NEW TECHNIQUES FOR LEARNING AND
INFERENCE IN BAYESIAN MODELS

ANDREJ RISTESKI

A DISSERTATION
PRESENTED TO THE FACULTY
OF PRINCETON UNIVERSITY
IN CANDIDACY FOR THE DEGREE
OF DOCTOR OF PHILOSOPHY

RECOMMENDED FOR ACCEPTANCE
BY THE DEPARTMENT OF COMPUTER SCIENCE

ADVISER: SANJEEV ARORA

NovEMBER 2017



© Copyright by Andrej Risteski, 2017.

All rights reserved.






ABSTRACT

A common theme in machine learning is succinct modeling of distributions over large domains. Probabilistic graphical
models are one of the most expressive frameworks for doing this. The two major tasks involving graphical models are
learning and inference. Learning is the task of calculating the best fit graphical model from raw data, while inference is
the task of answering probabilistic queries for a known graphical model (for example what is the marginal distribution
of one of the variables or what is the distribution of a subset of variables, after conditioning on the values of some
other subset of variables). Learning can be thought of as finding a graphical model that explains the raw data, while

the inference queries extract the knowledge the graphical model contains.

This thesis introduces new provable techniques for performing both of these tasks, in the context of both latent-variable
models — in which a portion of the variables in the graphical model are not observed, as well as fully-observable
undirected graphical models (Markov Random Fields). Chapters 2 and 3 will focus on learning latent-variable models,

while Chapter 4 will focus on inference in Markov Random Fields.

In Chapter 2, I will contribute the first provable results for analyzing variational Bayes: a family of alternating-
minimization style algorithms which is very popular in practice for learning latent-variable models. Despite it’s pop-
ularity with practitioners, the only theoretical guarantees prior to this work concerned convergence to local minima.
We will prove that under reasonable assumptions, in the context of topic models, these algorithms will converge to the

global minimum.

Subsequently, in Chapter 3, we will use the method-of-moments along with new techniques in tensor decomposition
and constrained matrix factorization to derive algorithms for learning noisy-OR networks — the textbook example of
a probabilistic model for causal relationships. Importantly, these techniques were only applicable to linear latent-

variable models — which noisy-OR is not.

In Chapter 4, I will contribute a new understanding of a class of variational methods for calculating partition functions
in Markov Random Fields. The key technical ingredient is a connection to convex programming hierarchies — a recent
area of interest in combinatorial optimization, along with approximations of the entropy of a distribution based on

low-order moment information.
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Chapter 1

Introduction to Bayesian modeling

One of the most pervasive modeling paradigms in machine learning is succinctly describing distributions over very
large configuration spaces. To list a few examples, consider for instance image segmentation, in which we wish to
assign a probability to any configuration of foreground/background values for the pixels in the image — this is a distri-
bution over a configuration space exponential in the number of pixels. Another example is modeling causal relations
in data, e.g. diseases and symptoms in a patient — the configuration space here is all possible configurations of pres-
ence/absence of symptoms and diseases — again, exponentially sized. In more modern applications, the probabilistic
relation between a good “representation” of the data and the data itself is often modeled as a structured, concise

probabilistic model like a Restricted Boltzmann Machine (RBM), Deep Boltzmann Machine (DBM), etc.

The desire for succinct models is manifold: often parsimony in the model ensures the parameters capture some
meaningful structure in the data; frequently the parameters of these models are learned from data, and parsimony helps
with the amount of data required; finally, following Occam’s razor considerations — maximizing entropy, subject to
simple constraints on the distributions (i.e. making minimal assumptions, beyond the constraints we have), often leads

to succinct models.

Approaches in machine learning which assign probabilities to data points are typically referred to as Bayesian or
generative, and the focus of this thesis will be on developing new algorithms with provable guarantees for performing
the two most common tasks involving Bayesian models: learning and inference. In this chapter, we will briefly review
the basic definitions and tasks involving Bayesian models. Concretely, in Section 1.1 we review the definitions of
latent variable, as well as fully observable graphical models. In Section 1.2 we review formally learning and inference

of graphical models, as well as common approaches for performing these tasks, both in practice and in theory.



1.1 Latent-variable and fully observed Bayesian models

We will consider two types of Bayesian models in this thesis: latent-variable, directed graphical models and fully

observed, undirected graphical models. We proceed to formally define each one of the two.

1.1.1 Latent-variable models

Latent-variable graphical models capture the paradigm of the observable data being “simple”, conditioned on some
latent (unobserved) variables. Mathematically, these models have latent variables & € H (for some domain H), and
observable variables x € X (for some domain X). The joint distribution of 4, x is a function of some model parameters

6, and is described as

Po(x, 1)) = po(h)po(xlh) (1.1.1)

where both terms py(h) and py(x|h) are simple functions. Some classical examples that fit in this framework are mixture
models (e.g. Gaussian mixture models), topic models, Bayesian networks (a classical example of which is noisy-OR
networks and Deep Belief Networks). We will describe in detail topic models and noisy-OR networks, as we will be

exhibiting multiple results involving them throughout this thesis.

Topic models are used for modeling topic structure in text corpora (Blei and Lafferty, 2009). The model postulates
that the expected frequency of words in a document can be written as a mixture of topic frequencies — which are
themselves distributions over words.

More precisely, the samples x are documents, which are the list of words in the document. (If the vocabulary size
is n, and the length of the document is N, we can identify the domain naturally as [#]V.) The latent variables in the
document are of two types: the topic proportions vy;,i € [k] of the topics in the document (where k is the number of
topics in the corpus), and the fopic z; at each position j € [N] of the document.

The parameters of the model are the distributions of words for each topic i € [k], 8 j, j € [n], as well a prior « for

the topic distributions in the document. With this, the procedure for generating a sample x is simple:
e Sample a proportion of topics ¥y, ¥z, ...,k according to a.

e For each position [ in the document, pick a topic z; according to a multinomial distribution with parameters

Yise-os Ve
¢ Conditioned on topic i being picked at that position, pick a word j from a multinomial with parameters (8; 1, 8i2, - - -, Bix)

The graphical model corresponding to the above procedure is illustrated in Figure 1.1.1, and the sequential nature

of picking the topic proportions, topics and words makes it clear why these models are called directed.

2
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Figure 1.1: Bayesian network corresponding to topic models

Noisy-OR networks are used for modeling causal structure, and are most classically applied to the scenario of
diseases and symptoms and this is the nomenclature we will use in this thesis. The model postulates that the symptoms
a patient exhibits is a noisy union of the symptoms caused by the diseases a patient has.

More precisely, the samples x are patients, which are 0-1 vectors of dimensions equal to the number of symptoms,
indicating whether the patient exhibits that symptom. The latent variable is a 0-1 vector of dimension equal to the
number of diseases, indicating whether the patient has that disease.

The parameters of the model are weights W, ;, for all symptom/disease pairs i, j, and the prior probabilities p; that

a disease i is present. With this, the procedure for generating a sample x is again, simple:
e Sample a disease vector d, s.t. d; = 1 with probability p;, for all diseases i.

e Sample a symptom vector x, s.t. x; = 1 with probability 1 — exp((W', d)), where W' is the vector W, ;, for all

diseases j.

The name “noisy-or “’derives from the fact that a symptom is present if at least one disease which causes it is present,

but with some noise “injected” by the above process.

1.1.2 Fully-observed, undirected graphical models

Fully-observable, undirected graphical models (also called Markov Random Fields) are used for modeling distributions
when the conditional dependency structure is naturally described as a graph. Formally, an undirected graphical model

is a distribution of the type

pO)cexp| > gelxo) (1.12)

cecl(G)
where G = (V, E) is a graph, cl(G) is the set of cliques in G, ¢.(-) is a potential corresponding to the clique ¢, and x,
is the set of coordinates in x corresponding to the vertices in c. While this most general form might seem somewhat
strange, for distributions p which assign positive probability to any configuration, it is equivalent to the so-called

local Markov property, namely that for any vertex i, x; is conditionally independent of all other variables, given the

3



neighborhood of vertex i.

Though the methods we will discuss are fully general, for simplicity we will focus on the classical case of Ising
models, which are a pairwise interaction undirected graphical model, where the domain of the distribution is the
discrete hypercube {—1, 1}, and the potentials are non-zero along the edges of the graph only, and they are simply the

scaled products of the values of the vertices. Formally, an Ising model has the form

p(x)ocexp( Z Ji,jxixj] (1.1.3)

(i,))EEG)

for some potentials J; ;.

1.2 The two main tasks with graphical models

There are two major tasks involving graphical models: learning and inference. Learning is the task of calculating the
best fit model from raw data, while inference is the task of answering probabilistic queries for a known model (for
example what is the marginal distribution of one of the variables or what is the distribution of a subset of variables,
after conditioning on the values of some other subset of variables). Learning can be thought of as finding parameters
that best “explain” the raw data, while the inference queries extract the “knowledge” the model contains.

We will survey the main difficulties and approaches of these two tasks, both in terms of provable works, and in

terms of heuristics used in practice.

1.2.1 Learning Bayesian models

In context of learning, we will focus on latent-variable models. The problem is as follows:

LEARNING BAYESIAN MODELS, informally: we are given N samples generated according to a latent-variable
model (1.1.1), whose parametric form is known (e.g. a topic model or noisy-OR network), but the parameters of which
are unknown: we wish to (approximately) recover the values of the parameters. We note this is what is usually called
properly learning the model; often times it suffices to learn a distribution for the samples which is close to py(x), but
does not necessarily even have the same parametric form: this is called improper learning — we will not discuss this in
this thesis.

An important choice in the above discussion is whether we are interested in statistical efficiency only (minimizing
the number of samples necessary as a function of the target closeness)or computational efficiency as well? Historically,
statisticians studied simpler models, where computational efficiency was not an issue — so statistical efficiency received

substantially more attention. Let us denote by p is the uniform distribution over the samples. In a classical paper by
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(Wilks, 1938), it is shown that the maximum likelihood estimator

A

0 = argmaxyE..; log p(x) (1.2.1)

satisfies two important properties:
e Consistency (un-biasedness): In the limit N — oo, § — 6.

e Statistical efficiency: Among all consistent estimators 6, it has asymptotically the smallest mean-squared error

Ey(0 — 6)2.

Maximum likelihood has lingered on in machine learning since, though with the models being substantially more
complex, the maximum-likelihood estimator has an important flaw: the optimization problem (1.2.1) is typically NP-
hard, if the samples and model parameters are allowed to be chosen in a worst-case fashion. (Note, the preferable
hardness result would be one in which the samples “come from the model”. These kinds of average-case results are
however beyond the current tools of computational complexity.)

The intuitive reason for the hardness is simple: to solve the optimization problem (1.2.1), we have to optimize over
the values of the latent variables as well (or more precisely, the posterior distributions over the latent variables). This
typically renders (1.2.1) non-convex. In practice, such optimization problems are nevertheless frequently solved in a
rather natural way: alternatingly optimizing the values of either the model parameters and the posterior distributions
over the latent variables, while keeping the other fixed. This is the basis of a wide class of algorithms usually referred
to as Variational Bayes', the simplest one of which is Expectation-Maximization (EM).

We will review the basics of EM and variational Bayes in Section 2.1, and subsequently in Section 2.2 give provable
results for these algorithms in the case of topic models.

The computational hardness of maximum-likelihood has motivated considering alternate estimators, especially
in approaches with theoretical guarantees. In particular, there has been a Renaissance in provable results using the
method of moments. The method moments is in fact even older than maximum likelihood (Pearson, 1894), but was
abandoned early on because it contrast to max-likelihood, it is neither consistent nor statistically efficient. Due to
advances in tensor decomposition algorithm, however, there has been a surge of provably polynomial-time algorithms
for this framework, assuming reasonable structural assumptions on the parameters of the model.

The principle behind the method of moments is to write expressions for the higher-order moments of the random
variable x as a function of the model parameters, and solve the system of equations for the model parameters, when
plugging in the empirical values for the moments. More formally, the method of moments performs the following

steps:

'Sometimes they are also called variational inference, variational EM



(1) Express the moments of x as functions of the model parameters:
E [x*] = fa(x) (1.2.2)

for some function fy depending on the model parameters. (Note: E [x®k] is an order k tensor.)

(2) Calculate the empirical moments E,. [x®k], and solve the system of equations (3.1.1) for 6.

The difficulty in this approach is obviously step (2): for complicated models, the function f, will be highly non-
linear, so solving the system of equations is a non-trivial matter. We will review instances where this can be done
using very recent machinery on tensor decomposition in Section 3.1 in the setting of mixture models (e.g. mixtures of
Gaussians, topic modeling, etc.), and we will show how how this can adapted to a more complicated model: noisy-OR

networks.

1.2.2 Inference in Bayesian models

In the context of inference, we will focus on undirected graphical models. The problem of inference can be loosely
defined as follows:

INFERENCE IN BAYESIAN MODELS, marginals: we are given as input the parameters of an undirected graphical
model, and wish to calculate marginals in the model, e.g. for subsets S, 7 C V(G), and configurations bs € XS by e
X'l we wish to calculate p(xs = bs|x; = br). The simplest version of the problem would just be calculating marginals
of the type p(x; = b),i € V(G),b € X.

Broadly, there are two approaches to inference. The first is to set up a Markov Chain which has p as it’s stationary
distribution that mixes rapidly. This allows us to sample from a distribution close to p, and having such samples,
estimating the marginals is straightforward. This is an approach that is well-studied in theoretical computer science,
especially for graphical models that have connections to statistical physics like Ising models and Potts models (see e.g.
(Levin et al., 2009) for a thorough survey of such methods)

The second approach is based on variational methods, which proceed as follows. First, it is well-known that cal-
culating marginals of the type we are interested in can be reduced to calculating partition functions. This is a classical
result, and we state formally as Lemma 1. Second, we reduce calculating the partition function to an optimization
problem over the polytope of probability distributions over the domain of the variables of the graphical model. This
is a very old principle, dating as far back as Gibbs. (Ellis, 2012). Since optimization over this polytope is typically
intractable however, modern machine learning focuses on strategies to relax this optimization: i.e. by optimizing over
some subset of distributions that have a simple form (e.g. product distributions), or relaxing the polytope of distribu-

tions and introducing entropy approximations like the Bethe approximation. We review these strategies in great detail

6



in Section 4.1.

Lemma 1 (Reducing marginals to partition functions, (Jerrum et al., 1986)). There is a polynomial time algorithm,
that given an oracle O that takes as input a graph G = (V, E) and potentials ¢, c € cl(G) and outputs the value of the
partition function of the corresponding Ising model Z = 3, ,¢_y 1y exp(Zcecl(G) ¢c(x.)), can calculate the values of any

marginals p(xs = bs),S € V(G), bs € X¥!,






Chapter 2

Provable guarantees for iterative techniques

for learning latent-variable models

In this chapter, we will present new results on provable guarantees for iterative techniques for latent-variable models.

First, in Section 2.1 we will review the basic theory behind deriving iterative algorithms like Expectation-Maximization
(EM) and variational Bayes. Subsequently, in Section 2.2 we will present new techniques for analyzing such algo-
rithms in the context of topic models: a well-known and widely used latent-variable model for modeling topical
structure of text corpora. More concretely, we will first prove that the standard variational Bayes updates can be
proven to work under natural structural assumptions (in Sections 2.3 and 2.4). These sections are based on work in
(Awasthi and Risteski, 2015).

Subsequently, we will prove that minor changes to the standard updates can lead to similarly cheap algorithms
that also use iterative updates, but that work provably under even weaker structural assumptions in Section 2.8. This

section is based on work in (Li et al., 2016).

2.1 Background on variational Bayes

In this section, we review the methodological underpinnings of deriving iterative algorithms for learning latent-variable
models like variational Bayes. The simplest form of this family of algorithm is Expectation-Maximization (EM).
It dates all the way back to (Dempster et al.,, 1977) and (Sundberg, 1974) in the 70s. As previously mentioned,
the algorithm alternatingly keeps either the model parameter or the latent variable posterior estimates fixed, while
optimizing for the other. Formally, at iteration 7 the algorithm maintains estimates ', ¢'.(h) of the model parameters

and the latent variable posteriors for the samples, which are updated as follow:
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e E-step: For each sample x, update the current estimate of the posterior distribution over the latent variables:

q'(h) = p(hlx, 8" @2.1.1)

e M-step: Update the current estimate of the model parameters:

¢ = argmax,E,_;E, [log p(x, hl6)] 2.1.2)

The crucial claim about these updates is that after performing an update, the value of the log-likelihood can only

increase:

Lemma 2 ((Dempster et al., 1977; Sundberg, 1974)). In the above setup, it holds that

Ey.plogg (x) = Ey.plog, (%)

Two remarks are in order. First, this algorithm assumes that both steps can be efficiently performed. While this is
true in some simple models like Gaussian mixture models, even slightly more complicated models like topic models
can render these steps intractable. In fact, in topic models, (Sontag and Roy, 2011) showed that calculating the
posterior distribution in the E-step, even up to multiplicative polynomial factors, can be #-P hard if the sample x and
the model parameters are chosen in a worst-case manner.

Second, in this simple form, there is no “optimization” in the E-step to speak of (it is merely set to some particular
value as a function of the current estimate of the model parameters), so it is unclear in which sense the EM algorithm
performs “alternating optimization”. Towards elucidating this point, we will state a slightly more general result, which
will readily lead us to variational Bayes. For any set of distributions ¢, : H — R indexed by the samples x, we

consider the function

F(qu,0) = —E,;KL(q:lIp(hlx) + B log p(x) (2.13)
Then, the following claim holds:

Lemma 3 (Alternating minimization view of EM, (Csiszsar and Tusnady, 1984)). The EM algorithm is equivalent to

the following alternating optimization algorithm:

e E-step: For each sample x, update the current estimate of the posterior distribution over the latent variables:

q, = argmax, F(q,, N (2.1.4)
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o M-step: Update the estimates of the model parameters:

& = argmaxyF(q.,6) (2.1.5)

The above objective is in machine learning often referred to as the ELBO bound (Blei et al., 2017), but dates back
to Gibbs in statistical physics (Ellis, 2012), where it is usually referred to as variational free energy. It was written
in the above alternating minimization form to elucidate various alternating minimization-like procedures stemming
with information-geometric root, which included EM, the Arimoto-Blahut algorithm (Yeung, 2008) (which has made
a re-appearence in recent years as a basis of the information bottleneck principle (Tishby et al., 2000)), maximizing
returns on investment portfolios etc.

The statistical physics roots naturally lead to variation Bayes methods: even if the optimization problem (2.1.4) is

computationally intractable, it may be the case that we can solve an easier minimization problem
argmax, oF(qx, g1 (2.1.6)

for a constrained class of distributions Q. From a theory perspective, even for extremely simple families @, e.g. product
distributions, this problem itself is non-convex, but from a practical perspective, often at least the objective is simple
enough as a function of the natural parameters of the distributions, so that the gradient descent updates have a closed
form.

Despite this meta-approach being immensely popular in practice, theoretical understanding is very limited. Prior
to this thesis, most existing analyses focused on convergence results: namely, on showing that the updates eventually
reach a fixed point. Exceptions to this are classical results analyzing Lloyd’s algorithm for K-means, which is very
closely related to the EM algorithm for mixtures of Gaussians (Kumar and Kannan, 2010), (Dasgupta and Schulman,
2000), (Dasgupta and Schulman, 2007). Another line of recent work has focused on a related alternating optimization
heuristic in the context of dictionary learning: (Agarwal et al., 2013), (Arora et al., 2015a) prove that with appropriate
initialization, alternating minimization can provably recover the ground truth. (Netrapalli et al., 2013) have proven
similar results in the context of phase retrieval.

In the following section, we will elucidate more the global convergence properties of variational Bayes: namely, we
will exhibit the first characterization of global convergence of variational inference based algorithms in arguably the
simplest setting beyond mixture models: topic models (Blei et al., 2003), where the variational class of distributions
Q consists of product distributions (i.e. mean-field). We show that under natural assumptions on the topic-word
matrix and the topic priors, along with natural initialization, variational inference converges to the parameters of

the underlying ground truth model. Going beyond that, in Section 2.8 after, we show that if we step away from the
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variational inference updates, but keep the “alternating minimization” paradigm, we can even design algorithms with

better convergence properties (in the sense that they work under substantially milder conditions).

2.2 Overview: provable results for variational Bayes in the case of topic

models

In this section, we will give an overview of the mean-field variational Bayes updates (Subsection 2.2.2) in the case of
topic models — the setting in which we will provide provable results, as well as review other works on topic models with
provable guarantees (Subsection 2.2.1). Though these works do not analyze iterative updates like variational Bayes,
we provide this comparison to illustrate the point that the structural assumptions under which we analyze variational

Bayes are qualitatively very similar to the assumptions these works make.

2.2.1 Prior work on topic models

The body of work on topic models is vast (Blei and Lafferty, 2009), and we will survey here only the works that have
provable guarantees. This includes the sequence of works by (Arora et al., 2012a),(Arora et al., 2013a), as well as
(Anandkumar et al., 2013), (Ding et al., 2013), (Ding et al., 2014) and (Bansal et al., 2014). (Arora et al., 2012a) and
(Arora et al., 2013a) introduced an influential assumption of anchor words on the topic-word matrix, which assumes
that each topic has a word which appears in that topic, and no other. Subsequent work modified this assumption in
various ways: (Anandkumar et al., 2013) assume a certain expansion on the word-topic graph, which says that for
any subset S of topics, the number of words in the support of these topics should be at least |S| + Smax, Where spmax 1S
the maximum support size of any topic. Importantly, neither paper needs any assumption on the topic priors, and can
handle (almost) arbitrarily short documents '.

All the above works are based on the method of moments: an empirical co-occurrence matrix of the words is
formed, from which the topic-word matrix is recovered’. Our assumptions on the word-topic matrix will be related
to the ones in the above works, but importantly, our documents will need to be long, so that the empirical counts of
the words are close to their expected counts. Furthermore, we will have to make structural assumptions on the topic
priors.

We note that the case where the documents are short seems significantly more difficult. Namely, there are two main
elements to analyzing variational inference updates. One is proving the variational approximation to the posterior dis-

tribution over topics is not too bad. The second is proving that the updates do actually reach the global optimum. In the

The document length needs to be at least 3.
2We expand on this approach in Section 3.1
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case of long documents, the posterior distribution is concentrated, so the mean-field variational class can approximate

it well — which is decidedly not true when documents are short.

Informally, our assumptions on the topic-word matrix and the topic prior will be as follows:

e The topics will satisfy a weighted expansion property: for any set S of topics of constant size, for any topic i in
this set, the probability mass on words which belong to i, and no other topic in § will be large. (Similar to the

expansion in (Anandkumar et al., 2013), but only over constant sized subsets.)

e The number of topics per document will be small. Further, the probability of including a given topic in a
document is almost independent of any other topics that might be included in the document already. Similar
properties are satisfied by the Dirichlet prior, one of the most popular priors in topic modeling. (Originally
introduced by (Blei et al., 2003).) The documents will also have a “dominating topic”, similarly as in (Bansal

et al., 2014).

e For each word j, and a topic i it appears in, there will be a decent proportion of documents that contain topic i

and no other topic containing j. These can be viewed as “local anchor documents” for that word-pair topic.
We state informally the main result of this section — see Sections 2.3 and 2.4 for more details.

Theorem (Informal). Under the above mentioned assumptions, popular variants of variational inference for topic

models, with suitable initializations, provably recover the ground truth model in polynomial time.

2.2.2 Topic models: variational inference updates and simplifications

2.2.2.1 Review of mean-field variational Bayes for topic models

In this section we briefly review the derivation of the mean-field variational Bayes updates for topic modeling, fol-
lowing closely the description in (Blei et al., 2003). Subsequently, we will simplify these updates in the limit of long

documents — a slight variant of which we will give provable guarantees for.

As a notational convenience, in the subsequent sections, a superscript of # will denote the value of a variable at the
t-th iteration, and a superscript of * denotes the “ground truth” value of the relevant variable.

We will derive the form of both the E-step and the M-step. Proceeding with the E-step first, recall from (2.1.4) that

q'(Z,y) = argmin o KL(q(Z, V)p(Z, yIx, 2", B)

for a chosen family Q of variational distributions. Denoting by N the length of the document, the mean-field variational
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family Q we will consider satisfies the constraint that

9, 2) = gy 1q4,(Z))

where gy is a Dirichlet distribution with parameters ¥ and g4, j € [N],i € [n] is a multinomial distribution with
parameters ¢;;. In words, this means that distribution ¢ factorizes over the latent variables corresponding to the latent
topics Z; for all positions j, as well as the topic proportions . For this variational family, (Blei et al., 2003) show that

the coordinate ascent equations take a simple form. More precisely,

Lemma 4 ((Blei et al., 2003)). (1) Keeping o', ', ¢';, j' # ] fixed, and denoting by w; the word at position j,

V¢/.iF(a't’ﬁta7ta {¢;,,j/ #j)=0

implies
@i o< B, IR0 j e [N]i € [n] (2.2.1)
N
~ — I !
Fai=aly+ Y B 2.2.2)
j=1

2) For a training set of D documents, indexing as v',. and ¢', .. the variational parameters corresponding to
g 8 as Y, d.ji p D g

document d, and by N, the length of document d, we get

Vs, F(@' B Y S 1o Vi € K] j € [n]) = 0 (2.2.3)
implies
D Ny
Bijoc D\ 8 xkajyni€ (K], j € [n]
d=1 j'=1

The consequence of the above lemma is an obvious coordinate ascent algorithm, where to perform an E-step, the
updates (2.2.1) are iterated until convergence, cycling through the variational parameters ¢;;. The M step is obvious
from (2.2.3) for the 8 parameters. As far as the a Dirichlet parameters are concerned, the gradients with respect to
them do not have a closed form expression and (Blei et al., 2003) suggest updating them via a Newton-Rhapson type

of procedure.

2.2.2.2 Simplifying the updates in the long document limit

The difficulty with analyzing the above updates is that it isn’t clear how to assign an intuitive meaning to the ¥ and ¢

parameters (it’s not even clear what one would like them to be ideally at the global optimum.) We will be however
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working in the large document limit - which will simplify the updates, and give us a better handle them.

In particular, in the E-step, in the limit N — oo, the first term in the update equation for ¥ has a vanishing

contribution. In this case, we can simplify the E-update as:

!

Paji < B; jYa.i
Ny

Ya,i < Z ba.ji
=1

Notice, importantly, in the second update we now use variables y,; instead of ¥,;, which are normalized such
K

that Z vai = 1. This is an intentional abuse of notation — the y variables correspond to the max-likelihood topic
i=1
proportions, given our current estimates 3} ; for the model parameters. The M-step will remain as is - but we will focus

on the S only, and ignore the @ updates - as the a estimates disappeared from the E updates:

D

t+l Fot
Zf d.jVa,i
d=1

where 72,:’ is the converged value of y,,; and we denote as fj; ; the fractional count of word j in document d (i.e.
fd, ;i = Count(j)/Ny, where Count(j) is the number of times word j appears in the document, and N, is the number
of words in the document). In this case, the intuitive meaning of the 5" and y' variables is clear: they are estimates
of the the model parameters, and the max-likelihood topic proportions, given an estimate of the model parameters,

respectively.

An alternative way to view these updates is as follows: first we approximate the posterior distribution P(Z, y|X, &', 8')
by P(Z|X,v*,a', "), where y* is the max-likelihood value for y, given our current estimates of «, 3, and subsequently
setting P(Z|X,y*, &, 8") to be a product distribution. It is intuitively clear that in the large document limit, this approxi-
mation should not be much worse than the one in (Blei et al., 2003), as the posterior concentrates around the maximum
likelihood value. In fact, our guarantee will apply to finite, but long documents. Finally, we will rewrite the above

K

equations in a slightly more convenient form. Denoting f;; = Z yd,,-ﬁﬁ, j» the E-step can be written as: iterate until
i=1

convergence
Ja.
n,eyd,zf’ ' (2.2.4)
d,j
The M-step becomes:
Jaj
ZG[I) 1 fj] 21
B =B ——— (2.2.5)
‘ Zd:l Vd,i

where f] . x Z de i ! and ! i is the converged value of ;.
i=1
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2.2.2.3 Alternating KL minimization and thresholded updates

Beyond the long-document simplifications above, we will modify the updates slightly. In fact, similar updates appeared
in a paper by (Lee and Seung, 2000) in the context of non-negative matrix factorization. There the authors proved that

under these updates Zf;:l KL(f d’j|| fa. ;) is non-decreasing. More concretely:

Lemma 5 ((Lee and Seung, 2000)). Consider the objective F(y',5) = Y1, KL(finfd,j). Then,

(1) Let y'*! be the result of performing the update (2.2.4) an arbitrary number of times. Then,

Foy"', g < F('. )

t+1

Furthermore, if y*' = argminyeAkF (v, "), where Ak is the K-dimensional simplex

Fo™LB) < F(/'.p)
(2) Let 8! be the result of performing the update (2.2.5). Then,

F(yt+l,ﬁl+l) < F(’y”l,ﬁt)

In fact, we remark with respect to the two kinds of updates in (1), iterating the y updates in the first update is a
way to solve this convex minimization problem via a version of gradient descent which makes multiplicative updates,

rather than additive updates.

In this section, we will make a modification of the M-step in (2) which is very natural. Intuitively, the update for
ﬁ; ; goes over all appearances of the word j and adds the “fractional assignment” of the word j to topic i under our
current estimates of the variables 3, y. In the modified version we will only average over those documents d, where
721,1' > y;!i,, Vi #1.

The intuitive reason behind this modification is the following. The variational Bayes updates we are studying work
with the KL divergence, which puts more weight on the larger entries. Thus, for the documents in D;, the estimates
for 7’21,1‘ should be better than they might be in the remaining documents. (Of course, since the terms f ;,j involve all
the variables 7;1,1" it is not a priori clear that this modification will gain us much, but we will prove that it in fact does.)
Formally, we discuss the following three modifications of the updates (we call them suggestively tEM, or thresholded

EM) as Algorithms 1 and 2 and 3:
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Algorithm 1 KL-tEM
(E-step) Solve the following convex program for each document d:
fas

miand,j log(=*)
Yai 7 fd,j

S.t.
(D:vy; 20, Xy, = 1 and y;; = 0 if i does not belong to document d
(M-step) Let D; to be the set of documents d, s.t. 7215 > y’d e Vi’ # 1.

faj

. stDi f)’ﬁm

Set it = 51—
B ij b Xden; Yy,

Algorithm 2 Iterative tEM
(E-step) Initialize y,;; uniformly among the topics in the support of document d.
Repeat

v s
Jaj

Yai =Vai ), B (2.2.6)
=17

until convergence.
(M-step) Same as above.

2.2.3 Initializations

We will consider two different strategies for initialization.

First, we will consider the case where we initialize with the topic-word matrix, and the document priors having
the correct support. The analysis of tEM in this case will be the cleanest. While the main focus of this Chapter is
variational Bayes, we’ll show that this initialization can actually be done for our case efficiently.

Second, we will consider an initialization that is inspired by what the current LDA-c implementation uses. Con-
cretely, we’ll assume that the user has some way of finding, for each topic i, a seed document in which the proportion
of topic i is at least C;. Then, when initializing, one treats this document as if it were pure: namely one sets ,B?’j to be
the fractional count of word j in this document. We do not attempt to design an algorithm to find these documents.

Importantly, in Section 2.8, we can use this same initialization, but with quantitatively much weaker requirements.

2.3 Case study 1: Sparse topic priors, support initialization

We start with a simple case. As mentioned, all of our results only hold in the long documents regime: we will

assume for each document d, the number of sampled words is large enough, so that one can approximate the expected

Algorithm 3 Incomplete tEM
(E-step) Initialize y,; with the values gotten in the previous iteration, just perform one step of 2.2.6.
(M-step) Same as before.
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frequencies of the words, i.e., one can find values y ., such that fa. i==xe Zfil Y55 i We’ll split the rest of the
assumptions into those that apply to the topic-word matrix, and the topic priors. Let’s first consider the assumptions on

the topic-word matrix. We will impose conditions that ensure the topics don’t overlap too much. Namely, we assume:

e Words are discriminative: Each word appears in o(k) topics.
o Almost disjoint supports: ¥i,1', if the intersection of the supports of i and i’ is S, 3 jes 87 ; < o(1) - X; B; ;.

We also need assumptions on the topic priors. The documents will be sparse, and all topics will be roughly equally
likely to appear. There will be virtually no dependence between the topics: conditioning on the size or presence
of a certain topic will not influence much the probability of another topic being included. These are analogues of

distributions that have been analyzed for dictionary learning (Arora et al., 2015a). Formally:

e Sparse and gapped documents: Each of the documents in our samples has at most s = O(1) topics. Furthermore,
for each document d, the largest topic iy = argmax,y; , is such that for any other topic 7', ¥, — v} WP for

some (arbitrarily small) constant p.
® Dominant topic equidistribution: The probability that topic i is such that y;; >y, Yi' # i is O(1/k).

o Weak topic correlations and independent topic inclusion: For all sets T with o(k) topics, it must be the case that:
Ely; ly;; is dominating] = (1 + o(1))E[y}, |y, is dominating,y; , = 0,i" € T]. Furthermore, for any set T' of

topics, s.t. [T < s — 1, Prly}, > Oy}, Vi’ € T1 = ©(3)

These assumptions are a less smooth version of properties of the Dirichlet prior. Namely, it’s a folklore result
that Dirichlet draws are sparse with high probability, for a certain reasonable range of parameters. This was formally
proven by (Telgarsky, 2013) - though sparsity there means a small number of large coordinates. It’s also well known
that Dirichlet essentially cannot enforce any correlation between different topics. In fact, we show analogues of the
weak topic correlations property and equidistribution in Section 2.6.

The above assumptions can be viewed as a local notion of separability of the model, in the following sense. First,
consider a particular document d. For each topic i that participates in that document, consider the words j, which
only appear in the support of topic i in the document. In some sense, these words are local anchor words for that
document: these words appear only in one topic of that document. Because of the “almost disjoint supports” property,
there will be a decent mass on these words in each document. Similarly, consider a particular non-zero element 5; ;
of the topic-word matrix. Let’s call D; the set of documents where 3, i = 0 for all other topics i # i appearing in
that document. These documents are like local anchor documents for that word-topic pair: in those documents, the
word appears as part of only topic i. It turns out the above properties imply there is a decent number of these for any

word-topic pair.
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Finally, a technical condition: we will also assume that all nonzero y:‘“, B ; are at least m Intuitively, this
means if a topic is present, it needs to be reasonably large, and similarly for words in topics. Such assumptions also
appear in the context of dictionary learning (Arora et al., 2015a).

We will prove the following:

Theorem 6 ((Awasthi and Risteski, 2015)). Given an instance of topic modelling satisfying the properties specified

. klog?
above, where the number of documents is Q(%

), if we initialize the supports of the ,BEJ and 721,1' variables correctly,
after O (log(1/€’) + log n) KL-tEM, iterative-tEM updates or incomplete-tEM updates, we recover the topic-word ma-

. . . .. . 1
trix and topic proportions to multiplicative accuracy 1 + €, for any € s.t. 1 + € < T

Theorem 7 ((Awasthi and Risteski, 2015)). If the number of documents is Q(k* log2 k), there is a polynomial-time

procedure which with probability 1 — Q(%) correctly identifies the supports of the j3; i and vy ; variables.
Provable convergence of tEM: The correctness of the tEM updates is proven in 3 steps:

e Identifying dominating topic: First, we prove that if 3/, is the largest one among all topics in the document,

topic i is actually the largest topic.

e Phase I: Getting constant multiplicative factor estimates: After initialization, after O(log n) rounds, we will get

to variables ,BQJ., 721,:‘ which are within a constant multiplicative factor from ﬂ;ij, Yair

e Phase II (Alternating minimization - lower and upper bound evolution): Once the 8 and vy estimates are within
a constant factor of their true values, we show that the lone words and documents have a boosting effect: they

cause the multiplicative upper and lower bounds to improve at each round.

The updates we are studying are multiplicative, not additive in nature, and the objective they are optimizing is
non-convex, so the standard techniques do not work. The intuition behind our proof in Phase II can be described as
follows. Consider one update for one of the variables, say ﬁ; i We show that ﬁ;fjl ~ aﬁzj + (1 - a)C’ﬁzj for some
constant C’ at time step ¢. « is something fairly large (one should think of it as 1 — o(1)), and comes from the existence
of the local anchor documents. A similar equation holds for the y variables, in which case the “good” term comes
from the local anchor words. Furthermore, we show that the error in the ~ decreases over time, as does the value of
C', so that eventually we can reach B; i The analysis bears a resemblance to the state evolution and density evolution
methods in error decoding algorithm analysis - in the sense that we maintain a quantity about the evolving system, and
analyze how it evolves under the specified iterations. The quantities we maintain are quite simple - upper and lower

multiplicative bounds on our estimates at any round ¢.

Initialization: Recall the goal of this phase is to recover the supports - i.e. to find out which topics are present in

a document, and identify the support of each topic. We will find the topic supports first. This uses an idea inspired
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by (Arora et al., 2014) in the setting of dictionary learning. Roughly, we devise a test, which will take as input two
documents d, d’, and will try to determine if the two documents have a topic in common or not. The test will have no
false positives, i.e., will never say YES, if the documents don’t have a topic in common, but might say NO even if they
do. We then ensure that with high probability, for each topic we find a pair of documents intersecting in that topic,
such that the test says YES.

We proceed to making these intuitions formal in the coming sections.

2.3.1 Provable convergence of tEM: Proof of Theorem 6
As a reminder, the outline of the proof will be the following.

o [dentifying dominating topic: For the modified tEM updates, we need to make sure that the topic with maximal

Y}, is the dominant.

o Phase I: Getting constant multiplicative factor estimates: First, we’ll show that after initialization, after O(log n)

t

number of rounds, we will get to variables 5 P ¥}, which are within a constant multiplicative factor from ﬁl’.‘j,

.
Yai

— Lower bounds on the B and vy variables: We’ll show that determining the supports of the documents and
the topic-word matrix, as well as being able to identify the documents in which topic i is large is enough
to ensure that all the ﬁf’j and yl’;j variables are lower bounded by Cigﬂz ; and Cigy;’i respectively for some

constants CE > l,Cg > 1.

— Improving upper bounds on the ,BE’ i values: We show that, if the above two properties are satisfied, we can
get a multiplicative upper bound of the ﬁf’, ; values, which strictly improves at each step until it reaches a
constant. This improvement is very fast: we only need a logarithmic number of steps. After this happens,
we show that the y variables corresponding to these 8 estimates must be within a constant of the ground

truth as well.

e Phase II (Alternating minimization - lower and upper bound evolution): Once the 8 and vy estimates are within
a constant factor of their true values, we show that the lone words and documents have a boosting effect: they

cause the multiplicative upper and lower bounds to improve at each round.

A word about incorporating the ”correct supports” assumption in our algorithms. For the 8 variables this is obvious:
we just set :85‘,]‘ =0if B} = 0. For the vy variables it’s also fairly straightforward. In KL-tEM we mean simply that in
the convex program above, we constrain 751,; =0ify,,; =0.

In the iterative version, this just means that before starting the y iterations, we set the initial value to 0 if y;; = 0,

and uniform among the rest of the variables. Same for the incomplete version.
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In the interest of brevity, whenever we say the supports are correct”, the above is what we will mean.

Recall, we use ¢ to count the iterations for 3 variables. Put another way, 7’51,:’ is the value we get for y,; after the 8
variables were updated to ﬁi I (Which of course, implies, ﬁf,*jl will be the values we get for the 8 variables after the y
variables are updated to ¥ ;.)

The proofs are for each of the variants of tEM are similar. For starters, we show everything for KL-tEM, and then

just mention how to modify the arguments to get the results for the other variants in section 2.3.1.6.

2.3.1.1 Determining largest topic

First, we show that the “thresholding” operation works. Namely, we show that if y/,. >y’ Vi # i, then y} . is the
largest topic in the document (there is a unique one by the “slightly gapped documents” property). Furthermore, we

1 k *
can say that 3y, < v}, <2y,

Lemma 8. Fix a document d. Let the supports of the y and 3 variables be correct. Then, after a vy iteration, if

Yai > Va1 # 1, vy, is the largest topic in the document. Furthermore, %7’2,1‘ <Yy <S2v:

Proof. Since there are a constant number of topics in the document, the largest topic has proportion Q(1).

Consider the KL-tEM convex optimization problem. The KKT conditions are easily seen to imply?:

Z f‘“ - (2.3.1)

j=1

For each topic i, since we are considering a constrained optimization problem, it has to be the case that it either
satisfies 2.3.1, ¥, . =0ory, . = 1.

Let’s assume first that i satisfies 2.3.1. Then,

AW LW
d.j

JiB; i #0
Let’s call the words j, which only appear in the support of topic i in the document lone for that topic, and let’s
denote that set as L;.

If L; are the lone words for topic i, . jr, g 20 f;]‘j = so(1) = o(1), so

Yo < Z(l + B 75 +o(1) < (1+ ey, +o(1) < ¥, +o(1)
JeL;

On the other hand, 72,1' > Ve, Bi vy = 1= o)1 —o(D))yy; = (1= o(1))yy;, so 721,1’ >y, —o(l).

30ne gets these trivially, turning the constraint that ZK WY, T 1 into a Lagrange multiplier
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Since there is a constant gap of p between the largest topic and the next largest one, the maximum 7’21,1' is indeed
the largest topic in the document. Furthermore, since (1 — 0(1))72,1‘ < yf” <+ 0(1))72’1, clearly %7’2,1‘ < 7(’“ < 2)/2’1.
follows as well.

On the other hand, we claim no topic which is in the support of a document d can actually have 7’21,1' =0.

If this happens, it’s easy to see that 27:1 fa. j log(f#) = oo: one only needs to look at a summand corresponding to
d.j
a lone word j for topic i. Just by virtue of the way lone words are defined, 721,;‘ = 0 would imply fé,/’ = 0. It’s clear that
i

one can get a finite value for )’ ; fa ;jlog(=*) on the other hand, by just setting 7’:1,1‘ =Yy SO 7{1’,‘ = 0 cannot happen at

Ja

an optimum.

2.3.1.2 Lower bounds on the y/,; and 5] ; variables

Next, we show that subject to the thresholding being correct, at any point in time ¢, all the estimates 751,1‘ and ﬁij are
appropriately lower bounded.
The proof is similar for both the g and y variables, and both for the KL-tEM and iterative tEM updates, but as

mentioned before, we focus on the KL-tEM first.

Lemma 9. Fix a particular document d. Suppose that the supports of the y and 3 variables are correct. Then,

Yai 2 (L=o(M)yy;

Proof. Multiplying both sides of 2.3.1 by ¥, ;, we get

n ﬁ{
ro_ oot ot
Yai = Z ~ BijYai

j=17d,j

As above, let’s split the above sum in two parts: lone words, and non-lone. Then clearly,

Yor = D (=Bl

JEL;
For notational convenience, let’s denote & = ¥ jc, 5; i Let’s estimate @. By the assumption on the size of the

intersection of topics,

DB, < so(l) = o(1)

J&L;

Hence, @ > (1 — €)(1 —o(1)) = 1 — o(1). So, the claim of the lemma holds.
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The lower bound on the ,BE’ i values proceeds similarly, but here we will crucially make use of the fact that for the

large topics, we have both upper and lower bounds on the y;j values.

