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Abstract

A dictionary data structure maintains a set of at most n keys from the universe [U] under
key insertions and deletions, such that given a query z € [U], it returns if « is in the set. Some
variants also store values associated to the keys such that given a query z, the value associated
to z is returned when z is in the set.

This fundamental data structure problem has been studied for six decades since the intro-
duction of hash tables in 1953. A hash table occupies O(nlogU) bits of space with constant
time per operation in expectation. There has been a vast literature on improving its time and
space usage. The state-of-the-art dictionary by Bender, Farach-Colton, Kuszmaul, Kuszmaul
and Liu [BFCK™22] has space consumption close to the information-theoretic optimum, using
a total of

log (Z) + O(nlog™®™ n)

bits, while supporting all operations in O(k) time, for any parameter k& < log*n. The term
O(log(k) n) = O(log- - -logn) is referred to as the wasted bits per key.
k

In this paper, we prove a matching cell-probe lower bound: For U = n't®() any dictionary
with O(log(k) n) wasted bits per key must have expected operational time Q(k), in the cell-probe
model with word-size w = O(log U). Furthermore, if a dictionary stores values of ©(log U) bits,
we show that regardless of the query time, it must have Q(k) expected update time. It is worth
noting that this is the first cell-probe lower bound on the trade-off between space and update
time for general data structures.
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1 Introduction

A dictionary data structure dynamically maintains a set of at most n keys from the universe [U]
under key insertions and deletions (the updates), such that given a query = € [U], it returns if =
is in the set. Some variants of dictionaries also maintain a set of key-value pairs with distinct keys
and with values from [V], such that given a query z, it further returns the value associated to z
when key z is in the set.

Hash tables are classic designs of dictionaries. Using universal hash functions and chaining, hash
tables have constant expected update and query times while occupying O(nlogU) bits of space.
There has been a vast literature on dictionaries improving the time and space usage [Knu73, ANS09,
ANS10, BCFC*™21, DAHPP06, DKM*88, DH90, FPSS03, FKS84, Knu63, LYY20, Pag01, PR04,
Pat08, RR03, Yu20, BFCK*22]. An ideal dictionary would use nearly information-theoretically
optimal space, =~ log (Z) bits, and could process each operation in constant time.

The state-of-the-art dictionary by Bender, Farach-Colton, Kuszmaul, Kuszmaul and Liu [BFCK*22]
uses

log <U> + O(nlog® n)
n

bits of space, while supporting each operation in O(k) time for any parameter k € [log*n]. The
term
O®og™ n) = O(loglog - - -log n)
————
k

is referred to as the wasted bits per key, and O(n log(k) n) is referred to as the redundancy. This
interesting time-space trade-off may not look natural at the first glance, e.g., when O(1) wasted bits
per key are allowed, the data structure has operational time O(log*n). Surprisingly, they proved
that for any hash table that makes use of “augmented open addressing,” which includes all known
dynamic succinct dictionaries [RR03, ANS10, BFCG*18, BE20, LYY20, BCFC*21, BFCK122],
this trade-off is optimal!

This leads to the question of how general “augmented open addressing” is, and whether one
can design a dynamic dictionary that does not fall in this category and has a better time-space
trade-off. For example, the best-known static dictionary (i.e., a data structure that only needs to
support queries) [Yu20], which achieves O(1) expected query time with O(n®) redundancy, does
not use augmented open addressing.

In this paper, we show that this is indeed the best possible for dynamic dictionaries, by proving
a matching cell-probe lower bound.'

Theorem 1.1. For U = n't®W and k < log* n, any dynamic dictionary storing at most n keys
from [U] with O(og™ n) wasted bits per key must have expected insertion, deletion or query time
at least Q(k), in the cell-probe model with word-size w = O(logU).

It is worth noting that when U/n is slightly sub-polynomial, e.g., U = ni+1/1og™n o1 some
constant k, Bender et al. [BFCK'22] proposed another data structure with o(1) wasted bits per
key supporting constant-time insertions, deletions and queries. Thus, the requirement that U needs
to be at least n' T2 can barely be relaxed.

Our proof uses a framework similar to the information transfer tree argument [PD04b], which
is now a widely-used technique for proving cell-probe lower bounds [PD04a, PD06, CJ11, CJS15,
CJS16, Yul6, WY16, AWY18, LN18, BHN19, JLN19, LMWY20]. Roughly speaking, it builds a

Tn the cell-probe model [Yao78], it takes unit cost to read or write (probe) one memory cell of w bits, and the
computation is free. Thus, a cell-probe lower bound implies the same time lower bound for RAM.



tree on top of a sequence of n operations, and associates each cell-probe to an internal node of
the tree. The key step of the proof is to lower bound the number of cell-probes associated to each
node. In all prior work using this framework, this is done by reasoning about how the updates and
queries in different subtrees must interact (i.e., to answer a query, the data structure must learn
sufficient information about previous updates), thus proving a trade-off between update time and
query time. In our proof, we are able to reason, via a novel argument, about how space constraints
can force the operations to spend cell-probes, thus proving a time-space lower bound.

In fact, our new technique already gives an arguably simpler and more intuitive proof of the
lower bound against data structures using augmented open addressing that Bender et al. proved.
We will present an overview of this simplified proof in the next section as a warm-up.

The technique also allows us to extend the lower bound to o(n) redundancy.

Theorem 1.2. For U = n't®W any dynamic dictionary storing at most n keys from [U] with
R < n bits of redundancy must have expected insertion, deletion or query time at least Q(log(n/R)),
in the cell-probe model with word-size w = ©(logU).

Furthermore, if the keys are associated with values of ©(log U) bits, the same technique proves
that even if the queries are allowed to take arbitrarily long time, the updates must still follow the
same lower bound.

Theorem 1.3. Consider a dynamic dictionary storing at most n keys from [U], each associated
with a value in [V], with R bits of redundancy, where U > 3n and V = U>T®W) /n2. Then, in the
cell-probe model with word-size w = ©(logU),

1. if R > n can be written as R = O(nlog®™ n) for k < log* n, then the expected update time is
Q(k);

2. if R < n, then the expected update time is Q(log(n/R)).

This lower bound shows the dictionary by Bender et al. (which can support values) is optimal
in a very strong sense: their data structure achieves O(k) update time in worst-case except with
inverse polynomial probability,2 O(1) query time in worst-case, and it is dynamically resizable;® we
show that even if we relax all other properties, the O(k) update time is still not improvable just
under the space constraint.

We emphasize that this is the first space-update trade-off lower bound in the cell-probe model
for any data structure problem. Such lower bounds were proved in [LNN15] for streaming problems
against non-adaptive update algorithms, which was later shown not to hold for general adaptive
update algorithms [AY20]. In fact, by applying global rebuilding [Ove83], one cannot hope to prove
such a trade-off when the redundancy is linear in the total space without proving a super-linear
RAM lower bound, a notoriously hard question. Naively, a data structure can always use half
of its memory as a buffer to store the unprocessed updates, and only batch-process it when it is
full; if there is a batch-processing algorithm with linear time in RAM, then this data structure
directly has amortized update time O(1) — proving an w(1) update time lower bound implies a
RAM lower bound for batch processing. Furthermore, to achieve non-amortized update time O(1),
global rebuilding suggests building two buffers in half of the memory, and using them alternatingly:
when one buffer is full, one could gradually execute the batch-processing algorithm during the next
O(n) updates, and use the other buffer to store them. Note that such a strategy is not applicable

2By simply rebuilding the whole data structure when an update takes more than Q(k) time, the worst-case-with-
high-probability bound implies O(k) expected time.
3A dictionary is dynamically resizable if its space usage is in terms of the current data size.



in the succinct regime, i.e., where the redundancy is asymptotically o(1)-fraction of the total space
— the size of the buffers cannot exceed the redundancy, thus we would have to flush the buffers too
frequently.

With an easy adaption, our technique can also prove tight lower bounds for strongly history-
independent dictionaries. A dictionary is said to be strongly history-independent (a.k.a. uniquely
representable) if its memory state is fully determined by the set of elements in it together with
some random bits the algorithm uses. We will prove the following result.

Theorem 1.4. For U = n*t9W) and R > 1, any strongly history-independent dynamic dictionary
storing at most n keys from [U] with R bits of redundancy must have expected insertion, deletion
or query time at least Q(log ”ngU), in the cell-probe model with word-size w = ©(logU).

This lower bound is tight for R > n/polylogn, due to the known data structures [Kus23,
LLYZ23]. Note that this time-space trade-off is worse than the optimal trade-off for succinct
dynamic dictionaries without the history-independent constraint. We remark that this is the first
separation between a data structure problem and its strongly history-independent version under
the RAM (or cell-probe) model.

Another related problem is Stateless Allocation [Gol08, NT01, GKMT17, BKP*20, Kus23]. It
requires the algorithm to put at most (1 — ¢)n elements from universe [U] into n slots, where each
slot can only accommodate one element, and en slots are left empty. We require the mapping
between elements and slots to only depend on the current element set and some random bits, i.e.,
the assignment is strongly history-independent. The performance of the algorithm is measured by
its switching cost, the number of elements that changes its assigned slot during an insertion/deletion.
Kuszmaul [Kus23] showed an algorithm with expected switching cost O(loge™!) for 1/n < e < 1.
We will prove that this upper bound is actually tight.

Theorem 1.5. For 1/n < e <1 and U > 3n, any stateless allocation algorithm that assigns at
most (1 — e)n elements from universe [U] to n slots must have expected switching cost at least

Qloge™1).

2 Technical Overview

Now we present an overview of our proof technique. For simplicity, let us focus on the case with

O(n) bits of redundancy, and show a time lower bound of Q(log* n). Let us also assume U = V = n?.

2.1 Slot Model

As a “proof-of-concept,” we first showcase a lower bound in the slot model, a generalization of
augmented open addressing. Then we move on to discussing how to adapt the proof to the cell-
probe model in Section 2.4, before presenting the formal proof in the later sections.

In the slot model, a data structure maintains a set of at most n keys (balls) from [U] under
key insertions and deletions, and maps the keys to n slots (bins) indexed by [n], with at most one
key in each slot at any point. The data structure must maintain at most log ([7{) + O(n) bits of
memory, which encodes the set itself and O(n) bits of (arbitrary) auxiliary information, and can
also determine the location (i.e., corresponding slot) of each key. We say a key k “is in slot ¢” if it
is mapped to slot i (it is irrelevant to how k is stored in the memory state). Each time we insert
or delete a key, the data structure updates its memory and moves (or swaps) the keys between
slots. In the slot model, moving a key from one slot to another takes O(1) cost, while accessing the



memory is free. Thus, the goal is to minimize the key-moves during the insertions and deletions.
We will be proving that each operation must move at least Q(log* n) keys on average.

We note that the slot model is similar to, yet more general than, the augmented open addressing
defined in [BFCK'22]. Augmented open addressing has a list of “hash functions” hy,ha, ..., h,
mapping [U] to [n]. Key x must be put in slot h;(x) for some ¢, and the auxiliary information stores
the index 7 using O(logi) bits.

One can either view a data structure in the slot model as a dictionary with values, where the
balls represent the keys’ associated values (which are physically stored in their corresponding slots),
or view the “quotient” [Knu73, Pag99] as the balls in the key-only setting. It is more limited than
general data structures as the values or quotients must be stored in n memory slots atomically,
while it is also stronger in the sense that the set of keys is known for free and we only count the
number of moves.

Hard distribution. Let us consider the following sequence of operations (similar to the hard
instance analyzed in [BFCK™22]): We initialize by inserting a set of n random keys, then repeatedly
delete a random key from the initial set and insert a new random key from [U]. We call each pair
of deletion and insertion after the initialization a meta-operation. The analysis will focus on the
cost of the n meta-operations.

