can be concatenated into one string S of length at most
81+ s + 27512 Moreover, given the values of s1 and so, both S1 and Sy can be decoded
using constant time and one access to S.

Proof. Let Sy = (M;,Ky) and S = (M>, K5). To concatenate two strings, let us first
combine K and K> into a single integer K’ € [range[K] - range[K3]]:

K’ := K - range[K3| + Ko.

If s+ s2 < k+ 1, we simply let K = K’, and let M be the empty string. Then
lg(range[K]) = s1 + s2 < k + 1, (M, K) is the concatenation.

Next, we assume s; + s > k + 1. In this case, in the final string S = (M, K), M
will be the concatenation of M7, Mj and the lowest bits of K’. More specifically, let | M| be
|51 4 s2 4+ 2772] — &, and let range[K] be |2F+fractsits2427"") | 11 ¢ g easy to verify
that | M| + Ig(range[K]) < s1 + s2 + 2772 and range[ K] € [2%,27F1).

We set

M := M o My o (K’ mod 2/MI=IMil=[Mz2]),

where ()2 is the binary representation of x, and
K := K' div 2/MI=1M] =Mz

HRecall that frac(z) = « — |z].
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To see why K is at most range[K] — 1, we have

K < (range[K] - range[K,] — 1) div 2/MI= 1Ml =Mz

(251—\M1\+S2—\1Vf2| _ 1) div 2/M|=|My|—[Mz]

< 281+827|]\4|
< (range[K] +1)-272 "
< range[K] — 1,

where the last inequality uses the fact that 2=2 "~ < 1 — 2=#+1 and range[ K| > 2.

To decode S; and Ss, observe that S[|M;| + |Maz],|M|] encodes exactly K’. We ac-
cess S to retrieve its value, and compute K7 and K> using K; := K’ div range[K>]
and K> := K’ mod range[K3]. By our construction, M is M [0,| M| — 1] and My is
M [|Mi|, |My| + |Ma2| — 1]. Hence, we decode S; and Sz in constant time and one access to

S. ad

Using ideas similar to [7], we show that a sequence of strings can be concatenated, as
long as one can provide upper bounds 7} of s; + - - - + s, such that T, — Tj_; > s; + 27 "+2,

PROPOSITION 4.8. Let s1,...,8p > k be valid fractional lengths. Suppose there are
numbers TO, .. TB such that
. To—OandT Ti > s; +275+2;
o cach T; is of the form T, = i, + lg R;, where R; € [27,25FYY and m; > 0 are

integers; R
e for any given i, T; can be computed in O(t) time.
Then given B strings Si,...,Sp, where S; € FL(s;), they can be concatenated into one

string S of length Tg. Moreover, given any i and s;, S; can be decoded using O(t) time and
three accesses to S.

Proof. Let 5; be the largest valid fractional length such that 5; < TZ — Ti_l — 9 rt2Z
Note that 5; > s; and §; can be computed in constant time given TZ and Ti,l. We first apply
Proposition 4.5 to convert every S; to a string of length §;. By Proposition 4.5, it suffices
to decode this new string, and then apply one access to decode S;. Hence, for simplicity of
notations, we simply assume s; = §; below.

Without loss of generality, we assume B is odd, since otherwise, we could first apply the
following argument to the first B — 1 strings, then apply Proposition 4.7 to concatenate the
outcome with the last string Sp.

Let S; = (M, K;) fori = 1,..., B. To concatenate all strings, we break Sa,...,Sp
into (B — 1)/2 pairs, where the j-th pair consists of Sy; and Sa;41. We start with the first
string Sy, and append the pairs one by one. More specifically, let S©©) := S;. Suppose we
have concatenated S; and the first j — 1 pairs into SU=1) = (MU=1 KU-1) such that
|IMU-D| = Maj—1 and range[ K1) = jo,l. In particular, it has length ng,l. Now, we
show how to “append” Sy; and Saj41 to it.

To this end, we combine K»; and Ko; 1 into a single integer L;,

L; := Ky; - range[Koj 1] + Kojy1.

Thus, range[L;] = range[K»;]-range[Ks;+1], and we have range[L;] € [2%~,2252)_ Then,
we re-break L; into a pair (X, Y;), such that the product of range[X ;] and range[K V—1)] is
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close to a power of two: we set

ol T2j41)—T2j-1) —M2j—|M2j+1|J
)

range[X;] := { rango[ K0T

and %
range| L
range[Y;] := Laﬂge[X]J]-‘ .

Note that . ~
26 < |Tojia] = [Toj-1] — [Maj] = [Maj41| < 26+ 4.

To break L; into such a pair, we let Y; := L; div range[X;] and X; := L; mod range[X;].
Next, we combine KU~V and X; into an integer Z; < 2LT2i+1]= T2 1] =IMa;[=IMzjial; 1t

Z; = KU=Y .range[X;] + X;.

Finally, we let SU) := (M), K()), where
MY = MU=V 0 (Z;)2 0 Maj 0 Mo,

and
KW .=y;.
The length of M) is
IMD| = |MY™D| 4 (|Toji1] = [Toj-1] — [May| = [Majial) + |Maj| + [ Moy
= [T2j11] — &
= Mjq1.
The range of K ) has size

range[L;]

range[ K] < +1

range[X;]
range[Ko;] - range[Koj41] 41
= olTojp1)—1Toj1)—|Maj|—Maj 1] 1

range[K (7= 1]
< range[Ky,] - range[Kgj41] - range[K(j_l)]
- O Toji1]—Toj—1]—|Mzj|—|Mzj 41|

— 9sajtsajpitToj1— M| (1—27"H)=1 11

(=27t T4

72'1‘#3

< 2K+frac('f2j+1) . (1 _ 27&4»1)71 +1

S 25+frac(fgj+1)
= Raji1.
Thus, SV has length Ty; 1, and hence, the final string S := S((F~1/2) has length T'g.

Next, we show that each S; can be decoded in O(t) time and two accesses to S. If
i = 1, we compute Tl, Tg, Tg in O(t) time, and then use them to compute 51, $2, §3 (which
we assumed are equal to s1, Sg, 3 respectively). Then, range[Z;], range[X;] and |M;]| can
be computed according to their definitions. Thus, M; = M]|0, |M;| — 1], and Z; is stored in
M immediately after M;. By making one access to S, we recover the value of Z;, and hence,
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K can be computed using K1 = Z; div range[X;]. This decodes S; in O(t) time and one
access to S.

Ifi > 1,let j = |i/2], i.e., S; is in the j-th pair. We first compute ng,l, ng and ngﬂ
in O(t) time, then compute sp; and s9;41 from them. They together determine range[Z;],
range[X;] and |[MU=1)|, as well as the starting location of M;. Thus, Z; can be recovered
with one access to S. X; can be computed using X; = Z; mod range[X;]. Similarly, we
then recover Z;,1, and Y; can be computed using Y; = KU = Zj41 div range[X,11]
(if S; is in the last pair, Y; is simply K in the final string). This recovers both X; and Y.
Next, we recover L; using L; = Yj - range[X;] + X, and compute K5; and K;;1 using
Ky; = Lj div range[Ks;11] and Ky, 1 = L; mod range[Ks;41]. In particular, it recovers
the value of K, and hence, it decodes S;. O

If we can efficiently approximate every s; +- - - +s;, then the strings can be concatenated.

PROPOSITION 4.9. Let s1,...,Sp > Kk be valid fractional lengths. Suppose for any
given i, s1 + - -+ + s; can be approximated (deterministically) in O(t) time with an additive
error of at most 2="%. Then given B strings S1,...,Sp, where S; € FL(s;), they can be
concatenated into one string S of length at most

si+--+sg+(B—1).-27"

Moreover, given any i and s;, S; can be decoded using O(t) time and three accesses to S.
Proof. Suppose we can compute Si =81+ --+s 277 Wesetm; = ng + -

2753 | g, Ry = 2592 "M | and T; = i, +1g R;. Then Tj < S;+i-27"+%, and by

the fact that lg(1—¢) > —2¢ for small e € (0,1/2),T; > S; +i-27"F3 — 271 Therefore,

Ty — Ty > S; — S;q + 2753 —27~t1

Si —|— 2_K+2.

AVARLY,

Finally, by Proposition 4.8, the size of the data structure is at most TB < S 5+ B-2783 <
s1+--+sp+(B—1)-27r, 0

In particular, by storing approximations of all B prefix sums in a lookup table of size O(B)
words, each S; can be decoded in O(1) time. Note that this lookup table does not depend on
the B strings.

PROPOSITION 4.10. Let s1,...,sp > 0 be valid fractional lengths. Given B strings
S1,...,8p, where S; € FL(s;), they can be concatenated into one string S of length at
most

s1+---+sp+(B—1)27",

Moreover; there is a lookup table of size O(B) words that depends only on sy, ...,sp such
that assuming we can make random accesses to the lookup table, each S; can be decoded
using constant time and three accesses to S.

Proof. 1f all s; > k, the proposition is an immediate corollary of Proposition 4.9, as
we could simply store the approximations of all B prefix sums as well as all s;. For general
s; > 0, we group the strings so that each group has length at least .

LetS; = (M;, K;) fori = 1,..., B. We greedily divide all strings into groups: Pick the
first 77 such that s; + - - - +s;, > &, then pick the first 75 such that s;, ;1 +-- - +s;, > K, etc.
Then each group has total length at least «, possibly except for the last group. We store in the
lookup table which group each string belongs to, and the values of i1, i2, . . . Then consider a
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group consisting of S, ..., S,. We must have s, + -+ - + sp—1 < K, which means that they
can be combined into one single integer smaller than Hf’;i range[K;| < 2", e.g.,

b—1 —1
K = ZKi : H range[K].
i=a j=a

If we store H;;E range[K;] and range[K;] in the lookup table for each 7 in the group, then
K; can be recovered from K using

i1
K; = (K div H range[K;]) mod range[K;].

j=a

This concatenates all strings in the group except the last one. We then apply Proposi-
tion 4.7 to concatenate the last string in the group to it. Then we apply Proposition 4.9 to
concatenate the strings obtained from each group (except for the last group), using the lookup
table. Finally, we concatenate the string obtained from the last group to it.

Concatenating strings in each group loses at most 2~%*2 bits due to Proposition 4.7. The
length of the final string is at most s1 + - - - + sp + (B — 1)27 %", The lookup table has size
O(B) words. ad

4.3. Fusion. Next, we consider the fusion operation.

DEFINITION 4.11. Let (i,S;) = (i, (M;, K;)) be a pair in ({1} x FL(s1)) U ({2} x
FL(s2))U---U({C} xFL(s¢)). An algorithm fuses i into S; and obtains a single fractional-
length string S = (M, K), if M; is a substring of M, i can be recovered from S, and S; can
be decoded from S.

Equivalently, this is to jointly store the pair (i, S;) in one data structure. In the following,
we show that the fusion operation can be done with nearly optimal output length such that
the input can be decoded efficiently, as long as one can provide upper bounds 7; on lg(2°* +

.-+ + 2%) such that 2T+ — 2Ti-1 > 251,

PROPOSITION 4.12. Let s1,...,Sc > 0 be valid fractional lengths. Suppose there are

numbers Tl’ ..., Te such that

e 2Tv > 951 4pg 9T — 9Ti-1 > 9si fori=2,...,C;

e cach T; is of the form T, = m + lg Ri, where m, R; are integers (note that m does

not depend on 1);

o T is avalid length, i.e., n = 0 and R¢ € [1,2%), orm > 0 and R € [27,2511);

e forany given K, the largest i < C such that R; < K can be computed in O(t) time.
Then giveni € {1,...,C} and S; € FL(s;), i can be fused into S; resulting in a string S of
length Tc.. Moreover, we can recover the value of i and decode S; using O(t) time and two
accesses to S.

Proof. Let S; = (M;, K;). Clearly, we have s; < T for all i, and hence, |M;| < m.

We first extend | M;| to obtain M, which has length 77, by appending the least significant bits
of K to it. That is, let

M := M; o (K; mod 27~ 1Mily,
Next, we encode the remaining information of (¢, S;) in K, i.e., encode ¢ and the top bits of
Kil
K = Ri—l + (Kz div 2m7|Mi‘),
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where Ry is assumed to be 0. Let the final output S := (M, K). Note that we have

R;_1 + (range[K;] — 1) div om—IMil - R 4 range[K;] - oI Mi| =7

=Ry, 2% ™
=27 (2T1 4 2%)
< 2’f‘,;—fn

- R,

That is, the value of K deterlpines both 7 and K; div oM =IMil and range[ K] is at most RC.
Thus, S is a string of length T¢.

To decode i and S;, we first access S to retrieve K. Then we compute the largest i < C
such that R; < K in O(t) time. By the argument above, it recovers the value of i and
determines

(K; div 2~ IMily = K — R,
To decode S;, observe that M; = M0, | M;| — 1], and M[|M;|, m — 1] stores the value of
K; mod om—IMi| 1f 4y — |M;| < k + 1, we retrieve its value using one access, and together
with K; div 2m=IMi| it determines K;. Otherwise, since K; < 2t its value is entirely
stored in M (in its binary representation). We simply make one access to retrieve it. In both
cases, we recover the value of ¢ and decode S; in O(t) time and two accesses to S. a

Now if one can approximate every 2°! 4 - - 4+ 2% then the fusion operation can be done.

PROPOSITION 4.13. Let s1,...,8c > 0 be valid fractional lengths, where C' < 2r/2,
Suppose for any given i, 2°* + - - - 4+ 2% can be approximated (deterministically) in O(t) time
with an additive error of at most (251 + -+ +25¢) . 27573 Then giveni € {1,...,C} and
S; € FL(s;), i can be fused into S; to obtain S of length at most

lg(2%! 4 -+ 4 2%¢) 4 O - 27~ T4,

Moreover, we can recover the value of i and decode S; using O(t1g C') time and two accesses
to S.

Note that the error term is only required to be bounded by a multiple of 2°! + - - - 4 2°¢, for
every ¢. In particular, it is possible that for some (small) 7, the error term dominates the value,
making the assumption easy to satisfy (for that 7).

Proof. We compute S, such that
Si— (25 4 42%) < (20 4. 4 2%0) . 27873,

If 251 4 .-+ 4 25¢ < 2% then the error term (251 + - -+ + 25¢) . 27573 < 1/8. However,
each 2°' + --- + 2% must be an integer by definition. S; rounded to the nearest integer is
the accurate value of 2°1 4 ... + 2% . To apply Proposition 4.12, we simply set m := 0,
R, = LS’z +1/2]fori=1,...,Cand T, = ﬁlJrlgR,;. It is easy to verify that R, —Ri_1 >
25i; Te is a valid length. For any given K, by doing a binary search, the largest ¢ such that
R; < K can be found in O(t1g C) time. Thus, by Proposition 4.12, the pair (i,S;) can be
stored using space
To =1g(2 + -+ +2°¢),

and allowing O(t1g C) time for decoding.
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Next, we consider the case where 2° + - - - 4 25¢ > 2%, To apply Proposition 4.12, we
let T be the largest valid length smaller than 1g S¢ + C - 273, That is, we set

m = lgSc+C 273 — k.

Then ~ ~ s i
R = |_SC 902 . Q_mj,
and To = m + 1g1§c. For i < C, we let

Ri:=|S;-27™] + 2,

andrf’i:m+lgf~€i. ) ) )
To apply Proposition 4.12, we need to verify 27t > 251 and 27 — 271 > 2% fori > 1.
For T}, we have

ot > o™ . (§y.27™ 1 1)
Z 251 + 2ﬁL _ (281 + ... + 280) . 27K73.

On the other hand, S¢ = (251 4 --- 4+25¢) . (1 £27573) ie, 25 + ... +25¢ = S - (1 £
27%=3)~1 We have

oM (251 ... 4 250) . 27K > 0M G 97RT2 > ),
Thus, o7 > 2%, Similarly, for 1 < ¢ < C, we have
oTi _ oTin — g (Ri - Ri—l)
> 2™ (S;-27™ — G .27 1)
> 2% 4 2™ (2% 4 ... 4 2%C) 273
> 2%,

For ¢ = C, it suffices to show LSC S27M) 420 < ]:ZC. Indeed, we have

— g2 (20277 1) —20 -1
>S80-27m.C 27" . In2 — 20 — 1.

Since m + Kk < 1g5’c + 1/2, it is at least
225.C.In2—-2C—-1>0.

Since each R; can be computed in O(t) time, by doing a binary search, for any given K,
we can find the largest ¢ such that R; < K in O(t1g C) time. By Proposition 4.12, we obtain
a data structure of size

Te <lgSc+C - 2753 <1g(2% + ... +2%¢) 4 C - 27"+,

This proves the proposition. a

The decoding algorithm can take constant time if we use a lookup table of O(C') words.
Again, the lookup table does not depend on the string.
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PROPOSITION 4.14. Let s1,...,5c > 0 be valid fractional lengths. Given an integer
1€ {l,...,C} and a string S; € FL(s;), i can be fused into S; resulting in a string S of
length at most

lg(251 4 - +2%¢) 4 C - 277 F2,

Moreover, there is a lookup table of size O(C') words that depends only on s1, ..., sc such
that assuming we can make random accesses to the lookup table, the value of i can be recov-
ered and S; can be decoded using constant time and two accesses to S.

Proof. Without loss of generality, assume s; < --- < s¢, since otherwise, we simply
sort s1, ..., Sc and store the permutation in the lookup table.
To apply Proposition 4.12, if 2°t 4 ... 4 2%¢ < 27 we set

m =0,

Ri :251 _|_+297
and ﬂ =m+lg ]:Zi. Otherwise, if 2° + - .- + 2% > 27 we set

m = [lg(281 Fo420) 4O 27H+2J — &,

fori < C, let

R R !

and
Re = max {[2%7™] + ... 4 [2°¢77] 27}

Finally, let Ti =m+lg Ri. Clegrly, in both cases, we have oT > 251, oTi _ 9Ti >
2m . 2%i—m — 2% Also, we have T < 1g(2%1 + -+ - +25%¢) 4 C - 27%T2, This is because

Re < max{(2°1 +--- +2%¢).27™ 4 C 27}
= max{2“+frac<lg<2‘*1+---+2SC)+02—“‘+2)*C2“+2 +C, 2%}

< max {2 HrAC(8(2 +42°0)$02TH) () o gty 4 0 9%)

< 2n+frac(lg(251 +---+ZSC)+CZ’“+2) )

Thus, T = m + lg Re < lg(2%t + - -+ 42%¢) 4+ C - 27%%2, Also, in particular, Re < 28+t

Then, we need to show that for any given K, the largest ¢ such that R; < K can be
found in constant time. To this end, we store a predecessor search data structure for the set
{Ry,...,Rc}. Note that the set of integers {Ry, ..., Rc'} has monotone gaps. That is, the
difference between adjacent numbers is non-decreasing. Patrascu (Claim 7 in [23]) showed
that for such sets, there is a predecessor search data structure using linear space and constant
query time, i.e., there is an O(C)-sized data structure such that given an integer K, the query
algorithm can answer in constant time the largest value in the set that is at most K. This
data structure is stored in the lookup table (it only depends on sy, ..., S¢, but not the input
string). To compute the index ¢ rather than R;, we simply store another hash table using
perfect hashing in the lookup table. Hence, the lookup table has size O(C') words.

The premises of Proposition 4.12 are all satisfied. The size of S is Te < lg(2 + -+ +
25¢) 4 (C-27"*2 and i and S; can be decoded in constant time. This proves the proposition.0
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4.4. Double-ended strings. Fractional-length strings have “one of its ends” encoded
using an integer. For technical reasons, we also need the following notion of double-ended
fractional-length strings.

DEFINITION 4.15 (double-ended strings). For integers Ry, m, R; such that m > 0 and
Ry, Ry € [2%,25FY), [Ry] x {0,1}™ x [Ry] is the set of all double-ended fractional-length
strings of dimension (R, m, R;), denoted by 2-FL(Ry,, m, Ry).

For a double-ended fractional-length string S = (Ky, M, K;) € 2-FL(R},,m, R;), let

K, i=-—1,
Sli] == { M[i] i € [m],
Kt i =m.

The length of S, denoted by |S|, is defined to be m + 1g Ry, + 1g R;. Let S|i, j] denote the
substring (S[i], ..., S[j]). Let range[K}] := Ry, range[Ky] := Ry be the sizes of ranges of
K}, and K respectively.

Remark 4.16. Note the following facts:
o Unlike the (single-ended) fraction-length strings, the length of a double-ended string
does not necessarily determine range[K},], range[K;], or even |M|;
e For s > 2k, any (M, K) € FL(s) can be viewed as a double-ended string by taking
the first  bits of M as K, and letting K, be K;
e For simplicity, in this paper, we do not define double-ended strings with length
shorter than 2x.

Double-ended strings are accessed in the same way as usual fractional-length strings.