Lemma 10. Suppose that the supports of the y and B variables are correct. Additionally, if i is a large topic in d, let

5Ya: < Vh: <27y, Then, B = la- o(1)B; ;.

Proof. Let’s call lone the documents where £, ;= 0 for all other topics i’ # i appearing in that document for the
topic-word pair (i, j). Let D; be the set of lone documents. Then, certainly it’s true that
ZdeDl f‘fJYZ,

ﬁ1+1 > Bl

ij =Fij
Zdldl

However, for a lone document, fg’lj =7, B i (it’s easy to check all the other terms in the summation for f;j vanish,

because either ¥/, , = 0 or g, ;= 0). Hence,

_ yd! lj !t *
. ZdEDI(l y/ ﬁ’ ﬁz Jydl " ZdED, yd,‘
Bij = =(0-6,=p—
i Yai L= Vag

However, since the update is happening only over documents where topic i is large, ¥,. < 2yj.. So, we can
conclude
1 ZdeDl ydz

B = (1 - )ﬁ,,zm

Zde[)l '}’d,
Zd—l dl

By Lemma 55 and Lemma 54,

Let’scall @ = , and let’s analyze it’s value.

Z Ya; = (1 = ©)ID/|E[y,,ly;; is dominating, y; , = 0,Vi’ # i s.t. j appears in topic i']

dED]
D
Z (1+ e)|D|E[ydl|ydl is dominating]
2deD Yy D
By the weak topic correlations assumption, then, % >(1- (1))u
Xd=17q; DI

Furthermore, by the independent topic inclusion property, each of the o(K) topics other than i that word j belongs

to appears in a document with probability ®(1/K), so the probability that a document which contains topic i contains

one of them is o(1), i.e. 'lDD"‘ By Lemma 56, furthermore, % > 1—o0(1) when € = o(1). Hence, @ > 1 — o(1).

Altogether, we get that ,Bf'jl > %(1 - o(l)),B;*’ ;jas claimed.
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2.3.1.3  Upper bound on the 3 ; values

Having established a lower bound on the ,BE’i variables throughout all iterations, together with the lower bounds on the
¥}, ; variables and the good estimates for the large topics, we will be able to prove the upper bound of the multiplicative

error of ﬁ' keeps improving, until ,8’ <C ﬁ,B for some constant Cg.

Lemma 11. Let the 8 variables have the correct support, and f3 . > o :8, g v w2 y i Whenever B #0, v, #0.

Let,Bf = CB,BI P where C’ > 4C,,, and C,, is a constant. Then, in the next iteration, ﬁ;fjl < Cg’lﬂzj, where Cgrl < 7”

Proof. Without loss of generality, let’s assume C,, > 2. (Since certainly, if the statement of the lemma holds with a

smaller constant, it holds with C,, = 2.)

We proceed similarly as in the prior analyses. We will split the sum into the portion corresponding to the lone and
non-lone documents.

Let’s analyze the terms ;‘!’ yfj corresponding to the non-lone documents.

Now, f! EN: L 1> SO fjﬁ’ < (1 +€)C2. Also, 751,5 < 2y, since topic i is the dominant in document d. Since
Ja,
C >27 f!j’)/dl <(1+6)Cm)/d,
Also, note that 23:1 7/;’[. > CL” 23:1 72’1., again, since i is the dominant topic.

As usual, let’s denote the set of lone documents D;:

* 3
ZdED/ ﬁ;j'yd,i + ZdeD\D1 Cm)’;,i fj
D
id=1 V:I,i

B <1 +e)Cy

As in the prior proofs, let’s denote by @ := ZZ‘IE'#:”
d=17d,i

1+ 1
As in Lemma 10, @ > 1 - o(1), so 85" < (1 + €)Cp(af;,; + (1 — @)C, B, ), which in turn implies that —- <
ij
1+ 1

B’ Cy . .
L < Tﬁ, it would be sufficient to prove that

(1 +€)Cpla+ (1 —a)C3 ! .
ij

C[
(1 + ©Cula+ (1 - a)(CLCh) < 7‘*
Cl
CICly — srtee
which is equivalent to @ > T
CiC, -1

Let’s look at the right hand side. As, by assumption, C%, > 4C,,, it follows that

C cy
3t B 3t
Cmcﬁ ~ 2(1+e)Cp C C 2(1+e)c,,,
ce-1 7 e S
m-g C C Cm
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Hence, the right hand side is upper bounded by

Z_]

3 _ 1 Tee ~

G 2(1+6)Cp 1 4C,,
c3 — - c3
m " 4C, m 4G

But, since C,, is bounded by a constant, and @ = 1 — o(1), the claim follows.

2.3.1.4 Upper bounds on the y values

Finally, we show that if we ever reach a point where the 8 values are both upper and lower bounded by a constant, the

v values one gets after the y step are appropriately upper bounded by a constant. More precisely:

Lemma 12. Fix a particular document d. Let’s assume the supports for the 8 and vy variables are correct. Further-

more, let C— < ?’ < C,, for some constant C,,. Then, 7dl <1+ 0(1))yd

Proof. As in the proof of Lemma 9, let’s look at the KKT conditions for ¥/, ; into a part corresponding to lone words

L; and non-lone words. Multiplying 2.3.1 by 72,:‘ as before,

Vi = Zfd,+7d,zzj
5]

JeL; JEL;

Again, let @ = } i, ,8;*j.

By Lemma 9, certainly ¥, > £/ . Hence, @ < (1 + €)C%. So we have, y',. < (1 + €)@y, + C2(1 — a)y',).
y y d,i d,i d,i m d,i

Cp
d/
(1+e)a

S v = Yair <1+o(1),

In other words, this implies y’ Since @ = 1 — o(1), it’s easy to check that
d,i

__a
1-C3(1-a)

which is enough for what we need.

So, as a corollary, we finally get:

1
Corollary 13. For some t, = O(log(ﬁ—))) = O(logn), it will be the case that for all t > t, ral < = ,Bt
B Pij

<Y 5 Jor some

%
ydl

1
constant CO and — CO < < y for some constant C0

Y dl

This concludes Phase I of the analysis.

2.3.1.5 Phase II: Alternating minimization - upper and lower bound evolution

Taking Corollary 13 into consideration, we finally show that, if the 5 and y values are correct up to a constant mul-
tiplicative factor, and we have the correct support, we can improve the multiplicative error in each iteration, thus

achieving convergence to the correct values.
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This portion bears resemblance to techniques like state evolution and density evolution in the literature for iterative
methods for decoding error correcting codes. In those techniques, one keeps track of a certain quantity of the system
that’s evolving in each iteration. In density evolution, this is the probability density function of the messages that are
being passed, in state evolution, it is a certain average and variance of the variables we are estimating.

In our case, we keep track of the "multiplicative accuracy” of our estimates v/, ., ﬁﬁj. In particular, we will keep

o ' ' < B t Yd.i t :
track of quantities C), and C such that at iteration ¢, c1 < ﬁ,f, C and & y‘/” < C, after the corresponding y
iteration.
We will show that improvement in the quantities C'g causes a large enough improvement in the C’, updates, so that
after an alternating step of 8 and y updates, Cl’;l <(C é)l/ 2,

First, we show that when the 8 variables are estimated up to a constant multiplicative factor, the constant for the y

values after they’ve been iterated to convergence is slightly better than the constant for the 8 values. More precisely:

Then, after iterating the

Lemma 14. Let’s assume that our current iterates ﬁﬁj satisfy % < B < for ﬁ 21 5)7
> B

1
Bi;

v updates to convergence, we will get values 721,1' that satisfy (C;,)” i< %’ < (C[@)” 3,

t+1,0

Proof. As usual, we will split the KKT conditions for y,;* into two parts: one for the lone, and one for the non-lone

words. Let’s call the set of lone words L;, as previously. Then. we have

7’[1, Zfdj+7dlzfdj

JEL; J¢L;

Again, let @ = } je, ,B;‘j = o(1), as we proved before.

Let’s denote as C, = max,(max( Yai y“"')).
/,[

We claim that it has to hold that C’y < (Cl’g)l/ 3. Assume the contrary, and let iy = argmax; (max( yd’ y" : )).

Let’s first assume that Yaiy C’y.

d~’0

By the definition of C?,

Vo= D Jai+ Ve D J d’ﬁ,(,] < (1+ &)@y, + (1 - ®CHCys)

J€Liy J¢Li,
‘We claim that

(1+e)@+ (1 - a)(CR(Cy*) < (C'P 23.2)

which will be a contradiction to the definition of C.
@3
After a little rewriting, 2.3.2 translates to @ > 1 — (C'lgﬁ By our assumption on C?, Cg < C;, so the right hand
BY
(C’ 1/3

side above is upper bounded by 1 — (lef)g _1 .
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But, Lemma 12 implies that certainly C!, < Cg, where Cg is some absolute constant. The function

RVE

_ l+e
f© =5

G
I+e

can be easily seen to be monotonically decreasing on the interval of interest, and hence is lower bounded by (CO)—Sl’

which is in terms some absolute constant smaller than one. Since & = 1 — o(1). the claim we want is clearly true.

Yai
The case where y‘ e =C, ! is similar. In this case,
d.i

)

deo Zfdj+7dloz

f ,Oj > - E)(dﬁz,io +(1-a)
JjeLi, J#Li, “dij

L
22 Vi
(CACy2 7

We then claim that

1 1
l—e)a+(1-a > 233
1 -e@+( a)(CE,)Z(C’y)Z) R ( )
Again, 2.3.3 rewrites to:
1 _ 1
. Gy T © )2<Cf>2 L e A
@ > =l-—F
- <c;)2<c;>2 - (€57

€ 1/3
L But C, € [1,CY], and the function {‘—)”3

(c’ ¥ s

Again, the right hand side above is upper bounded by 1 —

is monotonically increasing, so lower bounded by

_ 1
oG5 1-(1-e 1
I-—— 1-(-e% ~ 42

8
(=57

1l-—
(1 E)(C )7

= is upper bounded by . Again, our bound on & gives us what we want.

Hence, 1 —

« )32

Lemma 15. Let’s assume that our current iterates ﬂ’ satisfy & X S [2/ < C’ C[”., 2 0o 5)7’ and after the corresponding

v update, we get F 7;" < C), where C’ (C;)3. Then, after one (3 step, we will get new values ,85;1 that satisfy
Y d.i >

1 Bij* t+1 t+1 _ inN1)2
o < B SCﬂ where Cﬁ —(Cﬁ) .

Proof. The proof proceeds in complete analogy with Lemmas 10 and 11.

Again, let’s tackle the lower and upper bound separately. The upper bound condition is:

t N2 (C;?)l/z

. (GG — T+oc]

a> L G
(P — 1
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11/6
(Cp) 6

Using C%, > (C’y)3 , we can upper bound the expression on the right by 1 — (CL;T The function f(c) = 5

is monotonically decreasing on the interval [1, Cg,] of interest, so because @ = 1 — o(1), we get what we want.

Similarly, for the lower bound, we want that

G 1
| QT ~ ©or
1—

1
€2

Yet again, using Cltf > (C’y)3 , we get that the right hand side is upper bounded by

N
! (1-e)c1/6

1
I-3m

However, the function f(¢) = is monotonically increasing on the interval [1,C2], so lower bounded by

1

_(l—e>( L)1/ 16 -

—o7 _ 1-(l-¢ _ f’ﬁ

1_7 = 1T = 126 Hence, 1 -
(—=)8/3 =
-o7 B

get what we want.

125
126°

is upper bounded by so using the fact that @ = 1 — o(1), we

Putting lemmas 14 and 15 together, we get:

Lemma 16. Suppose it holds that é < Bt < ch, c Then, after one KL minimization step with respect to

B, > g

1 Bij* +1 t+1 _
o < ﬁ,—l. < C"™', where C™" = V(!
L]

the vy variables and one B iteration, we get new values ,8;’;.1 that satisfy

Proof. By Lemma 14, after the vy iterations, we get ¥’ o values that satisfy the condition = (C,), < 77"— < (C")', where

(€' = (YA,

Then, by Lemma 15, after the 7 iteration, we will get CH, ?ﬁ’, < C™!, such that C**! = (C")'/2, which is what
ij

we need.

Hence, as a corollary, we get immediately:

Corollary 17. Lemma 16 above implies that Phase III requires 0(log(log(l+€,))) = 0(log(§)) iterations to estimate

each of the topic-word matrix and document proportion entries to within a multiplicative factor of 1 + €’.

This finished the proof of Theorem 6 for the KL-tEM version of the updates. In the next section, we will remark

on why the proofs are almost identical in the iterative and incomplete tEM version of the updates.
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2.3.1.6 Iterative tEM updates, incomplete tEM updates

We show how to modify the proofs to show that the iterative tEM and incomplete tEM updates work as well. We’ll

just sketch the arguments as they are almost identical as above.

In those updates, when we are performing a y update, we initialize with ', . = 0 whenever topic i does not belong

to document d, and y/,; uniform among all the other topics.

Then, the way to modify Lemmas 9, 12, 14 is simple. Instead of arguing by contradiction about what happens
at the KKT conditions, one will assume that at iteration #' (¢’ to indicate these are the separate iterations for the y
variables that converge to the values 7’21,1‘) it holds that c%’yjl,i < yz,i < Clylﬁ,;- Then, as long as C’y' is too big, compared
to C;, one can show that C’y' is decreasing (to C’y'+1 = (C;)‘/ 2, say), using exactly the same argument we had before.

Furthermore, the number of such iterations needed will clearly be logarithmic.

But the same argument as above proves the incomplete tEM updates work as well. Namely, even if we perform

only one update of the y variables, they are guaranteed to improve.

2.3.2 Provable guarantees for initialization

For completeness, we also give here a fairly easy, efficient initialization algorithm. Recall, the goal of this phase is to
recover the supports - i.e. to find out which topics are present in a document, and identify the support of each topic.

To reiterate the theorem statement:

Theorem 7. If the number of documents is Q(k* log” k), there is a polynomial-time procedure which with probability

1- Q(%) correctly identifies the supports of the ; ; and y; ; variables.

We will find the topic supports first. Roughly speaking, we will devise a test, which will take as input two
documents d, d’, and will try to determine if the two documents have a topic in common or not. The test will have no
false positives, i.e. will never say NO, if the documents do have a topic in common, but might say NO even if they do.
We will then, ensure that with high probability, for each topic we find a pair of documents intersecting in that topic,

such that the test says YES.

We will also be able to identify which pairs intersect in exactly one topic, and from this we will be able to find all
the topic supports. Having done all of this, finding the topics in each document will be easy as well. Roughly speaking,

if a document doesn’t contain a given topic, it will not contain all of the discriminative words in that document.
We give the algorithm formally as pseudocode Algorithm 4.

Now, let’s proceed to analyze the above algorithm, proceeding in a few parts.
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Algorithm 4 Initialization
repeat
Sample a pair of documents (d, d").
>Test if (d,d") intersect with no false positives:
if 3; min{f; , f; } > 57 then
Saa =1J, s.t.fj’j,f;,,j > 0}
>"Weed-out” words that are not in the support of the intersection of (d,d’)
for all documents d”’ # {d,d’} do
if 3; min{f; , f;, ) 2 3- and ¥, ; min{ foolan bz 3- then
Sd,d' = Sd,d’ N j,s.t f;”,j >0
end if
end for
end if
until K* log? K times
>Determine which S ., correspond to documents intersecting in one topic only)
if Set S, appears less than D/K?*3 times, where D is the total number of documents then
Remove S ;.
end if
if Set S, can be written as the union of two other sets S 4, S, ¢, Where neither is contained inside the other then
Remove S .
end if
if Set S, is strictly contained inside S ;4 for some S ;» then
Remove S ;4.
end if
Remove duplicates.
The remaining lists S, are declared to be topic supports.

2.3.2.1 Constructing a no-false-positives test

First, we describe how one determines the supports of the topics. Let’s define Test(d,d”) = YES, if 3’ ; min{ fj’j, f;,’j} >

1

57 and NO otherwise. Then, we claim the following.

Lemma 18. Ifd,d’ both contain a topic iy, s.t. 7;,1‘0 > 1/s, 72/,1‘0 > 1/s then Test(d,d") = YES. If d,d’ do not contain

a topic iy in common, then Test(d,d") = NO.

Proof. Let’s prove the first claim.

J

Z min{f;,j’ f‘fd',j} P Z(l - E) min{ﬁ?o,jy;,io’ﬁjo,jyz’,io} 2
J

Z(l —el/sp; ;> 1/2s

J
Now, let’s prove the second claim. Let’s suppose d, d’ contain no topic in common.
Let’s fix a topic iy that belongs to document d. By the “small discriminative words intersection”, we have the

following property:

> Bl =o(l)

jeio.jei’
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for any other topic i’ # io.
Denoting by T,,siqe the words belonging to topic iy, and no topic in document d’, and T};4. the words belonging

to at least one other topic in d’, we have

D By s o) =o(1)

J€T inside
For the words j € T 5ige, min{ f;’j, f;,’j} =0
By the above,
> min{fyj, fir ) < (1+ €)sP0(1) = o(1)
J

Thus, the test will say NO, as we wanted.

2.3.2.2 Finding the topic supports from identifying pairs

Let’s call d,d’ an identifying pair of documents for topic i, if d,d’ intersect in topic i only, and furthermore the test
says YES on that pair.

From this identifying pair, we show how to find the support of the topic i in the intersection. What we’d like to do is
just declare the words j, s.t. f;’j, f}’j are both non-zero as the support of topic i. Unfortunately, this doesn’t quite work.
The reason is that one might find words j, s.t. they belong to one topic i’ in d, and another topic i in d”’. Fortunately,

this is easy to remedy. As per the pseudo-code above, let’s call the following operation WEEDOUT (d,d’):
e SetS ={j,s.t.f;,>0,f; >0}
e Foralld’,s.t. Test(d,d”) = YES, Test(d',d") = YES:
e SetS =S U{j st.fy >0}
e Return §.

Lemma 19. With probability 1 — Q(%), for any pair of documents d,d’ intersecting in one topic, WEEDOUT(d,d")

is the support of S.

Proof. For this, we prove two things. First, it’s clear that S is initialized in the first line in a way that ensures that it
contains all words in the support of topic i. Furthermore, it’s clear that at no point in time we will remove a word j
from § that is in the support of topic i. Indeed - if Test(d,d”’) = YES and Test(d’,d”’) = YES, then by Lemma 18
document d”” must contain topic i. In this case, fd*,,’j > 0, and we won’t exclude j from S.

So, we only need to show that the words that are not in the support of topic i will get removed.
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Let d,d’ intersect in a topic i. Let a word j be outside the support of a given topic i. Because of the independent
topic inclusion property, the probability that a document d”’ contains topic #, and no other topic containing j is Q(1/K).
Since the number of documents is Q(k*log? k), by Chernoff, the probability that there is a document d”’, s.t.
Test(d,d”) = YES, Test(d',d"”) = YES, but f;,,!j =0,is 1 - Q(m). Union bounding over all words j, as well as

pairs of documents d, d’, we get that for any documents d, d’ intersection in a topic i, we get the claim we want.

2.3.2.3 Finding the identifying pairs

Finally, we show how to actually find the identifying pairs. The main issue we need to handle are documents that do
intersect, and the TEST returns yes, but they intersect in more than one topic. There’s two ingredients to ensuring this

is true in the above algorithm.
e First, we delete all sets in the list of sets S, that show up less than D?/k*> number of times.

e Second, we remove sets that can be written as the union of two other sets S 4, S ., r, where neither of the two is

contained inside the other.
e After this, we delete the non-maximal sets in the list.

The following lemma holds:
Lemma 20. Each topic has Q(D?/k?) identifying pairs with probability 1 — Q(%).

Proof. Let I; be the event that there are at least Q(D?/k?) identifying pairs for topic i. Let R; be a random variable

denoting the number of documents which have topic i as a dominating topic. Furthermore, let M; be the event that
2

there are at least % — k4 /Rlz identifying pairs among the R; ones that have i as a dominating topic. By the dominant

topic equidistribution property, probability that a document d has a topic i as a dominating topic is at least C/k for

some constant C. Then, clearly,

Pr{n*_ 7] > Pr Pr

)

Let’s estimate Pr [ﬂle (Ri > %C %)] first. The probabilities that different documents have iy as the dominating topic

N —

nk R,~>1C2
ETT 2Tk

k k
mi:l/vu Nizy (Ri 2

are clearly independent, so by Chernoff, if R; is the number of documents where i is the dominating topic,

ELS

C

=S

D
Pr[R; > (1 - E)CE] >1-e

Since D = Q(k?), plugging in € = %, Pr[R; < %C L—k)] > 1 — ¢ ¥®, Union bounding over all topics, we get that with

probability Pr[n% (R; > 1C2)]

v
—_

=
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Now, let’s consider Pr [ﬂle/\/(il Nk, (R,- > 1C %)] The event N*_| (R,- >1C %) can be written as the disjoint union
of events

{D=UL D, Vi+#jD;:ND;=0}

where D is the set of all documents, D; is the set of documents that have i as the dominating topic, and |D;| > %C %, Vi.
(i.e. all the partitions of D into & sets of sufficiently large size). Evidently, if we prove a lower bound on Pr [ﬂf;l M,~|E]
for any such event E, it will imply a lower bound on Pr [mile M| ﬁf;l (R,- > %C %)] For any such event, consider two
documents d,d’ € {D;}, i.e. having i as the dominating topic. Let 74, be an indicator variable denoting the event that
d,d’ do not intersect in an additional topic. Pr[Z,,» = 1] = 1 — o(1), by the independent topic inclusion property and
the events 7 4 are easily seen to be pairwise independent. Furthermore, Var[Z ;] = o(1). By Chebyshev’s inequality,

> L

1
Pr| D) Zaa 2 5D} —cD}| 2 >

d,d’ eD;

1
If R; = Q(klog k), plugging in ¢ = K, we get that Prl Z Ti0 = QDH| 2 I—Q(p). Hence, Pr [nf;lMilE] >1-1,
d,d’eD;

by a union bound, which implies Pr [ﬁleMil Nk, (Ni > %C%)] >1- 1.

Putting all of the above together, if D = Q(k? log k), with probability 1 —Q(3), all topics have Q(D?/k?) identifying

pairs, which is what we want.

The lemma implies that with probability 1 — Q(%), we will not eliminate the sets S,; corresponding to topic
supports.
We introduce the following concept of a “configuration”. A set of words C will be called a “configuration” if it

can be constructed as the intersection of the discriminative words in some set of topics, i.e.

Definition. A set of words C is called a configuration if there exists a set I = {I,, ..., I} of topics, s.t.
c=nw,

Let’s call the minimal size of a set / that can produce C the generator size of C.
Now, we claim the following fact:

Lemma 21. If a configuration C has generator size > 3, then with probability 1 — Q(%), it cannot appear as one of

the sets S . after step 2 in the WEEDOUT procedure.

Proof. Since C has generator size at least 3, if two sets d, d” intersect in less than two topics, then step 1 in WEEDOUT
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cannot produce S ,; which is equal to C. Hence, prior to step 2, C can only appear as S 44 for d,d’ that intersect in at
least 3 topics.

Let 74+ be an indicator variable denoting the fact that the pair of documents d,d’ intersects in at least 3 topics.
We have Pr[T,s = 11 < 1/k% + 1/k* +...1/kT = O(1/k*) by the independent topic inclusion property.

If 73 is a variable denoting the total number of documents that intersect in at least 3 topics, again by Chebyshev as
in Lemma 20 we get:

Pr[I; > O(D/K) — c®OVD/K/*)] > 1 - 6—12

Again, by putting ¢ = Vk, since the number of documents is k* log” k, with probability 1 — % all configurations

with generator size > 3 cannot appear as one of the sets S, 5, as we wanted.

This means that after the WEEDOUT step, with probability 1 — Q(%), we will just have sets S, corresponding
to configurations generated by two topics or less. The options for these are severely limited: they have to be either a
topic support, the union of two topic supports, or the intersection of two topic supports. We can handle this case fairly

easily, as proven in the following lemma:

Lemma 22. After the end of step 3, with probability 1 — Q(%), the only remaining S, are those corresponding to

topic supports.

Proof. First, when we check if some S, is the union of two other sets and delete it if yes, I claim we will delete the
sets equal to configurations that correspond to unions of two topic supports (and nothing else). This is not that difficult
to see: certainly the sets that do correspond to configurations of this type will get deleted.

On the other hand, if it’s the case that S, corresponds to a single topic support, we won’t be able to write it
as the union of two sets S, S4.4~, unless one is contained inside the other - this is ensured by the existence of
discriminative words.

Hence, after the first two passes, we will only be left with sets that are either topic supports, or intersections of two
topic supports. Then, removing the non-maximal is easily seen to remove the sets that are intersections, again due to

the existence of discriminative words.

2.3.2.4 Finding the document supports

Now, given the supports of each topic, for each document, we want to determine the topics which are non-zero in it.

The algorithm is given in 5:
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Algorithm 5 Finding document supports
Initialize R = 0.
for each i do
Compute Score(i) = X jesupport(in\r f.j
end for
Find i* such that Score(i*) is maximum.
while Score(i*) > 0 do
Output i* to be in the support of d.
R = R U support(i*)
Recompute Score for every other topic.
Find i* with maximum score.
end while

Lemma 23. If a topic iy is such that 7Z,io > 0, it will be declared as ”IN”. If a topic iy is such that 7:1,:'0 =0, it will be

declared as out.

Proof. Consider a topic i. At any iteration of the while cycle, consider Y jcsupporiinr faj- Clearly, fy; > (1 - Y8 ;-

Also ZjeRﬁzj = so(1). Hence,

7 * 1 *
fd,j >(1- e)yd,i(l —so(1)) > z’y{'j’i
JjeSupport(i)\R

So, topic i will be added eventually.

On the other hand, let’s assume the document doesn’t contain a given topic iy. Let’s call B the set of words j which
are in the support of iy, and belong to at least one of the topics in document d. Then, ;¢ fa. i = 2jen fa. ;- Leti* be

the topic which is present in the document but not added yet and has maximum value of y}; .. Then

D fai=+0) > viB, <

JjeB ied jeB

(I+Y5 D> Bl <

ied jeB

(1 +e)syy o) <y;.1-0(1)

Hence, topic i* will always get preference over iy. Once all the topics which are present in the document have been

added, it is clear that no more topic will be added since score will be 0.

This finally finishes the proof of Theorem 7.
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2.4 Case study 2: Dominating topics, seeded initialization

Next, we’ll consider an initialization which is essentially what the current implementation of LDA-c uses. Namely,

we will call the following initialization a seeded initialization:
e For each topic i, the user supplies a document d, in which y}; . > C.
e We treat the document as if it only contains topic i and initialize with ﬁ?j = f;j.

We show how to modify the previous analysis to show that with a few more assumptions, this strategy works as
well. Firstly, we will have to assume anchor words, that make up a decent fraction of the mass of each topic. Second,
we also assume that the words have a bounded dynamic range, i.e. the values of a word in two different topics are
within a constant B from each other. The documents are still gapped, but the gap now must be larger. Finally, in
roughly 1/B fraction of the documents where topic i is dominant, that topic has proportion 1 — 9, for some small (but
still constant) 6. A similar assumption (a small fraction of almost pure documents) appeared in a recent paper by

(Bansal et al., 2014). Formally, we have:

e Small dynamic range and large fraction of anchors: For each discriminative words, if 5} i 7 0 and g} it 0,

B;; < BB, ;. Furthermore, each topic i has anchor words, such that their total weight is at least p.

e Gapped documents: In each document, the largest topic has proportion at least C;, and all the other topics are at

most Cy, s.t.

C—-C; > % (\/2 (p log(CL) +(1-p) log(BC,)) + +/log(1 + e)] +€
1

o Small fraction of 1 — 6 dominant documents: Among all the documents where topic i is dominating, in a 8/B

fraction of them, y;. > 1 — &, where

0:= min[% - %[\/2 (plog(cil) +(1-p) log(BC,)) + /log(1 + e)] -6 1- \/a]

The dependency between the parameters B, p, C; is a little difficult to parse, but if one thinks of C; as 1 — 5 for 5

small,and p > 1 — @, since log(cll) ~ 1 + n, roughly we want that C; — Cy > % /1. (In other words, the weight we

require to have on the anchors depends only logarithmically on the range B.) In the documents where the dominant

1-2p 2
+ =/
2B3 p\/ﬁ

topic has proportion 1 — ¢, a similar reasoning as above gives that we want is approximately y,; > 1 —

The precise statement is as follows:

Theorem 24 ((Awasthi and Risteski, 2015)). Given an instance of topic modelling satisfying the properties specified

klog®n
2

above, where the number of documents is €( ), if we initialize with seeded initialization, after O (log(1/€’) + log n)
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of KL-tEM updates, we recover the topic-word matrix and topic proportions to multiplicative accuracy 1 + €, if

’ 1
1+€ Zm.

The proof is carried out in a few phases:

e Phase I: Anchor identification: We show that as long as we can identify the dominating topic in each of the
documents, anchor words will make progress: after O(log n) number of rounds, the values for the topic-word
estimates will be almost zero for the topics for which word w is not an anchor. For topic for which a word is an

anchor we’ll have a good estimate.

o Phase II: Discriminative word identification: After the anchor words are properly identified in the previous
phase, if 8} i =0, ,8; ; will keep dropping and quickly reach almost zero. The values corresponding to 7 ;70

will be decently estimated.

e Phase III: Alternating minimization: After Phase I and II above, we are back to the scenario of the previous

section: namely, there is improvement in each next round.

During Phase I and II the intuition is the following: due to our initialization, even in the beginning, each topic is
“correlated” with the correct values. In a y update, we are minimizing KL(fy||f;) with respect to the y, variables, so
we need a way to argue that whenever the 8 estimates are not too bad, minimizing this quantity provides an estimate

about how far the optimal y, variables are from y);. We show the following useful claim:

Lemma 25. If, for all topics i, KL(B;||B}) < Rg, and miny,eca KL( fa. illfa;)) < Ry, after running a KL divergence

minimization step with respect to the 'y, variables, we get that |ly; — yalli < ﬁ( A /% 8 + % VRy) + €

This lemma critically uses the existence of anchor words - namely we show ||8*v||; > pllv|l;. Intuitively, if one
thinks of v as y* — ¥/, ||8*v||; will be large if ||v]|; is large. Hence, if ||8* — B'||; is not too large, whenever ||f* — f'||; is
small, so is ||y* — ¥'|l;. We will be able to maintain Rg and R; small enough throughout the iterations, so that we can
identify the largest topic in each of the documents.

We proceed to making these ideas more formal in the coming sections. The proof will be in a few phases again:

o Phase I: Anchor identification: First, we will show that as long as we can identify the dominating topic in each
of the documents, the anchor words will make progress, in the sense that after O(log N) number of rounds, the
values for the topic-word estimates will be almost zero for the topics for which the word is not an anchor, and

lower bounded for the one for which it is.

e Phase II: Discriminative word identification: Next, we show that as long as we can identify the dominating

topics in each of the documents, and the anchor words were properly identified in the previous phase, the values
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of the topic-word matrix for words which do not belong to a certain topic will keep dropping until they reach

almost zero, while being lower bounded for the words that do.

e For Phase I and II above, we will need to show that the dominating topic can be identified at any step. Here
we’ll leverage the fact that the dominating topic is sufficiently large, as well as the fact that the anchor words

have quite a large weight.

o Phase III: Alternating minimization: Finally, we show that after Phase I and II above, we are back to the scenario

of the previous section: namely, there is a boosting” type of improvement in each next round.

2.4.1 Estimates on the dominating topic

Before diving into the specifics of the phases above, we will show what the conditions we need are to be able to
identify the dominating topic in each of the documents. For notational convenience, let A,, be the m-dimensional
simplex: x € A, iff Vie [m],0<x;<1land };x; = 1.

First, during a y update, we are minimizing KL( f~d|| f1) with respect to the y, variables, so we need some way or
arguing that whenever the § estimates are not too bad, minimizing this quantity also quantifies how far the y; variables
are from y;;.

Formally, we’ll show the following:

Lemma 26. If, for all i, KL(B;||3}) < Rg, and miny,cx, KL(fillfy) < Ry, after running a KL divergence minimization

step with respect to the yq variables, we get that |y} — vall1 < %( \ %Rﬁ + %Rf) + €.
We will start with the following simple helper claim:

Lemma 27. [f the word-topic matrix B is such that in each topic the anchor words have total probability at least p,

then ||B*VIl1 = plvlli.

Proof.

BVl = Y"1 Bvd = D) > 1BLvil = > plvil = plvil
J i

i jew, i

Lemma 28. If, for all i, KL(B;||3}) < Rg, and miny,cx, KL(fillf) < Ry, after running a KL divergence minimization

step with respect to the 'y, variables, we get that |ly; — y4lli < %( w/%Rﬁ + 1/%Rf) + €

Proof. First, observe that miny,ea, KL(fyllf2) < Ry, at the the optimal y,, we have that || f;— fuI? < 3Ry, i.e. |fa—full <

1Ry, by Pinsker’s inequality.
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We will show that if ||y} — vl is large, so must be || ﬂ, — falli, and hence KL( fdll f4) - which will contradict the
above upper bound.
Let’s consider 8* as N by K matrix, and y* and f* as K-dimensional vectors. Let 8*y* just denote matrix-vector

multiplication - so f* = 8*y*. For any other vector J, let’s denote f = p'9. Then:

IF = fll = 1IFf =87 = IIf =B+ B =B =

IF =Bl =B =B (2.4.1)

Hence, ||If = 891l < 18" = 871 +1If = flli. However,

! o 13 * ] % ! 1
18" =Bl < mgxzj] 1B, B < max | SKLBIIB) < [ 5Rs (24.2)

The first inequality is a property of induced matrix norms, the second is via Pinsker’s inequality.

So, by 2.4.1 and 2.4.2, ||f — 7l < /1Rs + /1R;. But now, finally, Lemma 27 implies that [ly’ — yall; <

I%(‘,%Rf-i- "%Rﬁ)"‘&

However,

Lemma 29. Suppose that for the dominating topic i in a document d, v}, > C,, and for all other topics ', v}, < Cj,

s.t. C—Cy > é( %Rf + %RB)+ €. Then, the above test identifies the largest topic. Furthermore, %7:3,1' < 751,1‘ < %7:1,1'

Proof. By Lemma 28, and the relationship between /; and total variation distance between distributions, we have that

o= vad < 3 (5 (V3Re + 3Rs) + ).
lRf + lRﬁ) + e). On the other hand, for any other topic ',

For the dominating topic i, y,; > C; - 3 (1-1) !
Ry + 1,1Rﬁ) +€79,, > 7, so the test works.

yfi,i’SC5+ ( (,llRf+,/1R)+e) Since C; - C; >119(

On the other hand, since v/, > ¥, - (; (J%Rf + %Rﬁ) + e) > o= 3V = 5v5, Similarly, ¥, < v, +

1 * 3%
» (\j Rrt 4 ERﬁ) tesy, t §7d,i = 2Yai

L8]

D=

2.4.2 Phase I: Determining the anchor words

We proceed as outlined. In this section we show that in the first phase of the algorithm, the anchor words will be
identified - by this we mean that we will be able to show that if a word j is an anchor for topic i, ,85’]. will be within a

factor of roughly 2 from 3; i and ,Bf,‘]. will be almost 0 for any other topic i’
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We will assume throughout this and the next section that we can identify what the dominating topic is, and that we
have an estimate of the proportion of the dominating topic to within a factor of 2. (We won’t restate this assumption
in all the lemmas in favor of readability.)

We will return to this issue after we’ve proven the claims of Phases I and II modulo this claim.

The outline is the following. We show that at any point in time, by virtue of the initialization, ﬁ; ; is pretty well
lower bounded (more precisely it’s at least constant times j3; - This enables us to show that ﬁf ; will halve at each

iteration - so in some polynomial number of iterations will be basically 0.

2.4.2.1 Lower bounds on the 5 ; values

We proceed as outlined above. We show here that the ﬁ;yj variables are lower bounded at any point in time. More

precisely, we show the following lemma:
Lemma 30. Let j be an anchor word for topic i, and let i’ # i. Suppose that 8, ; < B; . Then, B;*jl > (1 -eCB;;
holds.

Tij

combination of terms of this type, this will imply a lower bound on ,8;*]1.

Proof. We’ll prove a lower bound on each of the terms ﬁﬁj. Since the update on the S variables is a convex

For this, we upper bound f} i We have:

t — ! 1 s t
Jaj=BiYai+t Zﬁi',ﬂd,if

i"#i
This means that f‘;j is a convex combination of terms, each of which is at most Bﬁj. Hence, féj <p i holds. But

then %ﬁﬁj > fa;=(1- B; vy = (1 — )CB; ;. This implies ,8?’}1 > (1 - e)C,B; ;, as we wanted.
it v, 8§ s .

2.4.2.2 Decreasing ,6’5,’_/. values

We’ll bootstrap to the above result. Namely, we’ll prove that whenever g e 1/ C[;ﬁjj for some constant Cg, the ﬁﬁ,j
values decrease multiplicatively at each round. Prior to doing that, the following lemma is useful. It will state that
whenever the values of the variables /3, jare somewhat small, we can get some reasonable lower bound on the values

Y, ; we get after a step of KL minimization with respect to the y variables.

Lemma 31. Let j be an anchor for topic i, and let i # i. Let ,8?,1. < bg: i Then, for any document d, when

performing KL divergence minimization with respect to the variables yy, for the optimum value vy, ., it holds that
t P % b
Yai 2 =157~ 15
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Proof. The KKT conditions 2.3.1 imply that if we denote A; the set of anchors in topic i, 3 je4, %Bf ;S 1. By the
dj
assumption of the lemma,

Ja; S D va +bb (1= vy,

Since fy; > (1 - €)B; vs,» this 1mphes fu > (L-ep;; i Jd’be, ie. X jea(1 - 6):31” J"’b)w < 1. Rearranging the

terms, we get

Yai b .
Yd,>(1—€)z.3,,1 l_bz(l—f)pyd,,-—

JEA;

b
1-b

as we needed.

With this in place, we show that the value ,8;,‘1, when j is an anchor for topic i # i/, decreases by a factor of 2 after
the update for the 8 variables.

This requires one more new idea. Intuitively, if we view the update as setting ,85,*} to ,8§j multiplied by a convex

£,
combination of terms f’ s

a large number of them will be zero, just because f; 0= = 0 unless topic i belongs to document
d.

By the topic equidistribution property then, the probability that this happens is only O(1/k), so if the weight in the
convex combination on these terms is reasonable, we will multiply ,Bf,j by something less than 1, which is what we
need.

Lemma 31 says that if y}; is reasonably large, we will estimate it somewhat decently. If y;; is small, then f;’j
would be small anyway.

So we proceed according to this idea.

Lemma 32. Ler j be an anchor for topic i. Let ,6” < bﬁ’ for i’ # i, and let B’ 1/CgB; ; for some constant Cg.

Then, Bi} < b/2;

Proof. We will split the 8 update as

fd/ 1 fd/ 1

faj
2deD, ﬁ’}’z],y 2.deD, 7, 7 Yar ZdGDz 7, 7 Yai
- + +
Zd )’;’i, Zd ‘yd,,‘r Zd 'yd,,’/

1 t
:8?] = ,Bi/,j(

for some appropriately chosen partition of the documents into three groups Dy, Dy, D3.

Let Dy be documents which do not contain topic i at all, D, documents which do contain topic i, and ), > 2’7", and

D53 documents which do contain topic i and ¥}, < %.
The first part will just vanish because word j is an anchord word for topic i, and topic i does not appear in it, so

fjj = 0 for all documents d € D;.
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\%

The second summand we will upper bound as follows. First, we upper bound I d’ . We have that féj > ,8; jy;,i >

1/Cgp3; ﬂ’di' However, we can use Lemma 31 to lower bound yd’l.. We have that yd’i > (1- e)(%y{jj - ﬁ)

(I - 65 h)y ;- This alltogether implies fi: < ﬁza;b) % Hence,
Jaj o
g DT 1 ﬂ(l g T Vi
I S,

Furthermore, ;v = %IDIC;. On the other hand, we claim },cp, ¥, = O(k/ID]). Recall that D is the set of
documents where topic i’ is the dominating topic - so by definition they contain topic i. On the other hand, if a
document is in D, then it contains topic i as well. However, by the independent topic inclusion property, the probability

that a document with dominating topic i’ contains topic i as well is O(1/k). Hence,

d/ t
2deD, 7 7 Yar

1
= 0(; )8,
Savh ©Pi

Bij

For the third summand we provide a trivial bound for the terms I = ,6’; jy i

fd 3k * * 2b
" B e <R ys < (14 By
\J

Since again, ), 721 b= %IDICI, and again, the number of document in D5 is at most O(1/k) for the same reasons as

before, we have that
ZdED; fZ ; 751! i

t
’Bi,’j Zd d i
g

< O(1/k)bB; ; = O(1/k)bB; ;
1 *
> &

b
From the above three bounds, we get that ,8”1 <O(1/k)bB. ; < <5 i i

since 8] ; >

Now, we just have to put together the previous two claims: namely we need to show that the conditions for the
decay of the non-anchor topic values, and the lower bound on the anchor-topic values are actually preserved during

the iterations. We will hence show the following:

Lemma 33. Suppose we initialize with seeded initialization. Then, after t rounds, if j is an anchor word for topic i,

ﬂ;] >(1- E)CIBZJ" andﬁfai < Zitcsﬁzj'

Proof. We prove this by induction.

Let’s cover the base case first. In the seed document corresponding to topic i, y;;; = Cy, so at initialization ,8? iZ
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CB; i On the other hand, if topic i appears in the seed document for topic 7/, then after initialization ﬂ?,’ ;sC S,BE‘J. < ﬁ?}
Hence, at initialization, the claim is true.

On to the induction step. If the claim were true at time step ¢, since 5, i< 27'CB; ;» by Lemma 30, Bﬁfj' > Ci;;
- so the lower bound still holds at time ¢ + 1. On the other hand, since ﬁ; ; > Clﬁz i by Lemma 32, at time ¢ + 1,
Bﬁ,,j < 2‘(””C5,8;"j.

Hence, the claim we want follows.

O
Finally, we show the easy lemma that after the values ﬁ;,’j have decreased to (almost) O, ,8;]. > %,821..
Lemma 34. Let word j be an anchor word for topic i. Suppose IBE/,/‘ < 2”Cs,31’."j and
1
t > 10 max(log(n), log(——), log(—=—))
min Bmin
* 1 1 o«
Then 4B;; > B = 3B} -
Proof. Let us do the lower bound first. It’s easy to see ., ﬁf Ydir = Zﬁi ﬂ’ﬁz,i' Hence,
faj Ja
—’ﬁt.’ .'y; .= —’ﬁt.’ .fy{tj . >
fL;J L] N Z[’ E"j,yi‘l,i/ L] N
1 ﬁi J_ ot ot 1
—— AL > (1 —€)=6 5.
2 = O
Hence, after the update,
1 ZaYg: 1,
:353‘1 > (1- E)_lBi,j—zl 2 —f;;
2 Zd ’yd,i 4
since v, ; < 2y},
The upper bound is similar. Since ¥, 8, ;vai > B} ¥y ;s
ﬁ’ j r * *
Tj LY < Jaj < (L +B; v,
d.j
Hence,
Zd '}’; i
B <1+ B == <28,
YEav
since 751,1' > %72,1" This certainly implies the claim we want.