A simple upper bound. To motivate the quantity log® n, let us first consider the following
algorithm that maintains the keys approximately in sorted order using lazy updates. After the
initialization, the data structure spends O(n) swaps to place the keys in sorted order in the n slots.
Thus, the key set by itself determines the location of every key.

Next, for each meta-operation, after deleting a key and thus emptying a slot, we can first put
the new key in the empty slot, and store its identity and location as auxiliary information. As we
delete and insert more keys, the slots gradually become “less sorted.” Since we only allow O(n)
bits of auxiliary information, this can be done as long as the new keys and their locations take at
most O(n) bits to store, i.e., we can store O(n/logn) new keys in this way.

After O(n/logn) meta-operations, we rearrange all new keys so that they become in sorted
order by themselves, while the set of new keys still resides in the set of slots that contained deleted
keys (see the first three steps in Figure 2.1 for an example). This takes O(1) amortized swaps per
insertion. It then suffices to only indicate as auxiliary information which keys are the new keys
and the set of their locations. This takes log (O(nﬂogn)) = O(nloglogn/logn) bits. After the
rearrangement, every new key effectively only costs O(loglogn) auxiliary bits.

We do this to every segment of O(n/logn) consecutive meta-operations: store their identities
and locations until it takes O(n) bits; then rearrange so that they become in sorted order by
themselves; and further store for every new key and every emptied slot, which segment we inserted
the key or emptied the slot. Since every new key and slot needs O(loglogn) bits to encode,
we can repeat this for O(logn/loglogn) segments, i.e., O(n/loglogn) meta-operations in total.
Thereafter, we further sort these O(n/loglogn) keys, as shown in the last step in Figure 2.1.
Now we only need to pay O(log (n/ loglogn)) = O(nlogloglogn/loglogn) total auxiliary bits, or
O(logloglogn) auxiliary bits per key. Sorting again takes amortized O(1) additional swaps per
meta-operation.

This suggests the following strategy based on lazy updates: For each meta-operation, we can
place the new key in the slot that just became empty and store its identity and location; after every
segment of O(n/logn) consecutive meta-operations, we sort the new keys inserted in this segment
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In the first n/logn operations, the new keys are directly placed in the empty slots which are marked by squares
(the first two steps), and will be rearranged later (the third step). This process continues for each subsequent group
of n/logn operations, until the (logn/loglogn)-th group, which is marked by circles (the fourth step). After
rearranging this group (the fifth step), we further rearrange all the n/loglogn new keys (the sixth step).

Figure 2.1: Key Arrangement

and store the set of locations as a batch?; after every O(logn/loglogn) consecutive segments, we
sort all new keys inserted in them and store the set of locations, and so on. This process continues
until we have inserted O(n) keys, in which case, we can afford to re-sort all keys with O(1) additional
swaps per key. There will be a total of O(log* n) levels of sorting. Since sorting in each level takes
O(1) swaps per key, the total number of swaps for O(n) meta-operations is O(nlog* n).

2.2 Slot Model Lower Bound

The slot model lower bound is inspired by the above algorithm. Note that in the algorithm, for
every O(n/logn) consecutive meta-operations, we must rearrange the keys, otherwise the auxiliary
information will take more than O(n) bits. The rearrangement takes O(1) cost per key. We will
show that this O(1)-cost per key cannot be avoided.

We say a slot is accessed if we move a key from or to this slot. Formally, we will show that
for every consecutive m = 2(n/logn) meta-operations, there must be Q(m) times in expectation
that a slot is accessed during multiple meta-operations. In other words, we go over all m meta-
operations, and examine during each meta-operation, which slots are accessed both in this and in a
previous meta-operation, and add the number of such slots for every meta-operation together. We
assert that there must be (m) times in expectation that a slot is accessed in a meta-operation
and also in a previous one (thus, if the same slot is accessed during ¢ different meta-operations, it
is counted ¢ — 1 times).

Similarly, for every consecutive m = ©(n/loglog n) meta-operations, consisting of ©(log n/ loglogn)
segments of size ©(n/logn), we assert that there must be 2(m) times in expectation that a slot is
accessed during multiple segments, and so on. We formally state it in the following lemma, which
is the slot-model variant of Lemma 3.2.

4Strictly, we also store which keys belong to the new batch, whose space usage is no more than storing the set of
locations.
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Figure 2.2: Tree Structure

Lemma. Let 1 < ¢ <log*n. For any consecutive m = ¢y -n/ log(g) n meta-operations for a suffi-
ciently large constant c1, partitioned into A = @(log(e_l) n/ log¥) n) segments of size O(n/ log!—1) n),
there must be Q(m) times that a slot is accessed during multiple segments.

We used the convention that log(®) n := n. To see why it implies a lower bound of Q(log* n),
we build a tree on top of the n meta-operations with depth log* n. Each leaf of the tree (level-0
node) corresponds to one meta-operation, and we place the leaves in the same order as the meta-
operations. Then we divide the leaves into groups of ©(n/logn) consecutive meta-operations, and
assign a common parent (a new node) at level 1 to each group. Next, ©(logn/loglogn) consecutive
level-1 nodes are grouped together, and assigned a common parent at level 2, and so on. In general,
we group @(log“—l) n/ log® n) nodes at level £ — 1, and assign them a common parent at level /.
See Figure 2.2 for details.

Now consider an access to a slot during a meta-operation (a leaf), and consider when it was
accessed the previous time (another leaf), we associate this access to the lowest common ancestor
(LCA) of these two leaves. To lower bound the total number of accesses, it suffices to sum over all
(internal) nodes the number of accesses associated to it. On the other hand, whenever an access
is associated to a node wu, then with respect to u, this is a slot that is accessed in two different
segments (two different children of u). Hence, the above lemma lower bounds the number of accesses
associated to each u by the size of the subtree rooted at w. Thus, the sum of every level is (n), and
the total sum over all internal nodes is Q(nlog*n). This way of counting the number of accesses
has been used in many cell-probe lower bounds [PD04a, PD06, CJ11, CJS15, CJS16, Yul6, WY 16,
AWY18, LN18, BHN19, JLN19, LMWY20], although the nodes in the tree are usually set to the
same degree, in which case, one obtains a logarithmic lower bound.

2.3 Number of Swaps per Node

Next, let us prove the above lemma. For simplicity, we first focus on £ = 1, i.e., m = ¢ - n/logn
and “segments” consisting of one meta-operation (A = m). To begin with, let us see what would
go wrong if there was zero slot accessed during multiple meta-operations, then we will extend this
proof-by-contradiction to (m) slots.



Intuitively, we are going to show that the data structure stores too much information about
the order of insertions (given the deletions) as auxiliary information, which corresponds to storing
the new keys and locations in the upper bound. Fix a sequence of operations sampled from the
distribution, and fix an index k. We will analyze the (k + 1)-th to the (k 4+ m)-th meta-operation.

The outer game. To formalize this intuition, let us consider the following communication game
between two players Alice and Bob, which we call the outer game.

e Both players get the memory state Cy; after the k-th meta-operation, of log (g) + O(n) bits.
It determines the set of n initial keys K before the m meta-operations, as well as the slot
allocation. The players also both know the keys that are deleted and the order of the deletions
d, and the (unordered) set of all inserted keys .A.

e Alice further knows the order of insertions a, a permutation of A.

e Alice sends one message to Bob, and their goal is for Bob to recover the permutation a.

A communication protocol. Next, let us consider a protocol for the outer game. Alice’s (only)
message of this protocol will be an encoding of the memory state after the m meta-operations Cepq.
Since Bob knows the initial set K and the set of deleted keys and inserted keys, he also knows the
set of keys Kenq after the m meta-operations. On the other hand, Cenq also determines Konq — the
entropy of Cepng conditioned on Kgnq is at most O(n), since

H(Cend | Kend) = H(Cend7 Kend) - H(Kend) = H(Cend) - H(Kend)

< <log <Z> + O(n)) ~log (:) — 0(n).

Thus, by encoding Cepq optimally conditioned on Keonq, Alice can send O(n) bits in expectation so
that Bob is able to recover Cy,q from the message.

Now we claim that Bob can fully recover the permutation a if every slot is accessed in at most
one meta-operation. Let us consider the first insertion. Bob knows the first deleted key di, but
only knows that the first inserted key a1 is among A. Without loss of generality, we may assume
that the data structure always first puts a; in the slot where d; was, then immediately applies
an arbitrary permutation over the slots. Recall that any permutation can be decomposed into a
collection of disjoint cycles: In particular, suppose d; (and a; temporarily) was in slot s, then
there exist slots sg,...,s. for some ¢ > 1 such that the key in sq is moved to so, the key in so is
moved to s3, and finally, the key in s. is moved to s;. Now observe that all slots sq,...,s. are
accessed during this meta-operation. By our assumption that every slot can be accessed in at most
one meta-operation, these keys must remain in the same slots in the final state Cenq. Next, since
Bob knows dj, he knows s1, then he can examine which key «x is in slot s; in Cepgq. If x is not in K,
then he knows immediately that it must be a1, as this slot is not accessed afterwards. Otherwise,
x must be the key that was initially in s, and was moved to s;. Thus, Bob learns s. by examining
the location of x in initial memory state Cy. Then Bob can further examine which key is in s, in
Cend, and it must be the key that was initially in s._;. Bob can trace this cycle by alternatingly
examining the keys in the slots in Cy and Cepq. Eventually, he is able to identify a key that is not
in K, which must be a;.

After knowing a1, Bob simply simulates the data structure for the first meta-operation by
deleting d; and inserting a;, then proceeds to the second meta-operation. Note that this process
does not require any communication. Finally, Bob is able to recover the order of all insertions



after Alice sends the single message consisting of an encoding of Cynq. The message has expected
length O(n), but the order of insertions has entropy ©(mlogm), which yields a contradiction when
m = c¢in/logn for sufficiently large constant c;.

Extending to Q(m) cost and level ¢ > 1. In general, if there are at most 0.01m times that a
slot is accessed more than once, then except for at most 0.01m meta-operations, all slots accessed
in other meta-operations are not accessed later. We then simply apply the above argument to
iteratively figure out the remaining 0.99m insertions. For the other 0.01m, Alice can simply send
Bob the inserted keys within A using log m bits each (and O(m) bits indicating which rounds Bob
needs to run the above algorithm on his own). Alice’s message has total length 0.01mlogm+O(n),
which again yields a contradiction.

For levels £ > 1, the players’ goal becomes for Bob to figure out that, for each insertion in A,
which segment it belongs to (we give the order within each segment to both players). In this case,
Bob needs to learn mlog A ~ cin bits of information. It turns out that the same protocol works,
and in each segment, by applying the same strategy more carefully, Bob can again find the inserted
keys by following the cycles of the permutations. Thus, the lemma holds, and the lower bound in
the slot model follows.

2.4 Cell-Probe Lower Bound

The lower bound in the cell-probe model is proved using the same framework. Instead of the
slots, we will work with memory cells. In general, a data structure does not necessarily have one
part to store the key set and auxiliary information, and another part for the slots. Moreover,
(the “quotient” of) a key do not necessarily occupy a complete memory cell, and may be encoded
arbitrarily. We need a more careful argument in this case.

Fix a data structure in the cell-probe model with word-size w = ©(log U) that uses log (g) +0(n)
bits of space. We prove the following lemma.

Lemma. Let 2 < ¢ <log*n. For any consecutive m = ¢y -n/ log(é) n meta-operations for a suffi-
ciently large constant c1, partitioned into A = @(logw—l) n/ log® n) segments of size O(n/ log!—1) n),
there must be Q(m) times that a memory cell is probed during multiple segments.