DEFINITION 4.17 (access). Let S be a double-ended string, an access to S is to retrieve
Sli, jlfor j —i < O(k).

Prefixes and suffixes of a double-ended string are defined in the natural way, as follows.

DEFINITION 4.18 (prefix/suffix). Let S = (K}, M, K;) be a double-ended string. Then
S[—1, 4] is a prefix of S for any j < |M|, S[i, |M]|] is a suffix of S for any i > —1.

Using double-ended strings, it is possible to split a double-ended fractional-length string
into two strings.

DEFINITION 4.19. An algorithm splits a double-ended fractional-length string S =
(Kp, M, K,) into two strings Sy = (K1 p, My, K1 ;) and So = (K p,, Ma, Ko 1), if
o (Kip, M) is aprefix of S,
o (Ms, Ko ) is a suffix of S, and
o Ky, Ky, together determine M [| M|, | M| — |Mz| — 1), i.e., the remaining bits of
M.

PROPOSITION 4.20. Let s = lg Ry, + m + 1g R;. Given a double-ended string S =
(Kn, M, K;) € 2-FL(Ry,, m, Ry) and s1, s2 > 3k such that s < s1+8s9—27"12, there is an
algorithm that splits S into two strings S1 = (K1 p, M1, K1) and Sy = (Ko p, M2, K2 4) of
lengths at most s1 and so respectively. Moreover, range[K; 1], range[K; ;| and |M;| can be
computed in O(1) time given Ry, m, Ry and s1, so, for i = 1,2; M [|My|, |M| — |Ma] — 1]
can be computed in O(1) time given K1 ¢, Ko p,.

Remark 4.21. Proposition 4.20 guarantees that each access to S can be implemented
using at most two accesses to S; and S,. Moreover, accessing a (short) prefix of S requires
only accessing the prefix of S; of the same length. Likewise, accessing a suffix of S requires
only accessing the suffix of Sy of the same length.
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Note that split is not the inversion function of concatenation, i.e., if we split S into &7 and
Sa, then S1 and Sp do not concatenate into S using Proposition 4.7 (the easiest way to see it
is that its length becomes strictly longer).

Proof. We first calculate the length of M; and Mo, let |M;| := |s; — lg Ry| — x and
|Ms| := |s2 —1g R¢| — k. Then let

(Kh,17M1) = S[—l, ‘M1| — 1]
be a prefix, and
(M2, K 2) := S[m — [Ma|, m]

be a suffix. The remaining task is to divide the middle m — |M; | — | M| bits of M into K; 1
and K, o.

To this end, we represent the middle bits as an integer L in the range [2™~
The sizes of ranges of K; ; and K}, » can be calculated using

\M1|—|1Wz\].

range[Ky 1] = | 251 18(Fn)— Ml |

and
range[ K}, o] = L25271g(3t)*‘A12|J.

Then let K; ; := L mod range[K, 1] and K}, o := L div range[K; 1]. Clearly, K1 €
[range[K 1]]. It suffices to show that K}, 5 is in its range:

2m—\M1\—|]\/[2|
Kh’g <

25171th,7|M1| — 1
2m7|M2|751+1g Ry,

1 _ 2—51+1g Rh+‘1\41|
257\1\/[2|75171gRt

<
- 1—-2-"
2527|M2\71g R,—2"t2
<
- 1—-2-"
_27H+2
< (range[K}LQ] + 1) . W
14+277)(1 —27r+!
< range[Kp o] - L+ 27X )
’ 1—2-+»
< range[Kp 2]
Thus, S; has at most s1 bits and Ss has at most s, bits. This proves the proposition. O

Finally, we study the extraction operation.

DEFINITION 4.22. Let sy, ...,Sc > 0. An algorithm extracts an integer ¢ from a double-
ended fractional-length string S with respect to lengths s, . . ., s¢ and obtains a pair (i, S;),
if

e ic{l,....C}

o S = (Kin, M;, K1) has length at most s;,

o (M;, K;.) is a suffix of S, and

o S[—1,m — |M;| — 1] (i.e., the rest of S) can be recovered given i and access to S;.
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PROPOSITION 4.23. Let s1,...,5¢ > 0, Ry, Ry € [2%,2° Y)Y and m > k, let s =
m+1g Ry +1g Ry, and s <1g(2°% + - - + 25¢) — C - 27"*2, Given a double-ended string
S = (Kp, M, K;) € 2-FL(Ry, m, R;), there is an algorithm that extracts i from S with
respect to $1,...,Sc and obtains (i,S;) for S; = (K; n, M;, K, ). Moreover, there is a
lookup table of size O(C)) words that depends only on s1, . .., S¢ such that assuming we can
make random access to the lookup table, S[—1,m — |M;| — 1] can be recovered in constant
time given i and access to S;. range[K; p,], range[K; ;| and |M;| does not depend on S, and
can be stored in the lookup table.

Remark 4.24. We can safely omit any ¢ with | M| — |M;| > & + 1, since removing such
s; from the list (s1,. .., s¢) (and decreasing C' by one) could only increase the upper bound
on s, 1g(2%1 4 .-+ +2%¢) — C - 27%+2, That is, the extraction algorithm may never generate
a pair with this i. Therefore, we may assume that S[—1, | M| — |M;| — 1] has length at most
O(k), taking constant time to output.

Proof. We first set K;, := K,. Then, the task becomes to encode (K}, M) using
(4, (Kip, M;)). Next, we show how to determine ¢. To this end, we divide the range of
K, into C disjoint intervals {[l;,7;) }i=1,....c, such that the i-th interval has size at most

|_2$i—m—1g RtJ )

Such division is possible, because

C C

ZLzsi—m—lg Rt’J > ZQSi—m—lg Ry _ C

i=1 i=1

2 2—m—lg R; . 23+C~27“+2 -C

> 2s—m—lg R;: | (20-27"*2 —C- 2—&)
>Ry-(1+C-27" —C.27%)
> Ry.

Fix one such division, e.g., the ¢-th interval is from
l; == |~251*m71gRt—J Foet Lzsi_lfmqutJ

to
ri= LQSlfmflg RtJ T |_23i7m71g Rtj

excluding the right endpoint. We store all endpoints /;, 7; in the lookup table, taking O(C')
space.
Now, find 4 such that K, € [l;,r;). Then compute |M;| = |s; — g R:| — &, and let

M; == M[m — |M;|,m — 1].
Finally, we view the first mm — | M;] bits of M as a nonnegative integer Z € [2™~1M:l] and let
Kip=2m" Ml (K, — 1) + Z.
Observe that K; j, < |2f+frac(si=le Bo) | ‘pecause

Ki,h < 2m—|]V[i\ . (ri — ll>
< gm—(lsi—lg R:|—r)  9si—m—lg Ry
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_ 2n+frac(si —lg R¢)

Thus, the length of S; = (K », M;, K; 1) is at most
lg(range[K; n]) + | M;| + lg(range[K; ¢]) < si.
We also store the sizes of S; for every i in the lookup table.

It is clear that (M;, K, ;) is a suffix of S. Given ¢ and Kj j,, we retrieve [; and M; from
the lookup table. Then S[—1] = K}, can be recovered using

Ky = l; + K, j, div 2m~ 1Ml
Also, Z can be recovered using
Z = K; , mod 2~ IMil,

which determines S[0, m — |M;| — 1]. This proves the proposition. a
5. Applications of Fractional-length Strings.

5.1. Overview of Patrascu’s rank data structure. In this subsection, we summarize
how Pétrascu’s rank data structure [23] works, which has important ideas to be used in our
data structure. We will “rephrase” this data structure using fractional-length strings, which is
a non-trivial simplification.

Given a set S C [U] of size n, the rank data structure preprocesses it into ~= lg (g)
bits, such that for any given query z, the number of elements in .S that are at most = can
be computed in O(lgU) time (recall that U and n are given ahead of time, hence, both
the preprocessing algorithm and the query algorithm know their values). For simplicity, we
assume that the query algorithm is allowed to access lookup tables that depend only on U
and n. The idea is to recursively construct data structures for smaller universes, and then
merge them using concatenation and fusion. Suppose .S has ¢ elements in [U/2], the first half
of the universe, and it has n — ¢ elements in the second half. We first recursively construct
(fractional-length) data structures for both halves, using space ~ lg (UZ/ 2) and =~ lg (gﬁ 21)
respectively. Next, we concatenate two data structures using Proposition 4.10, and obtain one

single data structure S;, which has length ~ lg ((U./ 2) (U/ %)) Note that the data structure

S; encodes an input set .S with exactly ¢ elements in the first half (and n — 4 in the second
half), assuming the value of ¢ is known. Finally, we fuse 7 into S;, and obtain one single data
structure S. Proposition 4.14 guarantees that S has length roughly

(S e (3 () (7)) e ()
bits.

This recursion terminates at sets of size n = 0 or n = U, in which case there is nothing
to store (again n does not need encoding, so it is clear which case we are in). The propositions
guarantee that both concatenation and fusion are implemented such that each operation only
causes an overhead of no more than O(1/U?) bits, by setting x = 31gU. Therefore, the
overall space is no more than lg (Z) +O(1/U). For the final (fractional-length) data structure
(M, K), we simply write K in its binary representation and append it to M. This gives us an
integral-length data structure using at most [lg (Z)] + 1 bits.
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It is then straightforward to answer a rank query on this data structure. Given a query =z,
we first recover the value of ¢, and decode S; (again, decoding S; does not mean reconstruct-
ing it). Then we further decode S; into the two data structures for the two halves. This can be
done in constant time using a lookup table. Next, if z < U/2, we recurse into the first half.
If © > U/2, we recurse into the second half (and add ¢ to the final answer). Since each time
U decreases by a factor of two, the query time is O(1gU).

In [23], it is also shown that when U is small, we can do a B-way divide-and-conquer,
as long as BlgU < O(w) (recall that w is the word size). Therefore when U < wl®) | we
can afford to set B = w'/? and have only constant depth of recursion (rather than O(1g U)).
This gives us a rank data structure with constant query time for small U. As we will see
in Section 8.1, we show that it is possible to further improve this result, and we design a
constant-query-time data structure when only 7 is bounded by w®™) (and U could be still as
large as 29(®)). This will be the starting point of our new data structure.

5.2. Overview of data interpretation. Now, we give a high-level description on de-
signing a data interpretation algorithm, i.e., converting a (fractional-length) string to a set.
The idea is similar to the rank data structure described in the previous subsection, with all
steps done in the opposite direction.

Given a string D of length ~ lg (7‘2)’ to interpret it as a set of size m, we first extract an
integer ¢ from D such that i € {0,...,m} and D; has length s; ~ Ig (V{Q) (x/j) Then we
split D; of length s; into two substrings D, and Dj, of lengths ~ lg (VZ/ 2) and ~ lg (n‘l 2¢)
respectively. The integer ¢ will represent the number of keys in the first half of the universe,
and m — i is the number of keys in the second half. We recursively construct sets S, .S, C
[V/2] from D, and Dj, of sizes i and m —i respectively. Then the final set S is S, U(V/2+53).

To access w consecutive bits of D given a rankg(-) oracle, we first ask the oracle
rankg(V/2), i.e., the number of keys in the first half. This determines the value of i, and
hence the lengths of D, and Dy, which in turn determines whether the w consecutive bits are
entirely in D, or entirely in Dy, or split across the two substrings. If it is entirely contained
in one substring, we simply recurse into the corresponding half of the universe. On the other
hand, it is possible to show that splitting across the two substrings does not happen more than
once, and when it happens, we recurse into both halves. The recursion has depth O(lg V),
and so is the query time. The formal argument can be found in Section 8.2.

5.3. Storing a sequence. The following lemma by Dodis, Pétragcu and Thorup [7]
shows that a sequence in [0]™ can be stored using almost optimal space such that each sym-
bol can be retrieved in constant time. Their construction requires a lookup table of ©(lgn)
words. Here, we show that using fractional-length strings, the lookup table can be made more
explicit, i.e., knowing o* for all i = O(w/lgo). When o = 2°(*) it completely removes
the lookup table.

LEMMA 5.1 (see also [7]). Fix integer k = O(w). There is an algorithm that pre-
processes a given sequence (Z1,...,Ty) € [0]™ for o < 2% into a data structure of length
at most nlgo + (n — 1)2’”*5, such that given any i, x; can be retrieved in constant time,
assuming the query algorithm knows o' for all i < 2k/1g 0.

Proof. Letb = [2k/lgo]. We partition the sequence into n/b chunks of b symbols each,
then combine each chunk into one single character in [o°] (if n is not a multiple of b, then the
last group will have between b+ 1 and 2b — 1 symbols). Since o® = 20(%) = 20(®) ‘each x;
can be decoded in constant time given the character and o*. Then compute m = |lgo®| — &
and R = [o® - 27™], and view each character in [¢”] as a data structure of size m + lg R.
Note that m +1g R —blgo < lg(a? +2™) —blgo < 1g(1+27%) < 27+ Then we apply
Proposition 4.9 to concatenate all n/b data structures. Since m and R can both be computed
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in constant time, m + lg R can be approximated in constant time, hence Proposition 4.9
guarantees that there is a data structure of size

(m+I1gR) - (n/b) + (n/b—1)- 27" <nlgo + (n—1) - 277

supporting symbol retrieval in constant time. This proves the lemma. a

6. Reductions to Perfect Hashing. In this section, we show how to design a succinct
dictionary and compress a low entropy sequence with local decodability using the 2-PHM
data structure in Theorem 1.3.

6.1. Succinct dictionary. Assuming Theorem 1.3, we can prove Theorem 1.1 using
Lemma 5.1.

Proof of Theorem 1.1. To store a set of n key-value pairs for keys in [U] and values
in [o], we first apply Theorem 1.3 on the set of keys. It produces a data structure of size
lg ((7{) + polylgn 4+ O(lglg U) bits, which determines a 2-PHM 2-hq. In particular, 2-hq
restricted to the n keys can be viewed as a bijection h between the keys and [n]. Next, we
apply Lemma 5.1 to store the values. Specifically, we construct the sequence (v1,...,v,)
such that if (x, ) is an input key-value pair, then Un(z)+1 = u. This sequence can be stored
in space nlg o + O(1) by Lemma 5.1. Hence, the total space of the data structure is

lg (Z> +nlgo +polylgn + O(lglgU) = OPT + polylgn + O(1glg V),

as claimed in the theorem statement.

To answer a query valRet(x), we first query the perfect hashing data structure. If =
is not a key, we return L. Otherwise, we retrieve and return the (h(x) + 1)-th value in the
sequence. The total query time is constant in expectation. This proves the theorem. 0

6.2. Compression to zeroth order entropy with local decodability. Next, we prove
Theorem 1.4 assuming Theorem 1.3.

Proof of Theorem 1.4. Given a sequence (z1,...,T,) € X" such that each o € 3 ap-
pears f, times, we construct a data structure recursively on .. We first arbitrarily partition
Y into X3 U 35 such that [¥1] = [|X|/2] and || = [|X]/2]. For any set I' C ¥, define
Sr :={i € [n] : & € I'}. Then we apply Theorem 1.3 to construct a 2-PHM for Sy, , which
uses space

1(”)+011 1( n! >+011
n= —_— n,
E\ISs,|) POV T B S Sw, ) T POV

and defines a bijection h that maps all coordinates in Sy, to [|Sx, |], and a bijection A that
maps all Sy, to [|Sx,|]. We recursively construct a data structure for ¥; over h(Sy, ), and a
data structure for X5 over h(| Sy, |).

In general, each node in the recursion tree corresponds to a subset I" of the alphabet such
that I'y and I'y are the subsets corresponding to the left and the right child respectively. In
this node, we store

e the size of subset of its left child |T;],
o the perfect hashing data structure for St,,
e two pointers to the data structures in its left and its right children.
For I of size one, we store nothing. Thus, we obtain a final data structure of size

n!
lg () + |3 - poly lgn.
Fofol) T
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To answer a query 4, we first retrieve the size of ¥; and query if ¢ € Sy,. If i € Sy,
we go to the left child and recursively query h(i). If ¢ ¢ Sy, we go to the right child and
recursively query h(i). Finally, when the current subset |T'| = 1, we return the only element
in I'. Since in each level of the recursion, the perfect hashing data structure takes constant
query time in expectation, and the size of I' reduces by a factor two, the total query time is
O(lg|X]) in expectation. This proves the theorem. d

7. Perfect Hashing for Medium-Sized Sets. In this section, we present the 2-PHM
data structure when the number of keys n is neither too large nor too small, focusing on the
case where n > UY/12 and n < U — U'/'2, Generalizing to all n involves fewer new ideas,
and we defer the proof of the main theorem to Section 9.

7.1. Block pairs. As we mentioned in Section 2.2, to construct a 2-PHM for input set
S, we partition the universe [U] into pairs of blocks. For each pair, we construct a main data
structure and an auxiliary data structure, such that the main data structure contains “most” of
the information in the block and has fixed length, and the auxiliary data structure stores the
remaining information (which unavoidably has variable length). Finally, we concatenate all
data structures for all blocks.

Below is our main technical lemma, which constructs such two (fractional-length) data
structures for a pair of blocks of sizes V' and V.. Roughly speaking, given a set S of size
between £2¢73 + k¢/3 and 273 + 2k°/3 in the block [V], and a set Ssec of size O(kT!) in
the second block V + [Vi.c], we can preprocess them into two data structures Dipain and Daux
using a randomized algorithm such that the two data structures together define a 2-PHM 2-hq
for S'U Ssec. The total size of the two data structures is very close to the optimal space:

\%4 Vs
Dmain + Daux ~ 1 ( ) + 1 ( > )7
Prainl P e 1)) 18 {5,

while |Diain| does not depend on the actual set sizes |\S], | Ssec|. Moreover, a query algorithm
can access only Dpain and output 2-hq(z) in O(1) time without knowing |S|, |Ssec|, for
“most” queries = € [V]; otherwise, it outputs “unknown”. All “unknown” queries in [V] and
the queries in V' + [Vio.] can be answered in xO() time by accessing both data structures.
LEMMA 7.1 (main technical lemma). Let k be the fineness parameter for fractional-

length strings, and c be a constant positive integer. Let V € [2k%¢73, 2“/2] and Vyee > 4k°T1
For any constant € > 0, there is a preprocessing algorithm perfHashB1k, query algorithms
qalgBlk, .., qalgBlk and lookup tables tableBlky v . of size O(2°%). Given

e aset S C [V]suchthat m = |S| € [x273 + k¢/3, K273 + 2k¢/3],

o aset Ssec TV + [Viee) and mgee := |Ssec| € [kETL, 3511,

o a random string R of k°t! bits,
perfHashBlk preprocesses S and Ssec into a pair of two (fractional-length) data structures
Dinain and Daux, such that

(i) Dmain has length at most

lg < Vv > + /{2073 . 27&/2*‘1’1;

HQ(:—S’ KC

(ii) Daux has length at most

le (V) g <Vsec) _ lg< 2CY3 C) 4 getlgR/242,
m Msec K s K

(iii) Dinain and D,y together define a bijection h between

SUSsec and [m+ mgec),
27



and a bijection h between
[V + Vsec] \ (S U Ssec) and [(V + ‘/sec) - (m + msec)]v

such that h(S) D [k2¢73] and h([V]\ S) D [V — k273 — k°); let
2_hq($> = (O’ E(x)) l\f‘x 6 S U SSeC)'
(L, h(z)) ifx & SU S

(iv) given any x € [V], qalgBlk .. (V,z) outputs 2-hq(x) when x € S and h(zx) €
[k2¢73], or when x ¢ S and h(x) € [V — k2°73 — k°), otherwise it outputs “unknown”;
moreover, it only accesses Diain, R and the lookup table tableBlky v, , and it runs
in constant time in the worst case;

(v) for any x € [V, the probability that qalgBlk
O(k~°T3) over the randomness of R;

(vi) given any x € [V + Viee], qalgBlk(V, m, Viee, Msec, ) computes 2-hq(z); it accesses

Dmain» Daux, R and the lookup table tableBlky v, ., and it runs in O(H4) time.

sec’

(V, ) outputs “unknown” is at most

main

Remark 7.2. The size of Dyyain is close to the optimum, as qalgBlk .. has to identify
a set of k2¢73 keys and V — k273 — k° non-keys by only accessing Dyain, Which takes

exactly lg (Hzc,gy_vﬁgc,s_ﬁc) =lg (RQCYS’KC) bits.

The proof of the lemma is deferred to Section 8.

7.2. Basic setup. The rest of this entire section is devoted to the construction of the
2-PHM for UY/1?2 < n < U — UY12, assuming Lemma 7.1. Formally, we will prove the
following theorem (recall that OPTy,,, = lg (V) is the information theoretical optimal
space for storing m keys over [V]).