Furthermore, the following simple application of Lemma 31 is immediate and useful:
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1
Brin

L log

.
Y min

Lemma 35. Lett > 10max(logn,log ). Then, vy, > gy;i.

2.4.3 Discriminative words

We established in the previous section that after logarithmic number of steps, the anchor words will be correctly
identified, and estimated within a factor of 2. We show that this is enough to cause the support of the discriminative
words to be correctly identified too, as well as estimate them to within a constant factor where they are non-zero.

Same as before, we will assume in this section that we can identify the dominating topic.

We will crucially rely on the fact that the discriminative words will not have a very large dynamic range compara-
tively to their total probability mass in a topic. The high level outline will be similar to the case for the anchor words.
We will prove that if a discriminative word j is in the support of topic i, then ,Blf’ i will always be reasonably lower
bounded, and this will cause the values ,Bf jto keep decaying for the topics i’ that the word j does not belong to.

The reason we will need the bound on the dynamic range, and the proportion of the dominating topic, and the size

of the dominating topic, is to ensure that the 8’s are always properly lower bounded.

2.4.3.1 Bounds on the 3 ; values

First, we show that because the discriminative words have a small range, the values ﬁj’ ; whenever ﬂl* ; iS non-zero are
always maintained to be within some multiplicative constant (which depends on the range of the 5; -

As a preliminary, notice that having identified the anchor words correctly the y values are appropriately lower
bounded after running the y update. Namely, by Lemma 35, v, ; > p/2y};

With this in hand, we show that the 3 ; values are well upper bounded whenever g} ; is non-zero.

Lemma 36. A any point in time 1, B, ; < (1 + ©) € ; .

Proof. Since % i Y < Jaj we have:
s

g < 2 Jaj <2 2 Jaj
L] ! *
Zd yd,i Zd yd,i

On the other hand, we claim that f; j < (1 +e)BB; i Indeed, f;, i< +eXivh i and for any other topic 7/,

B ; < BB; ;. Hence,
) Safij B 2(1 + €)DBg; ;
Zd 7:;, - Zd 72,

However, since v} ; > C, the previous expression is at most

Al +eDBB;;  2(1 +¢)B
DC, e

Bi.j

So, we get the claim we wanted.
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The lower bound on the ﬁ;j values is a bit more involved. To show a lower bound on the ﬁﬁj values is maintained,
we will make use of both the fact that the discriminative words have a small range, and that we have some small, but

reasonable proportion of documents where y};, > 1 — 6. More precisely, we show:

Lemma 37. Let ﬁ; ;< Z(HE)BB for all topics i that word j belongs to, and let ,B’ > & B i Then, ﬁﬁfjl > %,Bz ;as well.

Proof. Let’s call Ds the documents where y;; > 1 — 6. We can certainly lower bound

faj
ZdeDo frlyd, i

1
Bt >
b 2ideD 7(1,,'

First, let’s focus on I 4 ,85 - Then,

Jajz (1 -1 -6)8;; (2.4.3)

Furthermore, since ¥ yep, ¥y; > 1 Sden, Yy and g vy, <2347y, we have that

ZdeD, 'y‘tj 18
SAD i, 2 (1 6) = —(1 ~6) (2.4.4)
Zd 721,,' 4B

Finally, we claim that —* By % Massaging this inequality a bit, we get it’s equivalent to:

ft

B 1
w259
fa; 2

T !
fu < Zﬁi’j =

t ! 1 ! !
YaiBij+ Z YaiBij < 2Bi
F

The left hand side can be upper bounded by

21 + )B
YaBi; + Z Yai Tﬂi s
1

i’

21 +€e)B®

721,:’/8;; +( - de) > ij

by the assumptions of the lemma.

So, it is sufficient to show that y’ aibij T (1- Viz e 2(l+E)B =22 B < ZB however this is equivalent after some rearrange-

l]_

1
anttO’)/d’i >1- m.

~2
G

45



It’s certainly sufficient for this that y/,, > 1 - BL; =1-
’ cz
1

B‘ , but since since y* 02 > 1 — ¢, by the definition of ¢ and

Lemmas 28, 39, 40, this certainly holds.

Together with 2.4.4 and 2.4.3, we get that

52
Bz -an-or 38,20 -0 g,

But, by our assumptions, (1 — €)(1 — §)*> > C}, so the claim follows.

2.4.3.2 Decreasing ,6’;,’1. values

Finally, we show that if the discriminative word j does not belong in topic i’, the value for ,8’ will keep dropping.

More precisely, the following is true:

Lemma 38. Let word j and topic i be such that ﬁ,’.‘, = 0 and let ,B’ < b. Furthermore, let for all the topics i that j

belongs to hold: ,BEj > I/Cﬁﬂ;‘jfor some constant Cg. Finally, lety', . > CLyf“for some constant C,. Then, ,8?7} <b/2.
s s . YV, .

Proof. We proceed similarly as the analogous claim for anchor words. We split the update as

Jaj .t Jaj it
2deD, 7, Yai 2deD, 7 Yar

1 !
ﬁ’.,*ﬂ = ﬁ., ( +
o o Zd 721,,'/ Zd 7:1,,"

for some appropriate partitioning of the documents D, D;.
Namely, let D; be documents which do not contain any topic to which word j belongs, the D, documents which
contain at least one topic word j belongs to.

For all the documents in Dy, f; 0= = 0, and we will provide a good bound for the terms =7 in D, this way, we’ll

fd,
ensure ! ; gets multiplied by a quantity which is o(1) to get ﬁf}l, which is of course enough for what we want.

Bounding the terms in D, is even simpler than before. We have:
ft _Zﬁt ! >LZB* * _wa
dj= i ijYdi = CiC, £ ijYdi = CpC, 0

Hence Li;

) fl < CﬁC

Then we have:



z]_/ * "
2a d i, Vi <4(1 )ZdGDz CpCyya,

4(1 + €) ”
aVy 2aYy;

ZdeDz Yai

— = o(1). Indeed, D consists of the documents where i’
d,i

But now, by the “weak topic correlation” property,
is the dominating topic. In order for the document to belong to D5, at least one of the topics word j belongs to must
belong in the document as well. Since the word j only belongs to o(K) of the topics, and each document contains only

a constant number of topics, by the small topic correlation property, the claim we want follows.

ZdeDz C[XCVVZT,'
2a ¥y,

Hence, ﬂg*ll =o(1)B; ; < 2,8 which is what we need. O

But then, clearly, 4 = o(1) as well.

2.4.4 Determining dominant topic and parameter range

To complete the proofs of the claims for Phase I and II, we need to show that at any point in time we correctly identify
the dominant topic. Furthermore, in order to maintain the lower bounds on the estimates for the discriminative words,
we will need to make sure that yﬁu is large as well in the documents where y;; > 1 - 6.

Let’s proceed to the problem of detecting the largest topic first. By Lemma 29 all we need to do is bound Ry and

Rg at any point in time during this phase. To do this, let’s show the following lemma:

Lemma 39. Suppose for the anchor words f3; = CB; » for the discriminative words f3; ;2 G} i Let p; be the

proportion of anchor words in topic i. Then, KL(B!||8}) < p; log(CLl) +(1-p) log(CLz).

Proof. This is quite simple. Since log is an increasing function,

B,
KL(B; |8} = Zﬂ,,log( !y < pi log(—> (- mlog(—)

ﬁl
O
Lemma 40. Suppose for the anchor words ,BE’ = G\, g for the discriminative words ,Bt > Cof; - Let pi be the
proportion of anchor words in topic i. Then, minyea, KL(filfy) <log(l + €) + (p log(c—l) +(1-p) log(é)).
Proof. Also simple. The value of KL(f;||f;) one gets by plugging in y, = y* is exactly what is stated in the lemma.
O

We’ll just use the above two lemmas combined from our estimates from before. We know, for all the anchor
words, that 3 iZ CI,B and that for the discriminative words, ! . > 2 > & 3B ;- Hence, by Lemma 39, at any point in time

KLBB) < plog(ci[) +(1-p) log(%). So, by Lemma 29, it’s enough that

C-Cs > % (\/2 (p log(Ci) +(1-p) log(BC,)) + +/log(l + E)J +€
i
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Since 1 \/2 plog( )+ 1-p log(BCI) % \/2 log( ) + (1 —-p)log B) to get a sense of the parameters one

can achieve, for detecting the dominant topic, (ignoring € contributions), it’s sufficient that C;—C, > 5 \/max(log(a), (1-p)logB)

If one thinks of C;as 1 —pand p > 1 —

o> Since log() ~ 7 roughly we want that C; — C, 3> > /. (One

takeaway message here is that the weight we require to have on the anchors depends only logarithmically on the range
B)
Let’s finally figure out what the topic proportions must be in the “heavy” documents. In these, we want v}, >

1- W + = (\/2 (p log(cll) +(1-p) log(BCI)) — /log(1 + e)) + €. A similar approximation to the above gives that we

roughly want y); > 1 — 12_323” % .

2.4.5 Getting the supports correct

At the end of the previous section, we argued that after O(log n) rounds, we will identify the anchor words correctly,
and the supports of the discriminative words as well. Furthremore, we will also have estimated the values of the non-
zero discriminative word probabilities, as well the anchor word probabilities up to a multiplicative constant. Then, I
claim that from this point onward at each of the y steps, the y' values we get will have the correct support. Namely,

the following is true:

. .. . Copoe .y t _ L .
Lemma 41. Suppose for the anchor words and discriminative words j, if Bi; = 0, it’s true that ,Bi‘j = o(;,). Further
more, suppose that if ; ; # 0, Clﬁ,B:-‘ ;i< B i< Cg; ; for some constant Cg.

Then, when performing KL minimization with respect to the 'y variables, whenever y’,, = 0 we have ', . = 0.

Proof. Lety,,; =0.If ¥!,; # 0, then the KKT conditions imply:

Z Ju gl = (2.4.5)

The only terms that are non-zero in the above summation are due to words j that belong to at least one topic i’ in
the document. Let I be the set of words that belong to topic i as well.
By Lemma 35, we know that nyA > p/2y;, Since also B ; > iﬁ,B:i, 1 % fi- Since B; ; = 0(%) for words j not

in the support of topic I, Z =o(1).
Jgl f d.j
On the other hand, for words in /, ;d,’ﬁi i< a1+ e) ﬁ, 2 80 el f“”ﬁi = = o(1), by the small support intersection
property.

However, this contradicts 2.4.5, so we get what we want.

This means that after this phase, we will always correctly identify the supports of the y variables as well.
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2.4.6 Alternating minimization

Now, finishing the proof of Theorem 24 is trivial. Namely, because of Lemmas 41, 33, and the analogue of 33, we are
basically back to the case where we have the correct supports for both the g and vy variables. The only thing left to deal
with is the fact that the § variables are not quite zero.

Let j be an anchor word for topic i. Let €’ = 1 — (1 — ¢’)'/7. Similarly as in Lemma 35, for

1 1
t > 10 max(log n, log(———),log(———))
Ellymin e,llein
it holds that % >(1-¢€) 7% The same inequality is true if j is a lone word for topic i in document d.
d,j d,iYd,i

After the above event, the same proof from Case Study 1 implies that after O(log(ﬁ)) iterations we’ll get

sk 3 N
mﬁi,j Sﬁi,j <+¢€ )ﬁ,’,j

and

1 * INL K
m)’i’j < yf»,j <(+¢€ )7[,/’

This finishes the proof of Theorem 24.

2.5 On common words

We finally turn to a few extensions involving common words: words such that 3; i< KB;. i Vi,i’, k < B.

In this section, we show how one would modify the proofs from the previous section to handle common words as
well. We stress that common words are easy to handle if one were allowed to filter them out (and this in fact, is often
done in practice), but we want to analyze under which conditions the variational inference updates could handle them
on their own. The difference in contrast to the previous sections is it’s not clear how to argue progress for the common
words: common words do not have lone documents. However, if we can’t argue progress for the common words, then
we can’t argue progress for the y variables, so the entire argument seems to fail.

Concretely, we consider the following scenario:

e On top of the assumptions we have either in Case Study 1 or Case Study 2, we assume that there are words
which show up in all topics, but their probabilities are within a constant « from each other, B > « > 2. We
will call these common words. (The k > 2 is without loss of generality. If the claim holds for a smaller «, then
it certainly holds for x = 2. The only difference is that the estimates to follow could be strengthened, but we

assume « > 2 to get cleaner bounds.)
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e For each topic i, if C is the set of common words, 3’ jcc 5; i.e. there isn’t too much mass on these words.

lj = Kl()ﬂs
e Conditioned on topic i being dominant, there is a probability of 1 — K]% that the proportion of topic i is at least
1- <.

Then, the theorem we can prove is:

Theorem 42. If we additionally have common words satisfying the properties specified above, after O(log(1/€") +
log N) of KL-tEM updates in Case Study 2, or any of the tEM variants in Case Study I, and we use the same ini-
tializations as before, we recover the topic-word matrix and topic proportions to multiplicative accuracy 1 + €', if

’ 1
1+€ ZW

Our bounds and analysis here is fairly loose, since the result is anyway somewhat weak. (e.g. 1 — ,OU is not really
the best value for the proportion of the dominating topic, or the proportion of such documents required.) At any rate,
it will be clear from the proofs that the dependency of the dominating topic on « has to be of the form 1 — %, S0 it’s
not clear one would gain too much from the tightest possible analysis. The reason we are including this section is to
show cases where these proof methods start breaking down.

We will do the proof for Case Study 1 first, after which Case Study 2 will easily follow.

2.5.1 Phase I with common words

The outline is the same as before. We prove the lower bounds on the y and 8 variables first. Namely, we prove:
Lemma 43. Suppose that the supports of § and y are correct. Then, ', > %y; -

Proof. Similarly as before, multiplying both sides of 2.3.1 by 72’14, we get that

Ja 1 1
Yai 2 Z ]T]ﬁiﬂzl,i > (1 = o)1 - Klm)%'j,i 2 3V
d,j

L;

where the second inequality follows since 1 — Kl% fraction of the words in topic i is discriminative. O

Lemma 44. Suppose that the supports of the vy and B variables are correct. Additionally, if i is a large topic in d, let

1% 1 * . . . . PRI | 1 o
Yai < Vai <3 Then, for a discriminative word j for topic i, ﬁi’j > 5:85,,*

Proof. Again, similarly as in Lemma 10,

Yai,
Saen(1 - OLELE
Bl > =
L] =
Zdzl yd,i
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D *
2den, Vai

(=98, 5
dt

In the documents where topic i is the largest, y/,; < 3y} ,. So, we can conclude

D 5
1 Zen,?,
B 2 (-3 Th—
3 Zd 1 dl
. den, Yai
Since SR > (1 — o(1)), as before, we get what we want.
d=17d,i

Lemma 45. Let the 8 variables have the correct support. Let j be a discriminative word for topic i, and let 3} . > 2 Lﬁl’.‘j,

Vi 2 )/ i Whenever B . # 0, v, # 0. Let B; ; = Ci; ., where Cy > 4Cyy, and Cy, is a constant. Then, in the next

. . G
iteration, ﬁ;;' < Cl’;"ﬁl’.‘j, where Cf;' < S

Proof. The proof is exactly the same as Lemma 11.

Now, we finally get to the upper bound of the y values.

Lemma 46. Fix a particular document d. Let’s assume the supports for the 8 and 'y variables are correct. Further-
<P

more, let /3*

< Cy, for some constant C,,. Then, y',, < 2v} .

Proof. Again, multiplying 2.3.1 by ¥/, ., we get

i = Zfd,j"‘yfj,iz f‘jjﬂu“L dzzfdj ivj

JEL; JéLi jec

Ifa= ZJeLﬁ,j smceydl c Vi

Ja,j
o

d.j

<(+eC?
If we denote I' = } je¢ /3 then
Yy < L+ ey, + Co(1 -T —a)y,, + Ty,

(1+e)a
< 1-(1+€)C,(1-T—a)— (1+e)r;<47dt

Equivalently, y’ i

(1+e)a

EErre e e R 5. Indeed, Tk* < «7%, and Cj(1 - T — @) < Ca(1 — &) = o(1).

Then, we claim that
Hence,

(1 +e)a < (1+e)a < (1+e)a

I-0+eC(1-T-a)-1+elk* " 1-0(1)—k = 1 -k
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(l+e)a

—5% < 1+« Indeed, this is equivalent to

Finally, we claim that
<1+l +A-cP)<A+e1+«

But, since we assume « > 2, the claim we need follows easily. O

2.5.2 Phase II of analysis

Finally, we deal with the alternating minimization portion of the argument. How will we deal with the lack of anchor
documents? The almost obvious way: if a document has topic i with proportion 1 — KI%, it will behave for all purposes
like an anchor document, because the dynamic range of word B is limited, and the contribution from the other topics

is not that significant.
Taj _ B
N

Intuitively, we’ll show that so that these documents provide a ’push” for the value of ,8’ in the correct

direction.

Lemma 47. Let’s assume that our current iterates ,8’ satisfy 2 o /Z/ <C for
ij

v updates to convergence, we will get values ' . that satisfy (Cl’g)l/ 10 < yy"T‘ < (Cé)'/ 10,

ﬁ 2 q 5)20 Then, after iterating the

Proof. As before, we have that

751,,»=Zfd,+7dlzfd]

jeL; jeL;

Yai le) 7’&10 =C!
Ya v

d,ig

Let’s denote as C = max,(max(

By the definition of C?,

fdj
Yaiy = Zfdj+7dloz ) S

J€Liy JE€Li,

(1 + )@y, + (1= a)C (CL¥),)

We claim that

(1+ )@+ (1-a)CH*(Ch)?) < (CH'? 2.5.1)

which will be a contradiction to the definition of C,.
(ny )1/10 ~
After a little rewriting, 2.5.1 translatesto @ > 1 — (C’lgﬁ By our assumption on C’, Cltf < C)l,o, so the right hand
@)1 1/10 e
side above is upper bounded by 1 — (c')—81'
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But, Lemma 46 implies that certainly C!, < Cg. The function

c1/10

1
_ l+e
flo)=5—

@

I+e

can be easily seen to be monotonically decreasing on the interval of interest, and hence is lower bounded by (CO)—81'
Since @ = (1 — o(1))(1 — Kl%) and C? < 3, the claim we want is clearly true.

“/1 i
The case where 2 = =C, ! is not much more difficult. An analogous calculation as in Lemma 14 gives that to get a
i i
S s)(c )I7T0

l-—lrs
= . As before, if f(¢) = —1=9 it s

1-c8

contradiction to the definition of Cty, the condition required is that 1 —
(c’ »

easy to check that f(c) is monotonically increasing in the interval of interest, so lower bounded by

]— — 1

<1-e><“_1)20)‘“°

1
(=)™
I-(l-9 _ 1
1—(1—-e160 = 160

But, @ > (1 — o5)(1 — o(1)) > 1 — 5, so we get what we want.

Next, we show the following lemma.

D 1% * 1 = # 1/10
Lemma 48. Suppose at time step RITE Yai < Cyy, and b < :35,] < Cé,Bi’j, such that C), < (eh) 10 for

t D t+1 o« t t+1 x t+1 _ t\3/4
Co 2 1= 6)20 Then, at time step t + 1, 1/Cg"B; . < B, < C"' B, ;, where Cg™ = (Cp)
Proof. Let’s assume a document d has a dominating topic of proportion at least 1 — 1/'%.
Then, we claim that ;ﬁ’ > (C,l)l 7 % We will do a sequence of rearrangements to get this condition to a simpler
B P

form:

Ja, 1B
ALY T
d,j i,j
G, 1 J

> —_—
B, —(CROYA B

1/
Zydz’ t 1/4(7d, Zydz ! )
B, (€ B

Let’s upper bound the right hand side by some simpler quantities. We have:

t

(Ct)l/4(ydz Zydzﬁ:] =
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(7’d + ) Yar <
cia oy Vai "
(Cf) / Z '811

By
Cois + CpP D o =)

(/4 y\di B di o«
<C> 4T By

Hence, it is sufficient to prove

i 1 « ﬁl*’
+Z'ydlr J (Ct)]/4 y(yd1+( ) Z’yd,l'ﬁ_*.])ﬁ
i’ L]

Ct Ct ﬂ*’ j
* 1 _ Y > * . —y Ct 2 - 1 l_’j
Yd,t( (C;)IM) ZYd,l ((Cé)lm( ,B) )ﬁ,*J

Again, we can upper bound the right hand side by

Z >

* Y 12
Vi (e (C? = 1k =
0 Yar ey

t

(1 =¥ )7 (€7 = D
)V
So, it is sufficient to prove:
t t
(1= Y5 ) (O = D < 95,1 - — L) &
1 1
Cl t
% Y 2 2
Yai(l = (Clrf)m ((C’)‘/4( p) = D)z ((C’)‘/4( Cpy — e
G
: S
)/d,i = 1 - !

Ccl £\2
L= o + (i (G = L

It’s easy to check that the expression on the right hand side as a function of C), is decreasing. Hence, the RHS is

upper bounded by
1 -
1- (Cz)s/zo + K((Ct 37120 — 1)
1—ﬁ

Now, let’s analyze this expression. If we let f(x) = 1— I claim f(x) is an increasing function of x.

1=~ +(x37/20-1)
B

Indeed, we can calculate it’s derivative fairly easily:

- ﬂ
[ = 3 (= g + k00— 1) — (1 - ) (0B + Feaw)
(1- X% + k(37120 — 1))2
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2 wk(x® - 1) - %Kx%(l —xm) 2—’6(40)6]4/20 — (3x723/40 4 37x17/20y)

2
(1= i + K720 = 12 (1= 6320+ H(wm = D)

By the AM-GM inequality, 3x723/40 + 37x17/20 > 40((x!7/20)37(x=23/20)3)1/40 = 40x'4/20 50 f’(x) is positive, so the
RHS, as a function of CE, is (x) is increasing.

So, it is sufficient to satisfy the inequality when C [’, = Cg. One can check however that by Lemma 44 and 45 this
is true.

Proceeding to the lower bound, a similar calculation as before gives that the necessary condition for progress is:

1 '
'y* >1- B
dji = 1 (Cp)' l((C;’%)W L 1)
c, ks C (Cl’,)2

Again, the right hand side expression is decreasing in C,, so it is certainly upper bounded by

_(113/20
1 (Cﬂ)

1= (G0 + (g — 1)

1—3/20

Now, the claim is that this expression is increasing in C}g. Again, denoting f(x) =1 — FET e —
K\37720 T

3 - 1o 1 3 - 137~
— 2 1T0(1 3120 4 L 1)) - (1= 320) (= 3y 17/20 1 137 5720, B

)= ——2 : 0 _

(1- X320 4 %(x37/20 - 1))2

3 - 1 1 137 .- 1 - - -
__f)x 17/20;(x37/20 _ 1)+(1 _x3/20);7)x 57/20 ~ ﬁ(_40x 54/20 +(3x 17/40 +37x 57/20))

(1 —x3/20 + %(xml/zo - 1)? (1= X320 + i(x”l/zo -y

By the AM-GM inequality, 3x~!7/40 4 37x757/20 > 40((x~17/20)37(x737/20)37)1/40 = 40x734/20 50 f’(x) is negative, so
the RHS, as a function of CE, is decreasing. So it suffices to check the inequality when C}), = (1 - ¢)®. In this case, we

want to check that |
I- L >1- LT

100 = _ 1 Lol _ )37 _
K 1 T + ((1-9e 1)

1-—
(1-03 _ 3
+‘;((1_5)37_1) <1 3743k

Since 1 — .

= , and « > 2, this is easily seen to be true.
(1-e3

KIOO

Now, we’ll split the 8 update into two parts: documents where topic i is at least 1 — 1/«'"", and the rest of them.

11, . . I
, f‘f"’ > W In the second group, we can certainly claim that % >
Jaj 5 Jaj

1
ac

In the first group, as we showed above from

the inductive hypothesis. If we denote the set of documents where topic i is at least 1 — 1/«'% as Dy, we get that

S,
Zd f:'j'yzg,‘
t+1 _ ot dj
By =Bij<p

s
i=1 Vi

1 % L% 1 % %
DdeD, mﬁi,ﬂd’i + X deD\D, Wﬂi,jyd,i
(C) Xaen Yy,
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2deD 1 7,1 i
deD 74! i

If we denote u = , then

% %

B B
Bij' = b + (- W

(COTACy? (CACYY
So, to prove B’” C3/4Bl I it’s sufficient to show
B B;; 1
H t1/4jt2+(1 H) 2jz3Z 38 <
(Cp) () (CR(C)) Cy

1
7 T CPC)

u>

T 1
CyCy T TR Ey
Given that C}, < (Cg)” 10 jt’s sufficient to show

1 1 1 1
(CHIZ — (123710 9720 — (CH)1/2
(AR (A (AR AT

S W W W
119/20 123/10 119/20 1323/10
™ T ™ T )

« >9/2° <C’)1/2 . . . . .
Completely analogously as before, 1 — —4——=— is a decreasing function of C%, so it’s sufficient to check that

119720 723710
(Cﬁ) (Cﬂ)

t 9/20 t 1/2
(Cﬁ) (Cﬁ)

7 9/20 7 23/10
(Cﬁ) (C,B)

In the same way, one can prove that 8! < (Cp)*/*B; o

u>1- when C} = ()%, which is easily checked to be true.

Putting lemmas 47 and 48 together, we get that the analogue of Lemma 16:

: 1 . Bix t ot
Lemma 49. Suppose it holds that & < o <C,(C' >

the vy variables and one ( iteration, we get new values ,85;1 that satisfy C’l” < l/;’i' < C™*!, where C*! = (C")3/*
ij

= 6)70 Then, after one KL minimization step with respect to

As a corollary,

Corollary 50. Phase 11l requires 0(10g(m)) = 0(10g(%)) iterations to estimate each of the topic-word matrix and

document proportion entries to within a multiplicative factor of ﬁ

This finished the proof of Theorem 42 for Case Study 1.

2.5.3 Generalizing Case Study 2

Finally, the proof for Case Study 2 is quite simple. Because the dynamic range x < B for the common words,
Lemmas 39 and 40 still hold, and hence we again determine the dominant topic correctly. Because of this, it’s also

easy to see that the lower bounds and upper bounds on the ﬂgj values for the common words are maintained to be a
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constant, since the proof of Lemmas 36 and 37 holds for the common words verbatim. This means that the anchor
words and discriminative words will be correctly determined just as before. But after that point, the analysis of Case
Study 2 is exactly the same as the one for Case Study 2 — which we already covered in the above section. This finishes

the proof of Theorem 42.

2.6 Justification of prior assumptions via analogy to Dirichlet priors

In this section we provide a brief motivation for our choice of properties on the topic model instances we are looking
at. Nothing in the other sections crucially depends on this section, so it can be freely skipped upon first reading.

Most of our properties on the topic priors are inspired from what happens with the Dirichlet prior - specifically,
variants of all of the "weak correlations” between topics hold for Dirichlet. Essentially the only difference between
our assumptions and Dirichlet is the lack of smoothness. (Dirichlet is sparse, but only in the sense that it leads to a
few “large” topics, but the other topics may be non-negligible as well.)

To the best of our knowledge, the lemmas proven here were not derived elsewhere, so we include them for com-
pleteness.

For all of the claims below, we will be concerned with the following scenario:

¥ = (y1,7%2,-..,vx) Will be a vector of variables, and @ = (a1, @, ..., ®;) a vector of parameters. We will let ¥ be

distributed as ¥ := Dir(ay, as, ..., ay), where a; = C;/k¢, for some constants C; and ¢ > 1.

2.6.1 Sparsity

To characterize the sparsity of the topic proportions in a document, we will need the following lemma from (Telgarsky,

2013):

Lemma 51. (7elgarsky, 2013) For a Dirichlet distribution with parameters (Cy/k¢, C,/kS, ..., Cr/k), the probability

that there are more than co Ink coordinates in the Dirichlet draw that are > 1]k is at most 1/k.

It’s clear how this is related to our assumption: if one considers the coordinates > ,}0 as “large”, we assume, in a
similar way, that there are only a few “large” coordinates. The difference is that we want the rest of the coordinates to

be exactly zero.

2.6.2 Weak topic correlations

We will prove that the Dirichlet distribution satisfies something akin to the weak topic correlations property. We prove
that when conditioning on some small (o(k)) set of topics being small, the marginal distributions for the rest of the

topic proportions are very close to the original ones. This implies our ”weak topic correlations” property.
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The following is true:

Lemma 52. Lety = (y1,7%2,...,Y:) be distributed as specified above.

Let S be a set of topics of size o(k), and let’s denote by ys the vector of variables corresponding to the topics in
the set S, and ys the rest of the coordinates. Furthermore, let’s denote by ys the distribution of ys conditioned on all
the coordinates of ys being at most 1/k°' for ¢y > 1.

Then, foranyi € 8 andy =1 -6, any § = Q(1),

Py (vi =) = (1 £ o(1)Py; (vi = ).

Proof. 1t’s a folklore fact that if Y = Dir(@), then

Y1, Y2, ... Y, Y, L YlYi = y) = (1 = yp)Dir(an, a, . .., @1, Qg - .., Q1)

Applying this inductively, we get that ¥5 = (1 - 3 jcs ¥:)Dir(ds). Let’s denote s := 3’ ;5 ¥i, and § = 35 @;. Then,
sincey; < 1/k' fori € S, s = o(1). Similarly, § = o(1).

For notational convenience, let’s call dy = };¢5 @i, and ap = ;@ = dp + 5.

The marginal distribution of variable Y; where Y= Dir(@) is Beta(a;, ag — ;).

Hence,
1 a;i—1 dp+5-a;—1
Pw;()’i:V):m)" (I-v) :
and
= = 1 y (l,‘—l 7/ 07()—(1,'—1
By Gi=m = B(aj, dy — ;) l—s) ( l—s)
The following holds:
ya;—l(l _ ,y)(fg+5'—m—l
(%)”f‘l(l _ %)rﬁ)—m—l -
ot (L= )1 =\ ;
(1-5)" 1(1—y) (1-9)"=
—s—y

—ai—1
(1 + %) (1-9)°
l—-s—vy

Now, I claim the above expression is 1 + o(1).

We’ll just prove this for each of the terms individually. Since 1 + > 1 and -1 — a; < —1, it follows that

S
I—s—y -

1+ Ts,_y)"""l < 1. On the other hand, by Bernoulli’s inequality, (1 + ﬁ)"’”’l >1—(a; + l)ﬁ > 1-o0(1),
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since y = 1 — ¢, for some constant ¢, by our assumptions.

For the second term, since 1 —y < 1 and § > 0, (1 —y)° < 1. On the other hand, again by Bernoulli’s inequality,
(1 -p)°>1-y5=1-o0(1), as we needed.

Comparing B(a;, dp + § — ;) and B(;, dy — @;) is not so much more difficult. By definition, B(a;, @y — @;) =
fol X%~ 11 = x)®~%=1 gy, so

B(aj,ap + 5 — ;)

B(a;, ag — ;)

f()l xa[—l(l _ x)(y”0+§—<zi—l dx

i X1 (1 = )@t dx

We’ll just bound each of the ratios
xa/,-—l(l _ x)(i0+§—(l/j—1

xa,-—l(l _ x)(fg—a,-—l

Namely, this is just (1 — x)*. Same as above, 1 — o(1) < (1 —y)® < 1. Hence, these are within a constant from each

other.

2.6.3 Dominant topic equidistribution

Now, we pass to proving a smooth version of the dominant topic equidistribution property. Namely, for a threshold
Xo = o(1), we can consider a topic “large” whenever it’s bigger than xo. We will show that for any topics Y;, Y, the
probabilities that ¥; > xp and Y; > x are within a constant from each other.

Mathematically formalizing the above statement, we will prove the following lemma:

Lemma 53. Let ¥ = (y1,7%2,...,Yk) be distributed as specified above. Then, ]];E){’-—:g = 0Q), for any i, j if xo = o(1).
J

Proof. As before, the marginal distribution of Y; is Beta(a;, @9 — @;). The Beta distribution pdf is just P(x) =

a;=1(1_ yao-ai-1 1 _ —ai—
% where B(a;, a0 — ;) = [; x%71(1 = x)0~! dx.

Hence, the ratio we care about can be written as

(J;(l) xa,—l(l _ x)ao—m—l dx)/B(a;, ap — @;)

(Li x4 (1 = x)%l dx) [ Blaj, a0 — @)

To get a bound on this ratio, it’s sufficient to bound the normalization constants B(«;, @ — «;) and B(a;j, ap — ),
Joy ¥ A=xyoei!

as well as the ratio . Let’s prove first that B(a;, o — ;) ~ B(aj, ap — @)

fi) xn/-—l(lix)no—a/—l dx
By definition, B(e;, @g — ;) = fo x4 1(1 = x)@~%~1 dx. The way we’ll analyze this quantity is that we’ll divide
the integral in two parts, one from 0 to % and one from % to 1.

Since @y = O(1), it follows that ag —@; — 1 2 =1 and ap — @; — 1 < 1. Hence, (1 — x)®%~! = @(1). It follows that
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o=

1

2
f x(t;—l(l _ x)a/o—(l/,’—l dx ~ f x(}zi—l dx =
0

0

_an 1
B a; _Cli

where the last equality follows since % <(1/2)% < 1.

.. . . —1 .
The second portion is not much more difficult. Since % < %a < 1, it follows

1 1
\[.f“%l—xf“mAdx:~f(l—xVWMAdxz
1 1
2 2

2

/2y 1

@y — @; @o

where the last two equalities come about since —1 < ap —@; < 1.

~

But the above two estimates proved that for any i, B(«@;, ag — ;) = ai, as we needed.

So, we proceed onto bounding
fl xa;—l(l _ x)ar()—(t,-—l dx
X0
U . ol
[ xa= (1 = xyeomai=! dx
X0

We’ll proceed in a similar fashion as before. We’ll pick some point x7, and if x < x7, we will show that x%~!(1 —

x)®~%~1 is within a constant factor from x%~!(1 — x)~%~!_ On the other hand, we will show that part of the integral
where x > x7 is dominated by the part where x < xr, which will imply the claim we need.
Let’s rewrite the ratio above a little:

xaj—l (1 _ x)ag—aj—l

xai—l(l — x)ct()—(l,'—l =

( X )a_,-—a, =e(aj—a,-)1n(ﬁ)
1-x

Proceeding as outlined, I claim that for sufficiently large constants C;,C,, s.t. if x < 1 — —L—— then
1+Ce® ©2
X1 (1= x)0= ! 0 , 1
e (—pt-a-T — (1) Let’s call XT = 1—*.
x%i~1(1-x)20 14C ™ &

The claim is then, that if x7 > x > xo, that (@; — ;) In(7%,) = O(1).

First let’s assume, a; — a; > 0.

Then, if ln(ﬁ) <0 x< % the condition is of course satisfied. So let’s assume x > % When % < x < xr, we

1

get that ;= < Cief e Hence, In(%) < InC; + alclz It follows that if C;, C; are sufficiently large,
J

X

(

- x)&'j*(l,- < eln(ﬁ)a‘f — 0(1)

On the other hand, if @; — a; < 0, when x > %, (@j — ) In(7%) < 0, so we are fine. However, since |a; — ai| < «;,
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ec1/e
l+ec1/oi

it’s easy to check when x > > Xo, that (@; — @;) In(7%) = O(1).

Finally, we want to claim that the portion of the integral from x7 to 1 is dominated by the portion from xy to x7.
We can show that the latter portion is O(e*), and the first is Q(1).

Let’s lower bound the first portion. We lower bound |’ ):T x4 (1 = x)®-a=l dx by 17! X :'(1 — x)®~%~! dx. For

the first factor in the above expression, we use Bernoulli’s inequality to prove it’s €(1). For the second, the integral

will evaluate to
(1 _ xo)ao—ai _ (l _ xT)G(]—(l,‘

@p — Q;

Let’s lower bound the first term in the numerator. If @y — @; > 1, another application of Bernoulli’s inequality gives:
(1 = xp)® % > 1 —(ag — a;)xg = 1 —o(1). If, on the other hand, 0 < g —a; < 1, (1 —xp)* ™% > 1 —x5 > 1—o0(1).

Then, I claim that (1 — x7)®~% = ¢~2® _Indeed, for some constant C,

1 ag—qa; 1 p—a;
[—11] s { I ]
1+ Cie®© Csei @

1 1
aj &

= ¢~ InGse Nao—ai)

However, since ¢y = Q(Ka;) and g — ; = Q(), the above expression is upper bounded by e™*®), which is what we
were claiming. Hence, x -1 f xT(l x)@~e=l gy = Q(1).

Let’s upper bound the latter portion. This expression is upper bounded by
ap—a;
polmre)

@y — @;
ag-a;
1
1 1
1+Cye % ©2

Qo—a;

Now, we will separately bound each of x‘;"_l and

1-a;

The first term can be written as ]10 Now, since 1 —a; > 0, we can use Bernoulli’s inequality to lower bound x;-
Xr

by 1 — —(1 — a;). Since ﬁ = 0(1/6“7), and 1 —a; < 1/2, let’s say, 1 — —(1 —a;) = Q(1), i.e.

T
1+C1e &2 1+Ce% ©2 14+C % 2

T=o0q1).

»«‘._.

. 1
For the second term, we already proved above that (1—x7)*~% = e This implies that £ . xo(1—x)xo—ai=l gy =

O(e™¥), which finishes the proof.

2.6.4 Independent topic inclusion
Finally, there’s a very simple proxy for “independent topic inclusion”. Again, as above, ¥5 = (1 = X jcs 7:)Dir(@s).
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But, if we consider “inclusion” the probability that a given topic is “noticeable” (i.e. > n%o, say), we can use the

above Lemma 53 to show that the probability that any topic is “large” (but still o(1)) is within a constant for all the

topics in S

2.7 Technical details: estimates on number of documents

Finally, we state a few helper lemmas to estimate how many documents will be needed. The properties we need are
that the empirical marginals of a dominating topic in the documents where it’s dominating are close to the actual ones,
and similarly that the empirical marginals of the dominating topic, conditioned on the set of topics that a discriminative
word belongs to not being present are close to the actual ones.

The former statement is the following:

Klog> K
&2

Lemma 54. Let E; = Ely} ly;; is dominating). If the total number of documents is D = € ), and D; is the

number of documents where i is the dominant topic, then with high probability, for all topics i,

N
(1-OF < = > vi; < (1 +E,
! deD;

EDiE;
Proof. Since documents are generated independently, Pr[% 2den, Vy; > (1 + OE] < e” 3 by Chernoff.

—L

Since there are at most s topics per document, E; > 1, so Pr[% 2den; Vy; > (1 +E] < e 7

An analogous statement holds for Pr[% Dden; Yy < (1= €E]

Then, if D; = 10522 k by union bounding, we get that with high probability, for all topics, (1 — €)E; < Dl, 2den; Vi <

(1+e€)E;
However, the probability of a topic being dominating is C;/k for some constant C;. So, by another Chernoff bound,

iD

PiD; < (1 — C;DJk] < &= 2.7.1)

So, if we take D = E—"z log? k, with high probability, for all topics, D; = @(D/k).

Putting everything together, we get that if D = kli‘fz k with high probability,

1
1-€E; < — * < (1 + €)E;
(1-0F <5 ), i<+

Next, we calculate how many documents are needed to match the marginals of the dominating topics, conditioned
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on a small subset (of size o(k)) of the topics not being included in a document. More formally,

Lemma 55. For the discriminative word j, let jS be the set of topics it belongs to. For a topic i € jS, let Let
E;js = Ely} v}, is dominating,y;, = 0,Yi’ € jS]. Let D; ;s be the number of documents where i is dominating, and
Yir =0,V €jS.

If the number of documents D > kl(ﬁz =, then with high probability, for all topics i and discriminative words j,

(1-eE;;s < D;,s 2denys Ya; < (1 + OEijs

Proof. Since E; js = (1 £ o(1))E;, by the weak topic correlation property, an analogous proof as above shows that if

log? k

we get that if D; js = —5—, with high probability, (1 — €)E;s < D% DdeD;s 7:1,1' <(l+eE;s.

But by the independent topic inclusion property, the probability of generating a document D with i being the

dominating topic, s.t. no topics in jS appear in it is @(1/k). So, again by Chernoff,
&
Pr[D;js < (1 -€)CiD/k] < e” 3% (2.7.2)

If we take D = e% log2 n, Pr[D; s < (1 -€)C;D/k] < e” log’n_ However, since the total number of i, jS pairs is at
most 72, union bounding, we get that with high probability, for all pairs i, jS

(1-eE;j < —

D Z Yai < (1 + ©E;js

L.jS dGDi,J-S

Finally, the following short lemma to estimate the number of documents in which a word j belongs only to the
dominating topic is implicit in the proof above:

Lemma 56. Let D, js be the number of documents where i is dominating, and vy, = 0, Vi’ € js. If the number of

documents D > "1‘;%2 ", then with high probability, for all topics i and discriminative words j, D;js = Di(1-e)(1-0(1))

2.8 Changing the updates

In the prior sections, our goal was to analyze iterative updates which are as close as possible to the updates in variational
Bayes updates used by practitioners. The reason for such a goal is to gain a better understanding of the structure of
data sets where they can be expected to work. Of course, there is an obvious related goal to this: can we design an
iterative algorithm of comparable runtime to variational Bayes, but with provable guarantees? In fact, we can even

hope that such algorithms, inspired by theoretical considerations, can even do better in practice.
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In this section, we do exactly that: we will take leave of the usual mean-field variational Bayes updates, and design
a different algorithm, which also alternatively updates the topic-word matrix and the topic proportions estimates in the
documents, and is of comparable computational efficiency. The benefit will be that we will be able to significantly
relax the assumptions on the topic-word matrix and the requirements of the initialization, compared to the ones in the
previous section. Additionally, the guarantee will be substantially more robust to noise in the data.

The slight cost of our change will be that the prior on the topic proportions we have to assume in the documents
will have to be completely independent — so we will not be able to enforce the marginalization constraint on the topic
proportions, i.e. Zle v; = 1. In that sense, the latent variable model we consider can be considered as a non-negative
version of ICA. Nevertheless, we keep the notation of the previous section to delineate the close analogy to topic

models. More concretely, we will consider the following latent-variable model:

F=py +v (2.8.1)

where §* is the topic-word matrix, y* are non-negative weights from a prior distribution, and v is noise in the model.
Similarly as before, our focus is to recover §*, assuming some properties of 8%, x*, and v. The y* can be thought of as
the topic proportions, thought we will not constrain them to sum to 1. More precisely, the assumptions are as follows.
Let [M]’ denote the i-th row of a matrix M, [M] j its i-th column, M, ; its (i, j)-th entry. Denote its column norm,
row norm, and symmetrized norm as [[M||; = max; }; |Mi,j|, 1Ml = max; 3; |Mi,j|, and ||M||; = max {||M||;, IM||} ,
respectively. We assume the following hold for parameters Cy, ¢z, C3, ¢, C, to be determined in our theorems.