By the same argument as in the slot model using trees, this lemma implies an Q(log* n) cell-
probe lower bound. It turns out that in order to prove it, the only part that we need to “upgrade”
from the slot model is the step in the protocol of the outer game, where we showed that Bob can
figure out which segment contains each insertion based (essentially) only on the starting and ending
memory states. For the slot model, this step uses the fact that (the quotient of) the keys are atomic
and can only be stored in slots and moved between the slots. For general data structures, we will
have to do it differently.

Recovering the segments. Now let us fix £ > 2 (for technical reasons, the proof does not work
for £ = 1). We again consider the outer communication game, where

e both players know the initial memory state C;, the (unordered) set of m insertions .4, the
(ordered) sequence of m deletions d;

e Alice further knows the order of insertions a;

e Bob only knows the order of insertions within each segment (e.g., Bob knows for each segment,
the first insertion is the 7(1)-th lexicographically smallest inserted key in this segment, the



second is the m(2)-th smallest inserted key, etc, but without knowing the actual set of inserted
keys);

e their goal is to let Bob learn the set of inserted keys Al in each segment i € (A

For simplicity, we again will first derive a contradiction when no cell was probed in more than
one segment. Similar to the slot model, Alice can send Bob the final memory state Cenq using
O(n) bits. Bob will then first try to identify A, the insertions in the first segment. To this end,
Bob decodes Cepq from the message, then for all possible (m/\)-sets of insertions B C A, Bob
pretends that Al = B, and simulates the data structure on B together with the deletions in the
first segment, which are known to Bob.

Now observe that a necessary condition for AN = B is that the set of cells probed in this
simulation have the same new cell-contents as in Cq,q. This is because we assumed that no cell is
probed in more than one segment, thus their contents must not be updated later. We call such a
B qualified. Note that Bob can check if a set B is qualified, and clearly, the correct set of inserted
keys must be qualified. Moreover, the key property we will prove is that, in expectation, only very
few B are qualified. Thus, it suffices for Alice to send few bits to tell Bob which B is the correct
AW among the qualified sets.

To prove this key property, consider the correct set of insertions A = Al and another qualified
set B. Let Sy [resp. Sp] be the set of cells probed when Al = A [resp. AN = B], and let C4 [resp.
Cp] be the memory state after processing the first segment. Since A and B are both qualified, the
contents of S4 N Sp in C'4 and Cg must be the same, because in particular, they are the same as
in Cepng. For such A and B, we say they are consistent. The following technical lemma says that
two random subsets A, B C A of size m/\ with intersection at most m/2\ are consistent with very
low probability.

Lemma. In expectation, two random m/\-subsets A and B of A conditioned on |AN B| < m/2\
are consistent with probability U—m/A)

This is a simplified version of Lemma 4.4 to fit in the regime in this overview. Note that our
distribution guarantees that Al'l is a random subset of A of size m/\.

In particular, the above lemma implies that, on average, the sets that have a small inter-
section with the correct A are very unlikely to qualify. On the other hand, there are only

(9:27/’2)\) (ZTn//;)\) = O(M\)™? sets that have intersection size at least m/2\ with A, while there

are ~ O(\)™/* many m/\-subsets of A. Thus, by encoding the correct Al among the qualified
sets, Alice can save a factor of two in the message length. This constant-factor saving in the
communication cost turns out to already be sufficient for a contradiction.

The remaining step is to prove the above lemma, showing that two random sets conditioned on
their intersection size being small are very unlikely to be consistent. For simplicity, let us consider
two random sets A and B conditioned on AN B = &. If the contents of S4 NS are the same after
inserting either A or B, then intuitively, these cells should not be storing much useful information
about A or B — we are wasting space proportional to |S4 N Sp|-w. On the other hand, the same
set D is deleted in the segment in both cases, one must probe the cells storing the information
about D. This is because intuitively, the redundancy is only O(n) bits, which is much smaller
than the entropy of D (or A, B) when ¢ > 2; the data structure must “empty most of the space
storing D” to make room for A or B. Thus, the set S4 NS should be sufficiently large to contain
D. Combining the two, we are wasting Q(H (D)) = Q(m/X -logU) > Q(n) bits. This leads to a
contradiction (this is also where we need ¢ > 2).



We formally prove the lemma by studying another communication game, which we call the
inner game. We show that whenever two sets A and B are consistent, it is possible to encode sets
K, A,B,D (recall that K is the initial set of keys) using roughly H (K, A, B, D) — Q(m/X -logU)
bits. This implies an upper bound on the possible number of such tuples (K, A, B, D), i.e., only
U—2(m/A)_fraction of A and B are consistent on average. See Section 5.1 for the protocol.

For the general case where A and B can have a small intersection, and at most 0.01m cells can
be probed in more than one segment, we generalize the definition of consistency to require that the
number of different cells in S4 N Sp is bounded by O(m/\). It turns out that the above argument
still goes through, and Bob can recover Al after Alice sends few extra bits. Then, Bob simulates
the operations in the first segment, and the players apply the same strategy for Bob to iteratively
recover A ... AN Bob learns the partition of A into A1, ... AN which has ~ mlog A bits of
information, while Alice’s message turns out to have only ~ (1 — Q(1))mlog A+ O(n) bits, yielding
a contradiction. See Section 4.2 and Section 4.3 for the detailed analysis.

3 Hard Distribution and Proof of Main Theorem

In the following sections, we present the formal proof of our lower bound for the dynamic succinct
dictionary problem. Let C be a dynamic dictionary data structure that maintains a set T of at
most n distinct keys in range [U], i.e., C' supports the following operations:

e Initialize T to @.

e Insert a key z, assuming |T'| <n and = ¢ T.
e Delete a key x, assuming = € T'.

e Query whether = is in 7.

We will focus on the following regime:

e We assume U = n!*M) Without loss of generality, we set the word size w = logU so that

a key can be stored in one word.

e The memory of C' is fixed to be log (g) + R bits, where the term log (g) is the optimal space
required to store n keys, and R is the redundancy. Moreover, by the convention of prior work,
we say the data structure incurs r = % wasted bits per key.

The running time of the dictionary is measured by the expected amortized number of cell-
probes per operation, while the redundancy is measured by r, the number of wasted bits per
key. As mentioned in Section 2, we will consider a sequence of n insertions followed by n meta-
operations. Each meta-operation will consist of a query (for technical reasons), a deletion, followed
by an insertion. A formal description of the hard distribution is presented in Distribution 1.
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Distribution 1: Hard Distribution

1 Initialize an empty dictionary with capacity n and key-universe [U]
2 K < uniform random n-element subset of [U]

3 Insert keys in K into the dictionary one by one, using n insertions
4 fori=1tondo

d; <+ a uniform random key in K that has not been removed

Query (d;)

Delete(d;) from the dictionary

a; < a uniform random key in [U] which is neither in K nor in the current dictionary
Insert(a;) to the dictionary

© w N o w;

The following theorem, a rephrase of Theorem 1.1 with respect to Distribution 1, is the main
result of this section, proving a space-time lower bound for dynamic dictionaries.

Theorem 3.1. For sufficiently large n and any positive integer k < log*n, if a dictionary incurs
r < log(k)n wasted bits per key, then it must perform Q(nk) cell-probes to process a random
sequence of operations sampled from Distribution 1 in expectation, i.e., the expected amortized time
to process one operation is Q(k).

We first fix a data structure using r < log(k) n wasted bits per key. By Yao’s Minimax Principle,
we may assume without loss of generality that it is deterministic.

Recall that we denote Step 5-9 in the hard distribution by a meta-operation. To prove the
lower bound, we will build a tree over the sequence of n meta-operations. Each meta-operation
is a leaf of the tree, which is also called a level-0 node. The tree is then constructed bottom-up.
After constructing level £ —1, we group every Ay consecutive level-(¢ —1) nodes, and assign a level-£
node to be the parent of every group. Thus, a level-¢ node u represents an interval of consecutive
meta-operations, which is the union of the intervals of u’s children.

Let my denote the number of consecutive meta-operations a level-¢ node represents. Then, we
have my = my_1 - A\p. We will set my == cn log(k) n/ log(g) n for levels £ > 1, where ¢ = 100 is a large
constant, and set mo = 1 for the leaf nodes. For simplicity, we assume my_; | my. Therefore, for
¢ > 1, we have Ay = log"Y n/log® n.

The process of grouping level-(¢ — 1) nodes to form level-¢ nodes terminates at level h when
cn log(k) n/ log(h) n > n, i.e., all meta-operations are grouped into the same level-h node. Formally,
h=min{l € N: log(g) n < clog(k) n}. Here we let mj, = n, and the only level-h node is the root of
the tree. Clearly, the height of the tree h is Q(k). See Fig. 2.2 in Section 2.

Now let us return to the data structure. In the cell-probe model, its memory contains N cells,
where N = <log (Z) + R) / w = O(n). The addresses of these cells are from 1 to N. We will lower

bound the total number of cell-probes in two ways. To this end, we introduce two quantities for
each node u in the tree, cost, and probe,, to measure the number of probes.

For cost,, if cell i is probed in meta-operations t; and to (t; < t2) but not between them, we
assign the probe of i at t to node u, the lowest common ancestor (LCA) of t; and t3 in the tree,
and let cost, be the total number of probes assigned to u. Clearly, since each cell-probe is assigned
at most once, the total number of cell-probes during the whole operation sequence is at least the
sum of cost,, over all the nodes.

For probe,,, we simply define it as the number of probes incurred while processing the operations
in u’s corresponding interval. For a single level ¢, the sum of probe, over all level-¢ nodes u exactly
equals the total time cost in the whole process (unlike cost,,, we cannot use the sum of probe, over
all nodes as a lower bound, because each cell-probe will be counted h + 1 times).
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The lemma below gives a lower bound on the expectations of cost,, and probe,,.

Lemma 3.2 (Outer Lemma). Let t be a parameter. Suppose U = n'*® for a constant a, and let
v = 6(16-7— . For a level-¢ node u, if
)

o 204 < )\, < 13 logn,

e mylog Ay > 100R,

. %fymg logU > R+ 5my+2(8 + 1)myt,
o my >nl"/2,

where B is a global fized constant to be determined later, then at least one of the two proposition

holds:
e Prop 1. Elcost,] > 15me;
e Prop 2. E[probe,] > myt.

Note that although we have set the tree parameters Ay, my above for all levels ¢, Lemma 3.2
only focuses on a single level £ and has no constraint for the tree parameters for other levels ¢’ # /.
Hence, even if we use another set of tree parameters, Lemma 3.2 still applies as long as the required
conditions are met (which will be the case in Section 6).

We will prove Lemma 3.2 in the next section. Now we use it to prove Theorem 3.1.

Proof of Theorem 8.1. The main idea is to apply Lemma 3.2 on all nodes in levels 2 < ¢ < h, with

parameter t = % log U. After applying the lemma, consider two cases:

e If there is a level £ (2 < ¢ < h) such that at least half of the nodes in this level satisfy Prop
2, the expected time can be bounded by

Z E[probe,]

u in level £

1 1
s —myt = —nt 7

= nlogU.
me 16 32" T 2568 +1) T ®

l\)\)—t

As the coefficient
is at least Q(k).

W is a constant and log U > logn > log*n > k, the time per operation

e Otherwise, it means for every level ¢ (2 < ¢ < h), at least half of the nodes in it satisfy Prop
1. Taking summation of the lower bound of E[cost,] for each node w in these levels, we know
that the total time cost is at least S h—) dsmyg - 3 “ s = aggn(h — 2) in expectation, which
means the expected time cost per operation is at least Q(h) = Q(k), as desired.