THEOREM 7.3. For any constant € > 0 and constant integer ¢ > 0, there is a prepro-
cessing algorithm perfHash, a query algorithm qAlg and lookup tables tabley ,, of size n¢,
such that given

e aset S of n keys over the key space [U), where n > UY'2 andn < U —UY12
e a uniformly random string R of length O(1g°t! n),
perfHash preprocesses S into a data structure D of (worst-case) length

[OPTy, + U],

such that D defines 2-hq, a 2-PHM for S. Given access to D, R and tabley y, for any key
x € [U], qAlg(U, n, x) outputs 2-hq(x) on a RAM with word size w = Q(1gU), in time

e O(1) with probability 1 — O(1g”“"* U) and

e O(Ig" U) in worst case,
where the probability is taken over the randomness in R. In particular, the query time is
constant in expectation and with high probability by setting ¢ = 11.

Remark 74. When n < U'/'2 we could use a hash function to map the keys to n2
buckets with no collisions. We could apply this theorem with the new key space being all
buckets, and the keys being the non-empty buckets. By further storing for each non-empty
bucket, the key within it (using Lemma 5.1), it extends the membership query to n < U'/12,
using O(lgn + 1glg U) extra bits. We will see a more generic approach in Section 9 (which
works for perfect hashing and improves the 1g1g U term).

Without loss of generality we may assume n < U/2, since otherwise we could simply
take the complement of S (note that this assumption can only be made for the problem of
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Theorem 7.3, but not for the general dictionary problem). Let x := [41g U] be the fineness
parameter, and ¢ be a (large) constant positive integer to be specified later. We partition
the universe [U] into pairs of blocks. Each block pair consists of a larger primary block
containing roughly x2¢~3 + xk¢/2 keys, and a smaller secondary block containing roughly
2kt keys. Formally, let

Vpri = \‘(KQC_:K ZHC/Q)UJ )

Vsec _ \‘QKC-HUJ

n

and Vi, = Vjii + Viec. Every primary block has size V5 and every secondary block has size
Visec. Every block pair has size Vj,). For simplicity, let us first consider the case where U is a
multiple of V4, and U = V1 - Np,;. We will show how to handle general U later.
Thus, we partition U into Ny block pairs in the natural way, where the i-th primary
block
Blii={zecU:(i-DVi<z<Vos+(i—1)V}

pri
and the ¢-th secondary block
Béec = {CB S [U] : Vpri + (Z — ].)Vb] <z < iVbl}.
We call the i-th block pair good, if the numbers of keys in the primary and secondary
blocks are close to the average:

SN Béri| € [K%73 + Kk°/3, k%73 + 2k°/3],

and '
SN BL.| € [T, 3k

sec

The pair is bad if the number of keys in at least one of the two blocks is outside the prescribed
range.

In Section 7.3, we show that we can construct a data structure for inputs .S with no bad
blocks. The goal is to design a data structure using space close to OPT y, v;, »- Then in
Section 7.4, we handle inputs with at least one bad block. Finally, we put together the two
cases and handle general U (not necessarily a multiple of V4,1) in Section 7.5.

7.3. No bad block pair. We prove the following lemma in this subsection.

LEMMA 7.5. If U is a multiple of Vy,, then there is a data structure with the guarantees
as in Theorem 7.3, for all sets S with no bad block pair. Moreover, the size of the data
structure is

OPTy, 4+ n-27%/22,

Proof. As a preparatory step in the preprocessing (i.e. the construction of the data struc-
ture), we take the last O(lg U) bits of the random bits R, interpret them as a (random) number
A € [U], and shift the entire universe according to A, i.e., z — (2 + A) mod U. This shift
is applied to input .S, and will be applied to the queries too (which guarantees that the query
is in a primary block with good probability).

The preprocessing algorithm is based on recursion. The following preprocessing algo-
rithm dict_prep_rec preprocesses S restricted to the i-th to j-th blocks B¢ ., Bi., ..., B’

pri’> ~'sec> * pri?
J
Bscc’

and outputs j — 7 + 2 data structures D? ... ,Dj and D,ux. We will inductively
prove upper bounds on the sizes of the data structures: the length of each D? . is at most

main’ main
main

Vri _ _
(7.1) SIZEain = lg ( ) PS ) 4 239 n/2+1,
K2, KC
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and the length of D, generated from ¢, . .., j-th block pair is at most
(7.2) OPT(j_is1)vm — (J — i + 1)STZEmain + (m — 1)27 /22,

where m is the number of keys in blocks ¢ to j. In the base case with only one block pair, we
simply apply Lemma 7.1.

preprocessing algorithm dict_prep_rec(s, j,m, S, R):
1. ifi=j
2. let Spri € S be the set of keys in the i-th primary block
3 let Ssec C S be the set of keys in the i-th secondary block
4. mpy = |Spri| and mgec 1= |Ssec|
5 (D! in> Dhux) = perfHashB1k(Vpri, Mpri, Vsec, Msec, Spris Ssec, R)
(from Lemma 7.1)
6. apply Proposition 4.14 to fuse my,; into Da’mx, and obtain Daux
7. return (D Daux)

main’

(to be cont’d)

CLAIM 7.6. Ifi = j,
(m —1)-27K/2+2,

To prove the claim, note that the premises of Lemma 7.1 are satisfied: since 2n < U, Vj,;; >
26273 and Vi < U < 2%/2; Viee > 4k°T1; by assumption, every primary block has
between k2°73 + k¢/3 and k2~3 + 2k°/3 keys, and every secondary block has between
Kkt and 3kcT! keys. Therefore, by Lemma 7.1, the size of D? is at most SIZE ,4in, and

main

Di .| < SIZEpain and |Danx| < OPTv,, 1 — SIZEjpain +

the size of D/, is at most
Vi V. )
lg ( p“) +1g ( see ) — SIZEpain + k2673 - 271/242,
Mpri ™M — Mpri
By fusing the value of my,; € {0,...,m} into the data structure, the size of Dy, is at most

OPTVbl’m — SIZEmain —+ (m — 1) . 2-/€/2-‘,—27

Mpri/ \M—"Mpri m

due to the fact that -, lg ((VP“ )(,, Yo )) =1g (") = OPTy,, ,n and m > k273 +
kT D . and D,y both have sizes as claimed in (7.1) and (7.2). Also, note that we give
the same random string R to all block pairs. Thus, the total number of random bits needed is
k¢*t1 by Lemma 7.1.

Next, when 7 < j, the set of block pairs is split evenly, the algorithm is applied to both
parts recursively, and for the result, the lists of the main structures are simply written one
after the other, the auxiliary structures are merged into one (by concatenation).

8. k= [(i+4)/2]
9. let m1 be the number of keys in the -th, . . ., k-th block pair
10. let m2 be the number of keys in the (k + 1)-th, . . ., j-th block pair
11. recurse on the two halves:
(Dl rains - - - s Dinains Daux,1) := dict_prep_rec(i, k,m1,S,R)
(Dykn-;iln’ oy D i Daux,2) = dict_prep.rec(k + 1,5, m2, S, R)
12. apply Proposition 4.9 to concatenate Dayx,1 and Dayx,2, and obtain D;ux
13. apply Proposition 4.13 to fuse the value of m1 into D/, for mq € {0, ..., m}, and obtain
Daux

14. return (D? DI Daux)

main’ "’ T main’

CLAIM 7.7. We have |D! . | < SIZEpyain for all i, and

main

|Daux| < OPT(j—i+1)Vb1,m — SIZEpain + (j —i+ 1)(m - 1) ! 27K/2+2'
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We have already shown that each |D? . | < SIZE,4i, above. To prove the bound on |D, |,

main

by inductive hypothesis, we know that D,,«,1 has size at most
OPT(,— it 1)viymy — (k — i+ 1)SIZEmain + (mq — 1)27%/2+2
and D,y 2 has size at most
OPT(; kyviyms — (J — k)SIZEmain + (mo — 1)277/2F2,

To apply Proposition 4.9 in line 12, we need to approximate the data structure sizes. The
following claim implies that the premises can be satisfied.

CLAIM 7.8. Both 51 := OPT (;,_; 1 1)vi,,m, — (k— 14 1)SIZEmain + (m1 — 1)2-r/2+2
and sy :== OPT (;_)vi,.my, — (J — k)SIZEmain + (M2 — 1)27%/2%2 can be approximated
with an additive error of at most 27" in O(1) time.

Assuming Claim 7.8, Proposition 4.9 concatenates Dy,x,1 and Dy, 2 into a data structure
D! ... of length at most

aux

/

Saux,my T OPT(k7i+l)Vbl;ml + OPT(j*k)Vbhm*ml
— (j — i + 1)STZEmain 4 (m — 2)27F/242 4 o=r+d
The following claim implies that the premises of Proposition 4.13 from line 13 can be satis-
fied, because —(j — i + 1)SIZEmain + (m — 2)27%/2+2 4 27544 does not depend on m,
and can be computed efficiently.
CLAIM 7.9. Forany V1,Vo,m >0, and 0 <1 < m,

l
§ QOPTvl,i+OPTVQ,m—i

i=0

can be approximated up to an additive error of at most 2773 . Z;T;o Q0PTv, i+ OPTvy,m—
in O(k®) time.

The proofs of both claims are deferred to Appendix A. Assuming Claim 7.9, Proposition 4.13
fuses my into D.,,.., and obtains D, of length at most

aux?

m
Ig ( 2 2) + (m 4 1) 27

mi =0

m
< lg< E ZOPT(ki+1>Vb1«m1+OPT<J’k)Vbl«mm1>

m1:0
— (j — i + 1)STZEain + (m — 2)277/242 L o7r+4 L (4 1) . 271 H4
<OPT(;_i1yvipm — (j — i+ 1)SIZEmain + (m — 1)27 /22,
This proves Claim 7.7.
Thus, by induction, dict_prep_rec outputs D} ... ,DN b of length SIZE, ., and

Daux of length
OPTNmel,n — Np1 - SIZEain + (n — 1)2_K/2+2.

Finally, we apply Proposition 4.9 again to concatenate all Ny, + 1 data structures. By
storing approximations of sizes of D! . and D,,x in the lookup table, we obtain a data
structure of length at most

Ny - SIZEain + (OPTNmelm — Ny1 - SIZEain + (’Il — 1)27K/2+2) + Ny - 27H+3
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< OPTNMVM,” +n- 9 K/242

This proves the space bound in Lemma 7.5. Next, we define 2-hq and show that it can be
evaluated in constant time in expectation.
2-PHM. Let h; and h; be the bijections obtained by Lemma 7.1 for blocks B}, ; and 13

We define the bijections h and h as follows:
o forkey x € SN (B! UBL,),if hi(z) < k%73, let h(z) == (i — 1)k%°73 + hi(x),

pri sec ) ]
otherwise, let h(z) := (Np1 — ) - A D DI \(Bjmi UBL.)NS|+ hi(z);
o fornon-key z ¢ S, if hi(2) < Vi — 5272 — k% let h(x) := (i —1)(Vprs — 7272 —
KS) + hi(z), ~ ‘ 4 ~
otherwise, let () := (Npi—i)-(Vori =R k)43, [(B);UBLe)\S|+hi(x).

Essentially, the smallest hash values will be those with h;(z) < £2°73 or h;(x) < Vpyi —
k2¢73 — k¢, ordered according to i and h;(z) or h;(x). Then the rest take larger values ordered
according to i and h;(z) or h;(x) (note that h(x) and h(z) depend on the number of keys in
the first © — 1 block pairs, which will be recovered by the query algorithm from D,,y). By
definition, they are both bijections. Finally, let

0,h(x)) ifxes,
SRS (CNIC)
(1,h(x)) ifxé¢S.
Lookup tables. We store the following information in the lookup table.
lookup table tbl:
1. tableBlkVp,i,Vsec from Lemma 7.1
2. the lookup table for line 6 from Proposition 4.14 for all valid values mp,; and msec
3. approximated value of SIZE i, and the (final) size of Daux, up to O(k) bits of precision
By Lemma 7.1, the lookup table size is 2¢*. Since x = O(IgU) and n > U'/12, by readjust-
ing the constant ¢, the lookup table size is at most n°.
Query algorithm. Now, we show how to answer 2-hq queries. Given a query z € [U],
we first shift it according to A, as we did at preprocessing,  +— (z + A) mod U. If x
is in a primary block, we query the corresponding main data structure. If the main data
structure does not return the answer, or x is not in a primary block, we recursively decode the
corresponding auxiliary data structure, and run qalgBlk.

query algorithm qalgG(U, n, z):
1. if  is in the ¢-th primary block
2 apply Proposition 4.9 to decode Dy .\
3. if (b,v) := D}, ,in-9218B1K, i (Viri, ) # “unknown” (from Lemma 7.1)
4 if b= 1,return (1, (i — 1)x%¢73 4+ v)
5. if b =0, return (0, (i — 1)(Vpyi — k2¢73 — K€) +v)
6. decode Daux and return Daux.qalg-rec(1l, Ny, 0,n,x)

12

Since Viyi/Vaee = O(k°~*) and we randomly shifted the universe, x is in a primary block
with probability 1 — O(k~¢**). Also, by Lemma 7.1, qalgBlk, . runs in constant time.
It returns “unknown” with probability at most O(x~“*3) for a uniformly random R, and
returns 2-hq(z) otherwise. Therefore, the probability that qalgG terminates before reaching
the last line is 1 — O(k~¢*). Since k = O(lgU), it computes 2-hq(x) in constant time with
probability 1 — O(lg~“™ U).
Next, we show how to implement qalg rec(i, j, s, m, x), which takes as parameters

e (i,7): arange of blocks,

e s: the total number of keys before block 7,

e m, the total number of keys in blocks i to 7, and

e 1z, the element being queried.
We will prove that its worst-case running time is O(lg’ U).

32



query algorithm qalg rec(i, j, s, m, x):
1. ifi=j
2. apply Proposition 4.14 to decode mpyi and D},
3. (b,v) == (D! ain> Dhux)-9218BIk(Vpri, Mpri, Vsee, m — Mmpri, € — (1 — 1)(Viri +
‘/sec))

(from Lemma 7.1)
4. ifb=1,return (1,(Np — i) - 62673 + s+ v)
5. ifb=0,return (0, (Np — i) - (Vpri — 62673 — ) + ((i — 1) - Vi — 5) + )

(to be cont’d)

In the base case with only one block, we simply decode the value of my,; as well as the
corresponding D/, from the i-th block pair. By running qalgBlk from Lemma 7.1 to query
within the block pair, we compute 2-hq(x) according to its definition in O(x*) time.
6. k:=|(i+3)/2]

7. apply Proposition 4.13 and Claim 7.9 to decode m1 and D},

8. apply Proposition 4.9 and Claim 7.8 to decode Daux,1 and Daux,2

9. if x isin ¢-th, ..., k-th block pair
10.  return Daux,1.92lg-rec(i, k, s,m1, )
11. else
12.  return Daux,2.9alg-rec(k + 1,4, s +mi,m — my,x)
In general, we decode m1, the number of elements in the first half of the blocks. Then we
decode the data structures for the two halves. Depending on where the query is, we recurse
into one of the two data structures. Proposition 4.9, Proposition 4.13, Claim 7.8 and Claim 7.9
guarantee that the decoding takes O(x) time. The recursion has at most O(Ign) < « levels.
Thus, the total running time of qalg rec is at most O(x7). This proves the claim on the
query time, and hence, it proves Lemma 7.5. 0

7.4. At least one bad block pair. Now, let us show how to handle sets with at least one
bad block. We will show that the space usage for such sets is OP Ty, — Q(x3).

LEMMA 7.10. IfU is a multiple of Vi), then there is a data structure with guarantees as
in Theorem 7.3, for all sets with at least one bad block pair. Moreover, the size of the data
Structure is at most

OPTy,, — Qx%).

Note that storing all such sets using less than OPTy;,, space is possible, because by a Cher-

noff bound, at most 2~°(**) fraction of the sets have at least one bad block pair. The optimal
space for this case is only OP Ty, — Q(k3).

Proof. The first [lg Ny, | bits are used to encode the number of bad block pairs Ny,q. It
turns out that the fraction of input sets with Ny,q bad pairs is 9= N bad) 3 we mentioned
in Section 2.1. By the argument there, we can afford to use O(K3Nbad) extra bits.

The idea is to construct a mapping which maps all good block pairs to the first Ny — Npaq
pairs, construct a data structure using the above algorithm for good blocks, and finally handle
the bad pairs separately.

To construct such a mapping, observe that the following two numbers are equal:

(a) the number of good pairs among the last Ny,q pairs, and

(b) the number of bad pairs among the first Ny} — Ny ,q pairs.

Hence, in the mapping, we map all the good pairs among the last Ny,,q to all bad pairs
among the first Ny, — Ny,q. The good pairs in the first Ny,) — Np,q pairs will be mapped to
themselves. To store such a mapping, we spend O(Npaq - lg Vi) bits to store a hash table
of all the bad pairs using the FKS hashing. Then we spend O (Nyaq - 1g Vy,)) bits to store for
each pair in the last NVy,,q pairs, whether it is a good pair and if it is, which bad pair it will be
mapped to. The mapping takes O(Npaq - 1g Ny,1) bits to store in total (which is much smaller
than k3 Np,q). It takes constant time to evaluate.
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This mapping maps all good pairs to the first Ny} — Npaq pairs. Then we apply pre-
processing algorithm dict_prep_rec from Lemma 7.5 for good pairs to construct a data
structure using

OPT(Nblbead)Vbl,n*nbad + (n - nbad) ’ 2_H/2+2 < ’VOPT(Nbl*Nbad)‘/bl’n*nbad—l +1

bits, where np,q is the number of keys in the bad block pairs.

Next, the preprocessing algorithm constructs data structures for the bad pairs. Consider
a bad pair with my,; keys in the primary block and m.. keys in the secondary block. Thus,
either mpy & [k2°73 + k¢/3, K273 + 2k/3], of Mgee ¢ [K°TT, 36°T1]. We construct two
separate data structures, one for the primary block and one for secondary block (note that it
might be the case that the number of keys in the primary block is within the above range, but
the block pair is bad due to the secondary block, or vice versa, we still construct two separate
data structures for both of them using the following argument). It turns out that if the number
of keys in the block is at most k°(1), then there is a data structure using only O(1) extra bits,
answering queries in constant time.

LEMMA 7.11. Let ¢ be any constant positive integer and € be any positive constant.
There is a preprocessing algorithm perfHashS, query algorithm qalgS and lookup tables
tableSy.,, of sizes O(2°%), such that for any V < 2%/% and m < k¢, given a set S C [V] of
m keys, perfHashS preprocesses S into a data structure of size at most

OPTy,, + (m —1)-27%/2+

such that it defines a bijection h between S and [m) and a bijection h between [V]\ S and
[V —m]. Given any x € [V], qalgS answers 2-hq(x) in constant time, by accessing the data
structure and tableSy .

In particular, the size is at most OP Ty, + O(1). The lemma is an immediate corollary of
Lemma 8.1 in Section 8.1 (see Remark 8.2).

On the other hand, sets that have a block with more than x3¢ keys are even more rare.
By a Chernoff bound, we can estimate that the fraction of sets with at least one block with
m > k3¢ keys is at most 2~ (" 18™) This suggests that for every (bad) block with m > x3¢
keys, we can afford to spend O(m 1gm) extra bits. A simple modification to [21] gives such
a data structure.

LEMMA 7.12. Given a set S C [V] of m keys, there is a data structure of size
OPTy,, + O(m+1glgV),

such that it defines a bijection h between S and [m) and a bijection h between [V]\ S and
[V — m)]. It supports 2-hq queries in constant time.

Note that Iglg V' < Ig x, and m > x3¢. The number of extra bits is simply O(m). We prove
this lemma in Appendix B.

For each bad block pair, we write down the two numbers my,,; and mgec using O(lgn)
bits. Then if mp,; < k3¢, we apply Lemma 7.11, and obtain a data structure with

OPTy, +0(1)

riyMpri
bits. If mp > £3¢, we apply Lemma 7.12, and obtain a data structure with

OPTy,

pris

Mpri +0 (mpri)
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bits. Likewise for the secondary block, we obtain a data structure with

OPT,, +0(1)

ecsMsec

bits if meec < £3¢, and
OPT,

secH

Meee T O(Msec)

bits if Mmgec > K3°.

Finally, we concatenate all data structures for bad pairs (which all have integer lengths).
For each bad pair, we further store a pointer pointing to its corresponding data structure, as
well as the total number of keys in all bad blocks prior to it (which helps us compute the hash
values).