(A1) The columns of 8* are linearly independent.

(A2) Foralli € [k], y €[0,1], E[y;] < % and % < ]E[(y;‘)z] << and ¥;’s are independent.

=7

(A3) The initialization 8° = 8*(Z° + E°) + N©, where X° is diagonal, E° is off-diagonal, and

> 1-0d, |E <t

Furthermore, we consider two noise models.
(N1) Adversarial noise: only assume that max; |v;| < C, almost surely.
(N2) Unbiased noise: max; |v;| < C, almost surely, and E[v|x*] = 0.

Several remarks about the assumptions are in order. (A1) significantly relaxes the assumptions of the previous

section — and is needed to ensure identifiability. Otherwise, for instance, if (8*)3 = 4;(8")1 + 42(8"),, it is impossible
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to distinguish between the case when y; = 1 and the case when y; = 4; and y] = A». Note that, in principle, we do
not restrict the feature matrix to be non-negative even! This is helpful if instead of topic modeling, we think of this
generative model as one in which the samples f are non-negative combinations of “features” specified by the columns
of 5.

(A2) is essentially where our model differs from topic modeling: the coordinates of y need to be independent.
In this sense, this model is like a non-negative variant of ICA. Apart from that, (A2) constraints the coordinates to
be non-negative and bounded by 1; this is simply a matter of scaling. The second moment assumptions ensure that,
roughly speaking, each topic appears with reasonable probability. This is expected: if the occurrences of the topics are
extremely unbalanced, then it will be difficult to recover the rare ones.

The warm start required is also substantially relaxed from the previous section. (A3) specifies that each feature ,8?
has a large fraction of the ground-truth feature 8 and a small fraction of the other features, plus some noise outside
the span of the ground-truth features. Importantly, unlike the previous section, this fraction does not depend on the
range of the entries in 8, nor does it require anchor words. Moreover, we can tolerate N: a component of 8° outside
the column space of 3*.

The adversarial noise model (N1) is very general, only imposing an upper bound on the entry-wise noise level.
Thus, v can be correlated with y* in some complicated unknown way. (N2) additionally requires it to be zero mean,

which is commonly assumed and will be exploited by our algorithm to tolerate larger noise.

2.8.1 The new updates: main algorithm

In this section we outline the main algorithm, and explain the basic intuition behind the proof of correctness of these

modified updates.

Algorithm 6 Purification

Input: initialization 8°, threshold a, step size n, scaling factor r, sample size D, iterations T
1: forr=0,1,2,...,T — 1 do
2:  Draw examples yj,...,yp.
3. (Decode) Compute 87, the pseudo-inverse of 8 with minimum [|(8)"]|c.

Set x = ¢,(8"y) for each example y. /| do is ReLU activation, see (2.8.2) for the definition
4:  (Update) Update the feature matrix
B =1 =mp +mB[(f - )y -v)7]
where E is over independent uniform f, f’ from { fi,..., fD}, and y,y’ are their decodings.
5: end for

Output: g =D

The main algorithm is delineated as Algorithm 6. It keeps a working topic-word matrix and operates in iterations.
In each iteration, it first compute the weights for a batch of D examples (decoding), and then uses the computed
weights to update the feature matrix (updating).

The decoding is simply multiplying the example by the pseudo-inverse of the current feature matrix and then
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passing it through the rectified linear unit (ReLU) ¢, with offset @. The pseudo-inverse with minimum infinity norm
is used so as to maximize the robustness to noise (see the theorems). The ReLU function ¢, operates element-wise on

the input vector v, and for an element v, it is defined as
do(v;) = max {v; — @, 0}. (2.8.2)

To get an intuition why the decoding makes sense, suppose the current feature matrix is the ground-truth. Then
B =pB"By" +Bv =y +B"v. So we would like to use a small 8" and use threshold to remove the noise term.

In the encoding step, the algorithm move the feature matrix along the direction E [( f= My - y’)T]. To see intu-
itively why this is a good direction, note that when the decoding is perfect and there is no noise, E [( =y - y’)T] =
B*, and thus it is moving towards the ground-truth. Without those ideal conditions, we need to choose a proper step

size, which is tuned by the parameters 7 and r.

2.8.2 Results for a simplified case

In order to demonstrate the intuition and results clearly, we first consider a simplified setting first, with assumptions

(A1), (A2’), (A3), and (N1), where
(A2%) v;’s are independent, and y; = 1 with probability s/n and 0 otherwise for a constant s > 0.

Furthermore, we will assume N° = 0.

Note this is a special case of our general assumptions, with C; = ¢, = C, = s where s is the parameter in (A2’).
Moreover, this is quite close to the setting we considered in Section 2.2. We will subsequently present the general
result in Section 2.8.5, which will be hopefully easier to digest after we have presented this simpler setting.

For notational convenience, let (3*)" denote the matrix satisfying (8*)"8* = Id. If there are multiple such matrices

we let it denote the one with minimum [|(8*) ||..

Theorem 57 (Simplified case, adversarial noise, (Li et al., 2016)). There exists an absolute constant G such that if

Assumptions (Al),(A2’),(A3) and (N1) are satisfied withl = 1/10, C, < }for some0 <c<1landN° =0,

max{nk|8),
then there is a choice of parameters a,n, r such that for every 0 < €,6 < 1 and D = poly(k,n, 1/€,1/9) the following
holds with probability at least 1 — §:

After T = O (ln é) iterations, Algorithm 6 outputs a solution § = *(Z + E) + N where £ > (1 — £)Id is diagonal,

|Ell; < €+ cis off-diagonal, and ||N||; < c.

Remarks. Consequently, when [|8*||, = 1, we can do normalization 3; = B;/||8ill;, and the normalized output 3
satisfies

IB—-Bll < e+ 2c.
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In particular, under mild conditions and with proper parameters, our algorithm recovers the ground-truth in a geometric
rate. It can achieve arbitrary small recovery error in the noiseless setting, and achieve error up to the noise limit even
with adversarial noise whose level is comparable to the signal.

The result implies that with large adversarial noise, the algorithm can still recover the features up to the noise limit.
When n > k|| ([3*)T ||, €ach data point has adversarial noise with €; norm as large as ||v||; = Cy,n = Q(c), which is in
the same order as the signal ||8*y*||; = O(1). Our algorithm still works in this regime. Furthermore, the final error
1B = B*ll; is O(c), in the same order as the adversarial noise in one data point.

Note the appearance of || (8*)" ||, is not surprising. The case when the columns are the canonical unit vectors for
instance, which corresponds to || (ﬁ*)* [l = 1, is expected to be easier than the case when the columns are nearly the
same, which corresponds to large || (ﬂ*)Jr [|oo-

A similar theorem holds for the unbiased noise model.

Theorem 58 (Simplified case, unbiased noise, (Li et al., 2016)). If Assumptions (Al),(A2°),(A3) and (N2) are satisfied

with C, = WM’ then the same guarantee as Theorem 57 holds.

Remarks. With unbiased noise which is commonly assumed in many applications, the algorithm can tolerate
noise level Vk larger than the adversarial case. When n > k|| (,B*)T |, €ach data point has noise with ¢; norm as
large as |[v|l; = C,n = Q(c Vk), which can be Q( Vk) times larger than the signal ||8*y*|l; = O(1). The algorithm can
recover the ground-truth in this heavy noise regime. Furthermore, the final error |8 — S|, is 0(||v||1 / \@), which is
only O(1/ Vk) fraction of the noise in one data point. This is a strong denoising effect and a bit counter-intuitive. It is
possible since we exploit averaging of the noise for cancellation, as well as thresholding to remove noise spread out in

the coordinates.

2.8.3 Analysis: intuition

A natural approach typically employed to analyze algorithms for non-convex problems is to define a function on the
intermediate solution 8 and the ground-truth 8* measuring their distance and then show that the function decreases at
each step. However, a single potential function will not be enough in our case, as we argue below, so we introduce a
novel framework of maintaining two potential functions which capture different aspects of the intermediate solutions.

Let us denote the intermediate solution and the update as (omitting the superscript ())
B=BE+E)+N, Bl(f-f)y-y)1=BE+E)+N, (2.8.3)

where X and X are diagonal, E and E are off-diagonal, and N and N are the terms outside the span of §* which is

caused by the noise. To cleanly illustrate the intuition behind ReLLU and the coupled potential functions, we focus on
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the noiseless case and assume that we have infinite samples.

Since B; = X5 + 2. = E j,iﬁ;, if the ratio between ||E;|l; = ] i |E j,,-| and X;; gets smaller, then the algorithm is
making progress; if the ratio is large at the end, a normalization of 3; gives a good approximation of ;. So it suffices
to show that ;; is always about a constant while ||E;||; decreases at each iteration. We will focus on E and consider

the update rule in more detail to argue this. After some calculation, we have
E « (1-n)E + L, E=E[(y -0 -7)], (2.8.4)
where v,y are the decoding for y*, (y’)" respectively:
Y =6 (C+E)y), Y =6 (C+E)(Y). (2.8.5)
To see why the ReLLU function matters, consider the case when we do not use it.

E=EG' -oM[FBG -0 =E[0" -ono -o)T|[c+ 5]

cle+B!| v -5 ES

where we used Taylor expansion and the fact that E[(y* — (') )(y* — (¥/)*)T] is a scaling of identity. Hence, if we
think of X as approximately Id and take an appropriate r, the update to the matrix E is approximately E «— E — nE™.
Since we do not have control over the signs of E throughout the iterations, the problematic case is when the entries of
ET and E roughly match in signs, which would lead to the entries of E increasing.

Now we consider the decoding to see why the ReLU is helpful. Ignoring the higher order terms and regarding

Y = Id, we have
Y= (C+E)'Y) o (Z7'y —ZEZY) 2 40 (v - EY). (2.8.6)

The problematic term is Ey*. These errors when summed up will be comparable or even larger than the signal, and
the algorithm will fail. However, since the signal coordinates are non-negative and most coordinates with errors only
have small values, the hope is that thresholding with ReLU can remove those errors while keeping a large fraction
of the signal coordinates. This leads to large i-,,- and small E ;i’s, and then we can choose an r such that E;;’s keep
decreasing while X, ;’s stay in a certain range.

To quantify the intuition above, we need to divide E into its positive part E, and its negative part E_:

[E.];; = max {E; ;,0}, [E_];; = max {-E;;,0}. (2.8.7)
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The reason to do so is the following: when E; ; is negative, by the Taylor expansion approximation, [(Z + E)‘ly*]i will
tend to be more positive and will not be thresholded to 0 by the ReLU most of the time. Therefore, E;; will become
more positive at next iteration. On the other hand, when E; ; is positive, [(Z + E)‘ly*]i will tend to be more negative
and zeroed out by the ReLU function. Therefore, E;; will not be more negative at next iteration. Informally, we will

show for positive and negative parts of E:
postive’! « (1 — p)positive’ + (n)negative’, negative’™! «— (1 — n)negative’ + (en)positive’

for a small ¢ < 1. Due to the appearance of ¢ in the above updates, we can “couple” the two parts, namely show
that a weighted average of them will decrease, which implies that ||E||, is small at the end. This leads to our coupled

potential function.*

2.8.4 Analysis: proof sketch

We now provide a proof sketch for the simplified case presented above. The complete proof of the results for the
general case (which is stated in the next section) is presented in the appendix. The lemmas here are direct corollaries
of those in the appendix.

One iteration. We focus on one update and omit the superscript ¢. Recall the definitions of E, X, N and E,Y and
N from (2.8.3). Our goal is to derive lower and upper bounds for E,Xand N, assuming that %;; falls into some range
around 1, while E and N are small. This will allow us to do induction on .

First, begin with the decoding. A simple calculation shows that the decoding for f = B*y* + v is
Y=¢o (Zy +&), whereZ=E+E)", £ =-B'NZy*" +Bv. (2.8.8)

Now, we can present our key lemmas bounding E,X, and N. Before doing this, we add that the particular value for
r we will choose is r = = (recalling s is the sparsity of y* according to Assumption (A2’)). We also set the threshold

ofthe ReLU as p < a < % Then, we get:

Lemma 59 (Simplified bound on E, informal). (1) ifZ;; < 0, then |E}| < o(2 (1Z:j1 + p)).

n

2 —
(2) l'fZ,',j > 0, then -0 ((’_vl) Zi,j +pZ,',j) < Ej,i < 0((,2Z +p)|sz|) .

Note that Z ~ 27! = 7'EX™! 50 Z; ; < 0 corresponds roughly to E; ; > 0. In this case, keeping in mind that r = 2

s

the upper bound on |b~7 ;,il 1s small enough to ensure |E ;| decreases, as described in the intuition.

On the other hand, when Z; ; > 0 (roughly E;; < 0), the upper bound on E ;i 1s large enough that rE i can be

“4Note that since intuitively, E ;. gets affected by Ej; after an update, if we have a row which contains negative entries, it is possible that [|8; — 51l
increases. So we cannot simply use max; ||8; — 5|1 as a potential function.
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on the same order as E; ;, corresponding to the intuition that negative E;; can contribute a large positive value to
E;;. Fortunately, the lower bound on E i 1s of much smaller absolute value, which allows us to show that a potential

function that couples Case (1) and Case (2) in Lemma 59 actually decreases; see the induction below.
Lemma 60 (Simplified bound on E, informal). Ei,i > Q((E;i1 —a)/n).
Lemma 61 (Simplified bound on N , adversarial noise, informal). |1A\7dl~‘ j| < O(C,/n).

Induction by iterations. We now show how to use the three lemmas to prove the theorem for the adversarial
noise. The proof for the unbiased noise statement is similar.
Let a, := ||Eﬁr||9 and b, := HE’_HS, and choose 7 = £/6. We begin with proving the following three claims by

induction on ¢: at the beginning of iteration ¢,
() (I-ld=<%

2) ||E’|L < 1/8,and if t > O, then a; + b, < (1 - 2—1571) (as—1 + Bb;—1) +nh, for some B € (1, 8), and some small value
h$

3) ||V, < /10.

The most interesting part is the second claim. At a high level, by Lemma 59, we can show that

3 24 1
ap < (1 - En) a; + Tnb, + nh, b1 < (1 - gn) b, + mna, + nh.

Notice that the contribution of b, to a, is quite large (due to the larger upper bound in Case (2) in Lemma 59), but the
other contributions are all small. This allows to choose a 8 € (1, 8) so that a;,| +8b;, leads to the desired recurrence in
the second claim. In other words, a,.1 + B8b;41 is our potential function which decreases at each iteration up to the level
h. The other claims can also be proved by the corresponding lemmas. Then the theorem follows from the induction

claims.

2.8.5 More general results

More general weight distributions. Our argument holds under more general assumptions on x*.

Theorem 62 (Adversarial noise, (i et al., 2016)). There exists an absolute constant G such that if Assumption (A0)-

. . _ . 3 2 czﬁ AGe
(A3) and (N1) are satisfied with [ = 1/10, C3 < 2¢3, C} < Gesn, Cy < {szm, —kaIIEﬁ*)TIIw

2
ﬁ, then there is a choice of parameters a,n,r such that for every 0 < €,6 < 1 and N = poly(k,n,1/€,1/0),
1 o

with probability at least 1 — 6 the following holds:

}forO <c<1,and HNOHw <

After T = O (ln %) iterations, Algorithm 6 outputs a solution § = *(Z + E) + N where £ > (1 — {)1d is diagonal,

|Elly < €+ c/2 is off-diagonal, and ||N||, < c¢/2.
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Theorem 63 (Unbiased noise, (Li et al., 2016)). IfAssumption (A0)-(A3) and (N2) are satisfied with C, = #ﬂ‘)f“}

and the other parameters set as in Theorem 62, then the same guarantee holds.

The conditions on Cy, ¢3, C, intuitively mean that each feature needs to appear with reasonable probability. C, <
2¢, means that their proportions are reasonably balanced. This may be a mild restriction for some applications —
however, we additionally propose a pre-processing step that can relax this in the following subsection.

The conditions allow a rather general family of distributions, so we point out an important special case to provide
a more concrete sense of the parameters. For example, for the uniform independent distribution considered in the
simplified case, we can actually allow s to be much larger than a constant; our algorithm just requires s < Gk for a
fixed constant G. So it works for uniform sparse distributions even when the sparsity is linear, which is an order of
magnitude larger than what can be achieved in the dictionary learning regime. Furthermore, the distributions of ¥ can
be very different, since we only require Cf = 0(c§k). Moreover, all these can be handled without specific structural

assumptions on *.

More general proportions. A mild restriction in Theorem 62 and 63 is that C; < 2c¢;, that is, maXie E[(y;‘)z] <
2 min;epy ]E[(y;‘)z]. To relax this, we propose a pre-processing algorithm for balancing E[(y;‘)z].

The idea is quite natural: instead of solving f ~ B*y*, we could also solve f ~ [8*D][(D)"'y*] for a positive
diagonal matrix D, where E[(yi*)z]/Dzi is with in a factor of 2 from each other. We show in the appendix that this
can be done under assumptions as the above theorems, and additionally £ < (1 + £)Id and E° > 0 entry-wise. After

balancing, one can use Algorithm 6 on the new ground-truth matrix [8*D] to get the final result.

2.8.6 Technical details: proof of correctness of main algorithm

In this section, we formally prove the statement of Theorem 62 and 63. The way we proceed is to first analyze one
update step, bounding the changes of X, E, N and some auxiliary variables, and then in the next subsection we put

things together to prove the theorem.

2.8.6.1 Analysis of one update step

In the interest of readability, throughout this subsection we will focus on a particular iteration ¢ and omit the superscript

(¢), while in the next subsection we will put back the superscript. For analysis, denote 5 as
B=BE+E)+N

where X is a diagonal matrix, E is an off-diagonal matrix, and N is the component of j that lies outside the span of 5*

(e.g., the noise caused by the noise in the sample).
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Recall the following notation:

Z=C+E7",
V=z-3x'=x"! Z(—EZ’I)",
k=1

&=-B'NZx* +p'v.
Consider the update term [( f=fy- y’)T] and denote it as

A=B[(f-y-y)T|=FE+E)+N

¢

where T is a diagonal matrix, Eisan off-diagonal matrix, and N is the component of A that lies outside the span of 3*.

Since we now use empirical average, we will have sampling noise. Denote it as
Ny =EI(f = =) T-EI(f = )y =)
Then by definition, for f = 8*y* + vand f’ = B*(¥/)* + v/, we have
EI(f - /) =) 1=EI(f - )y = 7)1+ N,

=B E[0 - ) =) |+E|r =)y = )|+ N

S+E N

Our goal is then bounding i E s N in terms of >, E, N. Before doing so, we present a lemma for the decoding.

Lemma 64 (Main: Decoding). Let n > k be two positive integers. Let B € R™* be a matrix such that § = 5*(X+E)+N

where B* is full rank, T is a diagonal matrix such that X > %Id and ||E||; < % Then for f = B*y* + v, the decoding is

Y=o (Zy" + &)

= o (T +V)y +¢).
Proof of Lemma 64. Since = (2 + E) + N, we have

B =B-NE+E"

f=@B-NE+E"y +v
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Plugging into the decoding we get the first statement.

Observing that = + E = (Id + EX )T and |[EZ |, < IZYLIIEIL < 2IElL < 1, we have (S + E)™! = (z—' + V),

resulting in the second statement. O

Lemma 65 (Main: Bound on ). Suppose |&;| < p < a for any example and every i € [k], and suppose ¥ > %Id. Then

forany i € [k],

T2 B[077] (223 —20val) - (a 20+ U5l Z—?HM"HI),

— 2C C ;
T <Blop?] s +20vid) + =2 o+ vl )-
Proof of Lemma 65. According to the definition, we have

T = [ E - o -7,
=E[(] - D)0 =)

=E[(] - DIl +E[GD" =¥yl
Since (y! — (y))")yi; and ((y))" — ¥})y; has the same distribution, and (y’)*, " are i.i.d. , we have

Y= 2B [(yf - )il

= 2E[y;y:] - 2Ely{ 1Elyi].
So it suffices to bound E[y"y;] and E[y;]. To do so, we first take a look at ;. By the decoding rule,
vi=[ge ((E7 +V)y + )]
Since ¢, is 1-Lipschitz, denoting A = |[Vy*]; + & we have
[ (Z777)] = A <7 < [ (Z777)] + A (2.8.9)
For [¢o (Z7'7*)]., by the Property 22 of ¢,(2),

Sy - < e (Z7Y)], = e (20)97) < =00 (2.8.10)
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For A = |[Vy*]; + &].

E[A] <E [1€i]

D Vi [ +E

7

B 2. Vasly;
J

=) Vil By +o
J

¢ i
< vl +p

+p

where the second step follows from the assumption |£;| < p, and the last step follows from Assumption (A2).

Bounding E[y;]. By (2.8.9),(2.8.10), and (2.8.11), we have

Byl < B[y + BIAL < 5+ v+

Bounding E[y;]y;]. First, note that

ZVzﬂ’,

Ely; E[y; €]

=E[0)][Vid + X B[]V

J: j#z

<E[(71 2]|Vu|+ 2 Z|sz| pC1

Ji#

« i, PC
gwmmM+ﬁwm+7l

where the second and the fifth steps follow from Assumption (A2). Therefore,

Elyiyl 2 E|y; (517 - a - 4)]

B[R] - @RS 52 vid - v
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Putting together. For the first statement,

% = 2Ely}yi) - 2Ely; Elyi]

T (@ +p)C . Chiironi
> 25 /B [(0)] - 2% — 2B ()] |Vii] - =,

-2 o], -2
> B[] (227 - 2|vi) - % (a +2p + %2;1 vy I, |-
The second statement follows from
i < 2E[y)yil < 2By (S y; + A)]
and the bound on E[y;Al. o

Lemma 66 (Main: Bound on E). Suppose |¢;| < p < a for any example and every i € [k]. Then for all i, j € [k] such
that i # j, the following holds.

(1) IfZi’j < 0, then
4C3IZ 1y
|Ei] < kz(;—_p) (12| +p)-

(2)IfZ;j > 0, then

8 z 2C} ~ 8 VA
Cip (cln ”‘+Z,~,~)— | Cip (C1|| Il

- i - 217,
k(a — p) Zij < Eji Zl,j) + 2E[(7]) 1Z;;.

n g2 k(a 0) n

Proof of Lemma 66. Since i # j, we know that
E; =B|0; - )i = 7))

=E|y;(i - )| +E[07) () - )

= 2By} (vi - 7))

where the last equality follows from that y;f (yi —v}) and (y;.)*(yl’. — ;) has the same distribution. This quantity can be

bounded by a coupling between y; and y;. Define a new variable ¥* as

e itz
[yl =
Wy ifi=
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By Assumption (A2), conditional on y}f, ¥* has the same distribution as (y’)*. Therefore, consider the variable ¥

given by ¥ = ¢o(87(8*7" + V")), we then have

E|y;i - )] = E|yjtni - )]

In summary, we have

Ej; = 2B[y(yi — ¥)]

where

-B'NZy* + By,

Yi = [¢a (Z)’* +§)]i , &

5= (0o (2y + 8|, E=-pNZY 45V
Introduce the notation

w = Zi’i’)/;k + Z Zi’l’y;ﬁ.
I#i.j

We have

Yi = ¢a (W +Zi Y+ §i>,

¥i = o (W+ Zij(y))" +&).

(1) Since Z; ; < 0, |&| < p, and €l < p, we know that when w < a — p, ¥; = 7; = 0. Then

E[y;(i=3)] = Priw = @ = p E[y;(i = 9w = @ = p]. (2.8.14)

By Property ??, ¢, (-) is 1-Lipschitz, so

lyi = ¥il < |Zi,j| |7j -+ |§i —5i|,
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which implies that

Zijl

'E ;i = 7lw 2 @ —p” <E [7} Y-+ v & - & ‘w >a —p]

< |Z,~,j| max{

}E[y’;lw >a —p] + 2pE [7;|W > a/—p]

=Dl 205 ]

Y-

%

< |Zi,j| max “7’; - ()’;)
< 28 ;] (12| + )

< % (1] +)- (2.8.15)

Now consider Pr[w > a — p]. Since

c, .
Elwl < |Zu|BIy/1+ ) [2ul Bly;l < ZH 1201,

I#i,j

we have that

Efwl _ CiliZ'll

Priw > a—-p] < <
P12 =p = ka-p)

(2.8.16)

Combining (2.8.14)(2.8.15) and (2.8.16) together completes the proof for the case when Z; ; < 0.

(2) Now consider the case when Z; ; > 0. Again, we have

Yi = Pa (W +Zijy;+ fz‘),

Vi = g (w+Z,00)" + &),
For the analysis, introduce a variable
il = ¢q (W +Zijy;+ -’3) .
If (¥})" > v, by Property ?? ¢o(-) is 1-Lipschitz, so
i<+ 2 () - ;)

It (y;.)* <7 by Property ?? ¢,(-) is non-decreasing, then



In any case,
Vi <+ Zi iy
Therefore,

E [7;(%' - 5’1')] zE [Y}“()’i - i‘i)] -E [Y;Zi‘j(y'/f)*]
* 17 C%
>E [yj(% - Mi)] -2t

So we only need to consider E [yj (yi — ﬁi)]. Let G denote the event that y; # 0 or @t; # 0. Then by conditioning on

y;f, we have

E [7’;(71' - fii)] =E [V;E [%‘ = 1

4l

and

B|yi-uly;| = Pr|Gly; | B |y - a6,
By Property ?? ¢,(:) is 1-Lipschitz, so
[ - aly;. 6| < 2[e+ &l 6] < 20
Now consider Pr [G 7j] We have
E [|w +Zi| y;] <E [|w| yj.] +Zi

C i
<Yz, + 2,

where the first step follows from y;‘. < 1 and the second step follows from the conditional independence in Assumption

(A2). Then by Markov’s inequality,

Pr [yi #0

7}‘] <Pr [|w +Ziyi|z e —py}]
1

Ciy,i
= a—_p(f‘IIZHI +Z,;,-).
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A similar argument leads to that

1

~ * C i
P # 0]y < — (212, + )

and thus

Pr [G

* 2 c i
vil= o (Rl +2).
Putting things together,

|E [)’;(%’ - ﬁi)” < cx4—fp (% +Z[,1)E[xj]
4Cip (CilIZ|Iy
_k(a’—p)( A +Zij)-

This completes the proof for the lower bound.

Similarly, for the upper bound, introduce
Ui = o (W +Zi ()" + fi) :
Then in any case,
vi < up + Zi,jy;‘-
and thus
E |yt = 70| < Bly;i - 7| + B|0))?] ;.

The same argument as above shows that

|E [7’;(%' - 5’:‘)“ <

k(e -p)

4 7z
Cip (C1||k Il1 +Zij)-

This completes the whole proof.

Lemma 67 (Main: Bound on ﬁ). Suppose ||[E|ly < 6, 2 > (1 = OId, and |€;| < p < a.
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(1) If the noise is correlated (Assumption (N1)), then

- 4c,C
N < 1 3 (LA

(1 =202k -p

(2) If the noise is unbiased (Assumption (N2)) and ||8'V|le < p’ < @, then

2CiCop’ (1 + 118" Nlls)
(1 =20k(a - p")

[Nij| < + |V -
Proof of Lemma 67. (1) By the update rule,

N = 2E[v(y =)'+ N,.

Under Assumption (N1), we have that for every i € [k], j € [k],

INij| = [2EDvi(y; = Y1 + [N,
< 4C,Ely;] + I[N,

= 4CE|ga (1271 + &) + N1 .

since |v;| is bounded by C,,.

Now focus on the term E [qﬁa ([Z)/*] jté J)] We have

12y"1] < 1Zlls Iyl < 11Zll <

T 1-2¢

by the fact that ||y*|l < 1 in Assumption (A2), and the assumptions of the lemma on X and E. Then when [Zy*];+¢; >

a,

6o (121, +§)) < 2]+ &5 - a <

—a<
_1_2€+p a <

1-2¢
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and thus

E|ge (121 +£)] < 1%25 Pr{[Zy']; +¢; > |

1
< —5; P2
1 El[Zy])l
S 1-20 a—p
| 174 Sy
_ma—pE[ -i]
Cy

< - - 00
T (1 =20%(@ - p)

Za—p}

where the last step uses the bound on E [y;‘] in Assumption (A2). Therefore,

4C,C,

Nijl € ——————
N (1 -20k(a - p)

+ |[Nsli,jl-
(2) When the noise is unbiased, we have E[v|y*] = 0. Then ]E[v,y}] =0, and

INij| = [2BDvity; = ¥)1 + NG| < 2[Blviv,)| + [N ] - (2.8.17)

Consider the first term for a fixed y*, i.e., consider the conditional expectation E[v;y; | ¥*]. For notational simplicity,

letZ = (Z - B'NZ) and & = Bv. Then
Elvix; | v'] = Evide (121, + &) 1 7] = B [viga (1291, + &) 1 ¥']-
We consider the following two cases about [Zy*] j
(a) If[Zy"]; < a — p', then ¢, ([Zy"]; + &;) = 0 always holds, which implies that

[Elviy; | ¥

=E[vi, (1), +&) 7] =0.

(b) If [Zy*]; > a — p’, then

ba ([Z'y*]j + gj) < Pa ([ZV*],' + p') <[Zy'lj+p -«
On the other side, by Property ??,

¢(r ([Zy*]j + gj) > [Z’}/*]] + g:j - > [Z’y*]J —p’ — .

81



Putting together, we conclude that
villZy"1; = @) = vip'| < vige (1271 + &) < vi1Zy" ] — @) + vip'|.
Note that E[v,([Zy*]; — a)ly*] = 0, s0

[Blviy; 171 = [B [vida (1271, + &) 1v']

<E[hip'lly’1 < Cyp'.

Putting case (a) and case (b) together, we have

[Ebviy; 171 < Cop Pr{(Zy'); > @ = p'} < Cop Pr{|IZy"))] > @ - o).

By definition of Z and the assumptions of the lemma on X and E,

= . . . 1+I8'Nllw .
12y 1] < L+ BNl [2y°1)] < (0 + 18" Nl) 1215 7 < lf;%,y,. (2.8.18)
Then
- E|IZy'))| €1+ 18Nl
Pr{|[Zy*]; —-p'l < < =7
> -p) s = =07 < Tsmia—p)
The lemma then follows from (2.8.17) and (2.8.18). m]

There are three terms Z, V and £ in the above lemmas that need to be bounded. Since Z = V + £~!, we only need

to bound V and ¢ in the following two lemmas, respectively.

Lemma 68 (Bound on V). Suppose ||E|| < €, and £ > (1 — )Id. Then

) Vel < g5 W+ g —— 1B+
@ V-l < g 1Bl + =g -l
) V< o

@) |vii| < a _g)sze_&_g), Vi € [k].

Proof of Lemma 68. Denote T = X! Z;’::z(—EE‘l)’", so that

V=-3'Ex!+T
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The following bound on ||T'||; will be useful.

7l < =1, D0 el
=2

<=, 3 e

Ly =
<=l
=1,
£
< a-07 X € X T ffg

ST-ora—c-o"h

(1) We need to show the bound for both [|V,||; and ||V,||.. By definition of V, for any i,

Vel = “[—E’IEE’I + TLHI.

Since for any 5 and B,
B + Blully < IB1+lly + IBl+ll1, and [[[B11l; < 1Bl
we have
vl < [[-=" =] |+ i,
1

< ——|E_ T|;.

< (1_5)2” Iy + 171l
By (2.8.19),

Ty < E < (E-1ly + [IE[[1)-

A-021-t. -0 A-021-t -0
Combined with (2.8.20), it implies

—¢,
(-0 -t -0

VALl < IE-Il + NEL ;-

A-02(1-¢ -0
Similarly, we have

-4,
1-0X1—-¢,-0)

lE-|leo +

v ], < ( IE. |-

¢
(1-0*(1-C-0
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Putting things together we have

IIQS_—&
T (A-00-¢ -0

Vs NE-Il + E Il -

¢
(I-0*(1-C-0

(2) The argument for ||V_||, is similar to that for ||V.||;.

(3) We need to show the bound for both [|V]|; and ||V]|.

Vil < |[-="E=7Y||, + 11T,
< te +
TA-02 (-1 -6 -0
L, le,
< +
=02 (1-2(1-C—0
_ Ke(l_[e)
T A-0r1-L—0)

IEl:

where the second step is by (2.8.19).

L (1=,
Similarly, ||V]| < a (-te)

t(d-L,)
T S0 lVlls < 7

-0 (1=~

(4) Now consider V;;. By definition of 7.

Vi = |- ELT + Ty

ii

Note that since E;; = 0, [—Z‘lEZ‘l] .= 0. Then

i

Vil = T2

< |7l

SU-opa-c-oh

te,
<
TA-0*-t -0

where the third step is by (2.8.19). This completes the proof.

Lemma 69 (Bound on &). Suppose ||Elly < € < 1/8 and X > (1 — O)Id. Then for any i € [k],

1 <y = 15 LNt + BT
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If furthermore, ||Nlw||(8")7||, < 1/8, then

Bl =216

y < 3[|68Y . ANl + C).
Proof of Lemma 69. First, we have

€l < |I8"NZy*

< < BT INIZl Tl + 8] Ve
Note that ||y*||, < 1 and ||V||, < C,. Furthermore,

1
o £ ——.
12l < 7—5;

The first statement follows from combining these terms.

Now consider the second statement. We apply Lemma 70. Since

C=1ET + B NE s

<NEZ Moo + 118 'NZ oo

1 i _
<z +B ) leo X INMleo X IE7 oo
2
S =}
7
Lemma 70 implies that
, 12 oo "
18I0 < 2118 lleo < 211(8") Il

1-Z

Then vy is bounded by

<
|

1 i i
- gl i« el

ﬁ X (2018 Mlso) X IV lloo + C X (218" o)

<3||BH ., ANVl + C). O

IA

The following is the lemma about the norm of the pseudo-inverse, which is used in Lemma 69.

Lemma 70 (Pseudo-inverse). Let 8*, N € R be two matrices with n > k. Let (8*)" be one pseudo-inverse of B* such
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that (8*)'8* = 1d. Let 8 = B*(Z + E) + N be another matrix, with X being diagonal and

= EE 4+ (B) N Yoo

satisfies { < 1. Then there exists a pseudo-inverse B' of B such that '8 = 1d and

[

T
v Rl

1871l <

Proof of Lemma 70. Consider the matrix

Br=C+E+@BHN'B).
Then by definition,
BB=C+E+EB)YN'B) BE+E) +N)

=C+E+@B)N)'C+E+@B)N)

= Id.
What remains is to bound ||37||. We have

1Blleo < IE+ E + B)'N) 1ol (8) o
By Taylor expansion rule, the first term on the right-hand side is
it am—1 _ -1 i ars—1) ) !
C+E+B)'N _((Id+EZ +(BHINT )2)
=z (d+ BT + ) NET)
= M5 (~Ex - @) Nz
i=0

where we use the assumption that |[EX™! + (83*)'NZ~!||, = £ < 1. Therefore,

: S I
THE+B)N) o <IZ7Me ' = :
I BNl < 1271 ZO: ¢
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2.8.6.2 Putting things together

We are now ready to prove our main theorems.

Theorem 62 (Adversarial noise, (i et al., 2016)). There exists an absolute constant G such that if Assumption (A0)-

2 4

(A3) and (N1) are satisfied with [ = 1/10, C < 2c¢3, C? < chn, C, < {%, %}foro <c<1,and HNOHOO <
1 1 oo

C%QC

caillel
with probability at least 1 — 6 the following holds:

, then there is a choice of parameters a,n,r such that for every 0 < €,6 < 1 and N = poly(k,n, 1/€,1/9),

After T = O (ln é) iterations, Algorithm 6 outputs a solution 8 = B*(Z + E) + N where £ > (1 — £)Id is diagonal,
|Ell; < €+ ¢/2 is off-diagonal, and ||N||, < c¢/2.

Proof of Theorem 62. We consider the following set of parameters

C k 4

"800 TG 6

2
Furthermore, set p = B % for a sufficiently small absolute constant B;. Since Cy > kE[y;] > kE[(y;f)z] > ¢y, this is
1

small enough so that

< min A A A ccrA
#= " 27 2048C, 8000 x 100C2” 48000C

which will be used in the proof. The proof also needs C % < Biok, C3 < Bzc%k for sufficiently small absolute constants

By and B;. Since C;| > ¢;, we only need C 3 < Qc%k. Similarly, we need

C, < By min{C(A —p)2 (A-p)e (A-p)erp P }

nCr " kG|, kCil|B|, 1B e

for a sufficiently small absolute constant B;. This can be satisfied by setting G small enough in the theorem assumption.
After setting the parameters needed, we now prove the theorem. We prove it by proving the following three claims

by induction on ¢: at the beginning of iteration ¢,
(H A-0ld=<Y,

@) ||E|, < 3. andif >0

. . 1 " -
N, + B, < (1 - gﬂ)(”[EL 'l +8 ) + 55

forﬁ - V842+22800784 c (]’ 8),

® IVl < g and 160 < p-
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Claim (1) and (2) are clearly true at t = 0 by the assumption on initialization. The first part of Claim (3) is true

because of the assumption that ||N ” < W and that y = C;/c; > 1. Then the second part follows from

Lemma 69.
Now we assume they are true up to ¢, and show them for 7 + 1.

(1) First consider the diagonal terms. Combining Lemma 65 and Lemma 68, we have

I >E [(7;)2] (2(2;’1,)—1 ) |V,{,.|) - % (a/ +2p+ %(zjjl?)—l + %”[vm]i”l) )

C( £ ) 2C1( C 1 2C, 4 )
>—(0-—— at+a+— +—

k

26

(1-200-02] "k k1-C¢ &k (1-0(1-20)

=220 ) P o)
Tk A-200-02) & \““Tka-pa-20

2 o ok
The first inequality uses p < /2 and the last inequality is due to @ < =% soc and C; < %5 Therefore,

S = (L=, + T, > (-, - g

Assume for contradiction Z;fil < 1 = ¢. Then by the above inequality,

1—¢>30 > (1 -nx

Ulld

which implies 25’ . < 1—{+2n. In this case, by Lemma 65 and Lemma 68,

#\2 — 2C1 C] _ 2C1 i
=, > B[00 (2 1—2|V£i|)—7(a+2p+7(22i) 1+TH[V’] |l)
YA L
=% \Toev2p " a-200-02) &k \““Tka-00-20

2
> —.
k

Then

=1 -z +;7rz' =1 -, +n>3,

which is a contradiction. Therefore, (1 — £)Id < X'.

(2) Now consider the off-diagonal terms. We shall split them into the positive part and the negative part. By the

88



update rule, for any i € [k],

2],

<=

[E4))

[E4))),

+nr
Recall the notations

Zt — (Zt + Et)fl — (Zt)fl + Vt,

Vt — (Et)_l Z(_Et(zl‘)—l)i
i=1

By Lemma 66, we have

A2,

»

T1
8Cip (C Rl
o k(a—lp) (7] [Z]

T2

[Z'l*']i,j ’

+[|z],

)

1

+ > 2B
#i

T3

First, by Lemma 68,

i - i 1
[Zt] 1 = [(EZ) l]i,i " [V[] 1 = 1-2¢
Now consider Z, and Z’. We have
;l [Zl_]i,j < [Vi]i I Jzﬁ;l [Z‘r"]i,j < [Vi]i 1
Therefore,
8C? 8C%p
< Eapll "l * k(aip)’
T2 < 16C1P 8C1P
3< 22w,
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and thus we have

2],

Similarly, for any i € [k],

Putting the two together, we have

By Lemma 68 and £ < %

So (2.8.21) becomes

2], <

2562

< gV L+ (2 o v,
1~ k(e —p) n  kla-p)
2C2 8C1p
kZ(a p)” |+( n " ka- p))”
_ 8C? 2C 8C
o e L o =Ry 1
, we have:
32 3
Vel = 57 ) + mHEiHS,
v, < 21 e, + 147 ==
64C, ~ 256Cip 256C7 2
147k T 147k(@—p) | 21 —p) ) 17+ s

20k 2lka—-p) 14T -p)

(64C2 256C;p

Now consider the negative part. The same argument as above leads to

I, <(

64C2  256Cp

256C?

147 " 14Tk@—p) | 202 -p)
256C°

JIe

64C? L 256Cip
21k 2lk(a - p)

147k (a — p)

Jler), +

Jlec) +

24C3p
" ke - p)

24C? P
k(a P

24C3p
k(a = p)’

24C3p
k(a = p)’

24C%p
k(a = p)’

(2.8.21)

(2.8.22)

(2.8.23)

(2.8.24)

2
Note the difference between (2.8.23) and (2.8.24): % in the former is replaced by % in the latter, which is much

smaller. This is crucial for our proof, which will be clear below.

For simplicity, we introduce the following notations:

a=|E].. b
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Then by the update rule, we have

a1 < (1 =na, + ’7r||Et+||s

b < (1 —mb, + 77r||gl—||s-

Plugging in (2.8.23)and since r = £ < 2 we have

o — G

a1 < (1 =ma, + 77% (64C2 + 256C.p + 256C} )at
G\ 147k 147k(e —p) 21k%(a - p)
. 772—k (64C2 . 256C1p . 256C7 ) . 772—” 24C3p
Cy\ 21k 2lk(e—p) 147k%(a - p) Co k(o — p)

2n ( 64C? 256Cp 256C% ]
+ + a

byt (1 =mb; +n—

Cy \ 147k 147k(a —p)  21K%(a - p)
2k (64CT  256Cp 256C2 2k 24Cip
+n— + + = .
Cy\ 21k2  2lk(a—p) 147K%(a - p) C k(a - p)
512C 1 512¢? 1
When Cz(a—lg) < 3 and —Czk(a—lp) < 1
9 129 48C%p
<(- — — _—
a1 <( na; + ]47nat+ 1 n t+nC2(a/—p)
18 129 48C%p
<(1-— + —nb +n———
—( 147'7)“’ 20 P = p)
Similarly, when 291(2( f_‘g ) < % an C:}:(zﬂc_fp) < ﬁ, and furthermore, %fk% < %,
1 48C%p

1
b1 < (1 —n)b; + — —nb e E——
1 < (1 —mb; + 10077611"‘ 2577 t+nC2(a/—p)

N, L L, 48Ch
=725 T 100 T @ - p)

48C%p

Leth = otap-

we then have:

3
app < (1 - En) a; + Tnb, + nh,

24 1
by < (1 - En) b, + mna, + nh.
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Now set 3 = ‘842”2800*84, so that

3 24
Qry1 + Pbry1 < (1 - Erz) a; + Tnb; + nh + (ﬂ - gnﬂ) b, + %Uﬁlt + nBh

3 B
(1 ~ 2517 @n) (ar + b)) + (1 + B)h

1
< (1 - En) (a, + Bb;) + 9nh,

where the last inequality follows from that 8 < 8.

Note that the recurrence is true up to ¢ + 1. Using Lemma 81 to solve this recurrence, we obtain

1

1
a,+b,§a0+b0+250hsE+250hs§

4000C?
when 1P < ﬁ. Moreover, we know that

Cila—p) — 1

t
”EMHS < a1 +Pbiyy < (1 - %n) + 250h.