It remains to verify the premises of Lemma 3.2. Notice that we require 2 < ¢ < h, i.e., when we
apply Lemma 3.2 on some node u, u and its children are not root or leaf nodes. Thus we always
have my = cnlog®) n/ log® n and A, = log(¢~V n/ log®

o )\, > 264 According to the definition of h, for every 2 < ¢ < h, we have log(@ n > clog( )n >
c=10°, s0 Ay = log“ Y n/log¥n = 21°g(e)”/log(z n > 2¢/c>> 264,

o \; < {Flogn. As n is sufficiently large, we only need to show A, = o(logn), that is,
log(e_l) n/ log(e) n = o(logn). All levels except for level 1 satisfy this condition.
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e mylog Ay > 100R. We can calculate
1 1
mylog Ay = mg(log(z) n — log+h) n) > e log¥ n = Sen log® 1> 100n10g® n
100R = 100nr < 100n log(k) n

where the first inequality holds because log(é) n > 210g(€+1) n as log(e) n > c¢. So we have
mylog A\p > 100R for all 2 < £ < h.

o %’yme logU > R+ 5my + 2(f8 + 1)myt. Substituting t = (B+1
only need to prove %’ymg logU > R+ 5my. When n is sufficiently large, we have

) log U into this inequality, we

log®) n lo
ymylogU > 7%1 U > 0T -cn log(k) n > 24cn log(k) n > 4(R + 5my).

- 7log log

log(
log log n’?

e my>nt""2 Asmy>en- this inequality naturally holds with sufficiently large n.

This proves the theorem. O

4 Outer Lemma

Suppose u is a level-¢ node in the tree structure. It also represents an interval of my, consecutive
meta-operations. In this section, we focus on the operations in v and prove Lemma 3.2, which
asserts that either E[cost,] > t25my or E[probe,] > femyt.

4.1 Proof Overview

We index the meta-operations in u by {1,...,ms}. Let a;, d; represent the keys to be inserted
and deleted in the i-th meta-operation in u, respectively. Also define sequences a == (ay,...,am,),
d = (di,...,dn,). These meta-operations are further divided into A, subintervals of length m,_1,
each corresponding to a child node of u. We call each subinterval a segment. For each i € [A\/], the
keys inserted and deleted in the i-th segment are denoted by alil := (a(i,l)mzilﬂ, e ,aimz_l) and

dl = (d(i,l)mhlﬂ, e 7dimz_1)' We further define the following quantities of a:

e A:={ai,...,an,} is the unordered version of a, and Al = {a(i—l)m2—1+17 e ,aim#l} is the

unordered version of all.

e Inside the i-th segment, we use a permutation 7/l to represent the order of key insertions in
AUl Formally, 7! is a permutation over [me_1] such that the j-th key inserted in the i-th
segment is the 7TH th largest element in All. Denote by 7 = (77[1], ey
all these permutatlons

77[)‘4]) the sequence of

Let C be a (memory) state of the deterministic data structure at a given time, i.e., the contents
in all N memory cells. It is clear that H(C) < log( ) + R. We also define C(S) to be the state
of the cells S, where S C [N]. Formally, C(S) = {(¢, cont(i)) : i € S}, where cont(i) is the w-bit
content of the i-th cell in the state C. Notice that C(S) also includes the address information S
when S is a random variable. Hence, the entropy of C(S) might be larger than w - |S].

Denote by Cg the state of the data structure just before executing the first operation in w;
denote by Cqnq the state right after executing the last operation in u. We will not consider states
before Cy; or after Cepngq in this section.

We will prove Lemma 3.2 by contradiction via a communication game. In this game,
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e Alice is given A, ..., A which determines A, and is also given Cy, d, 7;
e Bob is given A, Cy, d, 7;
e the goal of the game is for Alice to tell Bob (A[l], ey A[M) by sending one message.

Note that (A[l], e ,AW]) is simply a random partition of A, which has my elements, into A,
groups of size my_1 each. Since all other inputs are independent of the partition, the entropy of
(A[l], . A[’\d) given Bob’s input is

HAW AN A Oy d,m) = H(AW, AR 4)

= log ( e ) = logmy! — A\plog my_q!. (1)
me—1,---5,Myg—1

4.2 Outer Game Protocol

Let us now assume for contradiction that the conclusion of Lemma 3.2 does not hold, i.e., E[cost,] <
I8 and E[probe,] < myt, we will show a protocol where Alice sends less than (logmy! —
Aelogmy_1!) bits of information, but Bob can still recover Al AR which leads to a con-
tradiction.

Recall the definition of cost,: While a cell j is probed at different segments in u, we increase
cost,, by one. Conversely, since cost,, is small, we know that most cells are only probed in at most one
segment. We call the cells that are probed in at least two different segments bad cells, and use Sy,q to
denote the set of bad cells. The expected number of bad cells is at most E[|Spad|] < E[cost,] < Tt

100 °
The framework of our protocol is shown in Protocol 1. Below, we will explain it in detail.

Protocol 1: Outer Game Protocol Framework

1 Alice sends Cgpq to Bob

2 for i =1 to Ay do

3 Bob computes Cl,of, the state of the data structure before the i-th segment
4| Awest = A\ (AT U U AR

fzg,ll]l = {B C Arest |B| = mZ—l}

5

6 Alice decides X; € {0,1} and sends it to Bob > Explained below

7 if X; =1 then

8 Bob runs tests on all B € ]:all} > Explained below

9 ]-"(Elial ={B¢€ ]:a[fl]l : B passes the ‘Fest}

10 Alice sends the index of A in F (Efl]lal > It is guaranteed that Al will pass the test
11 else

12 L Alice sends the index of Al in .7:5]1

Sending Ceng. The first step is to send Cepng, the final state of the data structure after processing
all operations in u, to Bob. We show that the entropy of this message given Bob’s knowledge is
in fact much smaller than the number of bits in the memory, because Cynq has a large mutual
information with Cg. To upper bound this entropy, we consider the key set stored in Cenq, which
we denote by Kenq. Now observe that Keng can be inferred from both Cenq and from (Cy, A, d)
(by running all possible queries on Cepq, or on Cy and replacing keys d with A). Thus, the mutual
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information I(Ceng; Cst, A, d, ) > H(Kenq) = log (g) Furthermore, we have

H(Cend | Csta -A7 d, 77) = H(Cend) - I(Cend ; Csta A7 d, 77) S log <Z> + R — IOg <Z> = R. (2)

Hence, Alice can send Copq conditioned on (Cst, A, d, ), using at most R bits in expectation.

The remainder of the protocol consists of Ay rounds. In each round, Bob aims to learn a single
Al Notice that since Bob knows the order of insertions 7l and the sequence of deleted keys dm,
Bob would also be able to infer the entire operation sequence in segment 3.

Preparation steps. At the beginning of the i-th round, Bob already knows AMJ, ... Al-1.
combined with the common knowledge 7, d, Bob can recover all operations in the first ¢ — 1
segments. So he can simulate the process of the data structure from Cg throughout the first ¢ — 1
segments, obtaining the state before the i-th segment, Cher. At this point, the set of all possible

keys that can be inserted in segment i in Bob’s view is Aresy = A\ (AN U--- U A1), Line 5
defines F. [1]1 as the collection of all my_j-element subsets of Ayet. Every set in F, [1]1 is currently a
candidate of All. Tt is clear that the correct Al is in .FaEl]l.

The most trivial way for Alice to reveal AlYl to Bob is to send the index of Al in ]-"51]1 This

takes log ‘]-' 11‘ = log ('Are“‘) bits. However, this approach would not lead to a contradiction, as
Z | log | 11‘ = log (me 1,ml,me,1) exactly equals log my! — A\plog my_1!, the entropy that Bob needs
to learn.

Compared to this simple method, our protocol lets Bob eliminate most of the candidates by
running tests based on Cler and Cypq. Ideally, he can narrow down the candidates to a small subset

f(&ﬂal - -7:;1}1 while the correct All e .F i ua) 18 ot eliminated. In this case, Alice only needs to send
log ’ qual} < log |]: g ! bits. On the other hand, we observe that occasionally, Al is eliminated by

Bob’s tests. In this bad case, Alice will still send Al using the index in f H . An additional bit X;
is sent to tell Bob whether his tests will be successful.

Alice’s Decision. We define SZ} to be the set of cells probed in the i-th segment. Recall that we
use Shaq to represent the cells probed in multiple segments (Alice knows all operations, and thus,

knows Spad). X; in Line 6 is determined according to the relationship between SK] and Spaq: If

|S£? N Sbad‘ > ymy_1/2 (recall v = ﬁ), we call it the bad case, and Alice sends X; = 0 and
the index of Al in ‘7:&[:1}1 in Line 12. Otherwise, Alice sends X; = 1.

Bob’s Tests. For each candidate B € F, 5]1, Bob runs the following test. He pretends that B is the
correct set Al and permutes B according to the permutation 7, obtaining an ordered sequence
of my_1 keys b, Then, he simulates the operations in the i-th segment according to bl and d?.
The simulation starts with the state Cper, and we denote by Cp the end state after the simulation.
Let Sp be the set of probed cells during the simulation.

B passes the test if most of these probed cells have the same content as their final value in
Cend, 1-€., if Cp(Sp) and Cenq(Sp) differ by at most ymy_1/2 cells. In this case, we say that B is
qualified.

Next we show that Al is always qualified when X; = 1. Let C[i] be the true state after the
i-th segment. Note that C' [Z](S M) and Cend(SA]) can only differ in Sy H N Spaa: If some cell j € Sy 4
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has different values in C’g] and Cgpnq, it must be probed in a later segment; but it is also probed
in segment ¢, which tells us that j € Sp.q by the definition of Spaq. Combined with the fact
|SE} N Sbad‘ < ymy—1/2 (since X; = 1), we see that All must be qualified.

Thus, in either case (X; = 0 or X; = 1), Bob is able to recover the set All. By iterating over
all i = 1,..., )\, Bob successfully recovers the partition (A, ..., A} as required.

Analysis. Denote by M; the message sent by Alice in the i-th round. M; contains an indicator
X; and an index of log |Fe[tll]l’ bits (when X; = 0) or log ’f(gﬂal} bits (when X; = 1). Formally,

|M;] = X;log | FEL |+ (1 — X,) log | FL| + 1.

Thus, by (2), the message sent by Alice has at most

Ao Ae
H(Cena | A, Cst,d,m) + > E[M;|] < R+ > E[M]
=1 =1

bits of information in total. On the other hand, since Bob can always recover the partition
(A[l], e ,A[’\d) given his input (A, Cy, d, ) and Alice’s message, we must have

Ag
R+ZE[|M,-H > H(AM, . AP | A Oy, d, ),
=1
Ag
& D E[M]] > logmg! — Alogmy_y! — R. (3)
=1

Next, we will derive an upper bound on E[|M;|] that will contradict with this inequality when
E[cost,] < 12 and E[probe,] < f=myt.

4.3 Estimate the Message Length
We introduce an intermediate set fl[lﬂr ={B¢€ ]:51]1 . |A' N B| > my_1/2} to help us estimate fc[ﬂal.

This is the set of all possible B that are not too different from the correct AlYl. Define indicator

variables YV; =1 [f(gﬂal - fl[lﬂr] and Z; =1 [EHSZ} H < mg,lt}. The variable Y; indicates that the

only sets that can pass the test are the ones similar to the correct All. Note that Y; is a random
variable, while Z; is not (since the only random variable in the definition of Z; is placed within the
expection), which can be fully determined by the location of the current segment (i.e., determined
by the node u’s location in the tree and the segment index i). Later, we will demonstrate that
segments with Z; = 1 are likely to have Y; = 1.