Space usage. Let us first bound the space usage for the data structures for a bad block
pair. Consider the -th bad block pair, suppose it has m,;; keys in the primary block and
Mgec,i keys in the secondary block. Then note that we have

lg < Vpri > _ lg Vpri~
Mopri,i mpri,i!(vpri - mpri,i)!

which by Stirling’s formula, is at most

Vpri — Mpri,i

Vori Mprii
g Vpri lg z - mpri,i lg pT - (Vpri - mpri,i) lg + O(lg Vpri)

(73) = Vpri lg Vpri — Mpri,i lg Mopriyi — (Vpri - mpri,i) lg (Vpri - mpri,i) + O(lg Vpri)-
In the following, we are going to compare (7.3) with
(74) Vpri lg Vpri — Mpri,i lg Mpri — (Vpri - mpri,i) lg (Vpri - mpri) + O(lg Vpri)7

where T, = k273 + £/2 is the average number of keys in a primary block. First observe
that f(x) = mlgz+(V —m)lg(V —x) achieves its maximum at x = m, thus, (7.3) < (7.4).
On the other hand, if mpyi ; € [K273 4+ k¢/3, k273 + 2K°/3], i.e., My ; is far from My,
(7.3) is even smaller.

CLAIM 7.13. We have (7.4) > (7.3). Moreover, if mpyi; ¢ [£%¢73 + £¢/3, k%73 +
2k°/3],

= Q 3 ri, e < s
(7.4) = (1.3) (W) i L
> Mprii I8 K Mprii > K7
Proof.
(7.4) = (7.3)
g T — (Vo — i) ] Vori — Mpri.
= pri,i 18 Miprii pr1 pri;i) 8 Vpri — Mpri,i

= —Mprii lg (1 4 Mpri — mpri,i) B (Vpri B mpri,i) lg <1 + Mprii — mpri> ]

Mopri,i Vpri — Mpri,i

By the facts that In(1 + ) < x forz > —1, In(1 + ) <  — }a? for |z| < 1, and
In(1 + z) < 3z/4 for z > 1, when mp,i ; < Mipy/2, we have

(7.4) — (7.3)

= ~Mpri,i 1g (1 + Mprt — mprhi) - (Vpri - mpri,i) lg (1 + 7mpri7i — mpri)

Mpri,i Vpri — Meprii
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Mpri,i — Mpri

_m.,.f.%le—v'_m"' lge
> priii * — g ( pri Prl,z) Vot — Mpri i g
lge
= T(mpl‘l mP“aZ)
— Q(H2C_3)

If Mpri i > Mipr/2 and My, < k3¢, we have

(7.4) — (7.3)

— mpiile (1 N m—’ﬂ) (Vs — ) I (1 N M)

Mopri,i Vpri — Meprig

2
Mpri — Mpriyi 1 Mpr — Mpriyi
pri pri,i pri pri,t
= —Mpriji - - ( : ) Ige
Mpri i 4 Mepri i

Mpri,i — Mpri

= (Vpri — Mpiq) - lge

Vpri — Mpri,i
—\2
Ige (Mprii — Mpri)

Mopri,i

4
(

K%,
where the last inequality uses the fact that mpy; ; & (k273 + £¢/3, K273 + 2k¢/3].
If mpris > k3¢, we have

(7.4) — (7.3)

Mpri — Mprii Mpri.s — Mopri

o pri pri,i pri,i pri
= —Mpiilg (1 + ) — (Vori — Mypnii) 1g <1 + ‘,>

Mpri,i pri — Mpri,:

Mpri
pri .
> —Mpri; 1g — (Mprii — Mpri) Ig e
pri,i
Mo
pri,i
Z Mpri,i lg
€ Mpri

Z Moprii lg K.

Combining the three cases, we obtain the claim.
Since Vo = U - ? + O(1), we have

(7.4) = Vi lg U — mppii lgn — (Vori — Mpriyi) 18(U — n) + O(1g Viri)-

Thus, Claim 7.13 implies that if mpi; & [K273 + £°/3, K273 + 2k°/3), i.e., the primary

block is bad, then the data structure size for the primary block is at most
Vori 1gU — mpriilgn — (Vpri — Mpriy) 1g(U — n) — Q(/{S)
(since O(mpyi i) < Mpiyi lg k and O(1) < k%), and otherwise, it is at most

Vpri lg U - mpri,i lg n— (Vpri - mpri,i) 1g(U - n) + O(lg Vpri)~

By applying the same argument to the secondary blocks, we conclude that if mgec,; ¢
[56“7 3/<;C+1], i.e., the secondary block is bad, then the data structure size for the secondary

block is at most

‘/sec lg U - msec,i lgn + (V;ec - msec,i) lg(U - 77,) - Q(ng)v
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and otherwise, it is at most
Vvsec lg U — Msgec,i lg n—+ (‘/sec - msec,i) lg(U - n) + O(lg Vpri)~

Summing up the two bounds, and using the fact that at least one of the primary and
secondary block is bad, the data structure size for the i-th bad block pair is at most

Vbl lg U — (mpri,i + msec,i) lgn - (Vbl — Mpri,i — msec,i) lg(U - ’I’L) - 9(53)7

since k2 > 1g Vi
Now we sum up the sizes for all N,,q bad blocks, which in total contain np,q keys. The
total size is at most

Noad - VirlgU = npaalgn — (Npad - Vil — 1bad) 18(U — n) — Q(Npaq - £2).

Therefore, summing up the sizes of all parts of the data structure: the values of Ny,4 and
Nbad, the mapping from all good pairs to [ N,) — Npaa], the data structure for the good blocks,
all data structures for the bad blocks and the pointers to them, the total size is at most

OPT (N, —Nyoa)Virn—nvaa T O(Nbad 1g Noi) + Npaa - Vi lg U
— nbaa 181 — (Nbad - Vi1 — Nbad) 18(U — n) — Q(Npaq - £7)
= (Np1 — Npad) Vo1 1g((Nol — Naa) Vir) — (1 — nibaa) 1g(n — npaq)
— ((Nb1 = Npad) Vol — (1 — npaqa)) 18((No1 — Npad) Vol — (1 — nbad))
+ Noad - Vit lg U — nibaalgn — (Noad - Vil — nbad) 18(U — n) — Q(Npad - £°),

which by Claim 7.13 and the fact that Ny,q > 1, is at most

= (Np1 = Npad) Vi1 18U — (0 — npaa) 1871 — ((No1 — Npaa) Vil — (0 — npaq)) 1g(U — n)
+ Npad - Vil lg U — npaa lgn — (Noaa - Vil — naa) 1g(U — n) — Q(&?),
=UlgU —nlgn — (U —n)lg(U —n) — Q(x*)

3
< _
<lg (2) Q(x®)
=0PTy,, — Q(x%),

as we claimed.

Hash functions. For all x in the good blocks, we simply use their hash value according
to Lemma 7.5, for which h takes values in [n — npa.q] and h takes values in [V, - (N —
Npad) — (n — Npaq)]. For  in the i-th bad pair with hash value v, let s; be the total number
of keys in first ¢ — 1 bad pairs (which is explicitly stored in the data structure), then if z € S,
we set h(z) :=n — npaq + 55 +v;ifz ¢ S, we set h(z) := Vi - (Np) — Npag + (1 — 1)) —
(n — Npaa + 8;) + 0.

That is, all elements in good blocks take the smallest values, and elements in bad blocks
take the rest according to the order of the blocks. By definition, they are both bijections.
Similarly, let

0,h ifxes,
phq(e) o {O1E) e
(1,h(x)) ifxé¢S.
Lookup tables. We include the lookup table from the data structure for no bad blocks, as
well as all tables tableSy,,, from Lemma 7.11 for V =V orV = Viec,and 1 <m < K3C.
The total lookup table size is O(2¢%). It is at most n° by readjusting the constant €.
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Query algorithm. Given a query x, suppose z is in the i-th block pair. We first query
the hash table to check if it is one of the bad pairs. If the block pair is bad, we follow the
pointer and query the data structure for the primary block or the secondary block depending
on which block z is in. Its hash value can be computed according to the definition. It takes
constant time.

If the block pair is good, we spend constant time to find out where the ¢-th block pair is
mapped to, in the first Ny; — Npaq pairs. Then we run qalgG for good blocks, which takes
constant time in expectation. This completes the proof of Lemma 7.10. a

7.5. Complete data structure for medium size sets. Now, we are ready to prove The-
orem 7.3.

Proof of Theorem 7.3. Consider the following preprocessing algorithm for general U
and U2 < n < U/2 (U not necessarily a multiple of Vi,). We first construct a data
structure for the block pairs, and fuse the two cases (with or without bad blocks) together.
preprocessing algorithm perfHash(U, n, S, R):

1. compute Vi, Vsec and
2. compute Ny, := U div Vj,; and V' := U mod V},;
3. divide the universe [U] into N}, block pairs and a last block of size V'
4. if all Ny, block pairs are good
5. seti:= 0, apply Lemma 7.5 on the V},] block pairs, and obtain a data structure Do
6
7
8

. else
set 7 := 1, apply Lemma 7.10 on the V},) block pairs, and obtain a data structure D1
. apply Proposition 4.14 to fuse ¢ into D;, and obtain a data structure Dy,
(to be cont’d)

Suppose there are ny, keys in the first Ny, block pairs. By Lemma 7.5, Dy has length at most
OP T, vy mpy + b1 - 27 /272,
By Lemma 7.10, D; has length at most
OPTx, viyn, — QUK.

Thus, by Proposition 4.14, Dy, has length at most

OPT iy, + 1g(272 57 4 270"y gont2
<OPT N, vy 0y + 18(1 + 11 - 9—r/2+2 4 2_9(,{3)) L g—nt2
<OPT N, vy nny + b1 9—r/2+3
- OPTU—V,7zb1 + np; - 9—r/2+3

Then we construct a separate data structure for the last block using Lemma 7.11 or
Lemma 7.12 based on the number of keys in it.

9. ifn —np < K3
10. construct D,g¢ for the last block using Lemma 7.11
11.  apply Proposition 4.10 to concatenate Dy, and D)t , and obtain D’
12, letni; = ny
13. else
14.  construct D, for the last block using Lemma 7.12
15.  spend [lg n] bits to store np,),
16.  round both Dy, and D), to integral lengths and concatenate them
17.  spend [lg n] bits to store a pointer to Dyagt, let the resulting data structure be D’
18.  letnf =n—r3*—-1
19. apply Proposition 4.14 to fuse the value of nf | into D’ for nf| € [n— k3¢ —1,n], and obtain

20. return D
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We do not fuse the whole value of ny,) into D’, as its range is large and Proposition 4.14
requires a large lookup table to do this. Instead, we only fuse its value if ny,) > n — 3¢, and
otherwise only indicate that it is smaller than n — 3¢ (by setting nj, to n — 3¢ — 1). This is
fine because we spend extra lg n bits to explicitly store its value in this case. We will show in
the following that the total space is close to the optimum.

There are n — ny, keys in the last block. If n — ny,; < k3¢, Diaet has size at most

OPTV,nfnbl + (n — Np] — ].) . 2_N/2+1.
In this case, the length of D’ is at most
OPTva,nbl + OPTV,nfnbl + np - 2_'€/2+3 + (n — Np] — 1) . 2_K/2+1 + 9 rt2

<OPTy_vu, + OPTy,_,,, +n-27"%/2+3
(7.5)

—1g<U_V>( v )+n~2”/2+3.
np1 n — Npl

If n — np; > K3, Diast has size at most
OPTy ,_p,, +O(n —np +1gn).

The length of D’ is at most
U-Vv Vv
(7.6) lg( > ( ) +O(n —np + 1gn).
Tl n — Npl

By Stirling’s formula, the first term is

()6 )
Ig
Npl T — Np)
. (U — V)V
& np(U =V —np)!(n — np)(V — n 4 npp)!
S (U — V) lg(U — V) — Npl 1gnb1 — (U -V - nbl) lg(U -V - nbl)
+VigV — (n—np)lg(n —np) — (V —n+np)lg(V —n+ny) + O(gU).

By the fact that f(z) = mlgx 4+ (V — m)lg(V — z) is maximized at x = m, it is at most

U-V)n (U-V)n
A T )

+VigV — (n—np)lg(n —np) — (V—n+np) lg(V —n+np) + O(lgU)
={U-V)1gU —nplgn— (U -V —np)1g(U —n)

(U=WV)Ig(U =V) —npilg U=V —np)lg(U -V -

+V1gV—(n—nb1)lgﬁ—(V—n+nb1) (V—Vn>

U U
Umn—-n V—-n+n
_(n_nbl)lg%_(V_n‘f'nbl)lgv_imbl“ro(lg[])
U
=UlgU —nlgn — (U —n)lg(U —n)
U(n — lel) n—mnpy — %
—(n— lg ———= - g1+ ———= lgU).
(n =) lg Vn +V n+nb1)g< +V—n+nb1 +0lsl)
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By Stirling’s formula and the fact that In(1 + x) < z, it is at most

U Uln —
Ig (n) - (n—nbl)lgw+(n—nb1)1g€+0(lgU)

which by the fact that n — ny, > &3¢, is

U Uk3e
<1 — — lg —— 1
<lg <n) (n—nu)lg Vn +0(lgU)

which by the fact that U/(eVn) > k= 2¢and ¢ > 1, is

U
<lg (n) —(n—np)lgr+ O(lgU).
Therefore, when n — ny,; > 3¢, the size of D’ is at most
U
(7.6) <lg o) Q((n—nw)lgr) +O0(gU +1gn)
< OPTy, — Qk*).

Finally together with Equation (7.5), by Proposition 4.14, the size of D is at most

lg 2OPTU,T,,—Q(I€3) + Z (U — V) ( V ) ) Qn,27N/2+3 in. 2—/-{—‘,—2
b1 N — Npl

np1=n—r3¢

n — Np

np1=0 bl
— lg <2OPTU~"—Q(N3) 4 <U> . 2n-2m/2+3> +n- 2—%-{-2
n

_ OPTU’n + lg (2—9(}@3) + 2n~2*n/2+3) + n- 2—“€+2
S OPTU,n + lg (279(,&3) + 1 +n- 27m/2+3) +n- 27!1‘#2

<OPTy, +2 2" 4 . g7r/244 4y g=rt2
< OPTU,n + Uﬁl.

This proves that perfHash outputs a data structure with U ~! bits of redundancy. Next, we
describe the 2-PHM that the data structure defines.

Hash functions. For all x in the first NV}, block pairs, we simply use their hash values
defined by Dy, (from Lemma 7.5 or Lemma 7.10), for which, h takes values from [n,] and h
takes values from [V4,; - Ny, — ). For all z in the last block, let v be its hash value defined
by Diast. If x € S, let h(z) := ny, +v; if o ¢ S, let h(x) := Vi - Ny — np + v. By
definition, h and h are both bijections.

Lookup table. We include the lookup tables in Section 7.3 and in Section 7.4, which
both have size n°. Then we include the lookup tables needed by Proposition 4.10 and Propo-
sition 4.14 in line 8, 11 and 19. The total size is n¢.
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Query algorithm. Given a query x, we decode all the components, and query the part

based on the value of x.
query algorithm qAlg(x):

1. compute Vpri, Vsec, N1 and V/

2. apply Proposition 4.14 to recover nj; and decode D’ from D

3. ifng,; >n—kr3°—1
4 let ny) = ny,
5. apply Proposition 4.10 to decode Dy} and D5t
6. else
7
8

recover ny,) from D’
. decode Dy and Dt
9. ife >U -V
10.  query x in D¢, and obtain (b, v)
11. ifb =1, then return (1, ny) + v)
12.  if b= 0, then return (0, Vi - N — np1 + v)

13. else

14.  apply Proposition 4.14 to recover ¢ and decode D; from Dy,

15.  query z in Dy, using the corresponding query algorithm, and return the outcome
All subroutines run in expected constant time, the overall expected query time is constant.
This completes the proof of Theorem 7.3. a

8. Data Structure Pair for One Block Pair. In this section, we prove our main tech-
nical lemma (Lemma 7.1), which constructs a pair of data structures for a pair of blocks. In
Section 8.1, we construct a succinct rank data structure for sets of size xK©1) with constant
query time. Then we study data interpretation and show that a string can be represented as a
set in Section 8.2. Finally, we prove Lemma 7.1 in Section 8.3.

8.1. Improved rank data structure for small sets. We first improve the rank data
structure of Patrascu [23]. We show that if a block has x¢ keys, then there is a rank data
structure with constant query time and negligible extra space. Recall that the rank problem
asks to preprocess a set .S of m keys into a data structure, supporting

e rankg(x): return the number of keys that are at most .
In particular, by computing both rankg(z) and rankg(x — 1), one can decide if x € S.
Formally, we will prove the following lemma.

LEMMA 8.1. Let ¢ be any constant positive integer and € be any positive constant.
There is a preprocessing algorithm prepRank, query algorithm qAlgRank and lookup ta-
bles tableRanky ,, of sizes O~(2€"), such that for any integers V. < 2%/2 m < k°, given a
set S C [V] of size m, prepRank(V, m, S) outputs a data structure D of length

Ig (ZL) +(m—1)-27%/2,

Given x € [V], qAlgRank(V, m, ©) computes rankg(x) in constant time, by accessing D and
tableRanky,,. The algorithms run on a random access machine with word size w = Q(k).

Remark 8.2. Note that a rank data structure easily defines hash functions that map the
keys to [m], and the non-keys to [V — m]: For each key z, we set h(z) := rank(xz) — 1;
for each non-key =, we set h(x) := x — rank(x) — 1. Hence, Lemma 7.11 is an immediate
corollary.

To prove the lemma, we first show that the fusion trees [12] can be implemented suc-
cinctly. This gives us a data structure for small sets with a sublinear, although large, redun-
dancy.

LEMMA 8.3. Let c be any constant positive integer and € be any positive constant. There
is a preprocessing algorithm prepRankL, a query algorithm qAlgRankL and lookup tables

41



tableRankLy,, of sizes 2°" such that for any integers V, m such that V. < 2% and m < k°,
given a set S C [V] of size m, prepRankL preprocesses it into a data structure using

Vv 1
lg< )—&—mlgm
m 8

bits of space. Given any x € [V, qAlgRankL compute ranks () in constant time, by access-
ing the data structure and tableRankLy ,,,. The algorithms run on a random access machine
with word size w = Q(k).

Since the main ideas are similar, we may omit the proof of a few claims in the construction,
and refer the readers to the original fusion trees for details ([12]).

Proof. (sketch) Let S = {y1,...,ym} and y1 < y2 < -+ < Y. Let us first show how
to construct such a data structure using

m[lg V] + m[lg k]
bits when m < x'/%. We view each y; as a [1g V']-bit binary string, and consider the first bit
where y; and vy, differ, forevery i = 1,...,m — 1. Let W be this set of bits, i.e., j € W
if and only there exists some ¢ such that j-th bit is the first bit where y; and y;; differ. Then
|[W| < m — 1. Similar to fusion trees, let sketch(y) be y restricted to W. Observe that we
must have sketch(y;) < sketch(yz) < -+ < sketch(ym).

The data structure first stores W using m[lg x| bits. Then it stores sketch(yy), ...,
sketch(y,, ). Finally, the data structure stores the remaining bits of each y;, fori = 1,...,m
and from the top bits to the low bits. It is clear that the data structure occupies m[lg V] +
m[lg k] bits of space.

To answer a query « € [V], gAlgRankL first breaks = into sketch(z) and the remaining
bits. That is, it generates two strings: x restricted to W (a |[W|-bit string), and the remaining
bits (a ([lg V'] — |W|)-bit string). It can be done in constant time using a lookup table of size
20(er) e.g., we divide the bits of x into chunks of length ek, and store in tableRankLy,,
for each chunk, every possible set W and every possible assignment to the bits of x in
the chunk, their contribution to sketch(x) and the remaining bits (note that there are only
2°(%) different sets WW). Summing over all chunks gives us sketch(z) and the remaining
bits. The query algorithm then finds the unique ¢ such that sketch(y;) < sketch(z) <

sketch(y;41). This can be done by using a lookup table of size at most 20m+1IW| < 9x'/%
since (sketch(y1),...,sketch(y,,)) has only m|W]| bits, and sketch(x) has |W]| bits.
However, we might not necessarily have y; < z < y;11, but similar to the arguments in fu-
sion trees, « has the longest common prefix (LCP) with either y; or y; 1 (among all y € 5).
gAlgRankL next computes the LCP between x and y; and the LCP between x and y; 1. Both
can be done in constant time, since to compute the LCP between z and y;, it suffices to com-
pute the LCP between sketch(x) and sketch(y;) and the LCP between their remaining bits.
Suppose z and y;~ have a longer LCP (4 = i or i + 1). If 2 = y;~, then rankg(z) = i*.
Otherwise, let their common prefix be /. If > y;«, then let j be the unique index such
that sketch(y;) < sketch(a'111---11) < sketch(y;+1). The argument from fusion trees
shows that we must have y; < x < y;41, i.e., rankg(x) = j. Likewise, if # < y;-, then let
Jj be the unique index such that sketch(y;) < sketch(2’000---00) < sketch(y;41). We
must have y; < x < y;41. By computing the value of j using the lookup table again, we find
the number of elements in S that is at most x. Note that this data structure also allows us to
retrieve each y; in constant time.
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Next, we show that the above data structure generalizes to any m < x€, and uses space
v
m(lgV + (c+3)1gk) <lg + (2¢ + 3)mlg k.
m

When m > k'/4,1et B = Lﬂl/‘lj , we take B evenly spaced elements from S, i.e., Ylim/B]
fori = 1,..., B. Denote the set of these B elements by S" = {y},...,yz}, where y; =
Yrim/B]- We apply the above data structure to S’, using space

BllgV]+ Bllgr] < BlgV + gk + 2).