(3) Finally, consider the noise term. Set the sample size D to be large enough, so that by Lemma 67, we have

4C,C,

N | < + ([N
IN: (1 =2 % 6)%(a - p) Vil
8C,C
“ka-p)
Then by the update rule, we have [N l’jl < %. Then
8kC,C, 1

Il < ks <

<
(@=p)e2 = 8|31,

where the last inequality is due to
(@ —p)ca
~ eanCj]L,

On the other hand, by Lemma 69, we have

€ oo < 3B oo (INH loo + C)
8kC,C,

3168 Nlo
< 31187 ((Ol_p)c2

+Cy)s,0
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where the last inequality is due to

< M’ and CV S L.
48kC11(B*)lleo 611(B*) o

We also have (which will be useful in proving the final bound)

&nC,C
[, < mma | < 216 €
(@—p)c2 ~ 10
where the last inequality is due to
cla —p)e

C, <
80nC,

Now, we shall prove the theorem statements. Recall that solving the recurrence about a; and b; leads to

'
||Er+l“S < a1 +Pbi < (1 - 2]—577) + 250h.

Since the setting of p makes sure 4 = O(c), when t = O (ln é) we have the second statement “ <€+ % Note that
S

BE=B-PE-N
and
=)= =1 o), = |2,
so we have
5,20 - 2], -,
>l-€e—-c.
Similarly,
=, <tot, [, + |,
<l+e+ec.
Then the final statement of the theorem follows by replacing ¢ with c¢/4. This completes the proof. O

ng\ﬂ

Theorem 63 (Unbiased noise, (Li et al., 2016)). If Assumption (A0)-(A3) and (N2) are satisfied with C, = Crma (kBT

and the other parameters set as in Theorem 62, then the same guarantee holds.
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Proof. The proof is similar to that of Theorem 62, except using the second bound for unbiased noise in Lemma 67.

We highlight the different part, that is, the induction on the noise term.

In the induction, by Lemma 67 we have when N is large enough,

2C,C,0’ (1 + IBTN||o 3C,C0" (1 + |IBTN||o
1C,0"(1 + |18 ”)+HNt]ij'S 1C,0"(1 + ||B"N'|| )'

7
N < = = I Ka—p)

i<

By Lemma 69 and the induction, we have ||3'N'|l, < 1/4. Furthermore, p’ < C,||8']le < 2C,|I(8*)|le and the
parameter setting makes sure p” < /2. Then

_ 16C2C4||8"|)..
| 5.7|ST'

Then by the update rule, we have
32C2C |8}

00

N <
g o

and

32nC2CH||8Y|., 1
< <

Nt < < (2.8.25)
W e S
by the definition of @, and C,, < ﬁ 2—21 ﬁ This completes the induction for the noise.
Also, in proving the final bounds, we have
32nC2C||(B)T
v, < 167 << (2.8.26)

o 10
by the definition of «, and

cc o Vk Ve 1
"7 320 C} max {n, k“(ﬂ*)T”m} ~320C ””(ﬂ*)T”oo

where the last inequality can be shown by consider the two cases when ||(ﬂ*)*||oo < n/k and “(ﬂ*)*“oo > n/k. The rest

of the proof is the same as in Theorem 62. m}
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2.8.7 Results for general proportions: Equilibration

Algorithm 7 ColumnUpdate

Input: A matrix g, a threshold value «, a step size 1, ratios {r; : j € [k]}, iteration number 7', a subset S C [k], sample

size D
1: Setp® =p
2: fort=0—-T-1do
3:

Vie S, (B = (1 -mp +rmE|(f - Py -)7]],

4: end for
Output: 3 =7

(2.8.27)

Algorithm 8 Rescale

Input: A matrix g, a threshold value «, a step size 7, ratios {r; : j € [k]}, iteration number 7', and a set S C [],

€€ (0,1).
1: Let 8 = ColumnUpdate(B, a, 1, {rj};, T, S, D)
2: forie S do
3 Set[Bli = t=[Bl;
4: end for
Output: 3

Algorithm 9 Equilibration

Input: 3,a,n,T,and e € (0,1), 4,D

1: S« 0,D«1d

2: while |S| < kdo

3 M« E[y?] for j ¢ S using D examples

4:  while maxes M; < A do

5: B < Rescale(B, a,n,{3/(5M;) : j€[k]},T,S,€,D)
6: /l(—(l—E)/l,D],](—DJ’J/(l—E)
7
8

M;—(1- 6)2Mj for j€§,and M; « E[y?] for j ¢ S using D examples

end while
90 S<SU{j:M;j>A
10: end while
Output: 8

When the topics have various proportions (i.e., E[(y;‘)z] varies for different i), we propose Algorithm 9 for balanc-

ing them. Recall the idea: instead of solving f ~ B*y*, we could also solve f ~ [8*D][(D)~'y*] for a positive diagonal

matrix D. Our goal is to find 8 = B*D(Z + E) + N so that X is large, E, N are small, while E[(y;)*]/D}, is with in a

factor of 2 from each other.

The algorithm works at stages and keeps a working set S of column index i such that E[(y;‘)z] / Dii is above a

threshold A. At each stage, it only updates the columns in S; at the end of the stage, it increases these columns by a

small factor so that E[(y;‘)z]/ Dl% ; decreases. Then it decreases the threshold 4, and add more columns to the working
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set and repeat. In this way, ]E[(y;‘)z]/ Dzi(i € §) are always balanced; in particular, they are balanced at the end when

S = [n]. Formally,

Theorem 71 (Main: Equilibration). If there exists an absolute constant G such that Assumption (Al)-(A3) and (N1)

are satisfied with | = 1/50, C3 < Gc2k, max {CV, ||N(0)||w} < 9%

T it (0) _
< GG and additionally 2 < (1 — 0)Id, and E > 0

entry-wise, then there exist a,n, T, A such that for sufficiently small € > 0 and sufficiently large D = poly(k,n, 1/€, 1/6)
the following hold with probability at least 1—6: Algorithm 9 outputs a solution § = B*D(E+E)+N where X > (1-0)Id

is diagonal, ||E||s < y€ is off-diagonal, ||Nlle < 2|INO|lw, and D is diagonal and satisfies

maxierg 5 Bl(y))*]

min jepg #E[(ﬁ)z] B
bJ

4 2
If Assumption (Al)-(A3) and (N2) are satisfied with the same parameters except max {CV, IIN(O)IIOO} < min { N % ||(ﬁ*l)*|| , quiﬁ},
1 o 1 o0

then the same guarantees hold.

Now, we can view 8*D as the ground-truth feature matrix and D~'y* as the weights. Then applying Algorithm 6

with 8 can recover 8*D, and after normalization we get 5*.

The initialization condition of the theorem can be achieved by the popular practical heuristic that sets the columns
of B to reasonable almost pure data points. It is generally believed that it gives ES(;) > 0 and N = 0. We note that

the parameters are not optimized; the algorithm can potentially tolerate much better initialization.

Intuition. Before delving into the specifics of the algorithm, it will be useful to provide a high-level outline of
the proof. As described above, the algorithm makes use of the fact that samples from a ground truth matrix 8* and
distribution y* can equivalently be viewed as coming from the ground truth matrix 8*D and distribution D' x*, for

some diagonal matrix D. Therefore, the goal is to find a D such that the features are balanced:

E[(;)]
D?.
W<
E[(y)*] —
Dy,

max,-e[k]

min,-e[n]

The algorithm will implicitly calculate such a D gradually. Namely, at any point in time, the algorithm will have an

active set S C [k] of features, which are balanced, i.e.

Bl
D2,
E[())*]
D?.

maxXie[k)
(2.8.28)

min;eg
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It is clear that when S = [k] the algorithm achieves the goal. Our algorithm begins with S = 0 and gradually increase
S until S = [£].

The mechanism for increasing S will be as follows. Given §, ( is of the form
B=BDE+E)+N

with

Eiy Eip
E =

Ey1 Ejp

where the columns of 8 are sorted such that the first |S| columns correspond to the features of S, and E; € RISIST

Ey; € REBXSIE, 5 € REXEISD | F, 5 € REISDX*=ISD Then scaling up the columns of 3 indexed by S by a factor of

l—le is equivalent to
(1) scaling up the columns of D indexed by S by a factor of 1%6 and
: 1
(2) scaling up the columns of E5; by a factor of {— and
(3) scaling down the columns of E; ; by a factor of 1 — €.

Therefore, to increase the set S, the algorithm will scale up the columns of 5 indexed by S, until some j ¢ S satisfies

El(y))?]  El0)]
max — <K/
ielk] Dy, Dj,i

Then it can add j into S while keeping the corresponding features balanced as in (2.8.28). Note that we do not need to
explicitly maintain D, though it can be calculated along with the scaling. Further note that the values of E[(y;‘)z] are
not known but they can be estimated using the current 3.

However, there is still one caveat: E should be kept small, so that at the end of the algorithm, we still have a good

initialization (. For this reason, the algorithm additionally maintains that for a small constant 1 <y < 2,

[Ewall < v [IEra <&

B2l < ve. ||E22|, < ¢. (2.8.29)

Since scaling up 8 will scale up E» ;, we will need to first decrease HEZ,] ||S before the scaling step. The key observation
is that by applying our training algorithm only on the columns indexed by S, ”E 1.1 |L and ”Ez,l ||S will be decreased,

while ”E 1’2”5 and “E2,2“s unchanged. On a high level, using the fact that the matrix E| ; has no negative entries (which
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we get by virtue of our initialization), and the fact that the contribution in the updates to the entry (£} );; mostly
comes from (£ );; (i.e. the matrix £ in the first order contribution “updates itself”’), and the fact that the features
in S are balanced, we can show that after sufficiently many updates, the symmetric norm of E;; and E,; drops by a
reasonable amount: ||E1,1HS <(y-1¢and ”Ell”s < (1 —e)(y — 1)¢. Now, we can do the scaling step without hurting

the invariant 2.8.29.

Organization. The result of the section is as follows. We first prove in Section 2.8.7.1 that applying our training
algorithm only on the columns indexed by S will decrease “E 11 ||S and ”Ez,l ||S Then in Section 2.8.7.2 we analyze the
scaling step, and show that the invariant (2.8.29) is maintained. In Section 2.8.7.3, we show how to increase S while

maintaining the invariant (2.8.28), where the main technical details are about how to estimate E[(y} )2].

2.8.7.1 Equilibration: ColumnUpdate

In this subsection, we focus on the update step, bounding the changes of Z, E, and N.

First recall some notations. Let 8 = 8*(Z + E) + N where X is diagonal, E is off diagonal, and N is the component
outside the span of 8*.°> Given the set S C [k] and a matrix M € R¥ | let M, ; denote the submatrix indexed by S X S,
and M, denote the submatrix indexed by ([k] —§) X S, M, » denote the submatrix indexed by S X ([k] =), and M,
denote the submatrix indexed by ([k] —S) X ([k] = S). % In the special case when S = [s] where s = [S],

My M

M, M,

Also, let Mg denote the submatrix formed by the columns indexed by S, and M_g the submatrix formed by the other

columns. 7

The input 8° of Algorithm 7 can be written as 8° = 8*(Z° + E°) + N where X0 is diagonal, and E? is off diagonal.
Define E?’] , E(l),Z’ E(ZJ,I and E,, as described above. Similarly, define £, 1, £, 5, E»; and E, , for the output 8 = B2 +

E) + N of Algorithm 7. Finally, define N9, N°, Ns, and N_g as described above.

The main result of the subsection is Lemma 72.

SNote that 8* here can be any ground-truth matrix; in particular, later Lemma 72 will be applied where 8* in the lemma corresponds to 8*D in
the intuition described above.

%These notations will be used for M = E, M = E, , and related matrices.

TThese notations will be used for M = Nor M = N , and related matrices.
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Lemma 72 (Main: ColumnUpdate). Define

L= * 2 = - = :
R; =El(y)'l, R I}éﬁc)](Rj, r = maxrj, (2.8.30)
8C1(Cy + p Act I
hy = 1, 2.8.31
VTS pOka—p) T U= C-BOR@-p) \(-C-50 ' (283D
RpB*(? 12C(C; + 1) 1
hy = ko|r, 2832
2T AP0 —0=-pB0)  Ra-p-t-po\T=c=pc T*P" (2.8.32)
h=h+ho, (2.8.33)
v, = e (2.8.34)
a—p
10rC,C2|(8")
g el (2.8.35)

T (1= 20(a-2C,

B

Suppose € < 1/8, B is a constant with B < 1/2, y € (1,2), € € (0,1). The initialization satisfies (1 — £)Id < X°,

IED, [, = velIES, [ < e

|(E?’2;E‘2)’2)||S <€ EY, 2 0and ES, > 0 entry-wise, and |[N’|lc < U and ||Ng|leo < 2U <

1/(16||(ﬁ*)T||00). Furthermore, the parameters satisfy that for any i € S,

1 B 20, C, 20, Bl -B0
r](1+2r,R,(1_€)21_B€_£+r,7(a'+2p+7+7(1_5)2(1 —ﬂf—f)))sg (2836)

1 B 20, c 1 20, B -B0
rlRl(2—2(1_€)21_ﬂg_f)—rl(T(Q"l'Zp'f'?l—_f-f’7(1_5)2(1 —185—5)))21_5 (2837)
ho<t R h hy) < (v = 1)C 2.8.38
A m+ (e+h)+(€e+h)<(y-1) (2.8.38)
e+hy<(1-ey- 1) (2.8.39)
b+ < ne o+ [—R1)e< M4 2.8.40
HESBDE k(G 1) E< B (2.8.40)
318" 1l BU +C,) < p < . (2.8.41)
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If we have adversarial noise (Assumption (N1)), assume

€ +U, <(1-—eU, and 3|(B) e QU+ U, +C)) <p<a < . (2.8.42)

If we have unbiased noise (Assumption (N2)), assume

€+U,<(1-¢eU. (2.8.43)

Finally, let D = poly (n,m, 1/6, 1/€) sufficiently large.

2Ine/GO) 4 /D) o rations, the output of Algorithm 7 is B = B*(E+E)+ N

Then with probability at least 1 -0, after iz T T

satisfying

(-0l =<E=<uld, [El<@=-1D6 Els <=y -DE IE 2 Enll < ¢,

and E15 > 0 and E5 > 0 entry-wise. Furthermore, |N_g|l < U and ||Ns|le < (1 — €)U.

Proof of Lemma 72. 1t follows from Lemma 75 and the conditions (2.8.38) and (2.8.39). ]

To prove Lemma 75, we will first consider how E changes after one update step, and then derive the recurrence for

all steps in Lemma 75.

2.8.7.1.1 One update step of £

Similarly as before, we focus on one update step first, bounding the change of E. So through out this subsection we
will focus on a particular iteration ¢ and omit the superscript (), while in the next subsection we will put back the

superscript.

For analysis, denote 8 as

B=BE+E)+N

where X is a diagonal matrix, E is an off-diagonal matrix, and N is the component of j that lies outside the span of 5*

(e.g., the noise caused by the noise in the sample).
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Recall the following notations:

Z=C+E)",
V=z-3'=3"! Z(—EZ")i,
i=1

&=-B'Nzy* + 8.
Consider the update term [ [( f= Ay - y’)T] and denote it as
A=B[(f-)y-y)T|=FE+E)+N

where T is a diagonal matrix, Eisan off-diagonal matrix, and N is the component of A that lies outside the span of 5.

Since we now use empirical average, we will have sampling noise. Denote it as
Ny =BI(f - O =YV T-ElF = )y =071
Then by definition, for £ = g*y* + vand f' = B*(¥/)* + v/, we have
EI(f - /) =) T1=EI(f - )y =7) T+ N,

=B E[0 - ) =) |+E|r=v)y = )|+ Ns.

S+E N

Recall the definition of E| i, i.e., it is the submatrix of E indexed by S X S. Define E, 1,1 similarly, i.e., it is the
submatrix of E indexed by § x S. Define E, 125 I:fg, 1 and EQ,Z accordingly. So in the special case when S = [s] where
s =181,

E 1.1 E 12

go|f Bl
Ey1 Exp

We also use the notation M* or M~ to denote the positive or negative part of a matrix M.

Lemma 73 (Update E, ;). Let E | be defined as above. If ||l < p < @ < 1 and X > (1 — O)1d, then

(1). Negative entries:

4C1ZI(1Zlls + 1) 8Cy(Cy + DpllZlls

IET s <
b K*(a - p) k(a - p)
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(2) Positive entries:

IEI?
(1-620-C-Ely)

l%lgliimgkmah+h»+2mm{uxfn

Ef\lls <
5l k(@ = p) ( fﬂ

——lElls +

Proof of Lemma 73. (1) By Lemma 66, we have

4CHNIZIl; ACTIZII; 8C1p

B Bla— ) Ka—p)

—_ zc2
lEY Ils < max { (C1 + DIZ|ls + 21 IIZIIs}-

Observe that for a < 1,

4CHZILIZL + 1) {4C”ZW 2C2||||}

k*(a - p) k*( ) k2
Moreover,
8Cp 4ciiizs
C, + D]z B
K@= )( 1+ Dl ||3_ P —p) 7Y
Therefore,

< 4CHIZI ;. 3CiC + DpllZls
M T (- p) k(a = p)

(2) By Lemma 66, when Z; ; < 0,

— 4ctZNl
i < kz((l}'——p) (iZi’j| +p) .

When Zi,j >0,

= . _8Cip (C1||Z||1

. 277, .
st +ZJ+2HQQJZ,
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Consider a fixed i. Let G = {j € §,Z;; > 0} and let G° = § — G. We know that

IET il = )" [E, )i

Jelk]
4cy|Zi|;
Ga—p Pl )
g kla-p
8Cip (CylIZl|ly ~2
jeG
4C3\Zls 8C1(C1 + 1)p
< ————(IZlls + kp) + ———1ZIl; + » 2E[(¥)*1Z;
2a—p) ko) + == ; Vi) Ao
4c%||2||% 4C?)|Z))s BCI(C + p,
< s kp + I1ZIls + Y 2E[(y9)*1Z;
(@ —p)  Ka—-p) k(e - p) 2; s

12C(Cy + D)|Z||¢ N
< 2GCE DI 17, 4 k) + 3 2810012
k*(a - p) e

A similar bound holds for [I[E},'lli.

By the definition of Z, we know that

Z=C+E)"
-y Z(_Ez—l)m
m=0

=3y lgyt 4zl Z(—Ez—l)m

Therefore, we know that for i # j,

<—[ZT'EZT 4| Z T(-EZTYM

m=2

This implies that

>z (—[E—‘Ez—l],;j + i = [(—Ez—‘)m]i,j|)
m=2

jeG jeG
lIEIR
- (1-6)2
< _ . PR
T L %
2
IEIIS

= (1-0) 1l * (1 =021 =~ |Els)

Putting together, we complete the proof.

]

Lemma 74 (Update E, ). Let E,; be defined as above, and suppose |||l < p <@ <1, 2> (1 - Old and E,, > 0,
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then we have

12C1(Cy + DIIZ]|s
k*(a - p)

IEI? )

Eoqlls <
2.1, (1 =021 —=¢-|Elly)

(1ZIl; + ko) + 21};%{15[@;)2]} (

Proof of Lemma 74. The proof is almost the same as that of Lemma 73, combined with the fact that E,, > O entry-

wise. O

2.8.7.1.2 Recurrence

Recall that

B=BE+E)+N

and recall that E ; is the submatrix indexed by S XS, and E », E» 1, E» are defined according. Recall that Mg denote

the submatrix of M formed by columns indexed by S, and let M_gs denote the submatrix formed by the other columns.

Lemma 75 (Recurrence). Suppose the conditions in Lemma 72 hold. Then with probability at least 1 — 6, after

21n(e/(y0)

n(1—7) iterations,

(1-0ld <%,
ICELD Nl < €+ M,

ICEL D5 < (€+h)+hy+e

_R_
(1-07

ICES D, < €+ ha.

Also, after llnn((fl f l,;)) iterations, for both adversarial and unbiased noise,

NG|l < U Vg < = eU.

Proof of Lemma 75. We first prove the following claims by induction.

(1) (1 -0ld < 20,
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2

NET D' lls < vE

R
( g)z’yf + ]’l2
IES Iy < v¢

ICET ), <

IE] I, < €

IESlls <

) IIE"Is < BL,
(4) for adversarial noise, HNgHOo < U+ U, and ||&'||e < p; or for unbiased noise, “Ng”m <U+U,.

The basis case for # = 0 is trivial by assumptions. Now assume they are true for iteration ¢ and show that they are
true for iteration 7 + 1.

(1) By the update of X, we have
== (1= )=t + Y

To lower bound fo.l, we will consider two cases, X!, > 1 and X!, < 1.

For X!, > 1, by Lemma 65,

T 2 B ()] (227 - 2|vid]) - Cl( +2p +%z +@||[V] ||)

—2R;|Vii| - (C( +2p %z +@||[V]|| ))

Hence,

1l -

> (1 - 77)2;1. —U(ZriRilVl{J + r,(zi (a/+ 20 + —(2[ )+ %H[Vt

1)

2 2
>1 —)7(1 +2r,~R,~| |+r, i (a +2p C];I G || | ))
1 (2 2 2 (1 - B¢
Zl—n(1+2riR A C‘(a 2+9+i ped =D ))

a—epi-pi—¢ "% k' k (-02(1-pt-20)

where we use the bound on V’. By condition (2.8.36), the claim follows.

For X, < 1, again by Lemma 65,

T, zE [(x?)z] (2 -2 |Vf:|) B (2_? (a +2p + %(Zﬁ,,-)" + %H[

v \))
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Hence,

== (1=, + X

2 (L= =10

+ n(r,-R,- 2-2vi)-n (% (a vt %(25"’)_1 * %H[W]

2
Z(]—n)(1—€)+nr,»R,-(2—2 i3 )

(1-021-pt—¢

(2c1( c, 1 20, Bel-po)
T -

a+20+—

By condition (2.8.37), the claim follows.

(2) By Lemma 73,

k1-¢ k (1-0%1 —ﬁf—f)))'

8C1(C1 + DpllZ'll,  4C3Z'IIA1Z Ny + 1)

ICETD Il <

+
k(a — p) k*(a = p)
R RIE"|?

s

ICETD* s < mll(El])’lls +

12C,(Cy + DIIZ'||s
k*(a - p)

By the update rule, we have

ICET) M5 < (1= mIICET )7 Ils

(L=OX1 - ¢~ E)

(11, + k).

1

8C(Ci+Dp 4CT

TS — B0k —p) T (1 -pOKa - p)

< (1= IE; )Nl + 7
IES s < (1= IICEL )1l + rnﬁnwa,l)‘ns
+m RE*C
(1- 01— (- BoO)
N 12C(C + 1) ( 1
Ra—-p)1-t-poy\1-€-pt

R -
<A =nlE; Pl + rnmll(E’M) lls + nha

+ kp) m

where we use “E’”S < Bt and ||Z||, < TI_'B['

The claim on ||(E§+11)’|| s follows from (2.8.44) and the condition (2.8.38).
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For ||(E§’fll)+llx, by induction (2.8.45) becomes

R rR
BTl < (1= IER )7l + = v + e < = v + e

Now we consider ||(EZ’11)||S. By Lemma 74,

ICESDIs < (1 = ICES)ls
. RB*(?
= ora-c-po

. 12CCi+ D) L
Ra—p)1—c-po\T—c—pe )"
= (1 = IE DIl + nhy (2.8.46)

<yl

where the last line follows by condition (2.8.39) and induction.
Finally, clearly we have “Et1+21 |L <{and HE;”’; IL < ¢, since they are not updated.
(3) Note that (2.8.44) (2.8.45) hold for all iterations up to ¢ + 1. Then by Lemma 80, we have
ICET s + IETH s
0 \— 0 \+ 0 \+ 'R 0 \- 'R
< max ”(El,l) ||A + ”(El,l) ”s’ ”(E],l) ”s + h],hz + m +1 ”(El,l) ”s, h2 + m +1 hl .

Since h; < ¢ and hy < € by (2.8.38)(2.8.39), and ||(E(1) D7lls + ||(E(1) Dlls < € by assumption, we have

R
ICETD Ml + ICET) s < max {{’ +hy, hy + (ar——w + 1){’}. (2.8.47)

Then we have by condition (2.8.40),

ICETD M5 + ICETH Il < (8= 1DE, IIE™ s < BE.

(4) Finally, we consider the noise. We first consider the adversarial noise. Set the sample size D to be large enough,

so that by Lemma 67, we have

— 80,0
HIN < 3 =y

T P —
YT (- 20PKa - p)
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and thus

8rC,C,

IVl < a=m|N + ==
a-p

(2.8.48)

Then for any ¢ > 0,

IV < VL + 96 <y HOC oy,
a-p a-p

where the last inequality is by the definition of U,. On the other hand, by Lemma 69, we have
1670 < 31189 oo (INlleo + C)
. 8rC,C
< 318" o (2U sl cy)
a-p

=p
where the last inequality is due to condition (2.8.42).

We now consider the unbiased noise, where the proof is similar. Set the sample size N to be large enough, so that

by Lemma 67, we have

2C1Cp (1 + BT ND|0)

|Nlt]| < (1 =20k(a —p) + |[N~V]llj|
8C Cg )T
< : ”(ﬂ “OO — + |[Ns]i,j|
(1 =20k(a - 2C,||(B)7||..)

10C,C3| 87l
T (1-20k(a - 2G,||B)|)

and thus

10rC, 2B, (2.8.49)

Nt+l <(1- Nt )

Then for any 7 > 0,

10rC; 2|8 10rC,C2||3Y1.,
<2U + <2U+ U,
(1 -20)(@ - 26, B)[|) (1= 20)(@ - 26,/

00

Vs < sl +

where the last inequality is by the definition of U,. This completes the proof for the claims.

Now, after proving the claims, we are ready to prove the last statement of the lemma. First, by (2.8.44) and
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In(e/(y0)

(I iterations,

Lemma 81, we have that after
ICEL ) s < €+ hy.
Now (2.8.45) becomes

R
ICETD Il < (1= mIICES )*Ils + rn(]_—&z(f + hy) +nhy (2.8.50)

After an additional % iterations, by Lemma 81,

IET D lls < (€+h)+hy+e€

rR
(1-107
Similarly, Lemma 81 and (2.8.46), after In€/&D) jterations,

In(l-7)

ICES Dlls < € + ho.

||NiS ||m does not change since it is not updated. Now consider “N’ “oo

In(e'/U)

For the adversarial noise, by (2.8.48) and Lemma 81, after 3.5~ = iterations,
8rC,C
INg]|, < € + # <(1-eU
&0 o —

where the last inequality is due to condition (2.8.42).

For the unbiased noise, by (2.8.49) and Lemma 81, after lln((fl/ U)) iterations,

10FC1 v
(1 =20 - 26|91

V]l < €+

<(1-eU

where the last inequality is due to condition (2.8.43).

This completes the proof. O

2.8.7.2 Equilibration: Rescale

The input of of Algorithm 8 can be written as 8° = g*(£°+E°)+N°. The output 3 can be written as 8 = (8*D)(E+E)+N
where 2 is diagonal, and £ is off diagonal, and D is a diagonal matrix with D;; = 1+e for i € § and the rest being
1. Recall that for a matrix M, let M;; denote the submatrix of M indexed by § X S, and define M, ,, M»; and M,

accordingly. Also recall that Mg denote the submatrix of M formed by columns indexed by S, and let M_g denote the
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submatrix formed by the other columns.
Lemma 76 (Main: Rescale). Let 8° = 8*(Z° + E®) + NO satisfies the condition in Lemma 72 and € be defined as in
Lemma 72. Then the output of Algorithm 8 is B = (B*D)(E + E) + N satisfying

A-0ld <% |Eul, <@ -D6 IEnlls< =D IE 2Bl <t INslle <U,  INslle < U.
Moreover, E 12 > 0and Ez,z > 0 entry-wise.
Proof of Lemma 76. Note that § = ,8*(2' +E)+Nfora diagonal matrix s, off-diagonal matrix E and error matrix N.
By lemma 72, we have S > (1 — O)Id, error matrix ||Ns|le < (1 — €)U and

IEwills < &= DE NIE2lls < (L= = DG IE12: Explls < €

and E, 12 > 0and Eg,z > 0 entry-wise.
Therefore, by the rescaling rule:

B=pD=pE+E)D+ND

=B'DE + D 'ED) + ND.

Therefore, £ = X > (1 — OId, [|Ns|leo < 7= IINsllw < U. IN-sle = IN=sllw < U since it is not updated.

For the E term, denote D; = Diag (ﬁ, el 1%6) € R, We know that

Eiy= DIIEMDl = El,l

E>;

N —~ 1

Eyy =E> 1D =
1-¢€

Ep,= Dl_IEI,Z =- E)EI,Z

Eyp = Ers.

This leads to

IELill, < (v =D Ells < (v = DE (B, Explly < €,

with £ 12, Ez,z > (. This completes the proof. O
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2.8.7.3 Equilibration: Main algorithm

Lemma 77 (Main: Equilibration). Suppose the conditions in Lemma 76 each time Algorithm 8. Additionally, there
exists constant 0 < b < 1, k > 1 and u > 1 such that bk > 1 such that the initial A > maX;efy E[(xf)z] /b, and the initial

2 < uld. Furthermore, for any A > minejy E[(x;“)z] /K,

1 2
(— + h6) bA + h2bkA + hs <

— 1- —) (2.8.51)

( 100
-

1 2 1
(; - hé) (1 — €)bkA — h2bkA — hy > 100) = > h (2.8.52)
< — 3.
hs < 200 E[(x)*], (2.8.53)
1. o
< — . .0.
hy < 200 Il_lel[lkl]lE[(xl) 1, (2.8.54)

where

h Czhh 2
3= 5+1 7]

2 2 2a +p)Cy
ha = kth(h5+ 1—£)+ K1-10)
_(y+ DA - (y + D)
T U0 - (20’
(v + D
he =

(1-0*1-(y+2)0)

Finally, set N = poly(1/ min;e ]E[(y;‘)z], k, 1/6) large enough.

Then with probability at least 1 — 6, the following hold. During the execution of the algorithm, for any j € S,

LV L1\ EOY TR PR = Akl
((; - h6) — khs — ﬁ] (Dj,j)z <M;< (m + h6) + khs 100 (DH)

Furthermore, the output of Algorithm 9 is B = B*D(Z+ E) + N where X is diagonal and (1 — 0)Id < X, E is off diagonal

and ||E||y < y¢, N satisfies ||N|| < 2U, and

maxier 7 El(7))*]

min jepx ﬁE[O’;)Z] B
b

Proof of Lemma 77. We prove the lemma by induction. For notational convenience, let us introduce a counter (p)
denoting the number of times the inner while cycle has been executed, and denote 3 as 8. Recall that for a matrix
M € R and index set S C [k], let M 1,1 denote the submatrix indexed by § X §, and M, M»; and M;, are defined

accordingly. Also, let Mg denote the submatrix formed by the columns indexed by S, and M_g the submatrix formed
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by the other columns.

Our inductive claims are as follows. At the beginning of each inner while cycle,
BP =p*DP (X + EP) + NP

where D? and X” are diagonal, E? are off diagonal satisfying
() Ad-Hld=<x?,

(2) EY, > 0and E}, > 0 entry-wise and

IET ], < ¥¢.
I3, < ¥

“(Ef,z; Eé’,z)HS </,

(3) NP, < UandN‘SU <2U,
(4) We have

(a) When E[(yj)z] <bA’,j ¢S, then M; < AP,

(b) When E[(y;)z] >(1-e)bkA?, j¢ S, then M; > A7,

and consequently,

(©) VieS,bar < B0
(o)

(d) Vi e [k, 292 < pear,
(DU)

The claims are trivially true at initialization, so we proceed to the induction. Assume the claim is true at time p,
we proceed to show it is true at time p + 1.

First, consider (1), (2) and (3). By Lemma 76, after applying the rescaling algorithm, (1 — £)Id < X7 and

IEY s < (v = D NES Iy < (v = DG WET, ES DI < 6 IINGlleo < U, [INDlleo < UL

Moreover, Ef,z > 0and Eg,z > 0 entry-wise. Observe that when moving from time p to p + 1, potentially the algorithm

includes new elements in S. Then

IES < IE? [l + max{llED L IE? L) < (y = DE+ €= yC
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Where the last inequality used the fact that y < 2. Similarly,
IIE"”IIs <ES s + IESlls < (y = DE+ £ = L.

Also, [I(E?S EZ3 D < ICEY,. E5 e < €. and (E73', ES5') > 0 entry-wise. Furthermore, [N”§ [l < IN’glle < U

and

+1
NG oo < INglloo + IN"lloo < 2U.

Hence, (1), (2) and (3) are also true at time (p + 1).

Finally, we proceed to (4). Since (a)(b) are true at time p, (c)(d) are true at time p + 1. ® Furthermore, when
A < minjepy E[(yi*)z] /K, it is guaranteed that all [k] € S, so we only need to prove that when A > min;ep E[(y;f)2]//<,
(a)(b) are also true at time p + 1.

To prove (a)(b) are true at time p + 1, we will use Lemma 78. Note that since 5 has been scaled, so 8*D should be
regarded as the ground truth matrix 8* in Lemma 78. We first make sure its assumption is satisfied. First, ||V||,, < 3U
and “(ﬂ*D)"'”‘><y < ||(ﬂ*)"'”°o. By Lemma 69 and condition (2.8.41), the assumption in Lemma 78 is satisfied.

We are now ready to prove (a). By Lemma 78,

> E[(¥9)?] : El(y")?] A A c?
B < (85 +1Vil) — 5 + VI max % FIVEIL (VI +2555) -
b m,m

By Lemma 68, |[V| < he, I[VVI5 < IIVVII} < £z, so

2E[(r)?] E[(y})?
E[y?] < ( Ly 6) D 1 max )]
T e T oy
Bl . . ey B
By (d), maXe(x e < bkA, so for any j ¢ S with E[(yj) 1= e < bA, we have

2
1
Ely;] < (ﬁ + h6) bA + h3bid + h3.
By using large enough sample, with high probability, the empirical estimation
Bly2] < E[y?] + ! 1<2
i =EYT 00

where the last step is by condition (2.8.51).

8Note that in (b), the factor (1 — €) is needed to ensure (d) is true at time p + 1.
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As for (b), by Lemma 78 we have

E[(x)*] , E[(x)?] (C? ; ; 2(a +p)C

2 -1 2 j 2 k 1 4 a+p)Ci_y

Ely;1> (Zj,f - |Vj,j|) m = IIVYIl; max (szl)z - (FII[V]’Ih(II[V]’Ih +2370) + — Ej’j]
i ,

=

u

5
(D752 melk (DY

(1_ h)2 BIODT Bl

The last step uses that 2]’]1 < u, which is by the initial condition assumed and that it is not updated for j ¢ S. Putting

E[(y))*]
= % > (1 — €)bkA, we have
;7

in the bound that Ifgﬁ?;] < bid, then for any j ¢ S with E[(y')’]

1 2
Ely;] 2 (— - h6) (1 — €)bkd — h2bkd — hy.
u
Again, use large enough sample to ensure that with high probability

- 1
Blyj] 2 Elyjl - 1554 2 4

where the last step follows from condition (2.8.52). This completes the proof of the induction.

We now prove the statements of the lemma. The statement about the output follows from the above claims. What
is left is to prove that M;(j € §') approximates E[(x;)z] well. Since M; for j € § is updated along with D; ;, we only
need to check the right after adding j to S, the statement holds. Suppose the time point is p, we have

2EI B0
P \2 s ma P \2
(Dj,j) me[k] (Dm,m)

+h3.

1
E[y?]ﬁ(l_€+h6)

Since jis in S, by the claims (c)(d) we have

E[(k*)? E[(y%)*]
max [(m)]sbk/lpSK I
melk] (Db ) (Dij)z

Since D is large enough so that

1
Ely;] <El(})] (1 + ﬁ)

Combined these with the condition (2.8.53), we have

1 2 1 ) El)2
Mj < [(1—_5 + ]’lé) + K/’lg + —] (Dj’jj)z .

The upper bound on M; can be bounded similarly. This completes the proof of the lemma. m}
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The following is the lemma used in the proof of Lemma 77.

Lemma 78 (Estimate of feature weight). Suppose || < p < a for any example and every i € [k], and suppose X > %Id.
Then
— 2 * i *
BL;1 2 (27 = Vi) BLOD - VI max Bl(x))’)
ct o : e 2@+p)Cr
- (k—zlll[V]’Ih(II[V]’Ih 25+ ==

G

071 < (57 + Vi) BIODY + VIR max B())?]+ VI (I0VFIh +257) 5

Proof of Lemma 78. By the decoding rule,

yi = [0 BBy + ),
= (=" +V)y 8]

Let [V]' = vand £ = o, then we can rewrite above as

Yi = $a(0y; + (v, ¥ + &)

which implies that

oY+ Y Y—p—a<x <oy + 1y (2.8.55)
First, consider the lower bound.
Ely;] 2 E[(0y] + (m7") = p =) gal0y; + (v, 7" +&)]
The following simple lemma is useful.
Claim 1. Let y be a variable such that |y| < «, then for every w € R, i € [k],

C2

* * x\2 1
Ely; ¢ ((w, x7) + X)] < WIlE[(¥;)"] + 2 Z [l (2.8.56)

J#i

C2

(2.8.57)

< WilEL(y})*] + k—;nwul.
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Proof. The proof is a direct observation that when |y| < «,

Pa((w, X) + x) < [w, X)| < (W, x)

where |w| is the entry wise absolute value.

Therefore, we can obtain the following bounds.

(1). By (2.8.13) in Lemma 65, we have

(CL/ + p)Cl

C? .
Ely; da(cy; + 0.7+ 0] 2 THE|07)] - = ~ B[] Vil = =z [V,

(2). By (2.8.57) in the above claim,

C2
ELYj$a(oy] +(,y") + )] < I BIG)M + (vl + o),

(3). By (2.8.55), for j # i,

(o + MIDC,

Elga(oy; + v, ¥") + &)1 < Elloy; + (v, ¥l < 3

Putting together, we can obtain

B = (55 - Vi) B - VTR max E[(y))’]

C? . . 2(a + p)C
- (k—Z'II[V]’Ih(II[V]’Ih vax )+ %zi,})

Second, we proceed to the upper bound. Similarly as the lower bound, by (2.8.55), we have

E[y’] <E

((|Vi| O+ lev}‘»]%(w}‘ + Y+ &)

J#i

= (il + OE[y; ¢aloy; + (v, y") + €] + Z VIElYj¢a(oy; + v,y + &I,

J#I

For the first summand, same as in (2), by (2.8.57) in the above claim we get

C2
Ely; ¢a(0y; + (") + €)1 < (0 + VDEL(y))] + k—ZIIIVIh,
C2
E[Y;¢a(0y; + (v.7") + &)1 < IVIEI(V)*] + k_21(||vl|l +0).
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Therefore, we get

: : c? 4
B0 < (5 + Vi) BIOD + VI VYL + 250 + VI max L))

which completes the proof. m}

2.8.7.4 Main theorem

Theorem 71 (Main: Equilibration). If there exists an absolute constant G such that Assumption (Al)-(A3) and (N1)

4
are satisfied with [ = 1/50, C3 < Gc3k, max {C,, [INOlo} < 56

2 iti ©) _
S SHE and additionally 2 < (1 - 0)Id, and E > 0

entry-wise, then there exist «,n, T, A such that for sufficiently small € > 0 and sufficiently large D = poly(k,n, 1/€,1/6)
the following hold with probability at least 1—6: Algorithm 9 outputs a solution § = B*D(E+E)+N where X > (1-0)Id

is diagonal, ||E||s; < y{ is off-diagonal, ||N|| < 2lIN||, and D is diagonal and satisfies

maxie 5 EL(y))*]

min jeg) ﬁE[(ﬁ)z] -
b

4 2
If Assumption (Al)-(A3) and (N2) are satisfied with the same parameters except max {CV, IIN(O)IIW} < min { N % ||(ﬁ*l)*|| , C-’Hic*z)“'\l },
1 o 1 oo

then the same guarantees hold.

Proof of Theorem 71. The theorem follows from Lemma 77 (taking union bound over all the iterations and setting
a proper 0), if the conditions are satisfied. So in the following, we first specify the parameters and then verify the
conditions in Lemma 72 and Lemma 77.

Recall that £ = 1/50. Defineu=1+¢,C =3/2, B=4,k=2,b =3/4, and let e < 1/1000.

Conditions in Lemma 72. For (2.8.36), we need to compute 7;R; and the the third term. Note that by the induction
in Lemma 77, the M; is an good approximation of ]E[(y;f)z]/ (D;;)*. Furthermore, when Lemma 72 is applied in
Lemma 77, it is applied on the ground-truth matrix (8*)" = 8D and (y;)’ = 7;‘,/ Dj j, so M;is a good approximation of

E[((y)")*]. Then
_ B0 _ 3

l",‘Rl' = = .
SM; 5((%‘ —hs)z—th - ﬁ)

For the third term, first note that Cf < gcgk, and thus C% < Gk by Cy > ;. Furthermore, r; = O(1/M;) = O(k/c3)
for i € S. Plugging in the parameters, we know that the third term is less than 1/1000 when G is sufficiently small.
Then (2.8.36) can be verified by plugging the parameters.

Similarly, for (2.8.37), we can compute r;R; and let G small enough so that the second term is less than 1/1000,

and then verify the condition.
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For (2.8.38) (2.8.39) and (2.8.40), we need to bound /; and /,, which in turn relies on r and rR. Since fori € S,
r; = O(k/cy), r = O(k/c;). Then similar to the argument as above, #; < 2/10000 when G is sufficiently small. when
Lemma 72 is applied in Lemma 77, it is applied on the ground-truth matrix (8*)" = 8*D and (y;f)’ = y;‘./D ,j- By the
induction claims there, max jef E[((y}f)’)z] differ from min es E[((y;f)’)z] by a factor of at most «, so rR < 2. So the
first term can be computed. The second term is less than 1/10000 when G is small enough. Then £, can be computed.
And the conditions can be verified.
3

Condition (2.8.41) is true since max {C,, ||N||e} = O(W)' Condition (2.8.42) is true by setting €’ < U/8 and
3 o

by U, < U/8and U = ||N||e < O(C?”(ﬁﬁ). Similarly, condition (2.8.42) is true by setting ¢ < U/8 and by U,, < U/8

and ||N|| is sufficiently small.

Conditions in Lemma 77. First, consider (2.8.53) and (2.8.54). As mentioned above, since Cf = 0(c§k) and
C12 = O(cyk), then h3 and hy can be made sufficiently small to satisfy the conditions. (2.8.51) and (2.8.52) can be

verified by plugging (2.8.53) and (2.8.54) and the assumption that A > min;ep ]E[(y:.‘)z]//(.