Then, when Y; = Z; = 1, we can apply ‘}' g&aA < ‘flﬂr’ on the inequality; otherwise, we just

use the trivial bound |FL < FII Recall X; =1 st n Sbad| < ymy_1/2| indicates if this is
qual all A
the bad case, we then have
|M;| < (1= X;YiZ;)log | Fypi| + XY Zilog | Fyp, | + 1

i i i (4)
= log | FL1| — X:YiZ(1og | 7| — log | Fli,[) + 1.

The following claims give lower bounds on X;, Y;, Z; and log ‘]-'51]1} — log }]: Y

br ‘ respectively.
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Claim 4.1. We have
Ae/2

1
ZX 2 e

Proof. First, we reconsider how Sz} N Sphaq in the i-th segment is related to cost,. If some cell is
probed in s > 1 different segments of u, it incurs s — 1 > s/2 costs on u. Hence, if we think every

probe of a bad cell incurs 1/2 cost, we will get a lower bound on cost,. Noting that SE] N Spad 1S
exactly the set of bad cells probed in segment i, where each probe contributes at least 1/2 to cost,,

we have
1 [&8
£S5 5 5
=1

Y
< u < R
< Ecost,] g™ (5)

Then we put X; into (5). Since X; = 0 implies ‘Sﬁ} N Sbad‘ > ymye—1/2,

m i my_1+ A
[Z'Y 211_ ] Z‘S[]msbadylgloome_’yelolog
A N
= E Z(l—Xi)] < ?é,
i=1
Ae/2 A
VYD VARV,
>7— 1—X)| >28 22> 28
ZX 2 E;( Xl)]—2 25 ~ 4 =

The next claim gives a bound on Y;.

Claim 4.2. For any 1 <1 < X\¢/2, if Z; =1, we have

PrlY;=0AX; =1] <

oo | =

Proof. Suppose X; = 1. For any B € F" [ , we know All and B are both qualified, which means

qual
CZ} (SM) and Cend(SL]) differ in at most ymy_1/2 cells; so do Cp(Sp) and Cenq(Sp). Thus CI[;](SI[;]H
Sp) and Cg(Sy s ) have at most ymy_; different cells, in which case we say Al and B are
consistent. Formally:

Definition 4.3. For two insertion sets A, B € };[j]l, we say A and B are consistent, if C4(SaNSp)
and Cp(Sa N SE) have at most ymy_1 different cells.

Under this definition, if X; =1 and B € ]-"(Eﬂal, then Al and B must be consistent. Hence,
PrY; =0/ X = 1] < Pr| (3B € FUN\FL, B e Fil ) A (Xi=1)]
<Pr [EIB € F, i \]:r[llllw B and All are consistent]
Thus, to prove Claim 4.2, it suffices to show
i\ £l ] S 1
Pr [HB € Fop \ Foop» B and A" are conmstent} < 3

Next, we show that a random B ¢ ]:r[l%r is unlikely to be consistent with Al
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Lemma 4.4 (Inner Lemma). Assume Chet (the state before the i-th segment) and Ayest are random
variables whose distribution is induced from Distribution 1. Let A, B be two uniformly random
my_q-sized subsets of Avest conditioned on |AN B| < my_1/2. If for some parameter t, inequalities
tymylogU > R+-5my+2(8+1)myet (B is a global fized constant), my > n'=7/2, and B[|Sal] < me_1t
hold, then we have

Pr A and B are consistent | |[ANB| < my_1/2| <UL,
Cbef7Ar€St7A7B

We will prove this lemma in Section 5. Now, we continue the proof of Lemma 3.2 using this
lemma.

To apply this lemma, observe that the first two inequalities (%vmg logU > R+5my+2(8+1)myt
and my > n'=7/2) hold because they are also premises of Lemma 3.2; the third constraint (E[|S4|] <
my_1t) holds because Z; = 1. Moreover, note that Al i a random subset of Ayest; if we randomly
select a B € }—gu \ .Fr[ﬁjr, the distribution of (A, B) matches the required distribution of (A4, B) in
the lemma.

Combining with the discussion above, as long as Z; = 1, we have

Pr Yi=0ANX; =1] <Pr [EIB € ]-'51]1 \ ]-'I[fg)r, Al and B are consistent}
CbefyvAresth[i]

< EH{B € }"[ZH \.7: : Al and B are cons1stent}H

= ‘]: all]l \F r[lll]arl : Pr Al and B are Consistent]

bcf -Arest A d

BEJ:[II\ nbr
< || - gmomes (%)
< QM TV = QA1 n*amf”m, (6)

where Step (x) is derived by applying Lemma 4.4 with (A, B) = (All, B). (Recall v = (1+a) )
Recall that in the statement of Lemma 3.2, we require A\, < logn®/'2. Plugging this into (6),
we obtain Pr[¥; = 0A X; = 1] < n~*™-1/12_ Since a is a constant in our assumption U = poly(n),
with sufficiently large n, we have Pr[Y; = 0 A X; = 1] < 1/8. (This probability can be smaller than
any fixed constant, but 1/8 is enough for us.) O

Using the condition E[probe,] < t=myt, we can derive a bound of 3 Z; as below.

Claim 4.5. We have
Ae/2

1
— 7)< — M\,
E (1 Z,)_16)\g

i=1

Proof. Note that Z;\i/f ‘Sﬁ]‘ < Zf‘il Sﬁ]‘ < probe,,. Combined with Z; :=1 [E[‘Sﬁ} H <my_q- t},
we get

Ae/2 /2 1 »
(4]
e s < < —my- — — M\
;(1 Zi) -my_1 -t < ;EHSA H < E[probe,| < 6 = Z (1 )\ -
Next, a simple counting argument implies a lower bound on log ‘ F 11‘ —log ‘ ]:I[fb r‘
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Claim 4.6. For 1 <i < \¢/2, we have
li]| [4] 1
IOg ‘fall‘ log “Fnbr‘ > 4m£_1 log Ag.

Proof. By definition, .7-"5“ = ('A“*S“I), and since 1 < \g/2, Ayest satisfies |Ayest| > my/2, so

me—1

i mye/2 me/2\
log ’fe[ml]l‘ > log (mii) = 10g<6/> =my_1logA\g —my_. (7)

my—1

On the other hand, we have

me—1

[7] mye—1 ’Arest| - mﬁ—1>
‘F pr—
} nbr‘ Z < ] > ( Me—q1 — J

J=mg_1/2

<m mye—1 |-/4rest|
=\ mee/2) \meea /2)

; m
log }J:r[lﬂr‘ <logmy_1 +my_1 + log (mzf/2>

my—1

<2my_1+ log 2e),
mMy—1

<dmy 1+ 5

log Ap.

On the first line above, we count the number of elements B € fr[lﬂr by enumerating j = ]A[i] N Bl;
the two binomial coefficient factors represent the number of ways to select Al N B and B \ Alil,
respectively. The inequality on the second line holds because both binomial coefficients reach their
maximum values when j = my_;/2. Combining the last line with (7), we have

mgfl log Ay — B5my_q

log | FLi| — log | i, | >
1
> 1 log Ay

as we have assumed log Ay > 64. This proves the claim. O
Now we are ready to finish the proof of Lemma 3.2:

Proof of Lemma 3.2. Suppose the lemma does not hold. Recall (4):
|M;] < log | A | — X,%iZi (1og | FLj| — 1og | 7| ) + 1.

For the segments with i < \;/2, we use the previous claims to bound each term in this inequality.
From Claims 4.1, 4.2 and 4.5, we can bound the expectation of X;Y;Z; by writing it as

E[X:YiZ;]) > E[X;YiZ; — (1 — X;)(1 — Z;)]
= E[Xi — (1 - %) — X;Zi(1 - Y;)]
= E[Xz] — (1 — ZZ) - ZlPr[Y, =0NKX; = 1].

Claim 4.6 is a direct upper bound on the term log ‘]—'5}1‘ — log ‘flﬂr‘.
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For other segments with i > \;/2, we simply apply the trivial bound |M;| < log ’]—" ’ + 1. Now

taking summation over all the segments, i.e., i =1,..., \p, we get
Ae/2 )
Fli
ZE|M| < )\g+Zlog‘ Fli —Z;( [X;] - (1—Z) — Z:Pr]Y; = 0N X; —1})-1mg_1log)\g
7
Ae/2 Ae/2 1
—)\g—}—Zlog‘ H\— ZX -y 1-2z)- Z Pr[Y; =0A X; = 1] +me-1log A
i=1 1<i<)¢/2
Zi=1
DVIEED VIS N VA N |
<A 1 = =—-=" — |- =my_q1log A
£+;Og\ u‘ (4 6 8 2 7M1 108 AL
my
= Mg +logmy! — Aglogmy_q! — glog)\g. (8)

On the other side, recall (3):

A
> E[M;]] > logme! — Aglogmy_y! — R.
=1

Combining it with (8), we get
mye mye
> —f] - 2
R> 3 o0g A — Ng > o1 og Ay, (9)

where the second inequality is from \; < my and log Ay > 64. Finally, observe that (9) contradicts
with the premise of the lemma, R < {55 log A;. This completes the proof of Lemma 3.2. O

5 Inner Lemma

In this section, we prove Lemma 4.4, the last piece of our lower bound.

Lemma 4.4 (Restated). Assume Chet (the state before the i-th segment) and Ayest are random
variables whose distribution is induced from Distribution 1. Let A, B be two uniformly random
my_1-sized subsets of Ayest conditioned on |AN B| < my_1/2. If for some parameter t, inequalities
LymylogU > R+-5my+2(8+1)myt (B is a global fived constant), my > n'=/2, and E[|Sal] < me_1t
hold, then we have

Pr A and B are consistent | |[AN B| < my_1/2| < U ™1,
Cbef7Arest7A7B
The view here is a bit different from previous sections as we focus on a single segment of length
my_1 instead of all Ay segments within a node u. We start by restating the procedure within the
single segment using more specific notations.

1. Parameters. We still use n to represent the number of keys stored in the data structure,
and U = n'*® to represent the size of the key universe. Define m < n/2 as the number of
meta-operations in the segment. When applying this lemma in Section 4, we set m = my_.

In the statement of Lemma 4.4 above, the probability is conditioned on |A N B| < m/2.
Below, we first prove the lemma conditioned on |A N B| = g for every fixed g < m/2. Then
Lemma 4.4 can be directly implied via the law of total probability.
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The parameters n, U, m, g are fixed, while all other involved variables are random according
to the hard distribution. Their distributions will be explicitly stated below.

2. Initial keys. Let K be the key set stored in Chet, the state of the data structure just before the
current segment. It is chosen uniformly at random among all n-sized subsets of the universe
[U]. Cpet is also a random state, about which we only know that its key set K follows the
above uniform distribution.

3. Deletion sequence. In Section 4, we used dl’ to denote the keys to be deleted in the i-th
segment. Now we omit the superscript ¢ since we are focusing on a single segment, using d
to denote the deletion sequence in the segment. We further divide the information of d into
two parts: the set of keys D := {dy,...,d} to be deleted, and the order in which the keys
in D are deleted. The latter one is formulated by a permutation o over [m].

Conditioned on K, it is easy to see that D follows the uniform distribution over all m-element
subsets of K and o is a random permutation.

4. Insertion sets. The two random insertion sets A and B are uniformly chosen over m-element
subsets of [U] \ K, conditioned on |A N B| = g. Note that in the original description, A, B
are sampled within Ayest, but Apest is a random set by itself. Thus, we can avoid using the
intermediate variable Ayes; and directly describe the distribution of (A, B) as above. Agest
will not appear throughout the proof of Lemma 4.4. Also note that if we hide B and only
observe the distribution of A (conditioned on K), it is a uniformly random m-sized subset of
[U] \ K, which exactly matches the distribution of the insertion set in the current segment
(induced from the hard instance).