We recurse on all B subsets between elements in S’, where the i-th subset has [im/B] —
[(¢ — 1)m/B] — 1 elements. Then the final data structure stores

o the data structure for S’;

e B data structures for all subsets between elements in S’;

e an array of B pointers, pointing to the starting locations of the above B data struc-

tures.
We assign (¢ + 3/2) lg x bits to each pointer.
Suppose for each subset, we are able to (recursively) construct a data structure using

([im/B]l = [(i —1)m/B] — 1)(1gV + (¢ + 3)lgk)
bits of space. The total space usage is

B(lgV +1lgr+2)+ (m—B)(IgV + (c+3)1gk) + B(c+3/2) gk
<m(lgV + (c+3)lgk).

On the other hand, assigning (¢ + 3/2) Ig & bits to each pointer is sufficient, because
lg(m(gV + (c+3)lgr)) <lg(mr+ (c+3)mlgr) < (c+1)lgr + 1.

To answer query x, we first query the data structure for S’, and find the ¢ such that
y; <z< y; 11 Then we recurse into the ¢-th subset. The query time is constant, because the
size of the set reduces by a factor of B = ©(x!/*) each time. Note that for any given i, this
data structure can also return y; in constant time.

Finally, we show that the redundancy (2¢ + 3)mlgk can be reduced to %mlg k. To
this end, let S’ be the subset of S with gap 16(2¢ + 3), i.e., S = {y},95,...} such that

Yi = Y16(2c+3)-i- Then [S'] = | 155257y ]- We construct a data structure for S” using space
IS'|(1g V + (c + 3)Ig k).

Naturally, S’ partitions .S into chunks of 16(2¢ + 3) — 1 elements. We simply write them
down using

(16(2¢ +3) — 1)[lg(yiq —y; — 1)]

bits for chunk 7. The final data structure consists of
1. the data structure for S’,
2. all other elements in .S encoded as above,
3. |5’| + 1 pointers to each chunk.
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We assign [(c+3/2)1g ] bits to each pointer. By the concavity of lg x, the total space usage
is

5108V + (c+3)1g ) + 3 (16(2c +3) = 1)[la(isy — v — 1)]

7

+ (8" + D) [(c+3/2)1g K]

1% Vv
<18|1g — / 1 16(2 -1lg ———
_|S|gm+|S|(30+5)gH+ %(6(04—3) )g|S,|+1+m

V. (Bc+5)m
<|Slg — + ——F—
=158 0+ 1531 3)

V. (Bc+5)m
<mlg — 4 CTo)m
=T T 16(2e + 3)

14 m
<lg + —lgk.
m 8

To answer query x, we first query the data structure for S’, and find 7 such that y; < = <
Yi,1- Then we go over the 16(2c 4 3) elements between y; and y;_ ;, and compare each of
them with x. This finishes the proof of Lemma 8.3. 0

lgx + 2(16(20 +3)—1) lg% + O(m)

gk + O(m)

Next, we show that if the sets are very small (m < O(k/lgk)), then there is a data
structure with constant query time and negligible extra bits.

LEMMA 8.4. Let ¢ > 2,¢ be two positive constants. There is a preprocessing algo-
rithm prepRankS, a query algorithm qAlgRankS and lookup tables tableRankSy;,,, of sizes
O(2"), such that for any integers V- < 2" and m < c- K/ gk, such that given a set S C [V]
of size m, prepRanks preprocesses S into a data structure using g (7‘;/1) +275/2 bits of space.
Given any x € [V, qAlgRankS computes rankg(z) in constant time by accessing the data
structure and tableRankSy,,,.

Proof. Consider the binary trie over {0, ...,V }.!” Every element in {0, ..., V} corre-
sponds to a root-to-leaf path. Consider all paths corresponding to an element in S U {V'}
(V is included for technical reasons). Their union forms a subtree 7°(.5) of the binary trie
with m + 1 leaves. In the following, we construct a data structure assuming the fopological
structure of T'(.S) is known, then apply Proposition 4.14 to fuse the topological structure into
the data structure.

Roughly speaking, the topological structure of a subtree T is the tree T' without speci-
fying for each node with only one child, whether it is a left or a right child (see Figure 1a).
Formally, it is defined by partitioning the set of such subtrees into equivalence classes, mod-
ulo the f1ip operation. Let v be a node in 7" with only a left [resp. right] child, let £1ip(v,T")
be T relocating v’s entire left [resp. right] subtree to its right [resp. left] child. We say two
trees T ~ T" if there is a (finite) sequence of £1ip operations that modifies 7 to 7”. It is easy
to verify that ~ is an equivalence relation, hence it partitions the set of all 7" into equivalence
classes.

We call an edge in T'(S) a shared edge if it has more than one leaf in its subtree. Equiv-
alently, a shared edge is shared between at least two root-to-leaf paths. Note that if an edge
is shared, then all edges on the path from root to it are shared. It turns out that the number of
shared edges in T'(.S) is an important parameter, which is also invariant under £1ip. Thus, for
each equivalence class T, all T € T have the same number of shared edges (see Figure 1b).

12We write every integer in the set as a [1g(V + 1)]-bit string, then construct a trie over these V' + 1 binary
strings. Note that S is a subset of {0, ...,V — 1}, while the trie has V' + 1 leaves.
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Fig. 1: (b) is the fopological structure of (a), by getting rid of the information that for each
single child, whether it is a left or a right child. The thick edges are shared. Query x branches
off the tree along the dotted edge.

Intuitively, for a typical set S, the corresponding 7 > T'(S) should have most of its
degree-two nodes close to the root, i.e, it should have very few shared edges. Indeed, if we
sample a uniformly random S, the number of shared edges is at most O(x) with probabil-
ity at least 1 — 27%(%) As we will see below, on the inputs with few shared edges, it is
relatively easy to construct data structures and answer queries. However, for the rare inputs
with more than (k) shared edges, we can afford to use a different construction with a larger
redundancy. Since they are sufficiently rare, the overall redundancy turns out to be small.

Few shared edges. Let us fix an equivalence class T, assume 7 is known and consider
all inputs S such that T'(S) € 7. Furthermore, assume the trees in 7 have at most (2¢ + 1)k
shared edges. For each such 7, we are going to construct a lookup table tableRankSy.,, 7,
and preprocess S into a data structure using about lg | 7| bits such that if the query algorithm
is given access to this particular lookup table (specific for 7), it answers rank queries in
constant time.

Since the tree 7'(S) uniquely determines .S, to construct the data structure for S, it suf-
fices to encode for each edge in T'(.9) that connects a single child and its parent, whether the
child is left or right. The preprocessing algorithm constructs 7'(.5), then goes through all such
edges in a fixed order, and uses one bit to indicate whether the corresponding edge in T'(.5)
connects to a left child or a right child. To facilitate the queries (which we will describe in the
next paragraph), all shared edges are encoded first in the depth-first-search order, followed
by all other edges encoded in the depth-first-search order. This ensures that

1. if a shared edge e; is on the path from root to shared edge eo, then e; is encoded
before es;
2. for each y;, its non-shared edges (which is a suffix in the root-to-leaf path) are con-
secutive in the data structure.
Note that this encoding is a one-fo-one mapping: Every S such that T'(.S) € T is encoded to
a different string; Every string has a corresponding S with T'(S) € T encoded to it. Thus,
the algorithm constructs a data structure using exactly

lg|{S:T(S) e T}

bits of space.
Let S = {y1,...,Ym}suchthat y; < yo < -+ < Yy, and let yo = —1l and y,,, = V.
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Given a query z € {0,...,V — 1}, the goal is to compute i such that y; < x < y;41. Let
us consider the process of walking down the tree 7'(.5) following the bits in . That is, we
write x also as a [1g(V + 1)]-bit string, and walk down the tree from the root: if the current
bit in z is 0, we follow the left child, otherwise we follow the right child. The process stops
when either the current node in 7'(S) does not have a left (or right) child to follow, or we
have reached a leaf. The location where it stops determines the answer to the query, in the
same way for all T' € T. See Figure Ic and 1d for a concrete example. Note that in the
example,  branches off the tree from left, which may not be possible at the same location
for all T € T, as some T may have a left child there. But given that = branches off the tree
at this location from left, all 7'(S) € 7 must have the same answer to rankg(z). Thus, we
store in tableRankSy ,, 7, for all nodes v in the tree, ans, ¢ and ans, 1, the answer to the
query when the process branches off the tree from v due to the lack of its left child (i.e., from
left), and the answer when it branches off from v due to the lack of its right child (i.e., from
right) respectively. It takes O(x?) words, since m < k.

Now the task is reduced to efficiently simulating this walk. To this end, the query algo-
rithm needs to compare the bits in  with the corresponding bits of 7'(S), which are stored
in the data structure. It turns out that the difficult part is to compare x with the shared edges,
which are stored in the first (at most) (2¢ + 1)« bits. The first step is to simulate the walk,
and check if x branches off T'(S) at a shared edge. We create lookup tables of size 2¢* to
compare ek bits at once. For now, let us focus on the first ex bits <. These bits determine
for all the degree-two nodes in the first ex levels, which child = follows (note we have fixed
T). Thus, it determines for all other bits, which bits in the data structure they should compare
with. In the lookup table, we store for each of the 2¢* possible values,

e a (2c+ 1)k-bit string, which permutes z <., to the same location as the bits they are
comparing with;

e a (2c+ 1)k-bit string, indicating for each shared edge in the data structure, whether
they are being compared.

With these two strings, the query algorithm is able to compare x <., with the first ex
levels of T'(.S). If they do not match, we could find the first edge where they differ (since
edges are encoded in the DFS order), which is the location where x branches off T'(S). If
they all equal, we proceed and compare the next ex bits. Note that we may start the next
chunk of the walk from different nodes depending on the value of x<.,, and we will need a
different lookup for each starting location. However, 7 can have at most m nodes in each
level, thus, only m tables are needed for each chunk. We repeat the above process until we
find a different bit, or we find out that « matches all shared edges from the root. In the former
case, as we argued above, the answer to the query can be found in the lookup table. In the
latter case, by the definition of shared edges, we identified one y; which is the only element
in S that matches the prefix of z. Thus, it suffices to retrieve the remaining bits of y;, which
are stored consecutively in the data structure and take constant retrieval time, and compare y;
with z. If y; < z, then the query algorithm returns ¢, otherwise, it returns ¢ — 1. The query
time is constant.

So far for every T with at most (2¢+ 1)k shared edges, we have designed a data structure
that works for all inputs .S such that S € T using space lg |[{S : T(S) € T }| bits, constant
query time and lookup table of size 2¢*. Next, we fuse 7 into the data structure and merge
all lookup tables, obtaining a single data structure that works for all .S such that T'(.S) has
at most (2¢ 4+ 1)« shared edges, which uses lookup table tableRankSy,, fw. To this end,
we fix an arbitrary ordering of all such equivalence classes 7: T1,...,Tc, where C' is the
number of equivalence classes. Let s; = lg|{.S : T(S) € T;}| be the size of the data structure
for 7;. Then, C' < 22™ . ((201;1_)’;“) < gmlg(s/m)+0(m) Thjs is because there are at most
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22™ rooted binary trees with m + 1 nodes (corresponding to the degree-two nodes). Each
such tree can be extended to a class T by specifying the distance from each child to its parent
(adding the degree-one nodes). However, there are only (2¢ + 1)k shared edges, thus, the
sum of distances of all internal edges is at most (2¢ + 1)x, and there are m — 1 internal
edges.'? Hence, there are at most (S(if_gl)”) < ((QC;Q?+1) choices. Once the distances on
all internal edges are determined, the distance on each edge connecting to a leaf is also fixed,
because all leaves are at depth [lg(V + 1)].

Given an input set S such that 7'(.5) has at most (2¢ + 1)« shared edges, the preprocess-
ing algorithm computes T'(S) and finds the index ¢ such that 7; > T'(S). Then it runs the
preprocessing algorithm for class 7; on S, and computes a data structure D; of at most s; bits.
Next, we use Proposition 4.14 to store the pair (i, D;), using space at most

C c
1gz 2% 4 (. K T2 <lg (Z {S:T(S) e 7;}) + gmlg(r/m)+O0(m)—r+2

=1 i=1

<lg <V> + 2mlg(n/m)+0(m)fﬁ+2
m

<lg <V> + 27,
m

The lookup table tableRankSy,,, fw is the collection of all tables tableRankSy,,, 7;
fori =1,...,C, as well as the O(C')-sized table from Proposition 4.14. Thus, the total size
is at most 2% - C' 4+ O(C) = 2(cte)x,

To answer a query x, Proposition 4.14 allows us to decode i and D; in constant time by
using a lookup table of size O(C'). Then, we find the corresponding tableRankSy.,, 7; and
run the query algorithm for 7; on query x and data structure D;. The query time is constant.

Many shared edges. Next, we construct a data structure that works for all .S such that
T'(S) has more than (2c + 1) shared edges, using

() =

bits of space. Note that this is possible, because there are very few such sets S (a tiny fraction
of all (;/1) sets). We find the largest k such that T'(S<y) has at most (2¢ + 1) shared edges,
where S<, = {y1,...,yx}. Note that every element can introduce no more than « shared
edges, thus, T' (Sgk) has at least 2cx shared edges. The data structure stores the (index of)
equivalence class 7 > T'(S<j), then we run the preprocessing algorithm on S<j. This
encodes the first k elements of S. For the next m — k elements, we simply apply Lemma 8.3.
More specifically, for k elements, there are at most 2% 18(5/k)+0(k) equivalence classes,

as we showed earlier. We construct the data structure as follows:

1. write down the index k using [lgm/] bits;

2. write down the index ¢ such that 7; > T'(S<y) using [klg(x/k) + O(k)] bits;

3. run the preprocessing algorithm on S<j, and obtain a data structure of size

lg [{S<k : T(S<k) € Ti}l;

4. run prepRankL on {yx+1,. -, Ym } and obtain a data structure of size
\%4 1
1 + -(m—k)lgk.
g (m 3 k) 5 )lg
13 An edge is internal if it does not connect to a leaf.
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Observe that Step 3 uses at most
E[lgV] —2ck

bits, because for any such 7,
e by construction, each bit of the data structure stores an input bit, i.e., one of the bits
representing {y1, ..., Yk };
e cach of the > 2c¢k shared edges corresponds to at least two input bits (since given
T, these two input bits are always the same);
e cach input bit is stored only once.
Therefore, the preprocessing algorithm outputs a data structure using

lgm + klg(k/k) + O(k) + (klgV — 2ck)

Vv 1
+<lg<m_k>+8(m—k)lgﬁ>+k+2

1
< lgm+klg(k/k)+ (klgV —2ck) + (m — k)1gV + gmlg/ﬁ—kO(k)

IN

1
mlgV — 2ck + lgm + klg(k/k) + gmlgfi—i-O(k)

IN

1
lg (V) +mlgm — 2ck +1gm + mlg(k/m) + gmlgnJrO(m)
m

IN

Ig <V) —2¢ck + gmlg/@ + O(m).
m 8

By the fact that m < ck/lgk and ¢ > 2, it is at most

of2)

The lookup table includes tableRankSy i fov for all & < m, and has 2(eto(L)r gjze.

To answer query x, the query algorithm reads &k and . Then it runs the query algorithm
for 7; for query x on the data structure for S<j, as well as gAlgRankL for  on the data
structure for {yx+1,. - ., Ym }. Both algorithms run in constant time. The answer to the query
is simply the sum of the two answers.

Combining the two cases. Finally, we combine the two cases using Proposition 4.14,
and construct a data structure that works for all sets .S. Given set .S, prepRankS computes
T'(S) and the number of shared edges. If it has no more than (2c + 1)x shared edges, it sets
b := 1, runs the preprocessing algorithm for “many shared edges” and obtains a data structure
D;. Otherwise, it sets b := 2, runs the preprocessing algorithm for “few shared edges” and
obtains a data structure Do. At last, it applies Proposition 4.14 to store the pair (b, D). The

space usage is
v -3k %
#(() 21 0 () ) e
m m

14 -3k —m—2_%” —K+2
lg . +271% +1g(1+2 )+2

Ig (V) +27 3R,
m

To answer query x, we simply decode b and D; using Proposition 4.14, and use the
corresponding query algorithm based on b.

IN

IN
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The lookup table tableRankSy ,, also includes all tableRankSy ; for k& < m, which
has size 20(¢%). This proves Lemma 8.4. a

Finally, we are ready to prove Lemma 8.1, which constructs a rank data structure for
m < k€.

Proof of Lemma 8.1. The data structure construction is based on recursion. As the base
case, if m < 16x/ lg k, we simply use the data structure from Lemma 8.4, and the statement
holds. Otherwise for m > 16x/1g k, we divide V into B blocks of equal size, for B =
[x/2]. For a typical set S, we would expect each block to contain roughly m /B elements. If
it indeed happens, the size of S would be reduced by a factor of B. Hence, we will reach the
base case in a constant number of rounds. On the other hand, input sets S which have at least
one block with significantly more than m /B elements are very rare. If such blocks occur, we
are going to apply Lemma 8.3 on them. Although Lemma 8.3 introduces a large redundancy,
such cases occur sufficiently rarely, so that the overall redundancy is still small.
More specifically, we partition the input set .S into B subsets S, ..., Sp such that .S;
contains all elements of S between [(i — 1)V/B] and [iV/B] — 1. Let V; := [iV/B] —
[(¢ —1)V/B] be the size of the i-th block. By definition, |S1| + --- + [Sg| = m and
Vi+ -+ Vg = V. We construct a data structure for each S;, over a universe of size
V;. Then we apply Proposition 4.10 to concatenate the B data structures given the sizes of
S1,...,Sp. Finally, we apply Proposition 4.14 to union all combinations of sizes. We present
the details below.
Preprocessing algorithm. Given a set S of size m, if 2m > V, we take the complement.
Note that the space bound stated in the lemma becomes smaller after taking the complement.
It is also easy to derive the answer from the data structure for the complement. Thenif m = 1,
we simply write down the element; if m < 16/ 1g , we apply Lemma 8 .4.
preprocessing algorithm prepRank(V, m, S):
1. if V<2m
2. m:=V -—mandS:=[V]\S
3.iftm=1

4. return the only element in S

5

6

L ifm <16k/1gk
return D := prepRankS(V, m, S) using Lemma 8.4
(to be cont’d)

If m > 165/ lg k, we divide [V] into '/# chunks, and construct a data structure for each
chunk.

7. B:= |4

8. compute S; := SN [(i —1)V/B,iV/B) and m; := |S;|
9. letV; := [«V/B] — [(: — 1)V/B]

10. fori=1,...,B

11 ifm; > max{m -k~ 1/4 16x/1gr}

12. compute D; := prepRankL(V;, m;, S;) using Lemma 8.3
13.  else
14. compute D; := prepRank(V;, m;, S;) recursively

(to be cont’d)

If the chunk has too many elements, we apply Lemma 8.3 to construct a data structure with
larger redundancy. Otherwise, the size of the set at least decreases by a factor of x'/4, and
we recurse.

Next, we concatenate the data structures for all chunks, and fuse the tuple (mq, ..., mp)
into the data structure.
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15. apply Proposition 4.10 to concatenate D1, . . ., Dp, and obtain Dcy

16. letC := (mgffl) be the number of different tuples (my1, . .., mpg) such that m; > 0 and
mi+---+mp=m
17. let 1 < j < C be the index such that the current (m1,..., mp) is the j-th in the lexico-

graphic order
18. apply Proposition 4.14 to fuse j into Decar, and obtain D
19. return D

Space analysis. We will prove by induction that prepRank(V,m,S) outputs a data

structure of size at most v
Ig ( ) + (m —1)27%/2,
m

The base case when m < 16x/1g« is a direct implication of Lemma 8.4 (or if m = 1, the
space usage is gV =g (‘1/) ). Now, let us consider larger m.

To prove the inductive step, let us fix a B-tuple (mq,...,mp), and consider the size of
Dy from line 15. By Proposition 4.10, when all m; < max{m - x~'/4,16x/lg x}, its size
is at most

B
Vi _ _
s(my,...,mp) :zlgl I (ml>—|—(m—B)~2 K12 4 (B —1)27"
i=1 ¢

otherwise, its size is at most

B
Vi 1
(8.1) s(mi,...,mpg):= lgH<m‘) + Z gmilgﬁJrB.
i=1 ¢

itm;>max{m-xk~1/416x/lg K}

It turns out that in the latter case, (8.1) is significantly smaller than 1g ().