This completes the proof. O

2.8.8 Technical details: auxiliary lemmas for solving recurrences

The following lemmas are used when solving some of the recurrences in our analysis of the updates:

Lemma 79 (Coupling update rule). Let {a,};, {b;};2, be sequences of non-negative numbers such that for fixed values

h>0,n7€[0,1],R>4r>0:

IA

(I —ma, +nrb; + nh

(2]

ht+1

IA

(1 —=mb; + %a, +nh

Then the following two properties holds:

1.
Rr+2R+1
Vi>0,a+b <ap+by+ ——2T g
R-r
2. Forall e >0, whent > In ”‘éx",we have:
R(r+1 1
a<RCED, o R
R~ -r



Proof of Lemma 79. Observe that the update rule is equivalent to

-r R - R-r

R(r+ 1 Rora 1 el

(aHl_ gjr)h) < (1_’7)(Clt— l(?rjr)h)-'_nr(b’_]qtrh)

(bt+1_R+1h) < (1_n)(bt_R+lh)+E(Q,—R(r+1)h)
R , R

Therefore, define ¢, = a; — l%h andd, = b, — Ilg—jh, we can rewrite above as:

IA

Cr+l (A =), +nrd,

dt+1

IA

n
(1=, + 2c,
Since we just need to upper bound c¢,, d;. without lose of generality, we can assume that

1 = (A =me +nrd,

drs1 (I =md; + S

n
R

Which implies that

o] - ferenf-

Which can be simplified to

—_——
ARl

|
SEBE
S W
S
1 1
— —
| |
= =
| +
= =
NEED
~—
—_—

S

|

= O3
&
N ——

Therefore, we can solve

S A H
N C AR

Observe that forevery t > 0,a > b > 0,a’ — b' < (a — b)ta'™!

1

co+ <
2

=

co+ <

=o)L oomnfi o
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Which implies:

(1‘”*”\/g)t‘(l-"-n\/;)’sz,n\[(l_w\/;)r—l

Therefore, when ¢y, dy > 0,

x|~

t t—1
r r
cts(l—n+n\/;) co+t77(1—77+n\/;) doy
r r\ [rt
dtskﬂ(l_ﬂ"'n\/;)%"'(l_ﬂ""l E)do

Taking the optimal #, we obtain ¢, + d; < ¢ + dy, which implies that

Moreover,

Rr+2R+1
arEeRT o,

-r

a,+b; <ag+by+

On the other hand, when ¢ > In ”%;‘:”, ¢;,d; < €, which implies that

R(r+1 R+1
r )h+e, b; <
R-r R-r

a; =

Lemma 80 (Simple coupling). Let {a,};2, {b:};2, be sequences of non-negative numbers such that for fixed values

hi by >0, €0,1], 7 > 0

a1 < (I=ma, +1nh
b1 < (1 —mb, +nsa, + nhy
Then
a; < u,:=maxf{agy, hi},
b, < max{bg, hy + su,}.
Proof. We have
(a1 —h) < (A =mnla—h)
(bie1 —h2) < (A =m)(b; — hy) +1msa,
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Solving the first one gives

a, < u, = max{ag, hi}.

Then

(bie1 —hy) < (A =m)(b; — ha) +1nsuy

leads to

b, < max {bgy, hy + su,}.

Lemma 81 (Simple recursion). Let {a,};°, be a sequences of non-negative numbers such that for fixed values h > 0,
n€[0,1],

a1 < (1 =ma; + nh.

Then,

a; < (1 =mn)ag +h,

and thus for t > %, we have

a, <e+h.

Proof. We will prove by induction that a, < (1 — )’ag + h, which implies the statement of the lemma. The base case

is trivial, so we proceed to the induction:
arr < (=) (1 =m'ag + 1)+ h < (1= n)*'ag + h

as we need. m]
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Chapter 3

Provable guarantees for learning non-linear
latent-variable models using the method of

moments

In this chapter, we will present new results on provable guarantees for method-of-moments based techniques for
learning latent-variable models.

First, in Section 3.1 we will review two general algorithmic paradigms for implementing the method of moments:
tensor-decompositions (Subsection 3.1.1) and algorithms for non-negative matrix factorization for instances with sep-
arable structure (Subsection 3.1.2). We will review why these paradigms, while being quite generic, naturally require
a certain linear structure in the latent-variable model we are considering.

Subsequently, we will provide new extensions of these paradigms to allow for non-linearities in the model. More
concretely, we will focus on noisy-OR networks: a textbook example of a non-linear latent-variable model, often
used to model the causal structure of diseases and symptoms. In Section 3.3, we provide tensor decomposition-based
algorithms with provable guarantees for learning noisy-OR networks; this section is based on results in (Arora et al.,
2017b). Next, in Section 3.4, we provide algorithms for non-linear analogues of non-negative matrix factorization,

and show how to apply them to derive algorithms for learning noisy-OR networks.

3.1 Overview of the method of moments

In this section, we will briefly review tensor-decompositions and non-negative matrix factorization based algorithms

for implementing the method of moments. Recalling from Chapter 1, the framework for the method of moments
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consists of:

(1) Expressing the moments of x as functions of the model parameters:

E[+®] = fy(x) (3.1.1)

for some function fy depending on the model parameters.

(2) Calculating the empirical moments E,.. ,;[x‘g’k], and solving the system of equations (3.1.1) for 6.

The recent surge in interest in the method of moments has come from progress on provable techniques for struc-
tured matrix and tensor decomposition for performing task (2) of the above framework. These have been applied to
simple latent variable models such as topic models (Arora et al., 2012c; 2013b), sparse coding models (Arora et al.,
2015b; Ma et al., 2016), mixtures of Gaussians (Hsu and Kakade, 2013; Ge et al., 2015), hidden Markov models (IMos-

sel and Roch, 2005), etc.

To keep the discussion simple, we will not introduce more of the latent-variable models above, and instead focus
on surveying two approaches to implementing the method of moments in the case of topid models. The first approach
will be based on low-rank tensor decomposition (Section 3.1.1), and the second on leveraging a structural assumption
of separability of the topic-word matrix (Section 3.1.2). Similar techniques apply to many of the other models we

mentioned.

Subsequently, we will describe what is different about noisy-OR networks, and how we deal with this difficulty.

3.1.1 Tensor decomposition techniques for learning topic models with Dirichlet priors

Let us proceed to reviewing how tensor decomposition algorithms are used for implementing the method of moments.
The crucial lemma that brings learning topic models into the realm of tensor decomposition is the following structural

result about the moments of the observables for LDA.

Lemma 82 ((Anandkumar et al., 2014)). Keep the notation of topic models from Section 1.1, and assume a Dirichlet

prior with parameters «;,i € [k], denoting ay = Zf:l «;. Furthermore, let us denote

@0
MIZE[E)Q]’ ’M2:E[ex]®exz]_ +1M1XM1’
@ 2a;
M3 :E[exl ®€X2 ®€X3] - m(E[exl ®€xZ ®M2] +E[ex1 ®M®€X2] +E[M1 ®eX1 ®€x2])+ li ®M1 ®M1
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Then,

k k
; 2a;
M, = § — B, M; = § : 3
2 ao(ag + D' 3 ao(ao + 1)(a0+2)ﬂ i

i=1 i=1

In other words, decomposing the tensor M3 reveals the topic vectors 8;. A few remarks are in order:

e From the span of the matrix M, alone we can only hope to recover the span of the topic vectors §;. Indeed, even
if we assume that the number of components k is smaller than the dimension, the span of the top k components in
the singular value decomposition of M, will coincide with the span of the means 3;, but that is all the information

we can extract from M, — since low rank matrix decompositions are only unique up to unitary transformations.

¢ Finding a rank-1 decomposition, i.e. a decomposition of a tensor into the minimum number of rank-1 terms, can
be NP-hard for arbitrary tensors (Hillar and Lim, 2013). For many interesting cases, it will be unique (in contrast
to the case of matrices). ! Moreover, the proof of the uniqueness will be “algorithmic™: i.e. the algorithm for

finding the decomposition will be the certificate that is unique.

Subsequently, the question is how to perform the tensor decompeosition of the M3 tensor. As mentioned, we
cannot hope to do this without any assumptions on the tensor. The crucial insight was provided in (Anandkumar et al.,
2014), who proved that the tensor power method, the tensor analogue of the well-known power method for calculating
eigenvectors of matrices can be used, provided the components of the tensor are orthogonal vectors. More precisely,

they show:

Lemma 83 (Tensor power method, (Anandkumar et al., 2014)). Suppose M = Y, w,-a‘?3, s.t. {aj,ap)y = 0,Yi # j.

Let vo € R" be an arbitrary vector, s.t. the set of numbers |wi{a;, vo)| has a unique largest element. Without loss of

generality, let this number be \w{ay, vo)|, and let the second largest be |w,{a,, v»)|. Furthermore, let v, = m
Then,
1 ||walaz, vo) 2!
2042,
lag = vl < |20} ) — |02
) Wi wildi, Vo

The way this lemma can be used is apparent: if we sample vy at random, there is an inverse polynomial probability

that wy(az, vo) < wi{ay, vo). More formally:

Lemma 84 (Initialization for tensor power method, (Anandkumar et al., 2014)). Keep the setting of Lemma 83. For
any constant vy, there is a constant 6(y), s.t. with probability at least 1 — 1 over the choice of k'*® uniformly random

unit vectors, at least one satisfies w{az, vo) < ywi{ay, vo).

LOf course, on the flipside, tensor decompositions can be non-unique — in a manner that is not as easy to characterize as matrices.
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Putting Lemmas 84 and 83 with appropriate choice of parameters, we get a polynomial-time algorithm for decom-
posing tensor with orthogonal components. But, in our scenario, while the tensor M3 is low-rank, the components y;

are not necessarily orthogonal. This brings us to the final ingredient: whitening the tensor.

Namely, suppose that a matrix W satisfies WTM,W = I. In our case of interest, M, > 0, so one concrete way
to choose W is for instance, W = UD~'%, where M,UDVT is the singular value decomposition of M;. Defining
Ms = 3%, wi(WT ), it’s easy to see that:

(1) The rank-1 components ji;; = W7 ; of Msare orthogonal.

(2) M5 = M5(W, W, W), where the notation M3(W, W, W) denotes the standard multilinear form evaluation of Ms:

MyW, W, Wik = > (M)t i Wi i W, Wi,
in o ko€l
Finally, a crucial point we overlooked in the above discussion was robustness. Namely, even in the usual instances
(e.g. mixture of Gaussians, topic models), due to finite sample errors, the empirical version of the tensor M3 is only
approximately low rank. The standard approach described above can only tolerate small amounts of noise — on the
order of 1/d in injective norm. These kinds of guarantees will be too weak to get non-trivial guarantees for the setting
of noisy-OR networks we will be interested in. However, recent work due to (Ma et al., 2016) substantially improved

these error bounds. In particular, they prove:

Theorem 2 (Robust tensor decomposition, (Ma et al., 2016)). Suppose the tensor M5 satisfies

m

M5 — 20?3”{1},{2,3} <e (3.1.2)
=1

where a;, i € [m] are orthonormal vectors in R", and for a tensor T € R"*"*"  we define the ||-||;1)2,3y norm as

ITll1y2,3 = sup Z XiyjkTiju

xeRM yeR™"3 i
Ili=Liyli=1 (i)
(el xins]

Then, there exists a polynomial-time algorithm that returns a;,i € [m] in polynomial time that is O(e)-close to a;,i €

[m] in £, norm up to permutation. >
The algorithm is based on finding good vectors to initialize the tensor power method by, which are gotten by look-
ing at the top eigenvectors of random “unfoldings” of the tensor M3. More details of this will follow in Section 3.3.4 —

including a generalization of the original proof in (Ma et al., 2016) to handle substantially larger, but structured error.

zPrecisely, here we meant that there exists a permutation 7 such that for every i, max;||@.;) — a;ll, < O(€)
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3.1.2 Non-negative matrix factorization techniques for learning separable instances of topic

models

The main benefit of the tensor decomposition-based techniques for implementing the method of moments surveyed
in the previous section is that they are very generic; they suffer, however, from an obvious problem for practical im-
plementation: just building the third-moment tensor requires n* time; implementing the tensor power method requires
w(k) restarts per component, raising the runtime to w(n’k). The vocabulary size of a training set consisting of New
York Times articles, for instance, is on the scale of 15k — which renders this approach less than appealing. Sensitivity
to noise (both statistical and systemic, due to model mismatch) are often issues in practice as well, despite theoretical
improvements to robusteness such as those in (Ma et al., 2016) we mentioned.

A parallel idea for implementing the method of moments was proposed by (Arora et al., 2012a; 2013a), using algo-
rithms for solving structured instances of non-negative matrix factorization. The main idea is based on the following

simple proposition:

Proposition 85 ((Arora et al., 2012a; 2013a)). Using the notation of Section 2.2, the matrix B[ f ® f] satisfies

E[f® f1=BE[yy" 18"

Furthermore, the matrices 8 and E[yy" 18" have non-negative entries.

As a consequence, we can hope to recover the matrix S by using non-negative matrix factorization techniques,
which is the task of decomposing a given matrix Y as a product of two matrices A, X with non-negative entries, s.t. the
number of rows of A (respectively columns of X) is minimized. This is called the non-negative rank of the matrix Y.

As is usual in problems involving matrix factorization with constraints on the factors, the problem is NP-hard in the
worst case —and in fact, assuming the exponential time hypothesis (ETH) requires exponential time in the non-negative
rank (Arora et al., 2012b). Perhaps even more seriously — the matrices A, X are in general not uniquely defined.

Fortunately, in (Arora et al., 2012a; 2013a), a natural assumption on the matrix S is identified, which allows the
resulting non-negative matrix factorization problem to be provably solvable — with a very efficient algorithm even. The
assumption they introduce is one of anchor words. A word is an anchor word for a topic, if it appears in that topic and

no other. Under these assumptions, (Arora et al., 2013a) prove:

Theorem 86 ((Arora et al., 2013a)). There is an algorithm that given O~(6§—;6) documents, where p is the minimum
probability of any anchor word, and runs in time O((n*> + nk)elz) , which recovers the topic-word matrix to entry-wise
error €.

The algorithm proceeds by first identifying the anchor words for each of the topics — this is done by finding the
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vertices of the polytope formed by the convex hull of the rows of the covariance matrix E[f ® f]. In the earlier paper
(Arora et al., 2012a), this was done by solving many linear programs, which was practically too expensive; in the later
paper (Arora et al., 2013a), this is done by an efficient combinatorial algorithm. Subsequently to finding the anchor
words, to recover the topics (Arora et al., 2012a) proceed by performing matrix inversion — which ends up being too
unstable and non-robust to noise; (Arora et al., 2013a) notice this step has a probabilistic interpretation, which allows

them to make it substantially more robust.

3.2 Beyond linearity: overview of the noisy-OR problem

Though we were focusing on topic models, other latent variable models for which tensor methods have been applied
share one important characteristic: they are linear, in the sense that the moments (or the marginals, depending on
the particular model) of the observed variables, conditioned on the latent variables depend linearly on the hidden
variables. But many settings seem to call for nonlinearity in the model. For instance, Bayesian networks in many
domains involve highly nonlinear operations on the latent variables, and could even have multiple layers. The study
of neural networks also runs into nonlinear models such as restricted Boltzmann machines (RBM) (Smolensky, 1986;
Hinton and Salakhutdinov, 2006).

We will consider here possibly the text-book example of a non-linear model: a noisy-OR network (Jordan et al.,
1999). The canonical use of this model is to model the relationship between diseases and symptoms, as in the classical
human-constructed tool for medical diagnosis called Quick Medical Reference (QMR-DT) by ((Miller et al., 1982),
(Shwe and Cooper, 1991)) which captures relationships between 570 diseases and 4075 symptoms, with 45,470
directed edges, and the W;;’s are small integers. *

It is of course desirable to automatically learn the network from unlabeled data, without the use of human experts.
With respect to prior work, previously there were no approaches that even heuristically work at the required problem
size (n = 4000). (In contrast to the inference problem which has seen more work, including reasonable heuristic
methods (Jordan et al., 1999)). (Halpern and Sontag, 2013; Jernite et al., 2013) have designed some algorithms for this
problem, however their first paper (Halpern and Sontag, 2013) assumes the graph structure is given; the second paper
(Jernite et al., 2013) requires the Bayes network to be quartet-learnable, which is a strong structural assumption on the
network. Finally, we note that the problem of finding a “best-fit” Bayesian network according to popular metrics* has
been shown to be NP-complete by (Chickering, 1996) even when all of the hidden variables are also observed.

We will consider two different sets of assumptions for this problem, and we will propose different (provable)

algorithms for each one. In the first one, we will assume a kind of “genericity” on the weights — namely, the weights

3We thank Randolph Miller and Vanderbilt University for providing the current version of this network for our research.
“4Researchers resort to these metrics as when the graph structure is unknown, multiple structures may have the same likelihood, so maximum
likelihood is not appropriate.
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will be random (from a natural distribution); more generally, we will be able to get guarantees under the assumption of
a kind of conditioning on the pointwise mutual matrix: a quantity akin to the second moment matrix, which we define.
The algorithm we use will be based on tensor decompositions, as described in Section 3.1.1. In the second one, we
will assume a weakening of the anchor words assumption, as described in Section 3.1.2. In either case, the difficulty

compared to prior work is to deal with the non-linear nature of the problem.

3.3 Beyond linearity I: provable algorithms for noisy-OR using tensor de-

composition

‘We move to the first approach to the noisy-OR problem using tensor decompositions. On a high level, our algorithm
will use a certain correlation measure called pointwise mutual information in place of the moments of the observable
variables. Recalling the notation of Section 1.1, we note that the conditional probabilities of the symptoms in the

noisy-OR model have the following succinct form:

Prs; =0]d] = ﬁ exp(—W;;d;) = exp(—(W',d)). (3.3.1)
j=1

Thus, these conditional probabilities are log-linear: the logarithm of their value is linear in the model parameters. On
a high level, our approach will use a particular measure of correlation involving the logarithms of the moments of the
symptoms called pointwise mutual information. We will Taylor expand this quantity, which will turn the problematic
exponential in (3.3.1) into an infinite sum, in which we will ignore all but the first two terms. This brings the problem
into the realm of tensor decomposition described in Section 3.1.1, but with an important novel twist: the error from
ignoring the higher-order terms is systemic (i.e. it doesn’t go to zero as the number of samples increases) and too
large to be handled by any conventional robust tensor decomposition analysis, including (Ma et al., 2016) described in
that section. On the other hand, however, this error is highly structured, and we will be able to show that the methods

described in Section 3.1.1 can nevertheless handle them.

3.3.1 Opverview of the assumptions, algorithm and results

Assumptions : we make several assumptions about the weights W, some of which we verified the QMR-DT network,
but the other assumptions are asymptotic in nature. Thus the cleanest description of our algorithm is in an average-case
setting. First, we assume all priors for the diseases are equal, namely p; = p, Vi € [m], which should be thought of as

small (In the QMR-DT application, p is like O(1/m).) Next we assume that the ground truth W € R™™ has entries
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picked in iid fashion using the following random process:

0, with probability 1 — p
Wi =

W, j»  with probability p
where W; ;s are upper bounded by v, for some constant v, and are identically distributed according to a distribution O

which satisfies that for some constant v; > 0,

E [exp(-W)H|=1-w. (3.3.2)

Wi
The condition (3.3.2) intuitively requires that W, ; is bounded away from 0. We will assume that p < 1/3 and v, =
O(1),v; = Q(1). (Again, these are realistic for QMR-DT setting).

Under such conditions, informally, we will show the following claim:

Theorem 3 (Informally stated). There exists a polynomial time algorithm (Algorithm 17) that, given polynomially
many samples from the noisy OR network described in the previous paragraph, recovers the weight matrix W with

O(p \/pm) relative error in {>-norm in each column.

Since we think of the prior of the diseases p as being on the order O(1/m). This means that even if p is on the

order of 1, our relative error bound equals to O(1/ Vm) < 1.

3.3.1.1 The algorithm in a nutshell

We will first provide an overview of the full algorithm, pointing out the main difficulties. We define a crucial quantity

pointwise mutual information of two binary-valued random variables x and y is PMI2(x,y) = log Eﬁ[]’%gy]. Note that

it is positive iff E[x,y] > E[x]E[y] and thus is used as a measure of correlation in many fields. This concept can be

extended in more than one way to a triple of boolean variables x, y, z and we use

. Elxy] E[yz] Elzx]
PMI3(x,y,z) = log Elyl BRI EDI B (3.3.3)

(We will sometimes shorten PMI3 and PMI2 to PMI when this causes no confusion.)

Our algorithm is given polynomially many samples from the model (recall, a sample contains only the observables:
the symptoms that are or are not present in a particular patient). It starts by computing the following matrix n X n PMI

and n X n X n tensor PMIT, which tabulate the correlations among all pairs and triples of symptoms (specifically, the

130



indicator random variable for the symptom being absent):

PMI;; £ PMI2(1 - s;,1 - 5;). (3.3.4)

PMITL]"]( = PMI3(1 — S, 1- Sjs 1- Sj) (335)

The next proposition makes the key observation that the above matrix and tensor are close to rank m, which we

recall is much smaller than n. For convenience, we define F, G € R™™ as

F21—exp(-W) (3.3.6)

G =1 —exp(—2W). (3.3.7)

Proposition 87 (Informally stated). In the described setting,

PMI~ p(FFT +pGG") = p Z FyF] +p* Z GG] (3.3.8)
k=1 k=1
(3.3.9)
PMITzp(ZFk®Fk®Fk+pZGk®Gk®Gk). (3.3.10)
k=1 k=1
=S =F

The proposition is proved later (with precise statement) in Section 3.3.5 by computing the moments by marginal-
ization and using Taylor expansion to approximate the log of the moments, and ignoring terms p* and smaller. (Recall
that p is the probability that a patient has a particular disease, which should be small, of the order of O(1/n). The
dependence of the final error upon p appears in Section 3.3.2.) Since the tensor PMIT can be estimated to arbitrary
accuracy given enough samples, we have in some brought the problem somewhat closer to the linear tensor decompo-
sition described in Section 3.1.1. Though this is the high level idea, the following difficulties have to be overcome.
Difficulty 1: Suppose in equation (3.3.10) we view the first summand S, which is rank m with components F’s as the
signal term. In all previous polynomial-time algorithms for tensor decomposition, the tensor is required to have the
form } ;" Fx® Fix® Fi +noise. To make our problem fit this template we could consider the second summand E as the
“noise”, especially since it is multiplied by p < 1 which tends to make E have smaller norm than S. But this is naive
and incorrect, since E is a very structured matrix: it is more appropriate viewed as systematic error. (In particular
this error doesn’t go down in norm as the number of samples goes to infinity.) In order to do tensor decomposition in
presence of such systematic error, we will need both a delicate error analysis and a very robust tensor decomposition
algorithm. These will be outlined in Section 3.3.1.3.

Difficulty 2: To get our problem into a form suitable for tensor decomposition requires a whitening step, which uses
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the robust estimate of the whitening matrix from the second moment matrix. In this case, the whitening matrix has to
be extracted out of the PMI matrix, which itself suffers from a systematic error. This also is not handled in previous
works, and requires a delicate control of the error. See Section 3.3.1.4 for more discussion.

Difficulty 3: There is another source of inexactness in equation (3.3.10), namely the approximation is only true for
those entries with distinct indices — for example, the diagonal entry PMI; has completely different formula from that
for PMI;; when i # j. This will complicate the algorithm, as described in Subsections 3.3.1.3 and 3.3.1.4.

The next few Subsections sketch how to overcome these difficulties, and the details appear in the rest of the paper.

3.3.1.2 Recovering span of low-rank matrices in presence of systematic error

To illustrate the main ideas for dealing with the systematic error as described in Difficulty 1, we focus on a simpler
task: approximately recovering the span of a low-rank matrix in the presence of systematic noise. The next section
sketches an extension of this method to tensor decomposition with analogous systematic error.

In the classical setting of recovering a low-rank matrix in the presence of noise, there is an unknown n X n matrix
S of rank m and we are given S + E where E is an error matrix. The method to recover S is to compute the best
rank-m approximation to S + E. The quality of this approximation was studied by Davis and Kahan (Davis and Kahan,
1970) and Wedin (Wedin, 1972), and many subsequent authors. The quality of the recovery depends upon the ratio
|E|l/om(S), where o,,(-) denotes m-th largest singular value and || - || denotes the spectral norm. To make this familiar
lemma fit our setting more exactly, we will phrase the problem as trying to recover a matrix S given noisy estimate
SST + E. Now one can only recover S up to rotation, and the following lemma describes the error in the Davis-Kahan

recovery. It also plays a key role in the error analysis of the usual algorithm for tensor decomposition.

Lemma 88. In the above setting, let K, K the subspace of the top m eigenvectors of SS™ and SS™ + E. Let € be such

that ||[E|| < € - 0,,(SST). Then ”IdK - IdE” < € where 1d is the identity transformation on the subspace in question.

The Lemma thus treats ||E||/0,(SS ") as the definition of noise/signal ratio. Before we generalize the definition
and the algorithm to handle systematic error it is good to get some intuition, from looking at (3.3.8): PMI ~ p(FFT +
pGGT). Thinking of the first term as signal and the second as error, let’s check how bad the noise/signal ratio defined
in Davis-Kahan is. The “signal”is o,,(FF "), which is smaller than n since the trace of FF is of the order of mn in
our probabilistic model for the weight matrix. The “noise” is the norm of pGGT, which is large since the Gy’s are
nonnegative vectors with entries of the order of 1, and therefore the quadratic form (\/Lﬁl, oGGT ‘/Lﬁl) can be as large
as p 2.1 (Gx, \/Lﬁl)2 ~ pmn. Thus the Davis-Kahan noise/signal ratio is pm, and so when pm < 1, it allows recovering
the subspace of F with error O(pm). Note that this is a vacuous bound since p needs to be at least 1/m so that the
hidden variable d contains 1 non-zero entry in average. We’ll argue that this error is too pessimistic and we can in fact

drive the estimation error down to close to p.
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Definition (spectral boundedness). Let n > m. Let E € R™" be a symmetric matrix and S € R™”. Then, we say FE is

7-spectrally bounded by S if
E<t(SST+0,(857)-1d,) (3.3.11)

The smallest such 7 is the “error/signal ratio” for this recovery problem.

This definition differs from Davis-Kahan’s because of the 7SS T term on the right hand side of (3.3.11). This
allows, for any unit vector x, the quadratic form value x” Ex to be as large as 7(x’SSTx + 0,,(SST)). Thus for
example the 1 vector no longer causes a large noise/signal ratio since both quadtratic forms FFT and GG™ have large

values on it.

This new error/signal ratio is no larger than the Davis-Kahan ratio, but can potentially be much smaller. Now we
show how to do a better analysis of the Davis-Kahan recovery in terms of it. The proof of this theorem appears in

Section 3.3.3.

Theorem 4 (matrix perturbation theorem for systematic error). Let n > m. Let S € R™" be of full rank. Suppose
positive semidefinite matrix E € R™" is e-spectrally bounded by S € R™™ for € € (0,1). Let K, K the subspace of the

top m eigenvectors of SST and SST + E. Then,

[Tdx — 1dg|| s €.

Finally, we should consider what this new definition of noise/signal ratio achieves. The next proposition (whose
proof appears in Section 3.3.6) shows that that under the generative model for W sketched earlier, 7 = O(logn).
Therefore, jpG is O(p)-bounded by F, and the recovery error of the subspace of F from FFT + pGG™ is O(p)

(instead of O(pm) using Davis-Kahan).

Proposition 89. Under the generative model for W, w.h.p, the matrix G = 1 — exp(—2W) is t-spectrally bounded by
F=1-exp(-W), witht = o).

Empirically, we can compute the 7 value for the weight matrix W in the QMR-DT dataset (Shwe and Cooper,
1991), which is a textbook application of noisy OR network. For the QMR-DT dataset, 7 is under 6. This implies that
the recovery error of the subspace of F' guaranteed by Theorem 4 is bounded by O(7p) ~ p, whereas the error bound

by Davis-Kahan is O(pm).
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3.3.1.3 Tensor decomposition with systematic error

Now we extend the insight from the matrix case to tensor recovery under systematic error. In turns out condi-
tion (3.3.11) is also a good measure of error/signal for the tensor recovery problem of (3.3.10). Specifically, if G
is T-bounded by F, then we can recover the components F’s from the PMIT with column-wise error O(p7/2 Vm).
This requires a non-trivial algorithm (instead of SVD), and the additional gain is that we can recover F}’s individually,
instead of only obtaining the subspace with the PMI matrix.

First we recall the prior state of the art for the error analysis of tensor decomposition with Davis-Kahan type
bounds. The best error bounds involve measuring the magnitude of the noise matrix Z in a new way. For any n| Xn, Xn3

tensor 7, we define the ||-[|(12,3 norm as

ITll1y23) :=  sup Z xiy i Tijic - (3.3.12)
xeRM yeRm SR
[lxdl=1,1lyll=1 (j,k)E[nz]X[n3]

Note that this norm is in fact the spectral norm of the flattening of the tensor (into a n; X nyn3 dimensional matrix).
This norm is larger than the injective norm’, but recently (Ma et al., 2016) shows that e-error in this norm implies
O(e)-error in the recovery guarantees of the components, whereas if one uses injective norm, the guarantees often pick
up an dimension-dependent factor (Anandkumar et al., 2014). We define [|-||j2);1,3; norm similarly. As is customary
in tensor decomposition, the theorem is stated for tensors of a special form, where the components {u;}, {v;}, {w;} are
orthonormal families of vectors. This can be ensured without loss of generality using a procedure called whitening

that uses the 2nd moment matrix.

Theorem 5 (Extension of (?)Theorem 10.2]MSS16). There is a polynomial-time algorithm (Algorithm 11 later) which

has the following guarantee. Suppose tensor T is of the form

,
T=ZM[®Vi®Wi+Z

i=1

where {u;}, {vi}, {w;} are three collections of orthonormal vectors in R?, and 1Zlli1y231 < € I Zllyu3y < € Then, it

returns {(ii;, Vi, W;)} in polynomial time that is O(€)-close to {(u;, v, w;)} in €, norm up to permutation. °

But in our setting the noise tensor has systematic error. An analog of Theorem 4 in this setting is complicated
because even the whitening step is nontrivial. Recall also the inexactness in Proposition 87 due to the diagonal terms,

which we earlier called Difficulty 3. We address this difficulty in the algorithm by setting up the problem using a

3The injective norm of the tensor T is defined as 17 Ml1y2,3) = SUPxeRr™ yeR™ 2eR™ Lielny 1. jelnalkelny] XiY 2k Tijk -
[IxlI=L,lIylI=1,llzll=1
SPrecisely, here we meant that there exists a permutation 7 such that for every i, max{||iz) — will, 1Vziy = vill, Wr@) — will} < O(e)
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sub-tensor of the PMI tensor. Let S, S, S be a uniformly random equipartition of the set of indices [n]. Let
ar=Frs,, bi=Fis,, cx=Fis,, (3.3.13)
where Fy s denotes the restriction of vector Fy to subset S. Moreover, let
Y« = Grs,» Ok = Gis,, 6= Fis, . (3.3.14)

Then, since the sub-tensor PMITg, s, s. only contains entries with distinct indices, we can use Taylor expansion (see

Lemma 95) to obtain that

PMITs,s,5. =p Z a; by ¢y + p2 Z Vi ® 8 ® 6 + higher order terms .
kelm] ke[m]

Here the second summand on the RHS corresponds to the second order term in the Taylor expansion. It turns out that
the higher order terms are multiplied by o and thus have negligible Frobenius norm, and therefore discussion below

will focus on the first two summands.

For simplicity, let T = PMITg,_ s, s.. Our goal is to recover the components ax, by, ¢, from the approximate low-

rank tensor 7.

The first step is to whiten the components a;’s, bi’s and c,’s. Recall that a; = Fy g, is a non-negative vector. This
implies the matrix A = [ay, ..., a,] must have a significant contribution in the direction of the vector 1, and thus is far
away from being well-conditioned. For the purpose of this section, we assume for simplicity that we can access the

covariance matrix defined by the vector a;’s,

On = AAT = Z aa . (3.3.15)
ke[m]
Similarly we assume the access of Q) and Q. which are defined analogously. In Section 3.3.1.4 we discuss how to

obtain approximately these three matrices.

Then, we can compute the whitened tensor by applying transformation (Q)'/2, (Q,J,')l/ 2,(QF)/? along the three

modes of the tensor T,

0D (0N @@ T =p ) (0 a®(0)'*bi ® (0D e

ke[m]

+p’ Z ONH' v ® (0))'*6r ® (0F)'?6, +negligible terms
ke[m]

=Z
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Now the first summand is a low rank orthogonal tensor, since (Q;)!/%a;’s are orthonormal vectors. However, the

term Z is a systematic error and we use the following Lemma to control its ||-]l1}(2.3; norm.

Lemma 90. Letn > mand A, B, C € R™™ be full rank matrices and letT', A, ® € R Let Yi» 0i, 0; be the i-th column
of T, A, ®, respectively. Let O, = AAT,Q, = BBT, Q. = CC™. Suppose ITT (and AAT, ®OT ) is t-spectrally bounded

by A (and B, C respectively), then,

<72,

Z(Q_Z)l/zyi ® (Q_Z)I/Z(S,- ® (Q:)l/Zgi

€[]

{1H2.3}

Lemma 90 shows that to give an upper bound on the ||-|(;2,3) norm of the error tensor Z, it suffices to show that
the square of the components of the error, namely, [T T, AAT, ®@T are 7-spectrally bounded by the components of the
signal A, B, C respectively. This will imply that ||Z]|;1}2,3) < (21)32p2.

Recall that A and T are two sub-matrices of F and G. We have shown that GG is T-spectrally bounded by F in

Proposition 89. It follows straightforwardly that the random sub-matrices also have the same property.

Proposition 91. In the setting of this section, under the generative model for W, w.h.p, we have that TT" is T-spectrally

bounded by A with T = O(log n). The same is true for the other two modes.

Using Proposition 91 and Lemma 90, we have that

1Zl1y2,3) < p*log*?(n).

Then using Theorem 5 on the tensor (0})'* ® (0;)'? ® (0})"/* - T, we can recover the components (07)'%ay’s,

(O)'?by’s, and (O7)!/?¢;’s. This will lead us to recover ax,by and ¢y, and finally to recover the weight matrix W.

3.3.1.4 Robust whitening

In the previous subsection, we assumed the access to Q,, Oy, Q. (defined in (3.3.15)) which turns out to be highly

non-trivial. A priori, using equation (3.3.8), noting that A = [F s, ..., Fyus,], we have

PMIs s./p ~ Q, + error.

However, this approximation can be arbitrarily bad for the diagonal entries of PMI since equation (3.3.8) only works
for entries with distinct indices. (Recall that this is why we divided the indices set into S,, S, S, and studied the
asymmetric tensor in the previous subsection). Moreover, the diagonal of the matrix Q, contributes to its spectrum

significantly and therefore we cannot get meaningful bounds (in spectral norm) by ignoring the diagonal entries.
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This issue turns out to arise in most of the previous tensor papers and the solution was to compute AA™ by using

the asymmetric moments AB™, BCT,CAT,
AAT = (ABT)(CBT)*(CAT).

Typically ABT,BCT,CAT can be estimated with arbitrarily small error (as number of samples go to infinity) and
therefore the equation above leads to accurate estimate to AAT. However, in our case the errors in the estimate
PMIg, s, ~ ABT,PMlIs, s, ~ BCT,PMIg 5, ~ CAT are systematic. Therefore, we need to use a more delicate analysis

to control how the error accumulates in the estimate,

O, ~ PMI; s, - PMIE:,SC -PMlIg s, -

Here again, to get an accurate bound, we need to understand how the error in PMIs, s, — ABT behaves relatively
compared with ABT in a direction-by-direction basis. We generalized Definition to capture the asymmetric spectral

boundedness of the error by the signal.

Definition (Asymmetric spectral boundedness). Let n > m and B, C € R™". We say a matrix E € R™" is e-spectrally

bounded by (B, C) if E can be written as:
E=BA1CT+BA;+A3CT+A4. (3316)

Here Ay € R™™, Ay, A3 € R™" and Ay € R™" are matrices whose spectral norms are bounded by: ||A|| < e,

”AZ” < GO'm,'n(C), ||A3|| < Eo—min(B) and ||A4|| < Ea—min(B)O—min(C)-

Let K be the column subspace of B and H be the column subspace of C. Then we have A} = B'E(CT)*, Ay =
B*Eldy., Az = Idg  E(CT)*, Ay = IdgL EIdy: . Intuitively, they measure the relative relationship between E and B, C
in different subspaces. For example, A; is the relative perturbation in the column subspace of K and row subspace
of H. When B = C, this is equivalent to the definition in the symmetric setting (this will be clearer in the proof of

Theorem 4).

Theorem 6 (Robust whitening theorem). Let n > m and A, B,C € R™™. Suppose Zp, Lpe, o € R™" are of the form,

S = ABT + Egp, Zpe = BCT + Epe, and Ty = CA™ + Eop.
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where E.p, Ep., E., are e-spectrally bounded by (A, B), (B, C), (C, A) respectively. Then, the matrix matrix
Qu = Zup [211-]:-”20:1

is a good approximation of AAT in the sense that Qu = Zup[X] 15 Zca — AAT is O(e)-spectrally bounded by A. Here

[X], denotes the best rank-m approximation of X.

The theorem is non-trivial even if the we have an absolute error assumption, that is, even if || Ep¢|| < T min(B)0 min(C),
which is stronger condition than E,. is T-spectrally bounded by (B, C). Suppose we establish bounds on ||Z,, — ABT|],
IZ;T = (BCT)*|| and ||y, — ABT|| individually, and then putting them together in the obvious way to control the error
ZlZ) 15 Zca —ABT(BCT)*CAT. Then the error will be too large for us. This is because standard matrix perturbation

theory gives that ||X; T — (BC™)7!|| can be bounded by O (IIE;,CIIII(BCT)‘1 |I2) < €/[0min(B)T in(C)], which is tight. Then

Tmax (B)Tmax (C)

Tin(B)0min(C) * That is, we

we multiply the error with the norm of the rest of the two terms, the error will be roughly € -
will loss a condition number of B, C, which can be dimension dependent for our case.

The fix to this problem is to avoid bounding each term in Zab[Z;C];,Zm individually. To do this, we will take the
cancellation of these terms into account. Technically, we re-decompose the product X, [ZZL_];;ZM into a new product of
three matrices (Z., B*)(B[Z] ],,C)(C*Zc,), and then bound the error in each of these terms instead. See Section 3.3.9

for details.

As a corollary, we conclude that the whitened vectors (Q})!/2a;’s are indeed approximately orthonormal.
Corollary 92. In the setting of Theorem 6, we have that (Q})'/>A contains approximately orthonormal vectors as
columns, in the sense that

Q) PAAT(ODH'* —1d] s €.

Therefore we have found an approximate whitening matrix for A even though we do not have access to the diagonal

entries.

3.3.2 Main Algorithms and Results

As sketched in Section 4.4, our main algorithm (Algorithm 17) uses tensor decomposition on the PMI tensor. In this
section, we describe the different steps and how the fit together. Subsequently, all steps will be analyzed in separate

sections.

Theorem 7 (Main theorem, random weight matrix, (Arora et al., 2017b)). Suppose the true W is generated from the

random model in Section 3.3.1 with ppm < c for some sufficiently small constant c. Then given N = poly(n, 1/p/,1/p)
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Algorithm 10 Learning Noisy-Or Networks via Decomposing PMI Tensor

Inputs: N samples generated from a noisy-or network, disease prior p
Outputs: Estimate of weight matrix W.

1. Compute the empirical PMI matrix and tensor PMI, PMIT using equation (3.3.45).

2. Choose a random equipartition S 4, S 5, S . of [n].

3. Obtain approximate whitening matrices for PMIT via Algorithm 13 for the partitioning S ,, S5, S,
4. Run robust tensor-decomposition Algorithm 12 to obtain vectors a;, Bi, ¢i,1 € [m]

5. Let Y; be the concatenation of the three vectors 1 — (ﬂ)m&i, 1- (11)1/313i, 1- (11)1/3&. (Recall that &;, b;, &;
) ” o o p
are of dimension n/3 each.)

6. Return W, where

ij =

= _ J-log((Yn;), if (Yj);>exp(-vy):
exp(—vy), otherwise

number of examples, Algorithm 17 returns a weight matrix W in polynomial time that satisfies
Vi € [ml,|W; = Will, < Oy ypm) ,

wherenn = O ( \/m_pp)

Note that the column £, norm of W; is on the order of +/pn, and thus 7 can be thought of as the relative error in £,
norm. Note also that Pr[s; = 0] = 1 — Pr[s; = 1] = 1 — pmp, so ppm = o(1) is necessary purely for sample complexity
reasons. Finally, we can also state a result with a slightly weaker guarantee, but with only deterministic assumptions on
the weight matrix W. Recall that F = 1 —exp(—W) and G = 1 — exp(—2W). We will also define third and fourth-order
terms H = 1 —exp(—3W), L = 1 — exp(—4W).

We also define the incoherence of a matrix F. Roughly speaking, it says that the left singular vectors of F don’t

correlate with any of the natural basis vector much more than the average.

Definition (Incoherence:). Let F € R™™ have singular value decomposition F = UXVT. We say F is p-incoherent if

max; |Uj|| £ /um/n. where U, is the i-th row of U.

We assume the weight matrix W satisfies the following deterministic assumptions,
1. GG",HH",LL" is t-spectrally bounded by F for 7 > 1.
2. F is p-incoherent with u < O(\n/m).
3. If max; ||Fllo < pn, with high probability over the choice of a subset S, 1S | = n/3, omin(Fs,) 2 np and ppm < ¢

for some sufficiently small constant c.

Theorem 8 (Main theorem, deterministic weight matrix, (Arora et al., 2017b)). Suppose the matrix W satisfies the
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conditions 1-3 above. Given polynomial number of samples, Algorithm 17 returns W in polynomial time, s.t.

Vi€ [m], [IW; - Willa < O(ynp).

Jorn = \mppr*?

Since the ¢, norm of W; is on the order of /np, the relative error in £,-norm is as most \mpt3/?, which mirrors
the randomized case above.

The proofs of Theorems uses the overall strategy of Section 4.4, and is deferred to Section 3.3.11. We give a high
level outline that demonstrates how the proofs depends on the machinery built in the subsequent sections.

Both Theorem 7 and Theorem 8 are similarly proved — the only technical difference being how the third and higher
order terms are bounded. (Because of generative model assumption, for Theorem 7 we can get a more precise control
on them.) Hence, we will not distinguish between them in the coming overview.

Overall, we will follow the approach outlined in Section 4.4. Let us step through Algorithm 17 line by line:

1. The overall goal will be to recover the leading terms of the PMI tensor. Of course, we get samples only, so can
merely get an empirical version of it. In Section 3.3.12, we show that the simple plug-in estimator does the job

— and does so with polynomially many samples.

2. Recall Difficulty 3 from Section 4.4 : the PMI tensor and matrix expression is only accurate on the off-diagonal
entries. In order to address this, in Section 3.3.1.3 we passed to a sub-tensor of the original tensor by partitioning

the symptoms into three disjoint sets, and considering the induced tensor by this partition.

3. In order to apply the robust tensor decomposition algorithm from Section 3.3.4, we need to first calculate whiten-
ing matrices. This is necessarily complicated by the fact that the diagonals of the PMI matrix are not accurate,
as discussed in Section 3.3.1.4. Section 3.3.9 gives guarantees on the procedure for calculating the whitening

matrices.