We use a permutation 7 to represent the order in which the keys are inserted. It was denoted
by 7l in the outer game. We denote by a,b the ordered sequences of inserted keys, which
are obtained by permuting A, B with the same permutation 7. (a was denoted by all in the
outer game.)

5. Ending states. For any 1 < ¢ < m, recall that meta-operation ¢ consists of three operations:
Query(d;), Delete(d;), Insert(a;), assuming the insertion sequence a is processed. The
state of the data structure after executing all m meta-operations on Chef is denoted by Cy4.
Similarly, if we replace a with b and execute these operations on Chet, we obtain another end-
ing state Cp. Let S4,Sp be the sets of probed cells during these two procedures, respectively.
Note that from the condition of Lemma 4.4, E[|Sal|] = E[|SB]|] < mt.

6. Consistency. Recall Definition 4.3: We say A and B are consistent if C4(S4 N Sp) and

Cp(Sa N Sp) have at most ym different cells, where 7 := ﬁ is a fixed constant.

Based on these definitions, we restate Lemma 4.4 as follows:

Lemma 5.1 (Inner Lemma Restated). For integers U,n,m,g satisfying g < m/2, m < n/2,
U = poly(n), assume the random variables Cyet, d, 7, A, B are randomly sampled according to the
procedure above. Lett > 0 be a parameter such that the constraints %vm logU > R+5m~+2(8+1)mt
(B is a global fived constant), m > n'~7/2, and E[|Sa|] < mt are satisfied, we must have

Pr|A and B are consistent | [ANB|=g| <U ™.

Next, we introduce a new communication game to prove this lemma.
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5.1 Inner Game

Sender Alice and receiver Bob are playing a communication game based on the random process
above. The public information known by them are the fixed parameters g, m,n,U. In addition,
Alice knows the initial state Cper and sequences a, b, d; Bob only knows permutations 7 and o.
Now Alice wants to send Bob A, B, D and the initial key set K when A and B are consistent. Since
Bob knows the two permutations, after learning A, B, D, he knows the complete sequences a, b, d.
To achieve this goal, they follow the protocol introduced below, which makes use of the following
data structure from [CKRTO04].

Theorem 5.2 (Bloomier Filter [CKRT04]). Let A, B be two given disjoint subsets of [U]. There
is a set S separating A, B, i.e., AC S and BNS = &, that we can encode within O(|A|+ |B|) bits
in expectation. We denote the leading factor within the big-O notation by (8, which is a global fized
constant that appeared in Lemmas 3.2 and 4.4. (Formally, the expected encoding length is at most

B(|A| + |B]) for all |A| + |B| > 0.)

The protocol is as follows:

1. Check consistency. First, Alice determines an indicator variable W := 1[A and B are consistent]
and sends it to Bob. If A and B are not consistent, the game is terminated immediately.
Otherwise, they continue with the subsequent steps.

2. Send B. Alice directly sends B using log (gl) bits. Since Bob knows m, he learns b after
receiving the message.

3. Send cell contents. Alice sends an artificial memory state Cpix, which is a combination of
Chet and C 4. For the cells in Sp, Crix(SB) = Chet(Sp); for the cells outside Sp, Crnix(SB) =
Ca(Sp). Sending this state takes Nw = log (Z) + R bits.

To help Bob use this mixed state correctly, Alice also needs to tell Bob which cells in Ciyix
come from Cher and which cells come from C4. The most trivial way of sending this “partition
information” is to send one bit for each cell to indicate where it comes from, which takes a
total of O(n) bits. Unfortunately, this trivial way does not suffice for all the cases we concern,”
and we use a better approach as follows.

Notice that Cpet(Sa U Sp) = Ca(SaUSp). For cells in S4 U Spg, it is correct to treat them
as coming from either Cper or C4. Hence Alice only needs to send some partition ( 5 Sj{g)
that agrees with the true partition (SB; SB) in S4USp (ie., Sp C S5 and Sy4\ Sg C Sp).

Fortunately, the Bloomier Filter stated in Theorem 5.2 solves this task. It can encode such
a partition ( 5 S_E) using /3|S4 U S| bits in expectation for a global constant 5 > 0. Alice
directly sends the Bloomier Filter to Bob, which takes 3|S4USp| < 28mt bits in expectation,
since we have assumed E[|Sa|] = E[|Sp|] < mt. Then Bob learns the partition (S3;S7); in
particular, Bob now knows Che(S%).

4. Do simulation and recover D. Bob runs the following test for all possible choices of D on
Chet(SE). He enumerates all m-sized subsets D* C [U], and permutes it according to o to
get the deletion sequence d*. He then performs m meta-operations from Cher of the form
“Query(d;) — Delete(d;) — Insert(b;)”, pretending that D* is the true deletion set. During

% Actually, it is enough to use this O(n)-bit approach to prove Theorem 3.1 where we only use Lemma 5.1 for

m > o7 The following improved approach is needed in the later discussion about an extension of Theorem 3.1
glogn

(i.e., Theorem 6.1), where we need to use Lemma 5.1 for much smaller m where an O(n) cost is unaffordable.
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the test, once a cell outside S7% is probed, or any Query returns “not exist”, the test terminates
and D* fails the test. If no such exception occurs during the whole simulation, we say D*
passes the test.

It is clear that the correct D will pass the test. In fact, to pass the test, D* must satisfy
D* C K U B, as the data structure will not return “exist” for any key it does not store. Let
F = {D* : D* passes the test}, then |F| < (‘sz) = ("1™). So Alice can send Bob an index
in F within log (";m) bits, to tell him the index of D in F. After receiving the message, Bob
recovers D and thus knows d.

5. Recover Sp and S4 N Sp. After knowing d and b, Bob can simulate the correct operation
sequence again, recording which cells are probed during the process, namely Sp. Then, Alice
sends the subset S4 N Sp C Sp to Bob given Sp. It takes at most E[|Sp|] < mt bits in
expectation.

6. Recover A and K. Alice sends Bob the cells where C4(S4 N Sp) and Cp(S4 N Sp) are
different, including both the address information (i.e., the set of indices of these cells) and
their cell contents. The former costs E[|Sp|] < mt bits in expectation, as it is a subset of Sp.
For the latter, since A and B are consistent, the number of such cells will not exceed ym by
definition. Thus, we need totally mt + ymw = mt + ymlog U bits to send the message (we
have assumed w = logU).

After that, Bob can use this message to obtain Cjy:

e In the cells S4 N Sp, C4 and Cp have limited difference, which are already sent to Bob,
so Bob can edit Cp(S4 N Sp) to obtain C4(S4 N Sp).

e The cills S, are Et probed before reaching C4, so in these cells we have C A(S_A) =
Cbef(SA) - Cmix(SA)-
e Moreover, C4(S4\ SB) = Cnix(Sa \ Sp).

Specifically, the last two parts imply that C4(S4 N Sp) = Chix(S4 N Sp). Bob learns Cy4 by
merging it with the first part C'4(S4 N Sp). Note that Bob does not know Sy (yet); he only
knows Sp and S4 N Sp. But S4 is not needed for this merging process.

At this point, Bob learns the whole state C'4, and hence knows its key set (K \ D) U A. The
final step is to send a log (Z)—bit message specifying A given (K \ D)UA. Then Bob can infer
A and K respectively.

Thus, Bob recovers the four sets A, B, D, K in this whole process when A and B are consistent
(W = 1). Denote the message Alice sends (including W) by Mgenq, and denote the information
Bob learns about A, B, D, K by Mean. Here Mgeng and Mie,mm can be seen as random variables
about the random process. Since Mg, can be inferred from Mgenq under any condition, we have

H(Msend ‘ W = 1) Z H(Mlearn ’ W = 1) (10)

In the next subsection, we will analyze the entropy of Mgeng and Mjearm according to each step of
communication.

23



5.2 Entropy Calculation

For Mgenq, we add the message sent in each step together:

U U
H(Msena | W =1) §10g< )+ <10g< >+R> + 28mt + log <n+m>
m n m

+mt + (mt + ymlogU) + log (Z),

(11)

where the terms on the RHS correspond to the cost of sending B, Cpix, the Bloomier Filter, the
index of D, S4 N Sp conditioned on Sp, the difference between C4(S4 N Sp) and Cp(Sa N Sp),
and A conditioned on (K \ D) U A, respectively.

All information Bob learns is Miearm = (A, B, D, K), so we have

H(Mian | W = 1) zlog(l/m’g}%ﬁx* A’E’B’K[A:A ,B=B* D=D* K=K*|W = 1]).
(12)

We can see that for any A*, B*, D* K*, the probability term can be rewritten as

PrlA=A* B=B*D=D"K=K*"|W=1]
_PrA=4"B=B"D=D"K =K'
- Pr[W = 1]

U U-— U—n-m\) "
== G)-G) ()G (LS
n m m g m—g
where the binomial coefficients in the last line represent the number of ways to choose K, (D | K),

(A|K),(ANnB|A),and (B\ A| K, A), respectively.
Substituting (13) into (12), we get

H(Mlearn ‘ W = 1)

> log Pr[W = 1] + log (U> +log<n> + log <U—n> + log (m) + log <U—n—m>'
n m m g m—g

Again, substituting this bound and (11) into (10) gives

Pr[W =1]
U n U—-—n m U-—n—m
o () 18 (3) #1087, ) s () s (,7)
— log (Z) — log <Z> — R—2m(p+ 1)t —log (n ;m) —ymlogU — log (;)
() e (") = (o ) = (007)
= log + log — | log — log
9 m-—g m m

—log (n ;m) — R —2m(B+ 1)t — ymlogU. (14)

v

We simplify the RHS with the following facts:

e log (Z) — log (U;Ln) < mlog U(i_m < 'm as long as n is sufficiently large.

n—m —
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e Similarly, log (U;I”__gm) > log (mU_g) —m.
e log (”+m) < mlogM < mlog% < m(3 + log %), since we required m > n'~7/2, this
term is at most leogn +3m < ImlogU + 3m.

e Recall that we have g < 5, m < %, and v = ma S50

U U m U m U m 1
> > - > -t _
o2 (m—g) = log <m/2> = 5 log = 5 18 pyieay = 3 <1 Tra >1OgU 3ymlog U,

where the third inequality holds as m < n = U/ (4% Therefore, log (Um” gm) > log ( ) -
m > 3ymlogU — m.

° log( ) > 0, we just omit it.

Therefore, Eq. (14) can be rewritten as

1

PV = 1] > (3ymlogU —m) —m — (%mlogU—FSm) —R—-2m(B+ 1)t — ymlogU

log
3
> 3m logU — (bm + R+ 2m(B + 1)t).

Recall that we have R + 5m + 2m(8 + 1)t < %'ym logU as a premise of Lemma 5.1, so we have
log(1/ Pr[W =1]) > ymlogU. Thus,

Pr [A,B are consistent ‘ |JANB|=g| =Pr[W =1] <2~ ymlogl — ry—ym_

which concludes the proof of Lemma 5.1. Lemma 4.4 is a direct corollary of Lemma 5.1, as we only
need to apply the law of total probability over g < m/2.

6 Extended Lower Bound

In the previous sections, we have proved a space-time lower bound for dynamic dictionaries: If
the data structure has redundancy at most nlog(k) n (i.e., incurs at most log(k) n wasted bits per
key), its expected amortized time complexity is at least (k). In this section, we extend this result
to dictionaries with sublinear redundancy R < mn. The result is stated as the following theorem,
rephrasing Theorem 1.2 with respect to Distribution 1.