CLAIM 8.5. Ifat least one m; > max{m - x~'/* 16x/lg k}, then s(my,...,mp) is at
most 1g (::;) — K.

To focus on the space analysis, we defer the proof of the claim to the end of this subsection.
Assuming the claim, by Proposition 4.14, the size of D from line 18 is at most

(8.2) lg Z 9s(m1,...,mg) +C .92,

To bound the sum in the logarithm, we first take the sum only over all tuples such that m; <
max{m - k= /4 16x/1g x}, the sum is at most

Z2s(m1,...,mB) < Zﬁ (‘/1> . 2(m—B)~2*~/2+(B—1)2*"@+4
=1\

< (V> o(m—B)-2~" /24 (B-1)27 "+

—\m
The second inequality uses the fact that 3, mE mi=m Hf;1 (n‘f) = (2%1 Vi), and

we are taking this sum over a subset of all such B-tuples. By Claim 8.5, s(mq,...,mp) <
lg (V) — & for all other tuples. Thus, the sum in the logarithm is at most

(V) _o(m=B)2 24 (B-1)2 2 <V> Ok
m

m
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Finally, since C' < m?B and m < k¢, (8.2) is at most

82 <lg (<V) (=BT P (B2 <V> -m?P . 2”) +mP .27t
m m
()
m
()
m
<lg (V> + (m —1)27%/2,
m

By induction, it proves the data structure uses space as claimed.
Lookup table. We store the following information in the lookup table.

IN

+(m— B)Q—n/Q + (B _ 1)2—n+4 + 1g(1 + 2—A+Blgm) + 9—r+Blgm+2
+

(
(m — B)27%/2 4 (B — 1)27"+4 4 g—rten!/Mlgnt3

IN

lookup table tableRanky ,,:
1. if m < 16k/1g K, include tableRankSy,,, from Lemma 8.4
2. the value of C = (mgffl)
3. forj=1,...,
4. the j-th B-tuple (m1,...,mp) in lexicographic order
5 fori=1,...,B
6. my+--+my
7. lookup table for Proposition 4.10 in line 15, for all possible B-tuples (m1,...,mp)
8. lookup table for Proposition 4.14 in line 18
9. include all tables tableRanky,s ,,s and tableRankLy: ,,/ for V/ = |V/B*] or [V/B*]
fori > landm’ <m

Since C' = (mgffl) < 2°(%) line 2 to 8§ all have size 2°(%). Finally, we are only

including k91 other tables in line 1 and 6, ~each taking at most 0(25"“) bits by Lemma 8.3
and 8.4. The total size of tableRanky,,, is O(2°").

Query algorithm. Given a query z, if V' < 2m, we retreat the data structures as storing
the complement of S, and use the fact that ranks(r) = = + 1 — rankpy)\ (). Then if
m = 1, we simply compare it with z. If m < 16/ lg x, we invoke the query algorithm from
Lemma 8.4.
query algorithm gAlgRank(V, m, z):

1. if V <2m

2. m:=V —m

3. in the following, when about to return answer r, returnx + 1 — r
4. ifm=1

5. retrieve the element, compare it with «, and return O or 1

6. if m < 16x/1gk,

7.  return gAlgRankS(V, m, ) (from Lemma 8.4)

(to be cont’d)

If m > 16x/ lg k, we decode j, which encodes the tuple (my, ..., mpg) and D.,¢. Then
if  is in the i-th chunk, we decode m,; and the corresponding D, .

8. apply Proposition 4.14 to decode j and Dea
9. let ¢ be the chunk that contains x
10. apply Proposition 4.10 to decode D;
11. retrieve my + - - - + m;_1 and m,; for j-th tuple from the lookup table
(to be cont’d)

Then depending on the value of m;, we invoke the query algorithm from Lemma 8.3 or
recurse.

12. if m; > max{m -k~ 1/% 16x/1gx}

13.  return (mi+---+m;_1)+D;.qAlgRankL(V;, m;,z—[(¢—1)V/B]) (from Lemma 8.3)
14. else

15.  return (m1 + -+ +m;—1) + D;.qAlgRank(V;, m;, z — [(: — 1)V/B])

The query algorithm recurses only when m; < m - x~'/%. In all other cases, the query
51



is answered in constant time. On the other hand, m < k¢. The level of recursion must be
bounded by a constant. Thus, the data structure has constant query time, proving Lemma 8.1.0

In order to complete the proof, we now prove the remaining claim.

Proof of Claim 8.5. To prove the claim, let us first compare the first term with 1g (m)

We have
B
14 Vi
—1
g(m) gﬂ(m)
|
S L +Zl mallt—m

which, by Stirling’s formula, is

>1 VarV(V/e)V
= g\/m(m/e)m. QW(V—m)((V—m)/e)V—m
s - O(B
+Z \/W(v./e)w (B)
1744 LV — mv)v —my
2 4 m V-—m
= (Vile g —mils = = (V= ma) —0(B) -1V,
;<V gy —milg =~ (V2 m)gv;—mi) O(B) g
which by the fact that f(¢) = elog 1/¢ is concave and hence V' - f(%) >m f(T) + (V-
m) - f(¥=24) (i.e., all summands are nonnegative), is
v m V—m
3) > 16V e ™ (Vi —m,
83) > > (Vlgw milg -~ (V m)lgvi_mi)

ivm; >max{m-xk~1/416x/lg K}

- 0(B)—-1gV.

For each term in this sum, we have

Vv Vi—-V/B
lg—=VlgB-Vlg(1+ ——=— | >V;1lgB—-0(1),
Vil = Vilg Vg<+ V/B> VilgB - 0(1)
since |V; — V/B| < 1; and
V—-m m; —m/B+ (V/B —V;)
(Vi mz)lgVi_mi_(Vz ml)(lgB+lg<1+ Vi —m,
m; —m/B+1
<(Vi—-mi)lgB i—m) s ————— 1
< (Vi —m) g B+ (Vi = my) - T g

Plugging it into (8.3), we have

(o) -1 ()
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m

> g —mele — —(V: — m.s _ .
> > (Vz lg B —milg - — (Vi = mi) lg B sz)

ivm; >max{m-k—1/416x/1g K}

—O(B)-1gV
Bm;

— Z mi (1g 22 2) ~0O(B) - 1gV

irm;>max{m-x—1/4,16x/lgr} m

1

> > mi (4lgn2>O(B)lgV.

ivm; >max{m-k=1/416x/lg K}

Therefore, we have

®.1)<lg C;) > m; (ilgn2>+O(B)+lgV

itm;>max{m-x~1/4,16x/Igk}

+ Z émi lgk

itm;>max{m-x—1/4,16x/ gk}

glgC:L)— > m; (élgm—2>—|—0(3)+lgV

iim;>max{m-x=1/4,16k/ gk}

()
<lg — K.
m

The last inequality is due to the fact that there is at least one m; that is larger than max{m -
k14 16k /1g K} (in particular, m; > 16x/1g k), B = O(k'/?) and IgV < x/2. a

8.2. Data interpretation. Now, we show how to represent a string as a set which allows
us to locally decode the string given access to a rank oracle of the resulting set. Formally,
we will prove the following lemma.

LEMMA 8.6. Let ¢ > 2 be a constant positive integer. There is a preprocessing algo-
rithm prepIntoSet, a query algorithm request and lookup tables tableInty,,, of sizes
O(k*2), such that for any integers V and m where V < 2512 and m < K°, given a (double-
ended) string D = (K, M, K;) of length

s<lg <V> —m(V —1)27%+2
m

prepIntoSet(V,m, D) outputs a set S C [V] of size m with the following properties: For
any —1 < a1 < ag < |M|and as < a1 + &,

request(0, V, m,range[K}], | M|, range[K¢], a1, a2, 0)

computes Dlay, as) in O(k*) time using O(k?) rank queries to S, assuming it can make
random accesses to the lookup table tableInty .

Proof. To construct set .S from the input string D, the main idea is to apply Proposi-
tion 4.23 and 4.20, and then recurse on the two halves of [V]. Roughly speaking, we extract
an integer m; € [m + 1] from D using Proposition 4.23, which encodes the number of ele-
ments in the first half of [V]. Then we split D into two data structures D; and D such that
the length of D; is approximately lg (V/ 2) and the length of D, is approximately 1g ( V/2 )

mi m—mi
Then the set .S is recursively constructed in the two halves. When the m gets sufficiently
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small and D has length O(x?), we continue the recursion without applying the two propo-
sitions about fraction-length strings. Instead, we take the whole string as an integer smaller
than 20(”2), and use the integer to encode a set (also decode the whole integer at the decoding
time).

Transforming an integer to and from a set. We first show given an integer Z < (XL), how
to turn it into a subset of [V] of size m, such that Z can be recovered using rank queries.

encoding algorithm encSet(V, m, Z):

1. if m = 0, return 0

2. ifm =V, return [V]
. V= |V/2] and V5 := [V/2] .
. compute the largest 0 < j < m such that Z > ZZ;& (‘?) (n‘ﬁz)
Yi=27-215 (.2

V. %

. Z1:=Y div (mfj) and Z := Y mod (mfj)
7. return encSet(V1, 7, Z1) U (encSet(Va,m — j, Z2) + V1)
To construct the set, the algorithm is a standard recursion. All possible sets are listed in in-
creasing order of the number of elements in [V;]. We compute this number, and then recurse
into the two halves. Z can be recovered by the following algorithm, assuming the set gener-
ated is in the universe X + [V]. For technical reasons that we will encounter later, sometimes
we may only have access to the complement of the set. The bit b indicates whether we should
take the complement.
decoding algorithm decSet (X, V,m, b):

1. ifm =0o0rm = V,return 0

2. Vi :=|V/2]and V2 := [V/2]

3. j:=rankg(X + Vi — 1) — rankg(X — 1)
4. ifb,thenj =V —j
5
6

. Z1 :=decSet(X,V1,7,b) and Z3 := decSet(X + Vi, Va,m — j,b)
cretun Z = 220 (") (020 + 21 (02)) + 22

m—j

We will store the sums Y70 () (,2,) and the binomial coefficients (> ) in the lookup
. = . . Y .
table. Since V' decreases by a factor of two during the recursion, the depth of the recursion is
at most lg V. The size m is split into j and m — j, and the algorithm terminates when m = 0,
hence, there are at most m branches in total at each level of the recursion. The size of the

recursion tree is O(m1g V). Thus, we have the following claim.

CLAIM 8.7. decSet uses O(mlg V') arithmetic operations on O(lg (Xl))-bit integers,
as well as O(m1g V') rank queries.

Preprocessing into a set. Given a string D = (K3, M, K;) of length at most g (Yn) —
m(V — 1)27%%2, we preprocess it into a set S C [V] of size m using two algorithms
prepIntoSet and prepIntoTwo, which are mutually recursive.

preprocessing algorithm prepIntoSet(V,m,D = (K, M, Ky)):
1. if2m >V
2. return [V] \ prepIntoSet(V,V —m, D)
3. ifm < 24k
4. rewrite D as an nonnegative integer Z < range[K] - range[K¢] - 2!M|
5. return encSet(V,m, Z)

if |D| < 24k

7.  return prepIntoSet(48k, 24k, D) U{V — (m — 24k),...,V — 1}

S

(to be cont’d)

If m is larger than V/2, we simply work on the complement. If m is O(k), we view the entire
string D as an integer, and call encSet. If the string is too short while m (and V') are still
large, we decrease m and V, and reduce it to the m = O(k) case. Note that (7‘;) may be at
most 2°(**) Z occupies O (k) words (as k = O(w)).
Otherwise, we extract an integer j from D.
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8. Vi:=|V/2]and Vy := [V/Q]

9. compute s; := lg ( Y +1g (V2 ) —m(V —2)27r+2

10. apply Proposition 4. 2’% forj € {Lm/3J +1,...,2|m/3]} and C = |m/3], extract j from

D and obtain a pair (j, D;) such that D; has length at most s;

11. let (S1, S2) := prepIntoTwo(V1, Vo, j,m — j,Dj)
12. return S1 U (S2 + V1)
prepIntoTwo transforms D; into two sets of sizes j and m — j over the two halves of the
universe (see below). Then we return their union. Proposition 4.23 requires that the length of
D is at least 3% + 2 and at most 1g(>_; 2%) — (C' — 1)27%*2, This is true, because on one
hand, the length of D is at least 24x; on the other hand,

251 ... 4 2%¢C
2|_m/3J

B
j= Lm/3J+1 meJ

> g-m(V=2)27"2 (C;) Qm( 77;/;30 ((27:2/31))
g1g=rt2 1% 2m [ W Va
=2 (<m) ( m/2J) ((m/ﬂ)

[m/2]

'(Vz —m+J)
jmtmpapn V27 D= T+ D)
> 9—m(V—-2)27" 2 V ( me e
B Lm/3J+1 m=j+l

> g—m(V—2)27"F2 ( ) (1 _am .e—m/24)
m 3

Therefore, by the fact that m > 24k, we have

lg(2% + -+ +2°¢) > Ig (V) —m(V —2)27"F2 _m2~
m

> s+ m27%2 —m2r

> s+ (C—1)-275F2

Thus, the premises of Proposition 4.23 are also satisfied. Next, we describe prepIntoTwo.
procedure prepIntoTwo(Vi, Vo, m1, ma, D):
Lo letsyi=1lg (V1) —mi(Vi —1)27"+2 and s3 := Ig (V2) — ma (Ve — 1)27%F2
2. apply Proposition 4.20, split D into D1 and D2 of lengths at most s1 and s2 respectively
3. let Sy := prepIntoSet(Vi,m1,D1) and Sa := prepIntoSet(Va, mo, D2)
4. return (S1,.52)

Proposition 4.20 requires that the length of D is at most s; + s — 27"%2 (and at least 3k),
and s1,s2 > 3k. Itis easy to verify the former. For the latter, because my + mo < V/2,
mo/2 < my < 2mg and my + mg > 24k, and in particular, we have V; > 24k and
my € [V1/3,2V1/3]. Hence, we have
()2
my
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and it implies s; > 8x. Similarly, we also have sy > 8k.
Lookup table. We store the following lookup table.

lookup table tableInty,,,:
1. if m < 24k

2 S5 (D (2) fori=0,...,m
3. ("?)forallj=0,...,m

4. else
5
6

lookup table from Proposition 4.23 for line 10 of prepIntoSet )

. include all tables tableInty ,,s for V/ = |[V/2'] or V! = [V/2"] for i > 1, and
0<m' <m

The lookup table tableInty ., itself has size at most O(k) words for m > 24k and O(k?)

words for m < 24k. Including the smaller tables, its total size is at most O(/@Qm + ,%4) <

O(k*?) words for m < k¢ and ¢ > 2.

Accessing string D by rank queries to S. Suppose S is the set generated from a string D
using the above preprocessing algorithm. In the following, we show how to access Dlay, as]
for ag — a1 < K, assuming rank queries can be computed efficiently on S. We will
have two procedures request and reqFromTwo, which are mutually recursive. Assum-
ing the set S restricted to X + [V] (with m elements in this range) is generated from a
string D = (Kp, M, K;), request(X,V, m,range[K}], | M|, range[K}], a1, az, b) recovers
Dlay, as], where b indicates if we take the complement of S.

accessing algorithm request (X, V, m,range[K}], |M|, range[K¢], a1, a2, b):

1. if2m >V

2. m:=V —mandb:=-b

3. iftm < 24k

4.  Z :=decSet(z,V,m,b)

5. rewrite Z as a string D = (K, M, K¢)

6. return Dlai, az]

7. if lg(range[Kp]) + | M| + lg(range[K¢]) < 24k

8.  return request (X, 48k, 24r, range[K},], |M|, range[K¢], a1, a2, b)

(to be cont’d)

If S has small size, we recover the whole data structure using decSet. If D is too short, we

reduce m and V.

9. Vi = [V/2], Va i= [V/2]

10. ask rank queries and compute j := rankg(X + V4 — 1) — rankg(X — 1)
11. ifb,thenj =V —j

12. find the size of D; = (K, M;, K ¢) in the lookup table

(to be cont’d)

We compute j, the integer extracted from D, which encodes the number of elements in the
first half. We recover the size of D;, and use the fact that (M;, K ;) is a suffix of D (by
Proposition 4.23) to recurse.
13. ifay > |M| — |M;]|
14.  return reqFromTwo(X, V1, V2, j,m — j,range[K; 1], |M;|, range[ K ¢], a1 — (| M| —
|M;]), a2 — (IM| — | M), b)
15. else
16.  recover Dj[—1,a2 — (|M| — |M;|)] :=
reqFromTwo(X, V1, V2, j, m — j,range[K; n], [M;|, range[K; ¢], —1,a2 — (|M| —
|M;]), b)
17.  compute Da1, az] using Proposition 4.23
reqFromTwo recovers the requested substring of D assuming rank queries to the set gener-
ated from prepIntoTwo. Since (M;, K ;) is a suffix of D, if D[ay, as] is entirely contained
in this range, we simply recursive on D;. Otherwise, Proposition 4.23 guarantees that the
remaining bits can be recovered from j and K ;. Note that in either case, the difference
as — ap does not increase.

Next, we describe reqFromTwo.
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procedure reqFromTwo(X, Vi, Va,m1, ma, range[K; 1], |M;|, range[K; ¢], a1, a2, b):
1. compute the sizes of D1 = (Ky p, M1, K1,¢) and D2 = (K2 p, M2, K2 ¢), which D is
split into
(to be cont’d)
Suppose S restricted to [X, X + V7) and [X + V1, X + V4 + V%) is generated from D using
prepIntoTwo. Then by Proposition 4.20, (K7 5, M;) is a prefix of D and (M2, K34) is a
suffix.

2. ifay > | M| — | M|
3. return request(X + Vi,Va,mo,range[Ks 3], | M2l range[K2],a1 — (|M| —
|M2]), a2 — (|M| — |Mz2]),b)
4. ifay < | M|
5. return request(X, Vi, m1,range[K1 5], |M1]|, range[K1¢], a1, az2,b)
(to be cont’d)

If the requested bits D[aq, as] are entirely contained in D; or Dy, we simply recurse on the
corresponding substring. In this case, the difference as — a; does not change either.
6. recover Di[a1, |Mi]] :=

request(X, Vi, m1,range[K ], |M1|, range[K1 ¢], a1, |Mi],b)
7. recover Da[—1,a2 — (|M| — |M2|)] :=

request (X +V7, Vo, ma, range[Ky 1], |[Ma|, range[ K2 ¢], —1, ag — (|]M|—|Mz|), b)
8. reconstruct D[a1, az] using Proposition 4.20

Finally, if the requested bits D[a, az] split across both substrings, then we make two recursive
calls.

Accessing time. First observe that request has at most O(lgm) levels of recursion
before we call decSet. This is because each time m is reduced at least by a factor of 1/3
by the preprocessing algorithm. The only place where the algorithm makes more than one
recursive calls is line 6 and line 7 in reqFromTwo. In all other cases, the algorithm makes at
most one recursive call with the same (or smaller) difference ay — a;. Moreover, we claim
that those two lines can only be executed at most once throughout the whole recursion.

CLAIM 8.8. Line 6 and line 7 in reqFromTwo can at most be executed once throughout
the whole recursion.

To see this, observe that when these two lines are executed, the two recursive calls will both
request either a prefix or a suffix of the substring. Also, as we observed above, the difference
as — ap never increases throughout the recursion. The recursive call that requests a prefix will
have a; = —1 and as < k — 1. Thereafter, any subsequence recursive calls in this branch will
have a1 = —1 and ay < k — 1. Since Proposition 4.20 always generates two strings of length
at least 3%, line 4 in reqFromTwo is always true (as |M;| > x — 1). Line 6 and line 7 will
hence not be executed in this branch. The recursive branch that requests a suffix is similar, in
which line 2 in reqFromTwo is alway true. Hence, the claim holds.

Claim 8.8 implies that the whole recursion tree has at most O(lg m) nodes, and at most
two leaves. In each node, the algorithm spends constant time, and makes two rank queries.
In each leaf, the algorithm makes one call to decSet. As we argued earlier, the integer
Z <lg (XL) has at most O(x?) bits (and O(x) words). Since m < O(k) when decSet is
called, by Claim 8.7, each decSet takes O(x*) time (O(x)-word numbers take O(x?) time to
multiply or divide), and makes O(x?) rank queries. Combining the above facts, we conclude
that request runs in O(x*) time, and it makes at most O(x?) rank queries. This completes
the proof of Lemma 8.6. 0

8.3. Proof of Lemma 7.1. Finally, we are ready to prove Lemma 7.1.

To construct the two data structures, we first apply Lemma 8.1 to construct a rank data
structure for the secondary block Sgec C V' + [Viec]. Denote this data structure by Dge.. Then
we pick a set of k2¢~3 keys from S, as well as V' — k2°~3 — k¢ non-keys from [V] \ S, and
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construct a rank data structure for them, which will be the main data structure. The remaining
k¢ elements in [V] will correspond to the “unknowns.” We pick the two sets based on the bits
in Dge.. That is, we apply Proposition 4.20 and split Dy into a string of length ~ 1g (KZT,3) s
a string of length ~ Ig (V%‘;;@fﬁc) and the remaining bits. Then we apply Lemma 8.6 to
interpret the first string as a subset of S and the second string as a subset of [V] \ S. The
final auxiliary data structure consists of the remaining bits of Dg,., as well as a data structure
for the “unknowns.” Then Lemma 8.6 guarantees that even if the original string is not stored
explicitly as part of the final data structure, it can still be accessed implicitly assuming rank
queries to the sets, which the data structures support naturally.