4. This is main component of the algorithm: the robust tensor decomposition machinery. In Section 3.3.4, the
conditions and guarantees for the success of the algorithm are formalized. There, we deal with the difficulties
layed out in Section 3.3.1.2 : namely that we have a substantial systematic error that we need to handle. (Both

due to higher-order terms, and due to the missing diagonal entries)

5. This step, along with Step 6, is a post-processing step — which allows us to recover the weight matrix W after

we have recovered the leading terms of the PMI tensor.

We also give a short quantitative sense of the guarantee of the algorithm. (The reader can find the full proof in

Section 3.3.11.)
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To get quantitative bounds, we will first need a handle on spectral properties of the random model: these are
located in Section 3.3.6. As we mentioned above, the main driver of the algorithm is step 4, which uses our robust
tensor decomposition machinery in Section 3.3.4. To apply the machinery, we first need to show that the second (and
higher) order terms of the PMI tensor are spectrally bounded. This is done by applying Proposition 101, which roughly
shows the higher-order terms are O(p log n)-spectrally bounded by pF F'T. The whitening matrices are calculated using
machinery in Section 3.3.9. We can apply these tools since the random model gives rise to a O(1)-incoherent F' matrix

as shown in Lemma 3.3.7.

To get a final sense of what the guarantee is, the [, error which step 4 gives, via Theorem 10 roughly behaves like
T max T2, where oy is the spectral norm of the whitening matrices and 7 is the spectral boundedness parameter.
But, by Lemma 109 ¢, is approximately the spectral norm of pFF T — which on the other hand by Lemma 98 is on

the order of mnp?p. Plugging in these values, we get the theorem statement.

3.3.3 Finding the Subspace under Heavy Perturbations

In this section, we show even if we perturb a matrix S ST with an error whose spectral norm might be much larger than
0min(SST), as long as E is spectrally bounded the top singular subspace of S is still preserved. We defer the proof
of the asymmetric case (Theorem 6) to Section 3.3.9. We note that such type of perturbation bounds, often called
relatively perturbation bounds, have been studied in (Ipsen, 1998; Li, 1998a;sb; 1997). The results in these papers
either require the that signal matrix is full rank, or the perturbation matrix has strong structure. We believe our results
are new and the way that we phrase the bound makes the application to our problem convenient. We recall Theorem 4,

which was originally stated in Section 4.4.

@title (matrix perturbation theorem for systematic error). Let n > m. Let S € R™" be of full rank. Suppose positive
semidefinite matrix E € R™" is e-spectrally bounded by S € R™™ for € € (0,1). Let K, K the subspace of the top m

eigenvectors of SST and SST + E. Then,

[Tdx — 1dg|| s €.

Proof. We can assume € < 1/10 since otherwise the statement is true (with a hidden constant 10). Since E is a
positive semidefinite matrix, we write E = RR"T where R = E 172 Since A has full column rank, we can write

R = AS + B where § € R"™" and the columns of B are in the subspace K*. (Specifically, we can choose S = A*R and
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B =R - AA*R = Idg: B.) By the definition of spectral boundedness, we have

BB" =1dg: RR"Idg < Idg-€(AAT + 0, (AAT)Id, ) Idg: .

= €0 (AAT)Idg: .
Therefore, we have that ||B||> < €omin(AAT). Moreover, we also have
IdxkRR'Idx < €AAT + €0 minldg ,
It follows that
ASSTAT <2eAAT .

which implies
ISST| < e
Let P = (Id,, + SST)"?. Then we write AAT + E as,

AAT+E=AAT +RR" = AA™ + (AS + B)(AS + B)"

=A(Qd+SST)AT + ASB™ + BSTAT + BB"

=(AP+BS"P"YAP+BSTP )T + BB —BSTP2SBT

Let A = (AP + BSTP™"). Let K’ be the column span of A. We first prove that K is close to K’. Note that

|BBT - BSTP2S B|| < IBI* + IBI*||STP2S|| < I1BIP

< fo—min(AAT) .

(sinceP=Id+SST >S5

—_ — 2
Moreover, we have o min(AAT) = o min(A)? = (o-min(AP) —||IBSTP! II) > (1-0(€))0min(A)*. Therefore, using Wedin’s

Theorem (Lemma 114) on equation (3.3.17), we have that

Idz — Idg || < €.
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Next we show K’ and K are also close. We have

IA = AP|| < IBS TP7'|| < € Vormin(A)? (since [ISII S Ve, lIBll < Ve)

Therefore, by Wedin’s Theorem, K’, as the span of top m left singular vectors of A, is close to the span of the top left

singular vector of AP, namely, K

ldg —Idg [l S €. (3.3.19)

Therefore using equation (3.3.18) and (3.3.19) and triangle inequality, we complete the proof. O

3.3.4 Robust Tensor Decomposition with Systematic Error

In this section we discuss how to robustly find the tensor decomposition even in presence of systematic error. We
first illustrate the main techniques in an easier setting of orthogonal tensor decomposition (Section 3.3.4.1), then we

describe how it can be generalized to the general setting that we require for our algorithm (Section 3.3.4.2).

3.3.4.1 Warm-up: Approximate Orthogonal Tensor Decomposition

We start with decomposing an orthogonal tensor with systematic error. The algorithm we use here is a slightly more

general version of an algorithm in (Ma et al., 2016).

Algorithm 11 Robust orthogonal tensor decomposition

Inputs: Tensor T € R4 number 6, € € (0, 1).
Outputs: SetS = {(a;, b;, ¢;)}

1.§5=0
2. For s = 1to O(d'*% log d)

3. Draw g ~ N(0,1d,), and compute M = (Id, ® Id, ® g") - T".”
4. Compute the top left and right singular vectors u,v € R of M. Letz = (u” ® v? ®Id,,) - T.
5. If(w" ®v'®z")-T > 1-¢, where / = O(¢), and u is 1/2-far away from any of u;’s with (u;, v;, w;) € S,

then add (u,v,w)to S.

6. Return S

Theorem 9 (Stronger version of Theorem 5). Suppose {u;}, {v;}, {w;} are three collection e-approximate orthonormal

7Recall that product of two tensor (A® B® C) - (E® D® F) = AE® BD® CF
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vectors. Suppose tensor T is of the form

,
T=ZM;®V5®W[+Z

i=1
with || Zlliy13y < T and || Zllj1y23) < 7. Then, with probability at least 0.9, Algorithm 11 returns S = {(i;, V;, W;)} which
is guaranteed to be O((T + €)/9)-close to {(u;, vi, w;)} in {,-norm up to permutation.

Proof Sketch of Theorem 9. The Theorem is a direct extension of (?)Theorem 10.2]MSS16 to asymmetric and ap-

proximate orthogonal case. We only provide a proof sketch here. We start by writing

M=(deldeg") T = ) (s.wiuy] +(d,®1d,®g")-Z (3.3.20)
i=1 =M,
=M

Since || Zll;2)1.3y £ 7 and [|Z]l1y23 £ 7, (2)Theorem 6.5]MSS16 implies that with probability at least 1 — d? over the

choice of g,
|1d, ®1d, ® g7) - Z|| < 24flogd - T

Let t = 2 \flogd. We have that with probability 1/(d'** log®" @), (g, wi) > (1 + 6/3)t and (g, w;) < ¢ for every j # 1.
‘We condition on these events. Let i; be a set of orthonormal vectors such that E, = [uy, ..., u,] —[#1,...,a,] satisfies
[|E4]| < € (we can take i;’s to be the whitening of u;’s). Similarly define v;’s. Then we have that the term (defined in
equation (3.3.20)) can be written as (g, w1 )it;; + E’ where ||E||' < €. Let Mg = Y.{g, w1)it;#;. Then Mg has top
singular value (g,w;) > (1 + ¢/3)t, and second singular value at most t. Moreover, the term M, + E’ has spectral
norm bounded by O(t + €). Thus by Wedin’s Theorem (Lemma 114), the top left and right singular vectors u, v of
Mg + M, = Mg + M, + E" are O((T + €)/6)-close to ity and ¥, respectively. They are also O((t + €)/5)-close to u;, v
since u, is close to it;. Moreover, we have (1" ® vT ® Id) - T is O(t/6)-close to wy.

Therefore, with probability 1/(d"** 1og?? d), each round of the for loop in Algorithm 11 will find u;, v;, w;. Line
5 is used to verify if the resulting vectors are indeed good using the injective norm as a test. It can be shown that if
the test is passed then (u, v, z) is close to one of the component. Therefore, after d 1+6 logo(l) d iterations, with high

probability, we can find all of the components.

3.3.4.2 General tensor decomposition

In many previous works, general tensor decomposition is reduced to orthogonal tensor decomposition via a whitening

procedure. However, here in our setting we cannot estimate the exact whitening matrix because of the systematic error.
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Therefore we need a more robust version of approximate whitening matrix, which we define below:

Definition. Let r < d. A collection of r vectors {ay,...,a,} is e-approximately orthonormal if the matrix A with a; as

columns satisfies
|[ATA-1d < € (3.3.21)

Definition. Letd > rand A = [ay,...,a,] € R®*". A PSD matrix Q € R is an €e-approximate whitening matrix for

Aif (Q*)!/?A is e-approximately orthonormal .

Algorithm 12 Tensor decomposition with systematic error

Inputs: Tensor 7 € R">"" and e-approximate whitening matrices Q,, Qp, Q. € R,
Outputs: {a;, b;, Ci}ie(r)

1. Compute 7 = ()" & (O)'* @ (O - T
2. Run orthogonal tensor decomposition (Algorithm 11) with input T, and obtain {&;, l?,-, ¢}

3. Return: { ,11/2511', Q}]/zl;i, Qé/zéi}

With this in mind, we can state the guarantee on the tensor decomposition algorithm (Algorithm 12).

Theorem 10. Let d > r, and A, B,C € R¥" be full rank matrices. Let T,A,® € R™’ | Let a;, b;, ci,vi, 6;,0; be the
columns of A, B, C,T', A, © respectively. Suppose tensor T is of the form
r {

T=>a®bec+) ye6e6+E (3.3.22)

i=1 i=1

Suppose matrices Q, € R Q, € R™ Q. € R™ are e-approximate whitening matrices for A, B,C, and suppose
I', A, ® are t-spectrally bounded by Q}/z, }1)/2, 61_/2, respectively. Then, Algorithm 12 returns a;, b;, ¢; that are O(1)-

close to a;, b, c; in O(d**?) time with
n < max(|Qall, QN1 10N> - (72 + o E N 213) + €) - 1/6

where o0 = min(0 min(Qa), Tmin(Op)s Tmin(Qc))-

Note that in our model, the matrix E has very small spectral norm as it is the third order term in p (and p = O(1/n)).
The spectral boundedness of I', A, ® are discussed in Section 3.3.6. Therefore we can expect the RHS to be small.

In order to prove this theorem, we show after we apply whitening operation using the approximate whitening
matrices, the tensor is still close to an orthogonal tensor. To do that, we need the following lemma which is a useful

technical consequence of the condition (3.3.11).
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Lemma 93. Suppose F is t-spectrally bounded by g. Then,

IGT(FFT)*G|| < 2r. (3.3.23)

Proof. Let K be the column span of F. Let Q = FFT. Multiplying (Q*)'/? on both sides of equation (3.3.11), we

obtain that

(Q'*GGT(ON'? < 1(1dk + TW(Q)Q")
< 7(Idg + 0, (Q)IQ* k)

< 27ldg

It follows that [|(Q*)'/2G|| < V2, which in turns implies that |[GT(FFT)*G|| = [|GT(QH)V*(0")"2G|| < 21. o

We also need to bound the {1,2}{3} norm of the following systematic error tensor. This is important because we

want to bound the spectral norm of the perturbation after the whitening operation.

Lemma 94 (Variant of (?)Theorem 6.11MSS16). Let T, A,® € R™. Let v;,6;,0; be the i-th column of T, A, ®,

respectively. Then,

< TN NSl - AT -2 < 1T 1O - [1A]] (3.3.24)

Z?’i®5i®9i

i€[(]

{1,243}

Proof of Lemma 94. Using the definition of |||l 23y we have that

Z)’i®5i®9i

i€[]

(3.3.25)

Z(?’i ®6,)6]

{123y Mieldl

1/2 1/2

IA

> 067

i€[(]

Z()/,- ® 0)(yi ®6;) (by Cauchy-Schwarz inequality)

i€[(]

1/2
=D D ewsh| el

i€[(]

Next observe that we have that for any i, ;6 < (max 116;]1*)Id and therefore,

iy ® (6:6]) < yiy] ® (max|l6;|*)Id. (3.3.26)
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It follows that

1/2
Yviesea| <[>yl @maxisiHid| el
i€[r] (1,2)(3} i€[r]
= IT11- 1@ - ATl o -

With this in mind, we prove the main theorem:

Proof of Theorem 10. Let A = (Q})'?A, B = (0}))'*B, C = (Q})'*C. Moreover, let I' = (0})"/*T" and define A, ®

similarly. Let a,, b;, ¢, %:,0:,0; be their columns. Then we have that 7' as defined in Algorithm 12 satisfies

r t
T=Z&i®5;®5[+2%®8;®§,'+£? (3.3.27)
i=1 i=1
where £ = (09)!? ® (QZ)”2 ® (QN)'? - E. We will show that 7 meets the condition of Theorem 5. Since Q, is an
e-approximate whitening matrix of A, by Definition, A = (Q;)!/?A is e-approximately orthonormal . Similarly, B, C
are e-approximately orthonormal .

[ is 7-spectrally bounded by Q,, hence by Lemma 93, we have that ||| < V27. Similarly, [|©]],[|Al < V27.

Applying Lemma 94, we have,

< (271)*? (3.3.28)
{1,2{3}

¢
25’1‘ ®0; ®0;
i=1

Moreover, we have [|E]l;1.2)31 < IO IO 2NEN 1 233y < 02 (|Ellj1.2)3), where 0 = min{omin(Qa), Tmin(Op), Tmin(Qe)}.
Therefore, using Theorem 5 (with a;, b;, ¢; there replaced by a;, b;, ¢;, and Z there replaced by Zf;l ¥i ® 5:®0; + E),
we have that a set of vectors {&;, b;, &} that are e-close to {d@;, b;, &;} with € = (27)*/% + 3/2||E||;1 2)3). Therefore, we

obtain that ||a; — Q'/?4;]| < ||Q,l|'/?€. Similarly we can control the error for b; and ¢; and complete the proof. o

3.3.5 Formal expression for the PMI tensor

In this section we formally derive the expressions for the PMI tensors and matrices, which we only informally did in

Section 4.4.

As a notational convenience for /[ € N, we will denote by 131 the matrix which has as columns the vectors 1 —
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exp(—IWy), k € [m]. Furthermore, for a subset S, C [n], we will introduce the notation

Prs, = > ((Poes,) ((Bons,)” = . (1= exp(=IWi)s,) (1 = exp(~IW)s,)"

ke[m] ke[m]
These matrices will appear naturally in the expressions for the higher-order terms in the Taylor expansion for the PMI
matrix and tensor.

We first compute the formally the moments of the noisy-or model.

Lemma 95. We have

logPrls; = 0] = ) log (1 = p(1 = exp(Wi))

ke[m)

Vi# jlogPr[si=0nAs;=0]= Z log (1 - p(1 — exp(Wy + W)
ke[m]

V distinct i, j, k € [n],log Pr [s,- =0As;=0As = O] = Z log(l —p(1 —exp(Wy + Wy + ng)))
ke[m]

Proof of Lemma 95. We only give the proof for the second equation. The rest can be shown analogously.

logPr[s; = 0 A s; = 0| = E[Prls; = 0d] - Prs; = 0ld]| = E[exp(~(W; + W))"d)|

= 1_[ E [exp(—(Wik + ij)dk))]

ke[m]

= [ (1-p(1 = exp(-(Wi + W) -

ke[m]

With this in mind, we give the expression for the PMI tensor along with all the higher-order terms.

Proposition 96. For any equipartition S ;,Sp, S of [n], the restriction of the PMI tensor PMITs s, 5. satisfies, for

any L > 2,
p L L(_e )
PMITs,.s,.5. = 7 Z Fis,®Frs, ® Fis, + Z(—I)M (7 (1_)) Z (Piis, ® (Piis, ® (Ps. + EL (3329
- ke[m] =2 —F kefm
where L
L
(%)
ELIl1,2),3) < 73
Li-(s)
I-p
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Proof. The proof will proceed by Taylor expanding the log terms. Towards that, using Lemma 95, we have :

PMIT,‘jl =

S (1= (1 = exp(=Wa = W) (1 = p(1 = exp(~Wix = Wi))) (1 = p(1 = exp(= Wy — W)
0g
G (1= p(1 = exp(=Wi = Wi = Wie)) (1 = p(1 = exp(=Wi) (1 = p(1 = exp(=W;)) (1 = p(1 = exp(~Wi)))

By the Taylor expansion of log(1 — x), we get that

PMI,; =
- Z ; Z Pl(((l —exp(=Wi — ij)))t +((1 — exp(-Wi — Wi)))' + ((1 —exp(-Wy — W,k)))t —
t=1 ke[m]

(1 - exp(-Wa))' - (1 - exp(—ij))t — (1 = exp(=W))' = (1 = exp(~ Wi = Wy — Wlk))t)

Furthermore, note that
(1 exp(~Wi — ij)))l + (1 = exp(=Wi = Wi)))' + ((1 — exp(~Wj - Wlk)))t -
(1 - exp(=Wi))' = (1 — exp(~W;)) = (1 — exp(=W;e))' = (1 = exp(~ Wi = Wy = W)

> (§)<—1>l (1 = exp(=IWi)) (1 = exp(~IW;e)) (1 = exp(~IWp.)
=1

by simple regrouping of the terms. By exchanging / and ¢, we get

Me

1
PMITs, 5, 5. = 1y (pf;(;)) S (1= exp(-IW);, ® (1 - exp(~IWi)s, ® (1 — exp(~IWy))s,
=1 =1 =
0 1 1
= Z(_I)HI [7 (%) ) Z (] - exp(—ka))S” ® (] - exp(—ka))Sb ® (1 - exp(—ka))Sc (3.3.30)
=1

ke[m]

where the last equality holds by noting that

The term corresponding to ¢ = 1 is easily seen to be

o
— Z Fk,Sa ® Fk,Sb ® Fk,SL-
ke[m]

therefore we to show the statement of the lemma, we only need bound the contribution of the terms with t > L.

Toward that, note that Y/, k||1 — exp(—IW,)|| < n. Hence, we have by Lemma 94,
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Z (1 = exp(=IWy))s, ® (1 — exp(=IWp))s, ® (1 — exp(=IWy))s < (mn)’
k=1 {1,2),{3}
Therefore, subadditivity of the {12}, {3} norm gives
L)l
1+1 1
Z( 1) D (1= exp(=IWp)s, ® (1 = exp(=IWe)s, ® (1 = exp(~IWp));,
ke[m] 12161
o0 P ! 3 l 3 L L
<y Y (llp) < (mf) Z(Ip ) _ (mz) (%) ;
I=L =L\ P 1- (1%)
which gives us what we need. O

A completely analogous proof gives a similar expression for the PMI matrix:

Proposition 97. For any subsets S ,,Sp, of [n], s.t. S, NSy = 0, the restriction of the PMI matrix PMlg, s, satisfies,

forany L > 2,
1
PMIg, 5, = —— Z Fys, ;js + Z( ! (7 (—)] Z(Pl)ks ((Pis,)” +EL (3.3.31)
P ke[m] L ke[m)
where .
o
mnp (%)
IELIl1,2),03) < T
L _ (L)
I-p

3.3.6 Spectral properties of the random model

The goal of this section is to prove that the random model specified in Section ?? satisfies the incoherence property
on the weight matrix and the spectral boundedness property of the PMI tensor. (Recall, the former is required for the
whitening algorithm, and the later for the tensor decomposition algorithm.)

Before delving into the proofs, we will need a few simple bounds on the singular values of P;.

Lemma 98. Let S, C [n], s.t. |S,| = Q(n). With probability 1 — exp(— log2 n) over the choice of W, and for all
[ = O(poly(n)),

o-min(Pl,Sa) 2z np

and

2
O—max(Pl,S[,) < mnp
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Proof. Let us proceed to the lower bound first.

If we denote by L the matrix which has as columns (Pl)k,sa, k € [m], it’s clear that P;s, = LL". Since
o-min(LLT) = O-min(LTL)

we will proceed to bound the smallest eigenvalue of LT L.
Note that

L'L= Z(l — exp(—=IWh))(1 — exp(~IW )T
keS ,

Since the matrices (1 —exp(—/W¥))(1—exp(—IW*))T are independent, the bound will follow from a matrix Bernstein
bound. Denoting

Q = E|(1 - exp(~IW"))(1 — exp(~IW*))T]

by a simple calculation we have

Q=pE|l- exp(—IW)]2 117 + (pE|(1 = exp(~IW))*| - p’E[1 - exp(~1¥)]*) Id,, (3.3.32)

where 1 is the all-ones vector of size m, and 1Id,, is the identity of the same size. Furthermore, W is a random variable
following the distribution D of all the W; ;.
Note that (3.3.2) together with the assumption v = Q(1) gives o min(Q) = Q(p)
Let Z' = Q V(1 - exp(~IW)). Then we have that E|Y,c5, Z'(Z)"| = ISl - Id,, and with high probability,
IZ? < 1/0min(Q) - [|IF|> < mand it’s a sub-exponential random variable. Moreover,
2= HZ B [(Z Zi(Zi)T)Z] E {Z Zi(Zi)T}

<m <mn.

Therefore, by Bernstein inequality we have that w.h.p,

< +/r*logn + max ||Z|* logn = \/mnlogn + mlogn.

Z Zi(Z)T - nld,,

i€S,

It follows that
Z Z(Z)" = (n— O(mnlogn))Id, = nld, .
i€S,

which in turn implies that P; s, > nQ. But this immediately implies o min(Prs,) 2 np with high probability. Union

bounding over all /, we get the first part of the lemma.
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The upper bound will be proven by a Chernoff bound. Note that the matrices
(1 = exp(~IWy))s, (1 — exp(=IWy)g .k € [m]

are independent. Furthermore, [|(1 — exp(=IW;))s, (1 — exp(—ka));all2 < pn with high probability, and the variable
I(1 = exp(=IWy))s, (1 - exp(—ka));H2 is sub-exponential. Finally,

P =

E[ (1 —exp(=IWy))s, (1 - CXP(—ka))ST[,)Z}
k

=1

M=

< 3" B[t - exp=iws, )1 - exp=twnd, 7|

>~
1]
—_

< m |1 = exp(=1Wo)s, | E[((1 - exp(~IWi))s, (1 — exp(~IWi)3, )] < mn®p?

Similarly as in the lower bound,
E[Ps,] = p’E[I - exp(—lW)]2 117 + (pE [(1 - exp(~IW))?| = p*E[1 - exp(~I#)]*) Idys,,

where 1 is the all-ones vector of size |S,|, and Id;s, is the identity of the same size. Again, W is a random variable

following the distribution D of all the W; ;. This immediately gives
P; < E[P)] + rlognlds, < mnp* + \Jmn2p*lognld;s, < O(mnp*)Id,,

A union bound over all values of / gives the statement of the Lemma.

3.3.7 Incoherence of matrix F

First, we proceed to show the incoherence property on the weight matrix.

Lemma 99. Suppose n is a multiple of 3. Let F = UXV be the singular value decomposition of F. Let S ,,Sp, S . be
a uniformly random equipartition of the rows of [n]. Suppose F is u-incoherent with u < n/(mlogn). Then, with high

probability over the choice of and S 4, S, S ., we have for every i € {a, b, c},

um

”(US")T USi - %Id < |5 logn.
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Proof. LetS =S,. Then, since UTU = 1d,,, we have

B Z<U">(U">T} = 3 1d.

€S 3

By the assumption on the row norms of U, |[U(U")"|l, = ||U'|* < u®. By the incoherence assumption, we have that

max;||U|> < um/n.
We also note that U"’s are negatively associated random variables. Therefore by the matrix Chernoff inequality for

negatively associated random variables, we have with high probability,

H(US)TUS —E[(US)TUS]H < |[Hmlogn.
n

But, an analogous argument holds for S, S as well — so by a union bound over k, we complete the proof. m}

Lemma 100. Suppose n > mlogn. Under the generative assumption in Section ?? for W, we have that we have that

F =1 —exp(—W) is O(1)-incoherent.

Proof. We have that FFT = UX?U" and therefore, ||F||> = Ei[IIUiIIZ. This in turn implies that

1 il _ 1 2
min 32 Il = o2 (F)”F” ’

min

i112
NI <

Since HF i||2 < pm + +/pm < 2pm with high probability, we only need to bound o, (F) from below. Note that

2

o (F) = omin(F TF). Therefore it suffices to control o, (FT F). But by Lemma 98 we have o-fmn(F ) 2 np.

Therefore, we have that

1
a—rznin(F)

. . m
NU71* < I1F||* = o)

3.3.8 Spectral boundedness

The main goal of the section is to show that the bias terms in the PMI tensor are spectrally bounded by the PMI matrix
(which we can estimate from samples). Furthermore, we show that we can calculate an approximate whitening matrix
for the leading terms of the PMI tensor using the machinery in Section .

The main proposition we will show is the following:
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Proposition 101. Let W be sampled according to the random model in Section ?? withp = o (L) ,P=w ( logn ) Let

logn mn

N3
Sa € [nl, IS4l = Q). If Rs, is the matrix that has as columns the vectors (% (1%}) ) (P)js. L €[2,L],j € [m] for

1/3 o
L = O(poly(n)), and A is the matrix that has as columns the vectors (1%0) / (P1)js, for j € [m], with high probability

it holds that Rs Ry is O(p*"* log n)-spectrally bounded by A.
The main element for the proposition is the following Lemma:

Lemma 102. Forany set S, C [n], |S | = Qn), with high probability over the choice of W, for every €, = O(poly(n))

PLS“PZS“ is O(log n)-spectrally bounded by Py s,.
Before proving the Lemma, let us see how the proposition follows from it:

Proof of 101. We have
L 1 P n2/3
RSaR:SI'—“ = [— (—)] P,
; I\1-p

By Lemma 102, we have that VI > 1, P, is r-spectrally bounded by P, 5,, for some 7 = O(log n). Hence,

00 N2/3

1

Rs,R}, <) (7 (ﬁ)] (P15, + Omin(P1s,))
=2

<P 1(Pis, + Tmin(P1s,))

Since AAT = (1%)2/ 3P1,Sa, the claim of the Proposition follows.

It is clear analogous statements hold for S, and S . ]

Finally, we proceed to show Lemma 102.
For notational convenience, we will denote by J,x, the all ones matrix with dimension m X n. (We will omit the
dimensions when clear from the context.)

This statement will immediately follow from the following two lemmas:

Lemma 103. For any set S, C [n], |S4 = Qn), with probability 1 — exp(— log2 n) over the choice of W, for all

¢ < O(poly(n)),

5
P;s, < 10nplognld + Emsz
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Lemma 104. For any set S, C [n], S 4| = Q(n), with probability 1 — exp(—log® n) over the choice of W, Y€ = poly(n),

P;s, +6nplognld 3 mp*J

Before showing these lemmas, let us see how Lemma 102 is implied by them:

Proof of Lemma 102. Let k be the constant in 104, s.t. P 5, + 6nplognld 5 mp®J. Putting the bounds from Lemmas

103 and 104 together along with a union bound, we have that with high probability, VI,I' = O(poly(n))
5 15
Pis, — EKPZ/’S” <(10nplogn + Eknplogn Id < O(mplogn)Id

But, note that oin (Pr) = Q(np), by Lemma 98. Hence, P; — %KPI/,SH < rlog nowin(Py), for some sufficiently large
constant . This implies

5
P, —rlog nPps, < P;— EKP// <rlog nOmin(Pr s,)

from which the statement of the lemma follows.

We proceed to the first lemma:

Proof of Lemma 103. To make the notation less cluttered, we will drop / and S, and use P = P;s_. Furthermore, we

will drop S, when referring to columns of P so we will denote P, = Pk,su.

Let’s denote by e = ﬁ 1. Let’s furthermore denote Id; = ee', and Id_y = Id — ee". Note first that trivially, since

Id; +Id_; = 1d,

P = (Id; + Id_)P(1d; +1d_y) (3.3.33)

Furthermore, it also holds that

1 1
0<Q2Id4 - EIdI)P(2Id_1 - Eldl)

1
= ZIleIdl +41d_yPId_; — Id_yPId; — Id; PId_4
where the first inequality holds since

1 1 1. o\
(ld_q - EIcll)P(chl_1 - EIdl) = ((ZId_l - zldl)P) ((21c1_1 - E1c1,)P)
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From this we get that

1
Id_{PId; + Idy PId_q < ZlleIdl +41d_{PId_4 (3334)

We proceed to upper bound both the terms on the RHS above. More precisely, we will show that

Id, PId; < 2mp*nJ (3.3.35)

Id_1PId_y < 2nplognld (3.3.36)

Let us proceed to showing (3.3.35). The LHS can be rewritten as
Id; Pld; = ee” (eTPPTe)
Note that
L (& .
¢TPPTe =~ [Za, Pk>2]
n
k=1
All the terms (1, P;)? are independent and satisfy and E[(1, P)?] < (E[(1, P)])> < p*n®. By Chernoff, we have that
Z(l, Puy? <mp*n® + Jmp*n®logn < 2mp*n®
k=1
with probability at least 1 — exp(— log? ), where the second inequality holds because p = w(%). Hence, ¢" PPTe <
2mp’n with high probability.

We proceed to (3.3.36), which will be shown by a Bernstein bound. Towards that, note that

E[(Id_1Py(Id_1P;) "] = 1d 4 E[Px(Py)"11d_y
=1d-1 (p*EL1 ~ exp(W)PP117 + (p ~ p")EL(1 ~ exp(W))11d)1d.

<pld
where W is a random variable following the distribution D of all the W; ;. The second line can be seen to follow from
the independence of the coordinates of Py according to our model.

Furthermore, with high probability ||Id_1pk||§ < ||P¢|> < np and the random variable ||[Id_ P;|* is sub-exponential
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Finally,

=

> (1 Poad T

E[
k=1

< |12l

B [Z(zlﬁkmdlfw
k=1

< npml|[B[(Id_1 P)(1d_1 P) "1l < np*m

Therefore, applying a matrix Bernstein bound, we get

Id_; PId_; < mpld + nplognld + rlognld < 2nplognld

with high probability.

Combining this with (3.3.33) and (3.3.34), we get

P

IA

1d; PId; + 5Id_{PId_

IA

NSRS o))

mp*J + 10np lognld

Let us proceed to the second inequality, which essentially follows the same strategy:

Proof of Lemma 104. Similarly as in the proof of Lemma 103, for notational convenience, let’s denote by P the matrix

which has column k the vector (1 — exp(IWy)).

Reusing the notation from Lemma 104, we have that

P =(dy +Id_y)P(Id; +Id_y) (3.3.37)

and

1 1
0 < (51dy + 20d_y)P(51dy +21d_1)

1
= Id,lP’Idl + Idlpld,l + ZIdIPIdl + 4Id,1PId,1
for similar reasons as before. From this we get that

1
Id_yPId; + IdyPId_4 > _ZIdIPIdI —41d_{PId_4 (3.3.38)
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Putting (3.3.37) and (3.3.38) together, we get that
3
P+3Id_{PId_; > ZIleIdl (3.3.39)

We will proceed to show an upper bound Id_y PId_; < 2nplognld on second term of the LHS. We will do this by

a Bernstein bound as before. Namely, analogously as in Lemma 104,

m

Id_(Pld_; = Z(Id_lf’k)(ld_lf’k)T
k=1

and E[(Id_{ Py)(Id_{ Py)™] < pld and and [|[Id_{ P¢||? < ||Px|? < np are satisfied so

< npzm

B ((d-1Pod1PYT)

k=1

P =

Therefore, applying a matrix Bernstein bound, we get
Id_; PId_; < mpld + nplognld + r < 2nplognld

with high probability.

Plugging this in in (3.3.39), we get
3 3 TppT T 3 T T T
P + 6nplognld > ZIleIdl = Zee PP ee’ = Zee (e PP e)

Since we have e"PPTe = 1 (ZZ’ZI (Py, 1)2) with the goal of applying Chernoff, we will lower bound E[(1, A;)?]. More

precisely, we will show E[(1, P;)]> = Q(n?p?). In order to do this, we have

EKL P = Y EIP+ Y. EBIPOIEIPY;]

JESa J#J'30J €S a

= > pEI( —exp(-IWy1+ > pEIl —exp(~IW)P
JESa JEJ ) €S a

> ) pEI(1—exp(-Wy 1+ > pE[l - exp(-W)P
JESa J#EJ'30J €S a

= Q(n’p?)

where W is a random variable following the distribution D of all the W; ;. and the last inequality holds because of
(3.3.2).

So by Chernoff, we get that e" PPTe = rll(Q(mn2 p?) — \n2p*m) = Q(mnp*) with high probability. Altogether, this
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means

P+ 6nplognld = mp*J

3.3.9 Robust whitening

Algorithm 13 Obtaining whitening matrices

Inputs: Random partitioning S ,, Sp, S . of [n]. Empirical PMI matrix PML
Outputs: Whitening matrices Q,, O, Q. € R

1. Output
0, = p’1/3P/1\IISm5b(PTI\ZI;,SL.)TWIS<~S"’
Oy = P_1/3m1sb,sc(m1;,sa)TP/MISﬂ*S“

In this section, we show the formula Q, = p’” 313/1@15“,5[,(P/I\ZI;,!SC)TP/I\ZISUSH computes an approximation of the

true whitening matrix AAT, so that the error is e-spectrally bounded by A. We recall Theorem 6.

@title. Let n > mand A, B, C € R™"™., Suppose Xy, Lpe, Zea € R™" are of the form,
Y =ABT + Ey, Ty = BCT + Ep, and X, = CAT + E,,.
where E.p, Epc, Ecq are e-spectrally bounded by (A, B), (B, C), (C, A) respectively. Then, the matrix matrix
O = Zap[Zf]n 2

is a good approximation of AA™ in the sense that Q, = X [E;C];Zm — AAT is O(e)-spectrally bounded by A. Here

[X1,n denotes the best rank-m approximation of X.

Towards proving Theorem 6, an intermediate step is to understand the how the space of singular vectors of BCT
are aligned with the noisy version ;.. The following explicitly represent BCT + E as the form B’R(C’)" + A’. Here
the crucial benefit to do so is that the resulting A’ is small in every direction. In other words, we started with a relative
error guarantees on E and the Lemma below converts to it an absolute error guarantees on A’ (though the signal term

changes slightly).

Lemma 105. Suppose B, C are n X m matrices with n > m. Suppose a matrix E is e-spectrally bounded by (B, C),
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then BCT + E can be written as

BCT + E = (B+ Ap)Rpc(C + Ac)™ + Ay,

where Ag, Ac, Ajgc are small and Rpc is close to identity in the sense that,

”AB” < O(Eo—min(B))
lAcll < O(€0in(C))
”AI,QC” < O(Eo—min(B)O—min(C))

IRpc — Id|| < O(e)

Proof. The key intuition is if the perturbation is happening in the span of columns of B and C, they cannot change the

subspace. By Definition , we can write E as

E =BACT + BA] + A3CT + A4

Now since ||Aq]| < € < 1, we know (Id — Ay) is invertible, so we can write

(BCT + E) = (B+ As(Id + A)™)(Ad + A)(C + Ay(Ad = A )T = As(Id — A)'AT + Ay

This is already in the desired form as we can let Az = As(Id + A;)™', Rgc = (Id + Ay), Ac = Ay(Id — A;)™7, and
A%c = —A3(Id—A1)‘1A;+A4. By Weyl’s Theorem we know 07,;,(Id+A;) > 1—¢, therefore ||Ag|| < ||A3||0':n}n(ld+A) <
1—560',,,,-”(3). Other terms can be bounded similarly.

Now we prove that the top m approximation of BCT + E has similar column/row spaces as BC". Let Up be the
column span of B, U}, be the column span of (B + Ag), and U} be the top m left singular subspace of (BCT + E).
Similarly we can define Uc, U, U{ to be the column spans of C, C + Ac and the top m right singular subspace of
(BC" + E).

For B + Ap, we can apply Weyl’s Theorem and Wedin’s Theorem. By Weyl’s Theorem we know 0,;,(B + Ag) >
Tmin(B) = |1Agll 2 (1 = O(€))0 pin(B). By Wedin’s Theorem we know Uy, is O(e)-close to Ug. Similar results apply to
C+Ac.

Now we know i, ((B+Ap)Rpc(C+Ac)T)) = 0 pmin(B+AR)T 1min(Re)T min(C+Ac) = Q0 1min(B)0 1min(C). Therefore
we can again apply Wedin’s Theorem, considering (B + Ag)Rpc(C + Ac)T) as the original matrix and Al as the

perturbation. As a result, we know Uy is O(€) close to Uy, U/ is O(€) close to Uj. The distance between U, Uy (and

Uc, U() then follows from triangle inequality.
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As a direct corollary of Lemma 105, we obtain that the BCT and BC" + E have similar subspaces of singular

vectors.

Corollary 106. In the setting of Lemma 105, let [BC" + E),, be the best rank-m approximation of BC" + E. Then, the
span of columns of [BCT + E],, is O(€)-close to the span of columns of B, span of rows of [BC" + E),, is O(e)-close to
the span of columns of C.

Furthermore, we can write [BCT + E),, = (B + Ap)Rpc(C + Ac)" + Apc. Here Ap, Ac and Rpc as defined in

Lemma 105 and Apc satisfies ||Apcl| £ O(€0 pin(B)T 1in(C)).

Proof. Since [BCT + EJ,, is the best rank-m approximation, because (B + Ag)Rpc(C + Ac)T) is a rank m matrix, in
particular we have

IBC™ + E ~[BC" + Elull < IBC" = (B + Ap)Rpc(C + Ac) DIl AR

Therefore

IApcll = IIBC™ + El = (B + Ap)Rpc(C + Ac) Dl
<|IBCT + E = [BC™ + El,ll + IBCT + E = (B + Ap)Rpc(C + Ac) )|

< 2/ A%l

In order to fix this problem, we notice that the matrix [ZZC];;, is multiplied by X, on the left and X., on the right.
Assuming X, = ABT, X, = CAT, we should expect [X] ], to “cancel” with the BT factor on the left and the C

factor on the right, giving us AAT. Therefore, we should really measure the error of the middle term [X; ], after left

multiplying with BT and right multiplying with C. We formalize this in the following lemma:

Lemma 107. Suppose X, is as defined in Theorem 6, let A = [Z;C],; — [CB™1", then we have

€
IBTACI = O(e), [IB"All < O(——=),

O—min(C)
IACH < O(—S—), [IAll £ O(———————)
B (O—mzn(B) ’ - (O-min(B)O-min(C) .

We will first prove Theorem 6 assuming Lemma 107.

Proof of Theorem 6. By Lemma 105, we know X, can be written as

(A + ADRs(B+ AL + Ayp.
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Similarly X, can be written as

(C+ADRcaA(A+ AT + Aca.

Here the A terms and R terms are bounded as in Lemma 105.

Now let us write the matrix Z,,[X] 15 Zcq as
(A +ADRABB + AR + Axg) ([CBTT" + Apc) (€ + ADRca(A + AT + Acy)

We can now view ZQ;,[ZZC],*”ZM as the product of three terms, each term is the sum of two matrices. Therefore we
can expand the product into 8 terms. In each of the three pairs, we will call the first matrix the main matrix, and the

second matrix the perturbation.

In the remaining proof, we will do calculations to show the product of the main terms is close to AAT, and all the

other 7 terms are small.

Before doing that, we first prove several Claims about PSD matrices

Claim 11. If||A]l < € then AAAT < eAA™. If |T|| < €07in(A), then L(ATT +TAT) < €AAT + eo, (A)Id.

Proof. Both inequalities can be proved by consider the quadratic form. We know for any x, xTAAA™ x < AT x||? <
exTAAT x, so the first part is true.

For the second part, for any x we can apply Cauchy-Schwartz inequality

min

1
xTE(AFT +TADx = (VeATx, e V2T x)y < el|[ATx|> + € ITT x| = x" (eAAT + €02, (A)Id)x.

Now, we will first prove the product of three main matrices is close to AA™:

Claim 12. We have (A + ADRap(B + AL)T) (CBT)* ((C + A2)Rca(A + A})T) = AAT+E,, where E is O(e)-spectrally
bounded by AAT.

Proof. We will first prove the middle part of the matrix (B + A};)T(C BT (C + A3C) is O(e) close to identity matrix Id.
Here we observe that both B, C have full column rank so (CB™)* = (B")*C*. Therefore we can rewrite the product as
(Id + B*AL)T(Id + C*A%). Since ||A}3|| < O(e0in(B)) by Lemma 105 (and similarly for C), we know ||B*A};|| < O(e).
Therefore the middle part is O(e) close to Id. Now since € < 1 we know EAB = Rup(B + A}B)T(CBT)Jr(C + A3C)RCA is

O(e)-close to Id.
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Now we are left with (4 + A};)R\AB(A +A3)7, for this matrix we know
(A+ADRp(A+ AT —AAT = A(Rpp — ID)AT + ALRypAT + ARyp(AD)T + AL Rap(A3)T.
The first term A(EAB —IdAT < O(e)AAT (Claim 11); the fourth term ALEA B(Ai)T < O(ec? . (A))Id (by the norm

min

bounds of A},A and Ai. For the cross terms, we can bound them using the second part of Claim 11. m}

Next we will try to prove the remaining 7 terms are small. We partition them into three types depending on how
many A factors they have. We proceed to bound them in each of these cases.

For the terms with only one A, we claim:

Claim 13. The three terms Ayg(CBT)*(C + AD)Rca(A + A3)T, (A + ADRap(B + Ap)TAsp(C + ADRca(A + A3,

((A + ADRap(B + A}B)T) (CBTY*Acy4 are all O(¢) spectrally bounded by AAT.

Proof. For the first term, note that both B, C have full column rank, and hence (CB™)* = (BT)*C™*. Therefore the first
term can be rewritten as

[Aap(BTIAd + CTALRCAIA + A

By Lemma 105, we have spectral norm bounds for Ayp, A3C, Ai,RCA. Therefore we know ||Aag(BT)"|| < O(€0in(A))
and [(Id + C+A3C)RCA] is O(e) close to Id. Therefore ||[[Aap(BT)T1[(d + C+A3C)RcA](Ai)TII < O(Etrﬁu.n(A)) is trivially
O(e) spectrally bounded, and [Asp(B")*][(Id + C JrAg)RCA]AT is O(e) spectrally bounded by Claim 11. The third term
is exactly symmetric.

For the second part, we will first prove the middle part of the matrix ZBC =B+ A};)TABC(C + A%) has spectral
norm O(e). This can be done y expanding it to the sum of 4 terms, and use appropriate spectral norm bounds on Apc

and its products with BT and C from Lemma 107. Now we can show (A + A/l,‘ )R4 BXBCRCA A+ Ai)T is O(e) spectrally

bounded by the first part of Claim 11. m}

Next we try to bound the terms with two A factors.

Claim 14. The three terms AypApc(C + A%)RCA(A + AZ)T, AAB(CBT)JrACA,

(4 + ADRas(B + AY)T) AgcAca are all O(€?) spectrally bounded by AAT.