Theorem 6.1. For any dynamic dictionary with redundancy R < n, running it on Distribution 1
takes at least Q(log(n/R)) expected time per operation.

Proof. The proof is similar to Section 3, based on a tree structure, but we will use different param-
eters.

Same as before, there are n (level-0) leaf nodes on the tree, each corresponds to a single meta-
operation. Then, we let each level-1 node represent an interval of m; = max(R, n'~7/?) consecutive
meta-operations, i.e., it is a parent of m; leaf nodes.® Beyond level 1, we fix A = 264 as a large
constant and build a A-ary tree, letting every node (except the root) have exactly A children.
Finally, there is a single root node at level h = log,(n/m1) = Q(log(n/R)).”

SFor simplicity, we assume that all parameters are integers, as is the case throughout this paragraph.
"If mq = R, it is clear that h = log,(n/R) = ©(log(n/R)); if mi = n'~7/2, we also have h = log, n"/? =
O(logn) = Qlog(n/R)).
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Recall that my represents the number of operations within each level-¢ node. For 1 < ¢ < h, we
have my = mi A~ > max(R,n'~7/2).

We apply Lemma 3.2 on every node in level ¢ € [2, h]. First, we verify the remaining premises
in Lemma 3.2:

e 204 < \ < alogn/12. This condition is satisfied as long as n is sufficiently large.
e mylog A > 100R. For every £ > 2, the width my satisfies mylog A > Amy > 100R.

o 3ymelogU > R+ 5my +2(8 4 1)mgt. We still set ¢ = (ﬁﬂ) log U, so we only need to show
ifymg logU > R+ 5my. When n is sufficiently large, there is

ymyglogU > 24my > 4(R + 5my).

° my > n1=7/2 holds due to the value of mi.

Therefore, for the levels £ € [2, h], we can apply Lemma 3.2 on every node. Finally, similar to the
final step of Theorem 3.1, we can consider the following two cases to finish the proof:

o If there exists a level £ in Which at least half of the nodes satisfy E[probe,] > Tlﬁmgt, then we

bound the expected time by 2 5" me 116 myt = m -nlogU. As the coefficient is a constant

and log U > log(n/R), the expected time per operation is at least Q(log(n/R)).

e Otherwise, for every level ¢, at least half of the nodes in level ¢ satisfy E[costu] > o5
Taking summation of all E[cost,], the total time cost is at least 2}, My ‘s = aggn(h—1)
in expectation, so the expected time cost per operation is at least Q(h) = Q(log(n/R)). O

7 Key-Value Reduction

So far we have only considered the lower bound for key-only dictionaries that store n different keys
in the universe [U]. In this section, we will extend this result to dictionaries with values associated
with keys:

Definition 7.1. A key-value dictionary, denoted by Dy, is a dictionary that stores n key-value
pairs (k,v) € [U] x [V], where all keys are distinct. Dy, supports insertions and deletions of key-
value pairs. Moreover, when querying some key k, it returns whether k is present, together with the
corresponding value v of k if k is in Dyy.

In this definition, we call [U] the key universe and [V] the value universe. Without loss of
generality, we assume that the word-size w satisfies w = logU + log V', so we can store both the
key and the value in a single word.

The memory usage of Dy, can be represented by log ( ) +nlog V + R, where the first two terms
are for succinct storage of n keys and n values, and R is the redundancy of Dy,. Below we will
derive a reduction from Dy, to some key-only dictionary denoted by Dy_only, and prove that we
can use Dy, to simulate Dy_on1y with little additional time and space consumption. This theorem
implies a time-space lower bound similar to the key-only version.

Theorem 7.2. Assume U = n't® where « is a constant. For sufficiently large n, if we have a key-

value dictionary Dy, with redundancy R = Q(nl_o‘/z) and running time T, then setting U’ = U xV,
we can construct a key-only dictionary Dy ony on universe [U’], which can solve Distribution 1 with
redundancy R+ o(R) and running time T + O(1) in expectation.
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Proof. The intuition is to split a key x € [U’] in Dioniy into two parts (k,v) with length log U and
log V' bits, respectively. We regard the two parts as a key-value pair, and transform the operation
on Di_gnly to an operation on Dy,. Roughly speaking, an insertion/deletion of x in Dy_only is turned
into an insertion/deletion of (k,v) in Dy, and a query of = in Dy oniy will return “true” if and only
if k is in Dy, while the corresponding value equals v.

If no key collisions occur, i.e., all pairs (k,v) from the transformation have different k, we can
directly simulate Dy_oniy with Dy, to complete all operations. In fact, among all 2n keys inserted
in Distribution 1, the expected number of collisions is only O(n?/U) = O(n'~%); we maintain
a separate compact hash table to store those collided keys, which takes additional O(n!'=%w) =
o(n'=%/?) = o(R) space and O(1) update/query time. O

When R = ©(n'~%/?), the above theorem combined with Theorem 6.1 already gives the best
possible time lower bound 7" > Q(log(n/R)) = Q(logn), which also applies for R = o(n!~%/?).
Therefore, we deduce that the time-space trade-off of key-value dictionaries is not weaker than that
of key-only dictionaries. Thus both Theorem 3.1 and Theorem 6.1 can be applied to show

o T > Q(k) when R = O(nlog® n);
o T > Q(log(n/R)) for all R < O(n).

8 Update-Only Lower Bound

In this section, we extend the lower bound from the previous sections by relaxing the restriction
on query time and focusing only on the trade-off between space and update time. Specifically, we
prove that if the keys are associated with long values, the updates must follow the same time-space
lower bound even if the queries are allowed to take arbitrarily long time.

First, note that although Distribution 1 combines a query, a deletion, and an insertion into
every meta-operation, the existence of the query is only used once in the inner game. In Step 4 of
the inner game protocol, Bob needs to learn the deleted set D by performing queries on Che(SF).
The inclusion of queries in the meta-operations ensures that the cell set S% is sufficient to answer
queries for the true set D, allowing D to pass the test.

This observation suggests that, if we can modify the protocol of the inner game to avoid using
queries in Step 4, we can eliminate queries from the hard distribution and prove a trade-off between
space and update time (without query-time requirements). We demonstrate below that for the key-
value dictionary with a relatively long value length, we can make such a modification and prove an
update-only lower bound.®

Theorem 1.3 (Restated). Consider a dynamic dictionary storing at most n keys from [U], each
associated with a value in [V], with R bits of redundancy, where U > 3n and V = U?TOW) /n2,
Then, in the cell-probe model with word-size w = ©(logU),

1. if R > n can be written as R = O(n log®) n) for k <log"n, then the expected update time is
Q(k);

2. if R <n, then the expected update time is Q(log(n/R)).

8However, the problem of proving an update-only lower bound for a key-only dictionary remains open and will be
discussed in Section 10.
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The proof of Theorem 1.3 is based on directly modifying the proof of Theorem 1.1, instead of
reductions as in Section 7. It is worth noting that the combination of Theorem 7.2 and Theorem 1.3
covers all cases for key-value dictionaries: Theorem 7.2 works for the cases with long keys, i.e.,
U = n'*t®M) while Theorem 1.3 covers the cases with short keys, i.e., U = ntt°() and V = n®W).

Proof. The proof of this theorem follows the same framework as the proof of Theorem 1.1. Similar
to Distribution 1, the hard distribution used here is a sequence of n meta-operations, each consisting
of a deletion and an insertion only (no query). When we insert a key, its associated value is sampled
uniformly at random from [V]. We build a tree on top of these n meta-operations and assign each
cell-probe to an internal node of the tree as before. We bound the total cost assigned to an internal
node using the outer lemma.

The proof of the outer lemma remains the same as in Lemma 3.2, which makes use of a commu-
nication game (the outer game). Before the game starts, we give both Alice and Bob the associated
values to all keys. During the game, Alice sends a message to tell Bob each key is inserted in which
segment, where the length of the message is analyzed to complete the proof-by-contradiction. The
proof of the outer lemma relies solely on the randomness of the order of inserted keys, so it works
for short keys (U = n'*°(1)) as well.

It remains to modify the inner lemma to avoid using query operations. The modified inner
lemma is shown below. (Some of the constants are different from those in Lemma 4.4, but they are
not essential to the application in the outer lemma.) Throughout the remainder of this section, we
adopt the notations from Section 5 unless otherwise specified.

Lemma 8.1. For integers U,V,n,m,g and real number v > 0 satisfying g < m/2, m < n/2,
U >3n, V>U*/n2 assume the random variables Chyer, K,d, 7, A, B are randomly sampled
according to the procedure in Section 5, and assume the associated values of all keys are sampled
independently and uniformly at random from [V']. Lett > 0 be a parameter such that the constraints
symlogU > 2mt + 2R + 4m and E[|Sa|] < mt are satisfied, we must have

Pr|A and B are consistent ‘ |JANB|=g| <U ™.

The proof of Lemma 8.1 leverages the randomness of the values in addition to the keys. Let v,
denote the values associated with keys in the inserted key set A. Similarly, we can define vz, vp,
Vi, Vievp, and va,p for B, D, K, K \ D, and AU B, respectively. The inner game is modified as
follows by making the key sequences pre-given.

e In addition to the pre-given fixed parameters g, m, n, U, and V', the sequences of keys a,
b, and d are also given to both Alice and Bob before the game. (Bob does not know K in
advance.)

e Alice further knows Chpef, V4, Vg, and v, before the game.
e The goal of the game is to let Bob learn v, gz, vk, and K \ D when A and B are consistent.
The protocol is as follows.

1. Check consistency. Alice sends W := 1[A and B are consistent]| to Bob, and the game termi-
nates if W = 0.

2. Send vg. Alice directly sends vp using mlog V' bits.
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3. Send cell contents. Alice sends the artificial memory state Cpix using Nw = nlog V +log (g) +
R bits. Note that Alice does not need to send the partition information by Bloomier Filter
as before, since Sp can be learned by Bob in the next step.

4. Recover Sp and Cp(Sg). As Bob already knows b, vz and d, he can simulate the meta-
operation sequence of b on Chix. (Note that deleting a key from the data structure only
requires knowledge of the key but not its value, thus Bob does not need v, to complete the
simulation.) We still let Sp represent the set of cells probed during this simulation, which
Bob can learn via the simulation. Since Chix(Sp) = Chet(Sp), the simulation process is the
same as doing these operations on Che, so Bob can also learn Cp(Sp), the memory state
after the simulation.

5. Recover v4, vi\p and K \ D. Alice sends S4 N Sp (conditioned on Sp) together with the
difference between C'4(S4NSp) and Cp(Sa N Sp) using 2mt + ymlog U bits in expectation.
Then, Bob can learn C4 by combining C4(S4 N Sp) and Cuix(Sa N Sp). He can further
extract v, Vi p, and K \ D from Cx.”

6. Recover v,,. This step is different from Section 5 in the sense that we do not rely on query
operations here.

e First, Alice sends Cp: Since all the keys stored in Cp (i.e., K \ D and b) and their
corresponding values (vx\p and vg) are known to Bob, Alice only needs to send Cp
conditioned on these keys and values. This can be done using at most R bits.

e Next, Bob computes Che: It is obtained by combining Chef(Sp) = Chix(Sp) and
Chet(Sp) = Cp(Sp). The first equality holds due to the definition of Cpy, while the
second holds because cells in Sg are not probed in the process of transforming Ch.ef to
Cp.

e Finally, Bob extracts v, from Clr.

Similar to Lemma 4.4, we can derive the following inequality from the modified inner game:
H(Mgeng | W =1) > H(Mgarn | W =1). (15)
To compute the left-hand side, we add up the messages sent in each step:

H(Mgena | W=1) < mlogV + (nlogV—i—log (Z) —i—R) + (2mt +ymlogU) + R.