Proof of Lemma 7.1. We begin by presenting the preprocessing algorithm.
Preprocessing algorithm. In the preprocessing algorithm, we first construct a rank data
structure for the secondary block, and split it into three substrings.
Preprocessing algorithm perfHashB1k(V, m, Viec, Msec, S, Ssec, R):
1. run Dsec := prepRank(Vsec, Msec, Ssec) (from Lemma 8.1) to construct a rank data struc-
ture for Ssec using

‘/sec

Ssec < lg (
Msec

)+ (moec — 1) - 2772

bits
2. apply Proposition 4.20 twice to split Dsec into
L Dsec,l3 length <'lg (m,:éc—S) - Hc(m - 1)27K+2
® Dgec,2: length < Ig (KQC_‘Q;:“;_M) — KV —m —1)271+2
® Doce,s: length < ssec —1g (1, _Mes) =18 (2c—appe_p,) +EEV2THH2
(to be cont’d)

Note that m — £2°73 > k¢/3 and k273 4 K — m > k°/3, therefore, both Dsec,1 and Dyec 2
have length at least 4%. For Dgec 3, We have sgec > g (Vsc“) > kt1 and thus,

Msec

m V—m
c —Kk+2
Ssec — 1g (m B /12“—3) —lg </¢2¢—3 4 ore— m) + kV2

>k — (m = k3 1gV — (23 + kS —m)lgV

>R kC1gV
>4k.

The premises of Proposition 4.20 are satisfied. In order to store two random subsets in the
main data structure, we “XOR” Dgec 1 and Dy 2 with the random string R.'
3. compute Dsec,1 @ R and Dsec,2 DR

(to be cont’d)
For double-ended string D = (K, M, K;), D®R is defined as follows: compute the bitwise
XOR of M and R[1,|M]], treat R[|M| + 1,|M| + 2k] and R[|M| + 2k + 1,|M| + 4k]
as two 2k-bit integers, and compute (K} + R[|M| + 1,|M| + 2x]) mod range[K}] and
(K: + R[IM| + 2k + 1,|M| 4 4k]) mod range[K:]; D @ R is the double-ended string
(with the same length as D), formed by the outcomes. In particular, since range[K}] and
range[ K| are both smaller than 2°+! < 22%, when R is uniformly random, D & R is very
close to uniform. We have the following claim by standard information theory.

CLAIM 8.9. For any fixed D = (K, M, K;) and uniformly random R, we have

H(D & R) > (lg(range[Kn]) + | M| + lg(range[K,]))(1 — 27"F?)

14We wish to “XOR” Dsec,1 and Dgec,2 With R, because on one hand, we want to ensure that the subsets stored
in the main data structure are random, and on the other hand, we want to ensure that which subsets are stored also
encode information about the input (hence, we cannot simply use R).

58



> (|D| _ 27/<+2)(1 _ 27H+2).

Proof. When R is uniformly random, by construction, the bitwise XOR of M and
R[1,|M]] has entropy |M|. (K, + R[|M| + 1,|M| + 2x]) can take 2%~ different val-
ues, each with 272% probability. Hence, at most [2%* /range[K}]] values can be congru-
ent modulo range[K}]. The maximum probability of any value (K + R[|M| + 1, |M]| +
2k]) mod range[ K| can take is at most

27 2% . [22% [range[K}]] < 1/range[K}] + 272",
Since range[K}] < 2571, this is at most (1 4+ 27%T1) /range[K},]. In particular,
H((Kp, + R[|M] + 1,|M| + 2k]) mod range[K}])
> lg(range[K}]) —lg(1 +27""1)
> lg(rangelKy]) — 27
(1 —27%%2) Ig(range[K}]).

Y

Similarly, we have

H((K; + R[|M| + 2 + 1,|M| + 4x]) mod range[K;]) > (1 — 27"72) Ig(range[K;)).
Since the three components are independent, we prove the claim by summing up the bounds
on their entropy. a

Also, K}, K; and any O(k) consecutive bits of M can be computed in constant time, given
random access to D @ R and R. Next, we interpret the Dgec.1 @ R and Dgec 2 @ R as two
subsets using Lemma 8.6.

4. run S; := prepIntoSet(m,m — 520*3,DSQC71 @ R) (from Lemma 8.6) to interpret
Dsec,1 ® Rasaset S1 C [m] of size m — x2¢3
run So := prepIntoSet(V —m, k2¢3 4 K —m, Dsec,2 @ R) to interpret Dgec,2 B R
asaset S2 C [V —m] of size s2¢73 + k¢ —m
5. compute Syyx C S according to Sp
compute Sy € [V]\ S according to So
(to be cont’d)

More specifically, for each i € [m], Synk contains the (i + 1)-th smallest element in S if and
only if i € S;. Similarly, S\, contains the (i + 1)-th smallest element in [V'] \ S if and only
if i € So. They are the keys and non-keys that are not to be stored in the main data structure,
i.e., the “unknowns.”

Then, we compute the main data structure Dy iy -

6. apply Proposition 4.10 to concatenate the following two data structures, and obtain Dy ain:
® Diyain,1 := prepRank(V, k2673, S\ Syui) (from Lemma 8.1), a rank data structure
® Diain,2 := prepRank(V — K273 K€ “Sunk U Sunk”) a rank data structure for

Sunk U Sunk over [V]\ (S '\ Sunk) (see below)

(to be cont’d)

For Dynain 2, before running prepRank, we first remove all £2°~3 elements in S \ Synk

from both the universe [V] and Synx U S unk, and keep the order of the remaining elements.
Thus, the new universe becomes [V — 52c’3]. In the other words, Dyy,in,2 supports queries
of form “return # of elements in Sy, U Synk that are no larger than i-th smallest element in
[V] \ (S\ Sunk)™-

Finally, we compute the auxiliary data structure D,x.

7. apply Proposition 4.10 to concatenate the following two data structures and obtain Daux:
® Daux,1 := prepRank(k®,m — K273 “Sunx”), a rank data structure for Sy, over
Sunk u Sunk
o Daux,Q = Dsec,S
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Similarly, D,ux,1 supports queries of form “return # of elements in Sy, that are no larger
than the i-th smallest element in Sy U Synk.”

Space analysis. Next, we analyze the length of D ain and Dyyx. Diain 1S the concate-
nation of Diain,1 and Dain,2. For Diain 1, its length is at most

%
lg <H2c3) + (277 1>2_K/2

by Lemma 8.1. For Dyyin 2, its length is at most

_ 2c¢-3
Ig (V " > + (k¢ —1)27%/2,

K/C

By Proposition 4.10, the length of Dy,i, is at most

1% VvV — 2¢—3

Vv
< lg < pe_s C) 4 H20—32—n/2+1.
K K

D,ux is the concatenation of Dyyx,1 and Dyyy, 2. For Dy, 1, its length is at most

K¢ 2¢—3 —Kk/2
lg (m_ﬁzc_3)+(m—fe —1)27"/2,

For Daux,2, which is Dy, 3, its length is at most

m V—m c —k+2
Ssec — 1g <m B /126—3> —lg <H26_3 4 oRe - m) + k°V2

Vi m V—-—m
<1 sec 1 1 c+127/<;/2
=g <msec> g <m _ KQC—S) g (520—3 + K¢ — ’I7’L> + 3k ’

since V' < 2%/2 and mge. < 3k, Summing up the lengths and by Proposition 4.10, the
length of D, is at most

KC 2c—3 —K/2 V;ec

m V—-—m ctlo—r/2 —Kk+4
lg (m B chg) lg (K)263 4Rt — m) + 3k°T2 +2

KRBV — k2673 — k) Viee 203 1
S _ 2c— c —K/2
ml(V = m)] +lg< >—|—(m K + 3kTH)2

< lg (V) i lg (Vvsec) - lg ( 261 C) + I€C+12_K/2+2,
m Msec oY K

as we claimed. This proves item (i) and (ii) in the statement.
Hash functions. For x € S U Sgec, we define h(x) as follows.
e Forz € S\ Sunk. let h(z) := rankg\ g, (z) — 1; they are mapped to [~
e For z € Suni, let h(z) := k%73 + rankg_, (x) — 1; they are mapped to {x2¢~3,

<lg

20—3]'

oom—1}
e For z € Ssec, let h(z) := m + rankg__(x) — 1; they are mapped to {m, ..., m +
Mgec — 1}
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Similarly, for 2 ¢ S U Sgec, we define h as follows.
e Forz € ([V]\ S)\ Sunk, let h(z) = rank\ s\3,., (¥) — 1; they are mapped to
[V — k2673 — k.
e Forz € Sunk, let h(x) := V — k273 — k¢ + rankg (x) — 1; they are mapped to
{V—g23 k.., V—m—1}.
o Forz € {V,...,V+Viee—1}\ Ssecs let h(x) := V —m+rank(y 4 [v,..])\ Suee (¥) — 13
they are mapped to {V —m, ...,V + Viee — m — Mygec —
Overall, h is a bijection between S U Sgec and [m + mege|, and his a bijection between
[V 4+ Vaee) \ (SUSsec) and [V + Viee —m —migec ). Moreover, h(S) D [£2¢73] and h([V]\S) D
[V — k2¢=3 — k). This proves item (iii) in the statement.
Lookup table. We store the following information in the lookup table.

lookup table tableBlky,y,, . :
1. lookup table for line 6 from Proposition 4.10
2. tableRankV,,@zc_s, tableRankV_,ﬁm,_s’,gc from Lemma 8.1
3. forallm € [k2°73 + Kk©/3,k2°73 + 2k°/3] and Mmsec € [T, 211
e lookup tables for line 7 from Proposition 4.10
e tableRank,c ,,_,2c-3 and tableRanky,  m,.. from Lemma 8.1
e tablelnt,, ., _,2c-3 and tableInty _,, . 2c-34,c_p, fromLemma 8.6

Each tableRank has size O(2¢") and each tableInt has size O(k°t2). The total size
of tableBlky v, is O(2).

The main query algorithm. We show how to answer each query x in constant time with
high probability, by querying only the main data structure (and without knowing m). We be-
gin by decoding the two data structures Diyain,1 and Diain,2 from Diyain, and query Diain, 1.

query algorithm qalgBlk .. (V,x):
1. decode Diain,1 and Diyain,2 from Diyain using Proposition 4.10
2. Zy := Diain,1.9AlgRank(V, k2¢73, z) (from Lemma 8.1)
3. if 2» > Dmain.1-9AlgRank(V, x2¢73 x — 1)
4. return (1,z, — 1)
(to be cont’d)

2, is the number of elements in S\ Sy that are at most x. Line 3 checks if z € S\ Synk.
If it is, then z is the x,.-th element in S \ S,,k, and we return its hash value according by the
definition of h.

5. Zunk ‘= Dmain,2-qAlgRank(V — K2¢73 kS x — xp)

6. if Tynk > Dmain,2-9A1gRank(V — k2673 ke x —xp — 1)
7. return “unknown”

8. return (0, — &r — Typk)

If x ¢ S\ Sunk, We query Dyain.2 to check if € Sypk U Sunk in line 6. Note that z is
the (z — =, + 1)-th element in [V] \ (S \ Sunk). If it is, we return “unknown”. Otherwise,
we know that z ¢ S, and it is the (z — @, — Zunk + 1)-th element in [V] \ (S U Sunk), we
return its h-value. Since gAlgRank has constant query time, galgB1lk also runs in constant
time. Clearly, galgBlk outputs 2-hq(z) when z € S and h(x) € [k**7%], or z ¢ S and
h(z) € [V — k?~3 — k°], and otherwise it outputs “unknown”. This proves item (iv) in the
statement.

Next, we show that the probability that the query algorithm outputs “unknown” is small.
To this end, let us fix the input data S, Sscc and query z, and let R be uniformly random. We
will show that S, is close to a uniformly random subset of .S’ of size m — k273, and Synk
is close to a uniformly random subset of [V] \ S of size x**~3 4+ k¢ — m. By Claim 8.9,
we have H(Dsec,1 & R) > (|Dsce.1| — 277F2)(1 — 27%F2). Since the division operation in
Proposition 4.20 is an injection, we have

|Dsec,1| Z Ssec — |Dsec,2
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Therefore, H(Dgec1 ® R) > g ( m ) — Kk€27%/2+4 Furthermore, since the mapping

m_R2073
prepIntoSet(m, m—r?~3,-) is an injection, we have H(S) >1g (. ", 5)—re27%/2H4,
which in turn implies that

m —K
H(Sunk) > lg (m B /<;203> — k2 /2+4,

for any fixed S and Sse.. By Pinsker’s inequality (see Section 3.3), the ¢; distance between
Sunk and a uniformly random subset I/ of S of size m — k2¢73 is

Hsunk - U||1 < O( DKL(Sunk ||Z/l))
which by the fact that I/ is the uniform distribution, is

= O(VHU) — H(Sunk))
< O(KIC/227R/4)'

In particular, it implies that for any fixed « € .S, the probability that x € Sy is at most

m — H2C73

+ O(k/2275/%) < O(k™F9).

By applying the same argument to Diec,2, S2 and Sunk, We conclude that for any fixed
x ¢ S, the probability that x € S\, is at most

HQC_?’ + K —m
V—-m
This proves item (v) in the statement.
The general query algorithm. Finally, we describe the query algorithm for all z €

[V + Viec). We use two different algorithms for z € [V]andx € {V, ...,V 4 Ve — 1}. We
begin by the « € [V] case (« is in the primary block).

+ O(Hc/22—5/4) < O(/ﬁ_c+3).

query algorithm qalgBlk(V, m, Viec, Msec, X):
1. (fz < V)
2. (b,v) := qalgBlk, ... (V, )
3. if (b, v) is not “unknown”
4. return (b,v)
5

. letzypny := rankg \US k(x) (already computed in qalgBlk V,x))

main (

(to be cont’d)

When qalgBlk, .. returns “unknown”, z is the ynk-th element in Sy, U Sunk. Next, we
query Daux 1 to find out whether € Synk Or @ € Syunk and its rank in the corresponding set.
Then we return its h or h value according to the definition.

6. apply Proposition 4.10 on Dayux to decode Daux,1

7. Tunk,r ‘= Daux,1.9A1gRank(k®, m — K273 Zunk — 1)
8. if Zunk,r > Daux,1-qAlgRank(k®, m — k273, 2y — 2)
9.  return kK2¢73 4+ Tunk,r — 1
10. else
1. return V — k2673 — k¢ 4 (zunk — Tunk,r) — 1

Similarly to qalgBlk, .., we check if the zynk-th element is in Syn. if it is, then it is the
Tunk,-th element in Syuk. Otherwise, it is the (Tunk — Tunk,»)-th element in Syy. In this
case (x € [V]), the query algorithm runs in constant time.

Next, we show how to handle x € {V, ...,V + V.. — 1}. To this end, let us first assume
that we can make random access to Dyqc.
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12. (ifz > V)

13. apply Proposition 4.10 on Daux to decode Dayx,2
14. z, := Dsec.gAlgRank(Viec, Msec, * — V') (from Lemma 8.1)
15. if & > Dgec.qAlgRank(Viec, Msec,z — V — 1)

16. returnm + z, — 1

17. else

18. returnV —m+ (z —V — ;)

If we had access to D, then the query algorithm would be similar to the previous cases, and
it would run in constant time. However, Dy, is not stored in the data structure explicitly. In
the following, we show how galgBlk accesses Dy from its implicit representation.

More specifically, galgBlk only needs to access Dge When it runs the query algorithm
gAlgRank on Dge.. By Lemma 8.1, gAlgRank runs on a RAM with word-size O(k), i.e., it
may request O (k) consecutive bits of the data structure Dy during its runtime. To implement
such access requests, we first apply Proposition 4.20 to reduce each access to O(1) accesses
t0 Dgec,15 Dsec,2 and Dgec 3. Dyec,3 is stored as Dyx,2, which has been decoded. Each access
to it can be implemented in constant time. For Dsec 1, Dsec,1 @ R is interpreted as a set
Sy C [m] of size m — k2¢=3, Lemma 8.6 guarantees that each access to Dgec,1 @ R can be
implemented in O(x*) time and O(x?) rank queries to S;, which by the previous argument,
implies that each access to Dgec,1 can also be implemented in the same time and number of
rank queries.

On the other hand, the way the preprocessing algorithm “encodes” S; guarantees that
rankg, (k) queries can be implemented efficiently. To see this, recall that Sy, C S is
determined according to S;. rankg, (k) is exactly the number of elements in Syy that are
no larger than the (k + 1)-th smallest element in S. We first do a binary search to find the
(k + 1)-th smallest element in .S.
implementing rank queries on S; rank_S;(k):

1. decode Dmain,17 Dmain,Q and Daux,1
2. binary search for (k + 1)-th element z* in S: given z € [V],
(i) @r := Dmain,1-9Al1gRank(V, K273 x)
(i) Tunk := Dmain,2-gAlgRank(V — x2¢=3
(ili) rankg(z) := zr + Daux,1.9A1gRank(k®, m — K

VRS, T — X))
2c—3

s Lunk — 1)

2, is the number of elements in S \ Synk that are at most x. Zyunk is the number of el-
ements in Sypk U Synk that are at most 2. Daux,1.gAlgRank (¢, m — 273 pyp — 1)
computes the number of elements in Sy, that are at most z. By summing up x, and
Daux.1-gAlgRank (k¢ m — k%73, 2y,), we compute rankg(x), the number of elements
in S that are at most x, in constant time. Being able to compute rankg(z) for any given x
allows us to binary search for the (k + 1)-th smallest element 2* in S in O(1gV) = O(k)
time, which then allows us to compute rankg, (k).

3. @} := Dmain,1-9A1gRank(V, K273 2%)
4. return rankg, (k) :=k —x} +1

This shows that rankg, (k) can be computed in O(k) time, and thus, each access to Dgec,1
can be implemented in O(k?* + & - k?) = O(k?) time.

Similarly, each access to D 2 can be implemented in O(k*) time: Lemma 8.6 reduces
it to O(k?) rank queries to S and O(k*) processing time; For rankg, (k), we do binary
search to find the (k + 1)-th element in [V] \ S; By querying Dyain, 1> Pmain,2 a0d Doy 1,
we compute rankg, (k).

Opverall, the above algorithms allow us to access Dyec, 1, Dsec,2 and Dgec 3 in 0(54) time,
which in turn, allows us to access Dse. in O(k*). Thus, qalgBlk runs in O(x*) time. This
proves item (vi) in the statement, and completes the proof of Lemma 7.1. 0

9. Perfect Hashing for Sets of Any Size. In this section, we generalize the data struc-
ture from Section 7 to arbitrary universe sizes U and set sizes n, proving our main theorem
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(this is the formal version of Theorem 1.3).

THEOREM 9.1 (main theorem). For any constant € > 0, there is a preprocessing algo-
rithm perfHash, a query algorithm qAlg and lookup tables tabley,, of size n°, such that
given

e aset S of n keys over the key space [U],
e a uniformly random string R of length O(1g"? n),
perfHash preprocesses S into a data structure D of (worst-case) length

OPTU,n + O(lg lg U)7

such that D defines 2-hq, a 2-PHM for S. Given access to D, R and tabley y, for any key
x € [U], qAlg(U, n, z) outputs 2-hq(x) on a RAM with word-size w = Q(IgU), in time

e O(1) with probability 1 — O(1g™" U) and

e O(Ig" U) in worst case,
where the probability is taken over the randomness in R. In particular, the query time is
constant in expectation and with high probability.

Recall that 2-hq(x) returns a pair (b, v) such that b indicates whether z € S, and v = h(x)
when x € Sandv = h(x) whenz ¢ S.

Proof. As in the proof of Theorem 7.3, we assume 2n < U (otherwise, we take the
complement of S). Then if n > U'/12, Theorem 7.3 already gives the desired result. From
now on, we assume n < U'/12,

We partition [U] into n'2 blocks. A typical set S has all the keys in different blocks.
In this case, we may view the universe size being only n'2, and apply Theorem 7.3. On the
other hand, only roughly 1/n!!-fraction of the inputs have at least one pair of keys in the
same block. Hence, the optimal space to store those inputs is OPT — 11 1g n, which suggests
that we can afford 101g n extra bits.

