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This short note feporis o a aow algorithm for eomputing the connected components of d-ranges
(details can be found in |33 Owur method raquires Oinlog®'a) time and O{n) space, snd thes
tmproves on the best algorithm knows by a factor of Oflogn) jime and O{log® * n) space for d > &
{31 Ve assume the 'z'éaéez’:s Tamiliarity with Yhe work in [5,4]. We uae she coacepi of sireaming,
first intreduced in [4], {and discovsred indepenciently in {2]}, ms the basie ool for reducing the
dimmensionality of the problem and ai the same time requiring oaly linear storage. Uslike in previous
algorithmms, however, we recuca the problem %o 3 ous-cimensional subproblem, thus granting the
overall method greater simeplicity.

For the sake of illusbradion, assume ihat d = 2. Lei 5 be a database of n rectangizs parallel to
ihe axes. We organize Lhe X -projection of & inio a seginend 4ree T, $hus inducing a veriical slicing
of eackh rectangle into Ofiogn) canoaizal sab-rectangles. Lei L{v) dencle ihe node-list at nods v.
Racali thas L{v) contains 2ach reetaangle whosa X -projeciion sovers the canonieal intervai associaled
7ith v, ‘;?e% doas not cover the interval associated with v's father. Applying the idea of sireamsng, we
set up tha connected componeris of I fevel-by-level In s top-down fashion [botiom-up would work,
100) W consider each level in the segment tres in vurs, applying the compulation to each node v oa
the level, ®hat tkis compuisiion involves is now dascribed.

Assuming that the components ars maintained with a siandard snion-find scheme aliowiag
us 1o perferm O{mlogn) dnds and n — 1 unions ia O{nlogn; iime [1], we must invesiigale Lhe
interaciion of reciangies =% node v $o see if zny components should be merged. We distinguisa
beiween two cases: 1) taking indo account intersections bedwesn reciangies in L{v}, and 2] rscognizing
the izteraction between rectangies in L{v} {blue} znd other rectangles {red) vveriapping with the
vertical 2iab associated with v. Nots that these red rectangles have canonics! parts in L{w), where
= i3 a descendans of v, bhergfose reirieving them is an easy mailer.

‘We handle Dotk casss uniformiy by roiving the following prodlem: Let B = {{a1, %1,. .-, 85, 8p)}
and B = {le1,d1],...,[cq, €5} De two 3eis of p biue intervals and ¢ red intervals, respeciively;

determing the connecied componsnts of the binariite graph, G(B, F), whose aodes are the intervals
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in B [ 2 and whose edges connect interseciing oairs dlue-red. Bolving this problzw for HF{E, B) and
G(8, B) successivaly will produce 3hs desired 28zct al noda »,

5 easy b0 8ad an O{p-+gj sigorithe for solving $his problem, and we only outline the method.
Witk O{rioga) preprocessing, we 2an assume thal the ywo Uists 81,...,085 30d £,..., €65 appear in
aon-cdecreasing order. The ke7 observation is the 7ollowing: iae intervals [a;, 31 and [ey, d;] infersect
it and only ¥ either 1 ai € & € dior B) 2y € 8¢ £ &;. We may then proceed 11 iwo passes, one

invelving & and ke poinis z,, and the other /7 and the poinis ¢y. Because of the symmelry of these

l.“""

zases, ‘Wwe can ragirict our atlention to the firzt ome. "Wa could report zll cecurrances of conditicn
1 in one pass through B and B, parforming a undonm at each occurreace. To do 30, we would scan
tae lsgt @y,...,3p, kKeaping track of 3he last ¢y smaller 1hat the g currently visited. Hvery sime H
wag incremented, we wouid update the Talue of g and report ali Talues ¢ 41, €542, ... that satisly

condition 1. This schems would be was‘%.ei’m, howsever, since It would essentizlly involve computing

all intersactions. Instead, we will keep irack of the largesi value ¢j,4 achieved whea processing
[Eg, ;). Let akip be this value ai iime ¢t 3ad 2% |am, dm| De ihe interval under consideration when
the mme a2¢» was achieTed. Assuine $hat when dealing with [ay, % at 3im2 %, $he procedure defecis
=0 ingsrseciion batween {6, )] and [z, dy] for 7 < skép. All the points €7,€:4.1,..., Ssnip—1 Were
praviously vizited, therefore ail the corresmﬁdiag intervals are already in the same component as
{a,;,,i:mfé. This shows that If 3t time { any union is To De taken betwesn jag, 3] and ey, d,], for
7€ u << aEip, 15 consizts of pubting [gq, 3] ia the same componant as [y, dmi. 15 iz then ciear 2hat

ezamining the Srzt valus of © should be suficient to do so. "We caz ihen zvoid ail the oiher: and

jumy directly 40 the current vaius of skip. This isads divectly to an O{p -+ ¢} scheme for each pais.

Lemma: It is possible ip compute the connectsd componants of the bipsriite greph G{B, R) in

Oy —+ ) time and space, using T{{p + q)ioglp + g)) preprocessing.
Proof: Omiited. g

Sireaming the compuiasion will 3hus allow us to appiy the previous procedure to 2ach node of
T, 50 a3 1o ceal with the two iypes of interseciion menticned eariier; Jfurthermore this scheme will
necessitate only O{n) storaga. CGenaralizing the algorithm 4o higher dimsnsicns is straightforward,
and wa omit the dotails. Note that the algorithm is opiimal in two dimensions, sines wa can 2asily

reduce eizmen? uniguensssy 1o it. We conclude.

Theorezmy 15 i3 posszible to compute the connectad components of n d-ranges in Diniog? ! n) time

and ZH{n} space.
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The axmbiguity of OL systems is considersd in /ReS/, and it is
proved thet sny DOL system is unsambiguous znd that the ambi-

gulity of & OL system is undecidebls, In this nots we consicder
the smbiguity of D?CL sysiems,

We zssume that the reader is familiasr with the basic concepts
of formsi lsngusge Theory, especially of <the tneory of L sy-

stems =znd the Post correspondsnce problem (see /RoS/).

Definition: Let G = (¥, {1—;,1%,%32,...,}1&} » W} be z DTOL ay-
stem, Yo 3ay that (G is unambiguous iff

Ny eee 0, ((‘-‘gﬁf} = 23’* L. ... :ﬂ‘j (?'l)

=
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