For the right-hand side, we can apply the same technique as in Lemma 4.4 to handle the condition

9Extracting information from the data structure can be done by querying all possible elements in the key universe.
This can take arbitrarily long time.
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W = 1. Here, Miearn = (Vaus, Vi, K \ D | a,b,d), so we can obtain
H(Mlearn ‘ W= 1)

Zlog(l/ max Pr [(VAUB,VK,K\D):(VjUB,VI’;,K*\D) ’a,b,d,Wzl])

*

* *
AuB Vi K VaupiVi

Zlog(Pr[W—l]/ Pr K[(vAUB,VK,K\D)—(v;UB,v;:,K*\D)‘a,b,dD

U—3m+g>

AUB' VK>
n—m

=logPr[W =1] + (2m—g+n)logV+log(
> log Pr[W = 1]+ (2m — g+ n)logV + log (li_ 3m>.

Plugging these bounds back into (15), we get

1 U-3m U
log———— > —g)l 1 —1 — 1 2mt 4 2
OgPr[Wzl]_(m g)logV + og(n_m> og<n> (ymlogU + 2mt + 2R)
1 U
ZimlogV— mlogg+4m — (ymlogU + 2mt 4 2R)

)
> g'ymlogU — (ymlogU + 2mt + 2R + 4m)

> ymlogU.
Here the second inequality is due to g < m/2 and
e log (,%,) —log (%,507) < (n — m)log "Gy < (n — m)log i < Sy < 3m (here
we used log(1l + z) < z/1n2);

e log (g) — log (nfm) < mlog %:Zjﬁ‘ < mlog n—% = mlog % + m.
The third inequality is due to the condition V' > U?T27/n?, and the fourth inequality is due to the
condition %ym logU > 2mt + 2R + 4m. This proves Lemma 8.1. 0

9 Lower Bounds for Related Problems

9.1 Strongly History-Independent Dictionaries

In this subsection, we show a brief overview of the lower bounds for strongly history-independent
dictionaries. Recall that a strongly history-independent dictionary’s memory state only depends
on the current set of keys stored in it, and possibly some random bits; moreover, by Yao’s Minimax
Principle, we may assume without loss of generality that the algorithm is deterministic, which
means we can fully recover its memory state by knowing only the current key set.

This fact benefits our Protocol 1 for the outer game: Bob already knows the starting state Cygt,
the keys to insert A, and the keys to delete d, which together can infer the key set Kc.q at the
end, and further, the memory state Cenq at the end. Hence, Alice no longer needs to send Cgng
to Bob, which costed R bits of information and was the only step involving the redundancy R in
Section 4. After eliminating this cost, the proof in Section 4 works regardless of the redundancy
R, except that it still relies on the Inner Lemma 4.4.
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We do not change the statement (or the proof) of the inner lemma; however, it has a larger
tolerance of redundancy R than the initial outer lemma: R < ﬁfymg logU = O(mylogU) suffices
for its premise, where my is the number of meta-operations the current node represents.

Recall that the entire proof is based on a tree on top of n meta-operations. Now, we set the tree
parameters similarly to Section 6: the branching factor is a fixed large constant A = 264, while every
level-1 node (parent of leaves) represents mj := max(vlﬁ)%%, ni=v/ 2) consecutive meta-operations.
Under these parameters, the height of the tree is @(log "lngU), and for every internal node of the

tree,

1 1
= mplog U > ——~myilogU > R
100 /" O8Y = 1pp B Y =

which means the inner lemma’s premise is satisfied, thus the outer lemma holds on levels ¢ > 2.
By a similar argument as the proof of Theorem 3.1, we conclude the following result.

Theorem 1.4 (Restated). For U = ntOW) and R > 1, any strongly history-independent dynamic

dictionary storing at most n keys from [U] with R bits of redundancy must have expected insertion,

deletion or query time at least Q(log nk;%gU), in the cell-probe model with word-size w = O(logU).

9.2 Stateless Allocation

We recall the stateless allocation problem mentioned in Section 1: The algorithm is given a set
S C [U] of at most (1 — e)n elements, and it should allocate these elements to n slots {1,2,...,n},
where each slot can accommodate at most one element. The allocation should be an injection
from S to [n] that only depends on the current set S as well as random bits r that are fixed over
time, written og, : S — [n]. When an insertion/deletion changes S to S’, we define the expected
switching cost to be

]

which equals the number of elements that change their assigned slots during the update. This
problem is very similar to the slot model for dictionaries introduced in Section 2, where we have to
assign n keys to n slots, with the following minor differences:

E[[{z € SN | 05,(2) # 051, (2)}

e Stateless allocation allows e-fraction of the slots to be empty, while the slot model utilizes all
n slots.

e Slot model additionally allows the mapping from keys to slots to be determined by not only the
current key set but also O(n) bits of redundancy, making it not strongly history-independent.

Below, we first show an Q(logn) lower bound on the expected switching cost of any stateless
allocation algorithm with € = 0, which one can think of as the slot model with 0 redundancy.

Proof Sketch for e = 0. The proof structure is again similar to that of Theorem 3.1: We build a
tree structure over n meta-operations each consisting of one deletion followed by one insertion,
where the branching factor A = 264 is a fixed constant for every node, which implies that the height
of the tree equals ©(logn). When some key (element) is moved in two meta-operations t; < to
but not in between, we add one cost to the LCA of these two meta-operations on the tree. Then,
using almost the same argument as Section 2, we are able to prove that the expected cost on every
node u that represents my meta-operations is at least Q(my). Note that the branching factors used
here are smaller than those we used in Section 2 to prove the Q(log* n) lower bound for the slot
model, and the proof still works because the redundancy R = 0. Finally, we sum up the cost on all
internal nodes and conclude an (logn) lower bound. O

31



When € > 0, there are en slots left empty. We add en placeholder elements 14,..., L., and put
1; into the i-th empty slot, which leads to an algorithm allocating SU{Ly,..., L.} to all n slots,
without leaving any slot empty, i.e., the new problem with placeholders is a stateless allocation
problem with € = 0.

We adapt the proof for € = 0 to the new instance with placeholders. Again, we build a A-ary
tree over n meta-operations, and when some element is moved in two meta-operations t; < t9 but
not in between, we add one cost to the LCA of these two leaves: This cost is said to be a real cost
if the moved element is a real element in .S, or a virtual cost if the moved element is a placeholder.
The proof of ¢ = 0 tells us that, for an internal node u representing m, meta-operations, the real
and virtual cost add up to Q(my). However, only real cost will cause switching cost of the initial
stateless allocation problem.

Fortunately, the virtual cost on any node wu, which is maximized when every placeholder is
moved in all A segments (children), cannot exceed Aen. When my > cen for some large constant c,
the sum of virtual and real cost is at least Q(my) > 2Aen, which implies that the real cost on this
node is at least Q(mg) — Aen > 3 - Q(my) = Q(my). This inequality can apply to the top O (loge™!)
levels of the tree where my; > cen, thus we conclude an Q(loge™!) lower bound on the switching
cost, as stated in the following theorem.

Theorem 1.5 (Restated). For 1/n < e <1 and U > 3n, any stateless allocation algorithm that
assigns at most (1 —e)n elements from universe [U] to n slots must have expected switching cost at
least Q(loge™1).

(Similar to Section 8, U > 3n suffices for the proof, because the outer communication game
only relies on the randomness of the order of inserted keys rather than the keys themselves.)

10 Discussions

We have proved tight bounds for dynamic succinct dictionaries in the previous sections. Now let
us discuss the limitations of our methods.

The case when U = n't°®), Recall that all our conclusions are based on the assumption
U = n'*® for a = ©(1). If we allow slightly subconstant a here, the proof of Theorem 3.1 can only
prove a bound of Q(ak) time when the wasted bits per key is log®) . This multiplicative factor
a comes from Lemma 3.2 which gives the proposition cost, > ym/100. When a was a constant,
we could regard 7 as a constant and sum up all cost,, to prove a time lower bound Q(k); however,
when a = o(1), v = O(«) is no longer a constant, so we can only obtain the bound Q(ak). This
still implies an w(1) time lower bound when o = w(1/log*n) under O(1) wasted bits per key. In
contrast, [BFCKT22] showed that when o = 1/log¥ n for any constant ¢, one can achieve o(1)
wasted bits per key with constant running time. So the Q(ak) lower bound cannot be improved
much. Similarly, when R < n, Theorem 6.1 is weakened to Q(min{alog(n/R),a*logn}).*

Key-only dictionaries with no query time constraints. In previous sections, we have ob-
tained the time-space trade-off for key-only dictionaries with query time requirements, as well as
key-value dictionaries without query time requirements. However, the problem of proving a lower
bound for key-only dictionaries without query time constraints still remains open. Below is a simple
example that shows why our method does not work for this goal.

19The second « factor comes from the tree depth h =~ min{log(n/R),logn"/?} = ©(min{log(n/R), alogn}).
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Recall that in Lemma 5.1, we claim that for two m-sized sets A, B, the probability that C4(S4N
Sp) and Cp(S4 N Sp) has at most ym different cells is at most U~7". The proof of this lemma
makes use of the queries. If there are no queries in the meta-operations, we can construct a data
structure that contradicts Lemma 5.1:

Suppose we use three cells C1, Co, C5 to maintain keys x1,zo,x3 € [0,5U), allowing O(1)-bit
redundancy. If z; € [0,3U),x9 € [3U,4U), z3 € [4U,5U) (which happens with constant probability,
and we call it the good case), we organize the keys according to the three cases listed in Table 1.
Otherwise, we give up, succinctly store all keys, and check all cells for every operation. We store in
an O(1)-bit extra memory whether the good case applies, and if so, which case in Table 1 applies.
It is easy to see that the whole data structure incurs O(1) bits of redundancy.

Table 1: Data structure organization under the good case.

Cq Co C3
Case 1: 21 € [0,U) To B 11 3 To D x3
Case 2: x1 € [U,2U) T T3 D 31 To D 3
Case 3: =1 € [2U, 3U) 9 T3 To @ 13 D 11

We let m = 1 in Lemma 5.1, i.e., there is only one meta-operation. We randomly delete a key
and consider two possible keys to be inserted, denoted by xa and xp (they correspond to A, B in
Lemma 5.1). With constant probability, we will be deleting 7 and inserting back two new z1’s
(za,zp € [0,3U)), which means the good case still applies after both possible insertions. In this
case, we denote the initial x1 by x1p, and denote the two inserted keys by x1a := za and x15 = =B.

While x1p, x14, 1B are selected uniformly at random, there is a constant probability that x1p,
T1A, 1B lead to Case 2, 1, and 3, respectively. Suppose we are deleting x1p and inserting x14, we
can complete the meta-operation by probing only Cy and Co:

e (5 initially stores z3 @& x1p. We read z1p from the deletion operation itself and read x3 by
probing C5.

e We probe (1 to read xs.

o After knowing all three keys x14, 2, x3 that should be stored after the insertion, we directly
write zo @ z14 and x3 into C and Co, respectively. (Recall that Case 1 is the target case.)

Similarly, when we are deleting x1p and inserting xig, we can probe only Cy and C3. The only
commonly probed cell is Sy N Sp = {Cs}, whose content will be the same after both processes,
which means that C4(S4 N Sp) and Cp(S4 N Sp) have a constant probability to be equal. With
a sufficiently large U, this example contradicts Lemma 5.1.1' Thus, to prove a key-only lower
bound without query time constraints, we need to develop a new method that does not rely on
Lemma 5.1.
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