No collision in blocks and last block empty. More specifically, given S such that n =
|S| < UY12,1et V := [U - n~'?] be the block size. We partition U into blocks: (U div V)
blocks of size V' and one last block of size (U mod V). Let us first only consider inputs that
have at most one key in every block and no key in the last block. We apply Theorem 7.3 on
the universe of all blocks. That is, let the universe size Uyew = U div V, number of keys
Npew = 1. We construct the new set Sy such that ¢ € Sy, if and only if block i contains a
key z € S. By Theorem 7.3, we construct a data structure of size

g () + 1/t =1 (V07 ) 1/ v,

n new

which defines hash functions Apew and hney. Besides this data structure, we also apply
Lemma 5.1 to store for each i € Spey, the key 2 within block 4, according to hyew (7). That is,
we store x — (i — 1)V in coordinate hyey (7). Hence, this part takes

nlgV + (n—1)27%%5

bits. Then we apply Proposition 4.10 to concatenate the two data structures. The total space
is at most

lg (Ud;lv V) +1/(UdivV)+nlgV +mn-275°

VT, (U div V —4)
n!

<lg +0(1/n)
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<l l¥ (1/m)
n—1
s

=lg (Z) + O(1/n).

To define the hash functions in this case, for each = € S, which is in block 7, we simply
let h(x) := hnew(?), the hash value of the block. For z ¢ S in block 4,
e if i € Spew, let 2™ be the key in block i,
- ifr <a*, welet h(z) == (V — 1) - hpew (i) + (z — (i — 1)V),
- ifx > 2%, welet h(z) == (V = 1) - hpew (i) + (z — (1 — 1)V = 1),
o ifi ¢ Spew, welet h(z) := (V — 1)n+V - hpew(i) + (z — (i — 1)V).
e if z is in the last block, we let h(z) := (U div V) -V —n+ (z — (U divV) - V)
That is, we order all non-keys in block i for i € Syey first, in the increase order of (hpew (2), 2);
then we order all non-keys not in the last block, in the increasing order of (pew (4), ); finally
we order all non-keys in the last block.

To answer a query x in block 7, we first query if ¢ € Spey. If i & Spew, then we know z is
not a key, calculate h(x) by its definition, and return. Otherwise, we query the (hnew (i) + 1)-
th value in the second data structure, using Lemma 5.1, to retrieve the key in block . If
happens to be this key, we return (1, hpey (7). Otherwise, z ¢ S, and h(z) can be calculated
by its definition. Finally, for queries z in the last block, z is not a key, and we calculate h(x)
according to its definition.

Exist collision in blocks or keys in last block. Next, we consider the case where at least
one block contains more than one key, or the last block contains at least one key. We spend
the first 3[1g ] bits to store

e N, the number of blocks with at least two keys (blocks with collisions, or simply
collision blocks),
® N1, the total number of keys in all collision blocks,
® nj.st, the number of keys in the last block.
Next, we apply Lemma 7.12, and construct a membership data structure for N collision

blocks using
UdivV
Ig < ]i;] ) + O(N)

bits, which defines a bijection h.y between all collision blocks and [V], and a bijection Reoll
between all other blocks (except for the last block) and [(U div V) — N].
The final data structure has three more components:
1. store all keys in N collision blocks using Lemma 7.12, where each element x in
block i is stored as V' - heon (i) + (& — (¢ — 1)V), which uses at most

NV
lg (n > + O(neon + 1glg V)
coll

bits;

2. store all other (U div V') — N blocks using the data structure for no collisions, where
each element z in block i is stored as V' - heon(é) + (z — (i — 1)V'), which uses at
most .

g ((U div V)V — NV) 1
1 — TNcoll — Nlast
bits;
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3. store the last block using Lemma 7.12, which uses

(U mod V
lg

Nlast

) + O(nlast + lg lg V)

bits.
Summing up the sizes of these three data structures, we get

lg <NV) ((U div V)V — NV) (U mod V

Ticoll T — Ncoll — Nlast Nlast

) + O(ncoll + Nlast + lg lg V)

By the fact that () < (en/k)* and ncon > 2N, the first term is at most

(U div V)V — NV U mod V
+ (n — Neoll — nlast) lg + Nlast lg Ee——
TNcoll T — Ncoll — Nlast Nast

\% U
< Neon lg 5 + (N — Neoll — Niast) 1g m + niast gV +nlge

Neoll 1g nlge

nV n nV
— + (TL — Neoll — nlast) lg ———————— + Niast lg T

el U
<nlg— 4+ nconl — —
- & n coll 8 2U T — Ncoll — Nlast

which by the fact that V' < 2U - n~'2, is at most

Ncoll + Nlast )

eU
S nlg — + Neoll lg TL711 + (TL — Necoll — nlast) lg (1 +
n T — TMeoll — Nlast

+ Niast lg(2n_11)

eU _ _
S ﬂlg 7 + Neoll lg n 1 + (ncoll + nlast) lg €+ Niast lg(2n 11)

eU
< nlg 7 - (ncoll + nlast)(ll lgn - O(l))

On the other hand, by Stirling’s formula,

e (U) g U!
n nl(U —n)!
>lg vou?
— U —n(U —n)U-n

U U 1
angg—F(U—n)lgm—ilgn—O(l)

- 0(1)

which by the fact that In(1 + z) > x — 22 /2 for z > 0, is at least

n 7’L2

nlgg+(Un)<U—n2(U—n)2

eU n?lge 1

)lge %lgnfO(l)

which by the fact that n? < U, is

U 1
> nlg% — ilgn— O(1).
66



Thus, the total size of the data structure when /N > 1 is at most

U 1
lg (n) + 3 lgn — (Neol + Nast)(111gn — O(1))

UdivV

N >+O(N+lglgU)

+31gn+lg<

U 1
<lg <n> + ilgn — (Necon + Nast)(111gn — O(1))
+3lgn+12Nlgn+ O(N +1glgU)

which by the fact that n.o;p > 2N, is at most

U 1
<lg (n> + 5 lgmn — (neon + Mast) (Blgn — O(1)) 4+ 3lgn 4+ O(lglg U)
=O0PTy, —lgn+ O(lglgU).

In this case, the hash functions are defined as follows. For both h and h, we first order all
elements in the IV collision blocks according to their hash values from component 1, which
are mapped to [ncon] and [N - V' — neon| respectively. Then we order all elements in the
(U div V') — N non-collision blocks according to their hash values from component 2, which
are mapped to

{nCOIh ceoy T Nast — 1}
and
{N -V —necomt, ..., (UdivV) -V — (n — npast) — 1}

respectively. Finally, we order all elements in the last block according to their hash values
from component 3, which are mapped to

{n_nlasta”'vn_]'}

and
{(UdivV)-V = (n—npst),..., U —n—1}

respectively.

To answer a query x in block ¢, we retrieve N, nco and ny,g¢, and query if ¢ is a collision
block and h(i) (or h(i)). If i is a collision block, we query component 1; if 7 is not a collision
block, we query component 2; if ¢ is the last block, we query component 3. In any case, the
hash value of x can be computed according to its definition in constant time.

Finally, we apply Proposition 4.14 to combine the two cases, by fusing a bit indicating
whether there is any collision block. The final data structure has space bounded by

g (QOPTU,n-‘rO(l/TL) 4 9OPTy , —lgn+O(lglg U)) 4 g—rt2

= OPTy, +1g(2°/™ + (1g°W 1) /n) + 27+2
< OPTy, + O(lglgU).

The query algorithm is straightforward. To answer a query z, we apply Proposition 4.14
to decode the data structure, and the bit indicating whether there is any collision block or
any element in the last block. Then we apply the corresponding query algorithm as described
above. This finishes the proof of Theorem 9.1. a
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Remark 9.2. When the O(lglg U) term is at most 0.5 1g n, the above data structure uses
OPT + o(1) bits. To improve the O(lglg U) term when U is large, we partition the universe
into lglo U blocks, and check if any block has at least two keys. In this case, the fraction of
inputs with some block with at least two keys is only 1/ 1g'® U fraction. Therefore, we can
afford to “waste” about 101glg U bits, which dominates the O(lglg U) term. This strategy
reduces the problem to storing n non-empty blocks among a total of lgo(l) U blocks, i.e.,
the universe size is reduced from U to 1g0(1) U. Thus, repeatedly applying it improves the
O(lglgU) term to O(lglg - - - 1g U) for logarithm iterated for an arbitrary (constant) number
of times.

10. Discussions and Open Problems. In this paper, we assumed that the word size w
is at least Q(lgU + 1g 0), i.e., each (key, value) pair fits in O(1) words. When either the key
or the value is larger than ©(w) bits, it would take super-constant time to just read the query
or write the output on a RAM. The best query time one can hope for is O((IgU +1g o) /w).

When lg ¢ > w, the only place being affected is Lemma 5.1, where we need to retrieve
values longer than one word. Our data structure naturally supports such long answers in
optimal time. When 1lgU > w, a similar strategy to Section 9 applies. We view the first
O(w) bits of an element in [U] as its “hash value”. If it turns out that all keys have different
“hash values”, it suffices to add the remaining bits of the key into its value. Otherwise, if
multiple keys share the same prefix, then we will be able to save O(w) bits for every extra
key with the same prefix.

Our dictionary data structure supports each query in constant expected time. A major
open question is to design a deterministic succinct dictionary with similar bounds, or to prove
this is impossible.

OPEN PROBLEM 10.1. Is there a deterministic dictionary that uses OPT + poly lgn +
O(lglg U) bits of space and can answer queries in constant time in worst case?

Our approach crucially relies on sampling a small set of keys to be the “hard queries”. There is
always a small portion of the data stored using the rank data structure of Pétragcu, which takes
O(lgn) time to decode. “Derandomizing” this data structure seems to require a completely
different strategy. On the other hand, proving lower bounds may also be challenging, as the
common strategy of “designing a hard distribution and proving average-case lower bound” is
doomed to fail. For any fixed input distribution, we could always fix and hardwire the random
bits in the data structure, thus, our data structure uses only OPT + 1 bits of space.

Our data structure only supports value-retrieval queries on a fixed set of (key, value)
pairs, i.e., it solves the static dictionary problem. The dynamic dictionary problem further
requires the data structure to support (key, value) insertions and deletions. The state-of-the-

art dynamic dictionary uses OPT + O(%) bits of space and takes constant time

for updates and queries with high probability [1, 2].!> Another open question is whether we
can obtain dynamic dictionaries with significantly smaller redundancy, even with expected
constant time.

OPEN PROBLEM 10.2. Is there a dynamic dictionary that uses OPT + n/polylgn +
O(lglg U) bits of space and supports (key, value) insertions, deletions and value-retrieval
queries in constant time in expectation?

It seems non-trivial to extend our data structure to such updates to the data, even with good
5The data structures in [1, 2] fail with at most 1/poly n probability over any sequence of poly n operations.

As long as it does not fail, the operational time is constant. Therefore, by rebuilding the data structure entirely when
it fails, the expected time also becomes constant.
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amortized expected time. On the other hand, it turns out that our data structure has O(n)
preprocessing time, using a hash table to store a “buffer” of size n' ~¢ and using the technique
of global-rebuilding [20], one can get O~(n1*6) redundancy, n° update time and expected
constant query time. It is also possible to update a (key, value) pair to a new value in our data
structure, in O(1) expected time.

The dependence on U in the redundancy is intriguing. In the RAM model, the depen-
dence is very slow-growing, but still super constant. We believe it is not necessary, but it is
unclear how to remove this extra small term. On the other hand, note that in the cell-probe
model, it can actually be entirely removed (even for very large U). This is because when U is
large enough so that Ig1g U becomes unignorable, we could simply apply Lemma 7.11. This
strategy does not work on a word RAM, since it requires a large lookup table, which can only
be hardwired in a cell-probe data structure.

OPEN PROBLEM 10.3. Is there a dictionary that uses OP'T + poly lg n bits of space on
a word RAM and can answer queries in constant time in expectation?

Finally, most of the lookup tables in the data structure in Theorem 9.1 have size n°(!).
It turns out that the only two parts that require n¢ for some constant ¢ > 0 are Lemma 8.3
and Claim 7.8. In Lemma 8.3, the lookup table is used to aid the following operation: given
two w-bit strings a, b, output ¢ such that ¢; = a; where j is the index of the i-th “1”in b. In
Claim 7.8, the lookup table is used to aid the approximation of k! for a given integer k.

OPEN PROBLEM 10.4. Is there a dictionary that uses OPT +poly lgn+O(lglg U) bits
of space on a word RAM, can answer queries in constant time in expectation, and requires a
lookup table of only n°™Y) size?
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Appendix A. Approximating Binomial Coefficients. In this section, Claim 7.8 and

Claim 7.9 from Section 7.3 are proved.

CLAIM 7.8 (RESTATED). Both 51 := OPT _; 1y, .m, — (K — 4 4+ 1)SIZEmain +

(my — 1)27"‘/2+2 and sz := OPT(;_p)vi,.ms — (j — k)SIZEmain + (Mo — 1)2,,{/2+2 can
be approximated with an additive error of at most 2~" in O(1) time.

Proof. (sketch) To approximate s; and s, we can store an approximation of SIZE i,

with up to O(k) bits of precision in the lookup table. The task reduces to approximate the
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two OPT terms. Recall that

m

OPTy,, =1g <V>

In the following, we show that for any given V, m < 2, it is possible to approximate lg (1‘7/@)
in O(1) time.

lg (XL) can be expanded to lg V! — lgm! — lg(V — m)!. We approximate each term
separately. By Stirling’s formula,

d .
A (—1)iB, y
| = — — [ S S
Ink!=kIn <e) + 5 In 27wn + ;:2 = Dk + O(k™9),

where B; is the i-th Bernoulli number, and d > 2. For any constant ¢ > 0, by setting
d = Q(1/€), the above approximation gives an error of 2~2(%) for any k > 2°*. We store the
Bernoulli numbers in the lookup table, and the formula can be evaluated in constant time. On
the other hand, for all k£ < 2%, we simply store an approximation of 1g k! in a global lookup
table, taking 2¢* size. Finally, by approximating lg V!, 1g m! and lg(V' — m)! independently
with additive error 272<~2, we obtain an estimation of Ig () with additive error smaller than
272k, a
CLAIM 7.9 (RESTATED). Forany V1,Va,m > 0,and 0 <1 <'m,
l
Z 9OPTy; ;+OPTy, i

i=0

can be approximated up to an additive error of at most 2773 . > 20PTv, i+ OPTvy,m—
in O(k®) time.

Proof. (sketch) The goal is to approximate

(6

up to additive error of 2773 . (Vl;rIVZ), because

9OPTy, (+OPTy, i _ (V1) ([ V2
i m—i)’

To this end, we shall use the following lemma from [34] to approximate binomial coeffi-
cients.

LEMMA A.l1 ([34]). For any large integers V, d and 0 < a < V/2, such thatd < ¢ - a,
there is a polynomial Py 4 of degree d, such that

(asz) : (Z) ' (V;a)w'Pv,d(fC) < (azm) (14 27V,

Sor all integers x € [0, c - \/ﬂ, a (small) universal constant ¢ > 0. Moreover, given V and d,
the coefficients of Py,q can be computed in O(d"-®) time.

This lemma allows us to approximate > .__ ("1)(,)2,) where b — a < ¢ - \/a, up to a mul-

tiplicative error of 1 £ 272" in O(x*) time: it reduces approximating the sum to computing
>, b - Pi(1)Py(1) for two degree-O(x?) polynomials P, Ps.
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Letm = Vl‘_/ﬁvz -m. Forl < m — 2v/m - k, we return 0 as the approximation; For

m—2vm -k <1l <+ 2vm - k, we divide the range into chunks of size O(v/m), apply
Lemma A.1 to approximate ) _, (‘?) (in l) for each chunk in O(x*) time, and return the sum;
For [ > m + 2v/m - k, we return (an approximation of) (Vl,ibvz) as the estimation. It is not
hard to verify that in all cases we return an approximation with desired error. The details are
omitted. a

Appendix B. Dictionary with Linear Redundancy. In this section, we show a proof
sketch of Lemma 7.12, and present a dictionary data structure that uses a linear number of
extra bits. Recall that OP Ty, := lg (). For membership queries only, Pagh [21] already
obtained a better data structure. The data structure in this section is a generalization of Pagh’s
static dictionary.

LEMMA 7.12 (RESTATED). Given a set S C [V] of m keys, there is a data structure of
size
OPTy ,,, + O(m +1glgV),

such that it defines a bijection h between S and [m) and a bijection h between [V]\ S and
[V — m]. It supports 2-hq queries in constant time.

Proof. We are going to use Pagh’s static dictionary as a subroutine. For this reason, let
us first give an overview of this data structure. The data structure uses a minimal perfect
hashing of Schmidt and Siegel [28]. The hashing has three levels. In the first level, each
key x is mapped to hyp(z) = (kx mod p) mod m? with no collisions, for a prime p =
©(m?1gV) and k € [p]. A random pair (k,p) works with constant probability, and it takes
O(lgm +1glg V') bits to encode the function. This level effectively reduces the universe size
from V to m?. Each key x € S is then represented by a pair (1), 2(?)) where 2(1) € [m?]
is the hash value, and (?) = (z div p) - [p/m?] + (kx mod p) div m? (called the quotient
function in [21]). Then z(®) < O(V/m?) and (M), 2(?)) uniquely determines z.

In the second level, we apply another hash function from the same family on z(!),
b (2) = (K™ mod p’) mod m to map =(*) to m buckets. This time, we have
p' = O(m?) and K’ € [p']. Let A; be the number of keys mapped to bucket i. The hashing
guarantees that for a random pair (k’,p’), the expectation of each A7 is bounded by O(1).
Similarly, we can represent (") further as a pair such that the first component is the hash
value in [m], and the second component is the quotient function value, which is at most
O(m).

The third level hashing then hashes all keys in the same bucket to different integers. It
is applied on z(V): g, ,.(zV)) = (k;z() mod p;) mod A2, for p; = O(m?) and k; € [p;]
such that all keys in the bucket are mapped to different integers. It turns out that a random
pair (k;, p;) works with constant probability.

The data structure stores the following for the hash functions:

1. the top-level hash functions (k, p) and (k’,p’),

2. (k1,p1), (k2,p2), ..., a list of O(lgm) (random) choices for the third-level hash

functions,

3. for each bucket 7, the index 7r; of the first hash function in the list that works.
It turns out that it is possible to use only O(m) bits to store the indices ;. This is because
each second-level hash function works with constant probability, the entropy of each 7; is
a constant. We can use the Huffman coding for each m; to achieve constant bits per index
(which turns out to be the unary representation of 7;).

These hash functions map all m input keys to O(m) buckets with no collisions. By
storing a rank data structure (e.g., [23]) among the O(m) buckets using O(m) bits of space,
we further map all the non-empty buckets to [m]. Finally, we store for each bucket, the
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quotient values of the input key mapped to it. Hence, it takes 1g(V/m?) + lgm + O(1) =
lg(V/m) + O(1) bits to encode each key. Thus, the total space is mlg(V/m) + O(m +
lglgV) =1lg (V) + O(m +1glg V) bits.

This data structure supports membership queries, and naturally defines a bijection h be-
tween S and [m], namely h(x) simply being the bucket x is mapped to. To generalize the
data structure and define an efficiently computable bijection h between [V]\ S and [V — m],
we apply an approach similar to Section 7.4. To this end, we first store the number of keys
m’ in [V —m]. This is also the number of non-keys in {V —m, ...,V —1}. We are going to
store a mapping that maps all m’ non-keysin {V —m,...,V — 1} toall m’ keys in [V —m].

We then store the above data structure for all keys in [V — m], using

! 1g(V — m) fm') + O(m’ +1glgV) < lg (Z) L O(m +1g1gV)

bits, which defines a bijection 2’ between S N [V — m] and [m’]. Note that this data structure
also allows us to “randomly access” all keys. That is, given an index ¢ € [m/], it returns a key
x;, such that {x1, ..., 2, } is the set of all m’ keys in [V — m]. Then, we store a rank data
structure for {V —m, ...,V — 1}, such that given an z € {V —m, ...,V — 1}, the query
algorithm returns if « is a key, as well as its rank over the set of keys (or non-keys). Hence, it
maps all keys in {V —m, ...,V — 1} to [m — m/] and all non-keys to [m/]. The total space
is OPTvy,,, + O(m +1glgV).
For each z € S, we define h(z) as follows.

o ifx <V —m,leth(x) = h'(x);

o ifx >V —m,let h(z) be m' — 1 plus therank of x in SN{V —m, ...,V —1}.
For = ¢ S, we define h(x) as follows.

o ifx <V —m,leth(z) :=u;

e if x > V — m, suppose the rank of z in {V —m,...,V — 1} \ S is i, then let

h(z) = ;.

Having stored the above data structures, h(z) or h(z) can be computed in constant time. O
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