Proof. For the first term, notice that ||Agc(C + A3C)|| is bounded by O(e/0,in(B)) by Lemma 107, and ||Aspl| =
O(€T 1in(A)0 min(B)). Therefore we know [|AppApc(C + A3C)RCA|| < O(E20 pin(A)), so by Claim 11 we know this
term is O(e?) spectrally bounded by AAT. Third term is symmetric.

For the second term, by Lemma 105 we can directly bound its spectral norm by 0(620',27”.”

(A)), so it is trivially
O(€?) spectrally bounded by AAT. O
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Finally, for the product AspApcAca, we can get the spectral norm for the three factors by Lemma 105 and
Lemma 107. As a result |[AspApcAcall < O(e302 . (A)) which is trivially O(e®) spectrally bounded by AAT.

min

Combining the bound for all of the terms we get the theorem. O

With that, we now try to prove Lemma 107

We first prove a simpler version where the perturbation is simply bounded in spectral norm

Lemma 108. Suppose B, C are n X m matrices and n > m. Let R be an n X n matrix such that ||R —1d|| < €, and E is a

perturbation matrix with ||E|| < €0 pjn(B)0 1in(C) and (CRBT + E) is also of rank m.

Now let A = (CRBT + E)* — (CRB™)*, then when € < 1 we have

€
IBTACI = O(e), IB"All < O(——=),

O—min(c)
AC| < O(—S Al<0 :
N T L e

Proof. We first give the proof for ||BT AC||. Other terms are similar.

Let Up be the column span of B, and U, be the row span of (CRB" + E). Similarly let Uc be the column span of
C and Uy, be the column span of (CRBT + E). By Wedin’s theorem, we know U}, is O(e) close to Ug and U, is O(e)

close to Uc. As a result, suppose the SVD of Bis U BDBV;, we know

o-min(BT U;;) = a-min(VBDBU; U;;) > (1 - O(E))O-mm(B)

The same is true for C: 0, (CT Up) 2 (1 = 0(€)0in(C).

By the property of pseudoinverse, the column span of (CRB™ + E)* is U}, and the row span of (CRBT + E)* is
U¢., further, (CRB™ + E)* = U[(U,)"(CRB™ + E)U;g]’1 U/., therefore we can write
BT(CRB™ + E)*C = B"U[(U-)"(CRB + E)U, "' (UL)"C.

Note that now the three matrices are all n x n and invertible! We can write B'Uj, = (B'U ;g)‘l)‘1 (and do the same

thing for (U,.)TC. Using the fact that P~'Q~! = (QP)™', we have

BT(CRB™ + E)*C = (U-)TC) " (U.)T(CRB™ + E)Uyp(B™Ujp)™)™!

=R+ (UL)TCy ULTEURB U™ H™! = (R+X)7".
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Here we defined X = (U,.)"C)™'(U.)TEU (BT U})™". The spectral norm of X can be bounded by

IX1 < U™ MNEMIBT U™
= ||Ello, i, (BT Ui, (CTC)

min

< O(e).

We can write BTAC = BT(CRB™ + E)*C —1d = (Id + (R — Id + X))~! — Id, and we now know |[(R — Id + X)|| < O(e),

as aresult ||[BTAC|| < O(e) as desired.

For the term ||BT A||, by the same argument we have

BT(CRB™ + E)" = (U.)T(CRB™ + E)Up(B™U3) ™)™\ (UL)T
= ((UL-)"CR+ (UL)TEURB U Y (UL
=((Up)"CR+ X)) 'UL)T

=R +X)"(UHTCNWUL)T.

On the other hand, we know BT(CRBT)* = R™'C* = R"'(Uc)TC)™'U[.. We can match the three factors:

IR —=R+X)"<0®), IIR'<1+O0()
I((U)TO)™ = (UL)TC) NI < Oe/Tmin(C)),  I(Ue)™C)MI = O1 /T in(C))

IUc = Ucll < OCe), IUcll = 1.

Here, first and third bound are proven before. The second bound comes if we consider the SVD of C = UcD¢V/. and
notice that [|(U7)" Uc—1d|| < O(e). We can write Ay = R™' = (R+X)™", Ay = (Uc)"C)' =((U)TCO) ™, A3 = Uc - UL,

then we have

B'A = B"(CRB™ + E)* - B"(CRB™)*

=R = A)U)TO)™" = M) (Uc - A3)" =R (Ue)TO) ' UL

Expanding the last equation, we get 7 terms and all of them can be bounded by O(e/7 ,,;,,(C)). The bounds on ||AC||

and [|A]| can be proved using similar techniques. ]

Finally we are ready to prove the main Lemma 107:
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Proof of Lemma 107. Using Lemma 105, let £ = ETL,, we can write the matrix before pseudoinverse as

[CBT + E];n = (C + Ac)Rpe(B + AB)T + Apc.

We can then apply Lemma 108 on (C + Ac)Rpc(B + Ag)T + Apc. As a result, we know if we let A’ = [CBT +
El} — ((C + Ac)Rpc(B + Ap)™)*, we have the desired bound if we left multiply with (B + Ap)" or right multiply with
(C + Ag).

We will now show how to prove the first bound, all the other bounds can be proved using the same strategy:

First, we can write

B'N'C = —(B+Ap)TA(C+Ac)+(B+Ag) TA'C+AJA(C+ Ac) — AJA Ac.

All the four terms on the RHS can be bounded by Lemma 108 so we know ||[BTA’C|| < O(e).
On the other hand, let A” = ((C + Ac)Rpc(B + Ap)T)* — (CTB)* = A— A’. We will prove ||[BTA”C|| £ O(e) and
then the bound on ||BT AC|| follows from triangle inequality.

For BTA”C, we know it is equal to

BT[(B+ Ap) I RIL(C + Ap)"C - 1d

Claim 15. [[BT[(B + Ap) [*R;L(C + Ac)*C - 1d]| < O(e)

Proof. We will show all three factors in the first term are O(e) close to Id. For R;}; this follows immediately from

Lemma 105. For (C + Ac)*C, we know

(C+Ac)"C—=1d=—(C+ Ac) Ac.

Therefore its spectral norm bound is bounded by lAcllo=! (C + Ac) = O(€) (where the bound on ||A¢|| comes from

min

Lemma 105). m]

With the claim we have now proven ||[BTA” C|| < O(e), therefore

IBTAC|| < IBT(A" + A")C|| < IBTA'C|| + |IBTA”C|| < OCe).
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3.3.10 Technical details: spectral boundedness and incoherence

Here we will show under mild incoherence conditions (defined below), if an error matrix E is e-spectrally bounded by

FFT, then the partial matrices satisfy the requirement of Theorem 6.

Theorem 16. If F is p-incoherent for u < +/n/mlog® n, then when n > Q(mlog® m), with high probability over the
random partition of F into A, B, C, we know 0 jn(A) = 0 in(F)/3 (same is true for B, C).

As a corollary, if E is e-spectrally bounded by F. Let a, b, c be the subsets corresponding to A, B,C, and let E,,
be the submatrix of E whose rows are in set a and columns are in set b. Then E,, (also Ep., E. ) is O(€)-spectrally

bounded by the corresponding asymmetric matrices ABT (BCT, CAT).

Proof. Consider the singular value decomposition of F: F = UDVT. Here U is a n X m matrix whose columns are
orthonormal, V is an m X m orthonormal matrix and D is a diagonal matrix whose smallest diagonal entry is o, (F).

Consider the following way of partitioning the matrix: for each row of F, we put it into A, B or C with probability
1/3 independently.

Now, let X; = 1 if row i is in the matrix A, and O otherwise. Then X;’s are Bernoulli random variables with
probability 1/2. Suppose S is the set of rows in A, let U, be U restricted to rows in A, then we have A = U4DVT. We
will show with high probability o,;,(A) > 1/3.

The key observation here is the expectation of U/I Ua = 2L, XiU;U lT where Ui, is the i-th row of U (represented

as a column vector). Since X;’s are Bernoulli random variables, we know

S RN 1
BIUTUl = EL) XiUU]) = 3 3 UiU] = 31d.
i=1 i=1

Therefore we can hope to use matrix concentration to prove that U, U, is close to its expectation.
Let M; = X,-U,UiT - 1/3UiUiT. Clearly E[M;] = 0. By the Incoherence assumption, we know ||U;|| < 1/logn.

Therefore we know ||M;]| < O(1/logn). Also, we can bound the variance

IIEL

n n n
MM < IBLY. X:U:U7 UiUT I < max [UARL Y U;U7 11 < O(1/ 1og? ).
i=1 i=1 i=1
Here the last inequality is because }."_, X;U;U; U;U;" < Ui UU;.
Therefore by Matrix Bernstein’s inequality we know with high probability || 37, M|l < 1/6. When this happens

we know

IUAUall 2 0inBIUL UaD = |l Z Mil| = 1/6.

i=1

Hence we have 0,,,;,(Uy) > V1/6 > 1/3, and 0,,,(A) = T1in(Ua)T min(D) > 0 min(F)/3. Note that matrices B, C have

exactly the same distribution as A so the bounds for B,C follows from union bound.
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For the corollary, if a matrix E is e spectrally bounded, we can write it as FA{FT + FA] + AyF™ + A4, where
ALl < €, ||1A2]] € €0 min(F) and ||Ay4]] < eo-rzmn(F ). This can be done by considering different projections of E: let U be
the span of columns of F, then FA;FT term corresponds to Proj;, E Proj,;; FA] term corresponds to Proj,, E Proj. ;
Ay FT term corresponds to Proj,,. E Proj,,; A4 term corresponds to Proj,,. E Proj,,.. The spectral bounds are necessary
for E to be spectrally bounded.

Now for E,j, we can write it as AA|B" + A(Az), + (A2)aB" + (A4)ap, Where we also take the corresponding
submatrices of A’s. Since the spectral norm of a submatrix can only be smaller, we know ||A{|| < €, [[(A2)sll <
€0 min(F) < 3€0in(B), [[(A2)4ll £ €0 in(F) < 3€0,in(A) and ||(A2)qpll < Ea'zﬂ.n(F ) < 9€01in(A)0 in(B). Therefore by

Definition we know E,, is 9¢ spectrally bounded by AB™. O
3.3.11 Putting things together: proof of Theorem 7 and Theorem 8
In this section, we provide the full proof of Theorem 7. We start with a simple technical Lemma.

Lemma 109. If Q is an e-approximate whitening matrix for A, then ||Q|| < ﬁHAATH, Omin(Q) > ﬁHAATH

Proof. By the definition of approximate-whitening, we have
1= €< omn((QN)'PATAQD'?), 0ax((Q)PATAQD ) < 1 + €

which implies that

1 - € < Tmin((QN'2AAT(QN)?), e (QH'PAAT(QDH ) < 1+ €

by virtue of the fact that (Q*)!/2AAT(Q")!/? = ((Q*)” ZATA(QNY Z)T. Rewriting in semidefinite-order notation, we
get that

(1-eId < (OH'"?AAT(OH'? < (1 + e)ld

Multiplying on the left and right by Q'/?, we get

(1-€)Q<AAT <(1+6)Q

This directly implies ﬁAAT <0< ILAAT which is equivalent to the statement of the lemma. O

—€
Towards proving Theorem 7, we will first prove the following proposition, which shows that we recover the

exp(—W) matrix correctly:

Proposition 110 (Recovery of exp(—W)). Under the random generative model defined in Section ??, if the number of

samples satisfies
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N = pOl}’(”l, 1/p/s 1/p)

the vectors W;,i € [m] in Algorithm 17 are O(n\np)-close to exp(—W;) where

n = 0 (\mpp)

Proof. The proof will consist of checking the conditions for Algorithms 13 and 12 to work, so that we can apply

Theorems 10 and 6.

To get a handle on the PMI tensor, by Proposition 96, for any equipartition S ,, S, S . of [n], we can it as

PMITs, 5, 5. =
o L TR,
T3 Z Fis, ® Frs, ® Frs, + Z:(—l)l+l (7 (T) ) Z (PDis, ® (Prs, ® (PDis, + EL
p ke[m] =2 p ke[m]

11
We can choose L = poly(log(n, —, —)) to ensure
p P
IEL = o (p**0™ Nimn?) (3.3.40)

Having an explicit form for the tensor, we proceed to check the spectral boundedness condition for Algorithm 13.

n1/3
1 -
LetS,,Sp, S bearandom equipartition. Let Rg, be the matrix that has as columns the vectors [7 (%) ] (P1)js.»
—-pP

1/3
for all [ € [2,L], j € [m] and let A be the matrix that has as columns the vectors (I‘T)p) / Fjs,, forall j € [m]. Since
L is polynomially bounded in n, by Proposition 101 we have that with high probability Rs, is 7-spectrally bounded by

A, forat = 0(p2/ 3 log n). Analogous statements hold for S;, S ..

Next, we verify the conditions for calculating approximate whitening matrices (Algorithm 13).

1/3
1 N
Towards applying Theorem 16, note that if Ry, is the matrix that has as columns the vectors (7 (IL) J (Pnj,
—p :

for all [ € [2,L], j € [m], and D is the matrix that has as columns the vectors (1%))1/3 Fj, for all j € [m], Ry, then is
r-spectrally bounded by D for T = O(p?> log n). Furthermore, the matrix F is O(1)-incoherent with high probability
by Lemma 3.3.7. Hence, we can apply Theorem 16, the output of Algorithm 13 are matrices Q,, Qp, Q. which are
T-approximate whitening matrices for A, B, C respectively.

Next, we will need bounds on

min(o_min(Qa)a O-min(Qb), O-min(Qc))7 max(o—max(Qa), O-max(Qb)’ O-max(Qc))
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to plug in the guarantee of Algorithm 13.

By Lemma 109, we have
l T T 1 T T
Tmax(Qa) < ITTIIAA I < d+DIAA |, omin(Qa) = mo-min(AA )2 (I = 1T)omin(AA ")

However, for the random model, applying Lemma 98,

2/3

mnp* (3.3.41)

2/3 2/3
(rmm<AAT)z(1L) np zp2/3np,amax(AAT)s(1 ) mnp* < p
-p

Analogous statements hold for B and C.

Finally, we bound the error due to empirical estimates. Since ppm = o(1),
Pr[si=0As;j=0As=0]>1-Pr[s; = 1] - Pr[s; = 1] = Prl[sp = 11 > 1 = 3pmp = Q(1)
Hence, by Corollary 113, with a number of samples as stated in the theorem,
[PMITs, 5,5, — PMITs, s, 5. 1213 S P20 Vimn? (3.3.42)

as well.
With that, invoking Theorem 10 (with [|E||;1 2;,(3; taking into account both the E;, term above, and the above error

1/3
due to sampling), the output of Algorithm 12 will produce vectors v;, i € [m], s.t. v; is O(7’)-close to (l%p) ! -

exp(=Wy), for

7 < max(IQall Q511 11QID? - (7% + o> (IE LIl 203) + IPMITs, 5, 5, = PMITs, 5,5 ll1.21.3)))

where 0 = min(omin(Qu); Omin(Dp), Tmin(Qe))-

Plugging in the estimates from (3.3.40), (3.3.41), (3.3.42) as well as 7 = 0(,02/3 logn), we get:

max(||Qall 1Qull. 1QcN' > < \[mnp2p*3(p* logn)** = p*?> \mnplog®? n

_ 1
o PIELlln2y 5 S (M)3/2||EL||{1,2|,{3} < p*? Vmnplog** n

S3211prh 4 32
o 2|PMITs, 5, 5. — PMITs, 5, s.lln.2143) < p*° Vmnplog** n

A 1/3
which implies the vectors (a;, b;, ¢;) are O(i")-close to (l%p) / (1 —exp(W))), for all i € [m].

1/3 A
However, this directly implies that (lp;p) ! (a;, by, ¢;) are O(y /pl/ 3-close to 1 — exp(W;), i € [m], which in turn
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implies (@;, b;, ¢;) are O(i’ /p'/?) close to exp(W)).

This implies the statement of the Lemma.

Given that, we prove the main theorem. The main issue will be to ensure that taking log of the values

Proof of Theorem 7. By Proposition 110, the vectors Y;, i € [m] in Algorithm 17 are O(n \/np)-close to exp(—W,;) with
n =0 (~ympp) . Let (Y}); = (¥;); if (¥;); > exp(-,) and otherwise (¥;)’; = exp(-v,).
Then we have that ||Y; — Wi|| < [|Y; — Wi||. By the Lipschitzness of log(-) in the region [v;, o]

we have that
(Wp); — (W)l = [log(Y}); — log(Wi);| < (Y;); = (W),
It follows that
IW; = Will = llog Y} ~log Will < I1Y; ~ Wil

Therefore recalling ||Y] — Wil| < ||Y; — Wil| < O(i7\/np) we complete the proof.

Proof of Theorem 8. The proof will follow the same outline as the proof of Theorem 7. The difference is that since
we only have a guarantee on the spectral boundedness of the second and third-order term, we will need to bound the
higher-order terms in a different manner. Given that we have no information on them in this scenario, we will simply
bound them in the obvious manner. We proceed to formalize this.

The sample complexity is polynomial for the same reasons as in the proof of Theorem 7, so we will not worry
about it here.

We only need to check the conditions for Algorithms 13 and 12 to work, so that we can apply Theorems 10 and 6.

Towards that, first we claim that we can write the PMI tensor for any equipartition S, S, S of [1] as

PMITs, 5,5, =
| 2

1% Z Fis, ® Fis, ® Frs, — (E (%) ) Z Gis, ®Gis, ® Gy,

pke[m] p ke[m]

3

1

+ (5 (1L) ) D" Hys, ® His, ® Hs, +E (3.3.43)
—Pl ) i
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where ||Ellj1.2.3) < p*m(np)*?. Towards achieving this, first we claim that Proposition 94 implies that for any

subsets S, S5, S,

Z (1 — exp(=IWy))s, ® (1 — exp(=IWy))s, ® (1 — exp(~=IWp))s. )2

k=1

< m(np

{1,2},{3}

Indeed, if we put y, = (1 — exp(=IWy))s , 0k = (1 — exp(=IWy))s,, bk = (1 — exp(—IW}))s_, then we have || ¥ yiy/ Il <
\mnp, and similarly for 6. Since max; |6 < (np)'/2, the claim immediately follows. Hence, (3.3.43) follows.

Next, let Ry, be the matrix that has as columns the vectors (% (1%)1)1/3 (Pl)j,Su, [l €[2,L],j € [m] and A is the
matrix that has as columns the vectors (1%0)1/3 (P) ;.s, for j € [m] for some L = O(poly(n)), similarly as in the proof
of Theorem 7.

We claim that R, Ry is 7 spectrally bounded by pFF.

N3 .
Indeed, for any [ > 2, we have || (% (%) ) Byl < o3Pl < p'3 \fmnp Hence,

Rs,R{ <p**GG™ +p*PHH™ + p’LL" + Zp2l/3mnp2
=4

<30*30(FFT + omin(FF)) + o mnp?® < p?P1(FFT + omin(FFT)) (3.3.44)

where the first inequality holds since HH',GG", LL" are T-spectrally bounded bounded by F and the second since
onin(FFT) 2 npand 7 > 1. Let 7 = pz/ 31. Since we are assuming the matrix F is O(1)-incoherent, we can
apply Theorem 16, and claim the output of Algorithm 13 are matrices Q,, O, Q. which are T-approximate whitening

matrices for A, B, C respectively.

By Lemma 109, we have again

S L+ IAAT, Tmin(Qa) 2

S z (- T,)O—min(AAT)
1-7

1+7 7

Tmax(Qa) <

A 1/3
Then, applying Theorem 10, we get that we recover vectors (a;, b;, ¢;) are O(n7")-close to (l“j—p) / (1 —exp(Wy)), for
all i € [m]. for

1/2 3/2 -3/2
7" < max(1Qull. QeI NIQCD'? - (%2 + o2 1 21.3))

Recall that 7/ = p2/37', and ||Q,|| < p2/3(rmax(F) < p2/3 vVmnp and ||E|l;12;.3 < ,04m(np)3/2 and o > p2/3np, we obtain
that

4 32
n < p'P Nmnp | (xp*?) 1 + prminp) ) 03 Nmnpr3?
(p2/3np)3/2

where the last inequality holds since p*m = o(1) = o(7).

However, this directly implies that (%)1/3(@, l;i, ¢;) are O(nf /p1/3) = O(n)-close to 1 — exp(—W;), i € [m], which
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in turn implies (@, b;, ¢;) are O(1) close to exp(—=W;).

Argument for recovering W; from exp(—W,) is then exactly the same as the one in Theorem 7.

3.3.12 Technical details: sample complexity and bias of the PMI estimator

Finally, we consider the issue of sample complexity. The estimator we will use for the PMI matrix will simply be the

plug-in estimator, namely:
. Isr[s,-=0/\si=0]
PMLI; ; = log — — (3.3.45)
' Pr[s; = O]Pr[s; = 0]

Notice that this estimator is biased, but as the number of samples grows, the bias tends to zero. Formally, we can show:

Lemma 111. If the number of samples N satisfies

1
~ min;{Pr[s; =0 A s; = 0} 62

— logm

with high probability |PMI; j — PMI, ;| < 6,Yi # j.

Proof. Denoting A, j = Pr[s; = 0 A s; = 0] - Pr[s; = 0 A s; = 0] and A; = Pr[s; = 0] — Pr[s; = 0], we get that

. r[s,—O/\s,—O] Pr(s;=0As; =0]+A;;
PMI, ; = log — = log
Prls; = O]Pr[sj =0] (Pr[Sl =0]+A)Pr[s; =0] +A))
=PMI, ; + log[1 + A g1+ 2 log (14 —2
- " J Pr(s;=0As; =0] & Pr[s; = 0] g Prls; = 0]

Furthermore, we have that 5=* 2)‘ <log(l+x) < for x > 0, which implies that when x < 1, x <log(l+x) < x.

F
From this it follows that if
max (max Aij max Ai )
ii Prls;=0As;=01""i Pr[s;=0])"

we have

PMI,  —

WS

<PMI;; <PMIL;; + 6

1

Note that it suffices to show that if N > S rar—— 62

log m, we have

A
" Prls; —0] >d+9v Pr[s; = 0] <(1-0)| < exp(~log* m) (3.3.46)
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and

A A
P w >(1+6)V a < (1 -6)| < exp(~log?
r[Pr[s,:O/\s,:O] Y S =ons, =0 = )]—eXp( og"m)

since this implies

max [ max Aij max A <9
ii Prls;=0As;=01""i Pr[s;=0])"

with high probability by a simple union bound.
Both (3.3.46) and (3.3.47) will follow by a Chernoff bound.

Indeed, consider (3.3.46) first. We have by Chernoff

log N 2
Pr|A; 1+ A|=———=|Pr[s; =0]| < —log” N
r|A; > [ N Prls; = O]] r[s ]] exp(—log” N)
Hence, if N > gl logm, we get that 1 — 6 < Pr[sA,-i=0] < 1 + & with probability at least 1 — exp(log? m).

The proof of (3.3.47) is analogous — the only difference being that the requirement is that N >

which gives the statement of the lemma.

Virtually the same proof as above shows that:
Lemma 112. [f the number of samples N satisfies

1 1
N> — =1
min jx{Prls; =0 A s; = 0 A s, = 0} 62 ogm

with high probability |PMIT;, ik —PMIT; il <6,Vi# j+#k
As an immediate corollary, we get:

Corollary 113. [f the number of samples N satisfies

1 1
N > — —1
min;y iz, {Prls;i =0 A s; =0 A s =0} 62 ogm

1

N> — —1
min jx{Prls; = 0 A s; = 0 A s = 0} 62 ©

gm

with high probability for any equipartition S ,, S p, S ¢

A 3
I[PMITs,s,.s, — PMITs s, s ll12),3) S 176

174

_1 1
Pr[5,=0] &2

(3.3.47)

logm



3.3.13 Technical details: matrix perturbation toolbox

In this section we discuss standard matrix perturbation inequalities. Many results in this section can be found in
Stewart and Sun (Stewart, 1977). Given A=A+E, the perturbation in individual singular values can be bounded by

Weyl’s theorem:
Theorem 17 (Weyl’s theorem). Given A=A+ E, we know o (A) - |E||l < O'k(A\) < o (A) + ||E].
For singular vectors, the perturbation is bounded by Wedin’s Theorem:

Lemma 114 (Wedin’s theorem; Theorem 4.1, p.260 in (Stewart, 1990)). Given matrices A, E € R™" with m > n. Let

A have the singular value decomposition

2, 0
A=[U,U,Usl| 0 %, [[Vi,Va]'.

0 0

Let A = A + E, with analogous singular value decomposition. Let O be the matrix of canonical angles between the
column span of U, and that of U, and © be the matrix of canonical angles between the column span of V| and that of

V.. Suppose that there exists a & such that
Hilijn|[zl]i,i - [Z:];1 > 6, and Hl!iinl[zl]i,il > 0,

then

E 2
|| sin(®@)||? + || sin(®)|* < 2%.

Perturbation bound for pseudo-inverse When we have a lowerbound on o,;,,(A), it is easy to get bounds for the

perturbation of pseudoinverse.
Theorem 18 (Theorem 3.4 in (Stewart, 1977)). Consider the perturbation of a matrix A € R"™": B = A + E. Assume
that rank(A) = rank(B) = n, then

IBT = AT|l < V2| ATIBTlIE].

Note that this theorem is not strong enough when the perturbation is only known to be 7-spectrally bounded in our

definition.
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3.4 Beyond linearity II: provable algorithms for noisy-OR using anchor
symptoms

In this section, similar as in the case of topic models, we will design more efficient algorithms for noisy-OR which
are based on solving a non-linear variant of non-negative matrix factorization, rather than tensor decomposition.
The benefit will be two-fold: first, the structural assumptions will be completely transparent and verifiable — and in
fact, satisfied on the QMR-DT dataset, which is the standard testbed for this problem; second, the algorithms will
be computationally substantially more efficient — as was the case for topic models. In fact, the only obstacle to
getting completely practical algorithms will be sample complexity: given the population values of the PMI matrix,
the algorithm takes under an hour to learn the actual QMR-DT network; unfortunately, the sample complexity for
estimating the entries of the PMI matrix to a sufficient accuracy will still be rather prohibitive in practice.

The main contribution of this section is to combine the approach of linearizing the PMI matrix in Section 3.3 with
a fast algorithm for symmetric nonnegative matrix factorization (NMF), which provably works under a new structural
assumption about noisy-or networks that we call sequential 2-anchor condition(see (A2) in Section 3.4.0.1). This lets
us design a new algorithm whose running time is #°, improving both on the runtime of Section 3.3 and the n* runtime
required for quartet learning in (Jernite et al., 2013). Our algorithm actually can be extended to a certain nonlinear

variant of symmetric NMF, which is defined in the following section.

3.4.0.1 Overview of assumptions and approach: a meta-algorithm for non-linear Symmetric NMF

We proceed now to describing our approach using algorithm for symmetric NMF. First, we set up some notation and
nomenclature that will be used throughout the paper. We introduce an analogue of an anchor word in (Arora et al.,
2013b):

Anchor row: An anchor row of a matrix X is a row that has a singleton support:
Definition (Anchor row). An anchor row of the matrix X € R™™ is a row of X with only one non-zero entry.

The anchor word assumption in (Arora et al., 2013b) in this language requires that for every column index j, there
exists an anchor row i such that supp(X?) = {;}. Besides generalizing to non-linear situation, one of the features of this
paper is to weaken the anchor word assumption. (See Section 3.4.3) and Assumption A2 for details.

Our approach will solve a generalization of the symmetric NMF problem we call sym-NMF. In sym-NMF, the

observed matrix is the sum of a nonlinear function applied to each rank-1 component:

Definition (Non-linear sym-NMF). Let f : RZf" — RZ§" be some known function that satisfies zero preservation in

the sense that for all (i, j), f(B);; = 0 if and only if B;; = 0. Let Xj, ..., X,, be unknown vectors in Rgo. Given the
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matrix A € R™" of the form

A=) f(xX]). (3.4.1)

m
j=1
the problem of non-linear sym-NMF asks to recover the vectors X;’s.

The standard NMF problem of course corresponds to the sub-case where f is the identity mapping from RZ{" to
RIG". As for our original motivation — noisy-or networks, Proposition A.3 in (Arora et al., 2017b) implies that the
problem of recovering the weight matrix W from PMI corresponds to the following choice of f in the non-linear sym-
NMF problem. (Recall that in the definition , X ]-XjT is always a symmetric nonnegative rank-1 matrix, thus we only to

define f on such matrices.)

Lemma 115. Suppose f : RI" — RIS satisfies that for any symmetric nonnegative rank-1Z of the form Z = zz", we

have

f@) = kz:;ﬁk(l —(1-2%), where g = (—1)"“z (%)

Then, the PMI matrix PMI for the noisy-or problem satisfies that

PMI = Z f(FFT)+D, (3.4.2)
j=1

where F; = 1 — exp(=W)), and D is a diagonal matrix.

In words, except for the diagonal entries, PMI can be written as sum of non-linear function of the rank matrics
FiF JT

We design a meta-algorithm for sym-NMF, described in Algorithm 14, which consists of three generic steps. For

each one, we subsequently provide algorithms, and conditions under which they succeed. (Section 3.4.1 for Step 1,

Section 3.4.2 for Step 2 and Section 3.4.3 for Step 3.)

3.4.1 Step 1: anchor rows discovery

In the first step of the algorithm, we identify anchor rows by finding rows with minimal support. More precisely for
row i, if there exists another row whose support is strictly within the support of row i, then it is not an anchor row.

(Algorithm 15) We show this simple strategy works under the following assumption:

Assumption Al. [Missing triangle condition] For any two columns j, £ with overlapping supports, there exists row

i, k with disjoint supports such that i € supp(X;)\ supp(X,) and k € supp(X,)\ supp(X;).

8The number ; is not identifiable since the the potential solutions are equivalent up to permutation of the columns.
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Algorithm 14 Meta-algorithm for non-linear NMF
Given: matrix function f and matrix A = Z;"zl fX ijT) as in definition .
Output: vectors Xi, ..., X,, (up to permutation).

Repeat until all of X1, ..., X,, are found

Step 1 Anchor rows discovery: Find the indices i, k such that row i and row k are two anchor rows of the matrix X that
share same support (which is a singleton by definition).

Step 2 Column recovery: Given rows i, k both with support {j}* Recover the column X -

Step 3 Peeling-off: Remove the contribution of X; from A (by subtracting f(X ijT) from A)

Algorithm 15 Anchor detection
Given: A matrix A = 37, f(XijT) and an row i.
Outputs No, if Ik # i € [1] such that i € supp(A*) and supp(A?) ¢ supp(A¥); otherwise, Yes

The reason we call condition (A1) the missing triangle condition is apparent from its graphical representation, as
shown on the left part of Figure 3.1; the blue ellipsoids in the figure denote the supports of columns j and /, and m is
used to indicate an arbitrary column; the dashed lines indicate that m doesn’t belong to support of row i or k, and a full
line denotes it does. The “missing triangles” refers to the fact that for every column m, it doesn’t belong to the support
of at least one of the rows i or k.

In the contexts of noisy-or networks and QMR-DT dataset , this means that for any two diseases that share at least
one symptom, there are two symptoms in the support of these two diseases respectively, but outside of the intersection,
that don’t share a common disease. What this condition intuitively ensures is that if a symptom isn’t an anchor
symptom, when we try to treat it as an anchor symptom and ““subtract” its influence in the PMI matrix, we will see
negative values.

More formally, the following guarantee holds:
Lemma 116. Under the assumption Al, algorithm 15 outputs Yes iff coordinate i is an anchor-row.

Proof. Assume first that i is an anchor row for some column j. Because f is zero-preserving, supp(A) = supp(XX™).
This implies that Yk, supp(A¥) = 2Ly supp(Xi, ;X7). But, since i is an anchor row for j, the only rows k for which
i € supp(AX) will have also have X; ; > 0. But this clearly implies supp(A/) € supp(A¥), so in this case, Algorithm 15
will output Yes, as we want.

Next, assume i is not an anchor row, namely exist two columns j,/, s.t. X;; > 0,X;; > 0. By (Al), there exist
also two rows a, k with disjoint supports outside of the intersection of supp(X;) N supp(X;), but in the support of X;
and X; respectively. Then, we claim that supp(A’) ¢ supp(A%). More precisely, we will show that k € supp(A’) but
k ¢ supp(A®). Indeed, k € supp(A’) follows since a € supp(X;) and X; ; > 0. On the other hand, k ¢ supp(A“) follows

since for any s € supp(X?), k ¢ supp(A®), so k ¢ supp(A?).
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Figure 3.1: Two graphical representations of condition (A1), on the left in Venn diagram form, on the right in matrix
form. The blue ellipsoids on the left denote the supports of columns j and /, and m is an arbitrary column. Dashed
lines indicate m doesn’t belong to support of row i or k, and full denotes it does. “Missing triangles” refers to the
fact that for every column m, it doesn’t belong to the support of at least on of the rows i or k. On the right, the same
condition is represented in matrix form, in which colored-in squares denote non-zero elements.

m

| j

Supp(j) Supp(l)

k I B

3.4.2 Step 2: column recovery

The key challenge of the algorithm is the second step where we aim to recover some column of the matrix X by
leveraging the information of the anchor rows. This step needs to be specialized to the choice of function of f. In
the following subsection, we present an algorithm for case of invertible and decomposable functions f, which sheds
light on the general idea and is of independent interests. Later in Section 3.4.4, we will design an substantially more

advanced algorithm that handles a class of function f, using which we can learn the noisy-or networks.

Definition. We call a mapping f : RY" — RIF" decomposable if f applies on each coordinate individually, or
concretely, if f(Z) can be written as {f;;(Z;;)}, jemixim for some single-value functions f;;’s. We call it invertible if f

is a one-to-one map.

Lemma 117. Suppose that f is decomposable and invertible and row i is an anchor row of X. Then Algorithm 16

returns a vector v that is equal to one of the columns of X.

Proof. Suppose row i of X has support supp(X’) = {s} Then we claim that v = X,. By the definition of A, that the sup-
port of X' is {s} and f preserves zero entry wise, we have that A’ = f(X,X7)" = [fi1 (XisX15)» [o(XisX25)s -+ +» firt (XisXns)]

where the last equality uses the fact that f is decomposable. Now inverting the function f we obtain that w =
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Algorithm 16 Recovery algorithm for decomposable invertible function f

m

Inputs: A decomposable and invertible function f = {f;;} and invertible A matrix A = >’L

i.
Qutputs: A vector v (one of the columns of X)

L Letw = [f (i), f5' (A, ... [, (Ain)]
2. Letv; = y/w; and V¢ # i, let vp = we/v;.

1 f(X;X]), an anchor row

3. Return v

i A, [ A, [ (Ai)] = [Xis X1, XisXoss - -, XisXns]. Then we can see that X;, = +w; and Xy5 = we/X;, =

we/vi. O

3.4.3 Iterative peeling-off

Assumption A2. [Sequential 2-anchor condition]: After removal of any subset U of columns from X, the remaining

matrix Xyp\v still has at least one pair of anchor rows with the same support.

Note that if we needed a single anchor row, this assumption would be weaker than the “anchor word” assumption
in (Arora et al., 2013b): in this paper’s language, this assumption requires that for every column j, there exists an
anchor row i such that supp(X?) = {j}. Thus it requires at least m anchors in the matrix X, each with different support.
Here we are satisfied with a pair of anchors for a single column j, but we require more anchor row to appear after the
columns with identified anchors are “peeled oft”. In fact, we know that the QMR-DT dataset satisfies our condition,
but doesn’t satisfy the anchor word assumption in (Arora et al., 2013b).

The assumption that we have a pair of anchor rows for a particular column is necessary for our noisy-or algorithm
—more concretely, for Step 2 of recovering a column X ;. For the simpler case of decomposable and invertible f, in fact
even a single anchor row would suffice — hence our assumption is a strict relaxation of the “anchor word” assumption.

For computational efficiency, we would also like to remove the columns of X in stages: in each stage, we discover
multiple anchor row pairs, and then remove all of the corresponding columns simultaneously. We call the number of
stages to peel off all of the columns in a greedy fashion greedy peeling depth.

It’s obvious that assuming Step 1 and Step 2 in the Algorithm 14 are correct, under assumption A2, we can
inductively remove all the columns from X until recovering all of the columns. Applying this to the situation of
decomposable and invertible function f for which we have shown recovery algorithm in the Section 3.4.2, we obtain

the following result:

Theorem 19 ((Arora et al., 2017a)). Under Assumption Al and A2, given matrix A of the form (3.4.1), we can
recover the vector Xy, . .., X, up to permutation in polynomial time. In addition, if the greedy peeling depth is T, then

the runtime is at most O(Tn>).
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Proof of Theorem 19. The proof of correctness is immediate — only the runtime requires proof. Consider any stage
in the peeling off process. All anchor rows at that stage can be discovered in time O(n®): we iterate over all rows i,
and implement Algorithm 15 in the trivial manner by looping over all other rows &, checking whether their supports
agree in the trivial manner. Subsequently, we recover the columns corresponding to the anchor rows by running
Algorithm 16 in time O(n) per anchor-row — hence O(n?) in total. Finally, a column can be removed in time O(n?), so
we can remove all the columns from a particular stage in time O(n?). Overall, the runtime is O(n®) per stage, which

implies the theorem.

3.4.4 Main result: learning noisy-or networks via non-linear sym-NMF

In this section, we show how meta-algorithm for sym-NMF can be adapted to learn noisy-or networks. The main
difficulty here is how to recover the network parameters from the anchor symptoms. In order to do that we will also
keep track of the first and second order moments p(5;) and p(5;, 5;) for all pairs of symptoms i, k. We give the main

algorithm in Algorithm 17 and prove the following guarantees.

Theorem 20 ((Arora et al., 2017a)). Suppose assumption Al and A2 hold, with greedy peeling depth T. Moreover,
suppose in Algorithm 17 we are given the exact PMI matrix PMI and in addition to the first and second moments of

the symptoms s. Then algorithm 17 recovers the weight matrix exactly in time O(Tn>).

Algorithm 17 is very similar to Algorithm 14. The main difference is how we recover the weights of the network
from anchor symptoms. We describe this step (Algorithm 18) in Section 3.4.5. In Step 3 we also need to maintain the
first and second moments, which appears in Algorithm 20 and Section 3.4.5.1. Finally in Section 3.4.5.2 we describe

how to make Theorem 20 robust to noise.

Algorithm 17 Learning noisy-or networks

Inputs: Empirical PMI matrix PMI, empirical estimates of p(§;, §;), p(5;).
Outputs: Estimate W of weight matrix.
Repeat until all of Wy, ..., W,’s are found

Step 1 Anchor rows discovery: Find the indices i, k such that row i and row k are two anchor rows of the matrix X that
share same support (which is a singleton by definition).

Step 2 Column recovery: Suppose the supports of row i and k are both {j}° Recover the column W; using algorithm
Algorithm 18.

Step 3 Peeling-off: Remove the contribution of disease j from PMI matrix and adjust the empirical moments using
Algorithm 20.

9 As noted before, the number j is not identifiable since the the potential solutions are equivalent up to permutation of the columns.
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3.4.5 Column recovery algorithm for learning noisy-or

Suppose we are trying to recover disease j with two anchor symptoms i and k. The basic observation is that when
we observe an anchor symptom, we know the disease must be on. With more work, we can additionally relate
the observed pairwise correlations of various symptoms with parameters of the disease. Formalizing this, we can
calculate the parameters W; by solving quadratic equations, with coefficients calculated from empirical marginals of

the symptoms. More precisely we have

Lemma 118. Let i, k be anchor symptoms for disease j such that W;j # Wy j, let y, z two arbitrary symptoms. Let a, b

be 2-dimensional vectors, defined as

_ p(sy, = 0[s; = 0) _ p(s, =0ls; =0) _ p(sy = 0lsx = 0) _ p(s, =0|s;, =0)
plsy =0ls; = 1)’ 2 p(s.=0ls; = 1)’ ! p(s, =0ls; = 1) 2 p(s. = Ols = 1)

a; (3.4.3)

Furthermore, for a vector v, let R_1v be the projection of v to the direction orthogonal to 1. (Note that R_1v = v{ —v;.)

Then, if p1, p» are the solutions to the following quadratic equation in y:

R_ib = 0ls; =0
Ryt = py = P =051 = 0)

= - - 1- 44
Ra (s = Ols; = ])X(XP +1-p) (3.4.4)

exactly one of pi, p» is positive and equals 1 — exp(—=W; ;).

Using similar ideas we can recover all the other weights for disease j:

r _ pls=0lsi=1)

¢ = pscom=0) % € [n] and

Lemma 119. Let i be an anchor symptom for disease j. Let a’ be the vector defined a

r= (1—exp(-Wi ))p

. a.—1
= oW+ For all z # i, we have W_; = —log( - )

a—r

The proofs of these lemmas are somewhat technical, but essentially involve careful manipulation of the expressions
for marginals in the noisy-or model. The algorithm to find a disease is a straightforward implementations of the
statements of the lemmas as outlined in Algorithm 18

Let us now prove the above lemmas:

Proof of Lemma 118. Denote for notational convenience p, = 1-exp(=W, ;) and g, = p(d; = 1|s, = 0). Furthermore,

let ry = p(s, = 0|d; = 0). We claim that the lemma will follow easily from the following statements:

p(sy =0lsi=0) _(1-g)
p(sy =0ls; = 1) Py ’

(3.4.5)

p(si = 0ls; = 0) _1-a
plsp =0ls; = 1) Dk

+qi (3.4.6)
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Algorithm 18 Reconstruct row W; for disease j

Inputs: Empirical PMI matrix PMI, empirical estimates of p all pairwise marginals, disease j to reconstruct, two
tentative anchor symptoms i, k. L
Outputs: Estimate of weight vector for disease W;.

1. Pick two other diseases y, z randomly.
2. Let a, b be 2-dimensional vectors, defined as in equation (3.4.3)

3. Let R_;v be the projection of v to the direction orthogonal to 1. Note that R_ja = a; — a, R_1b = b; — b;. Let
g1 be the (only) positive solution of equation (3.4.4) in y

psi=0lsi=1)

ptsi=ois=0)> 1 € [l

4. Set W;; = —log(1 — q1). Let a’ be the n-dimensional vector defined a; =

_ (1-exp(-Wi,;))p : L a1
5. Letr = m For all ¢ + 1, set Wt,j = log(a;_r)

Let us show that first. Indeed, if a, b are the 2-dimensional vectors, as specified in the Lemma statement, (3.4.5)
implies that

1
Roja=(1-g)R1—

'y

1
Roib=(1-q)R1—

y

from which it follows that

R_la 1- qi
it e 34.7
R,lb 1- qk ( )
Furthermore, note that
p(dj=Dp(s =0ld; = 1) PPk
=pd;=1|s;, =0) = ' : = (3.4.8)
T P p(st = 0) ppict (1—p)
Putting together (3.4.6) and (3.4.8), we get
1’(”‘—”)_1:(1_61[)(1__)
psy =0ls; = 1) Dk
and
1-p —1-
ppr+ (1 -p) o
Diving the left and right-hand sides respectively, we get
P=0si=0) _ 4
5c=0ls;= 1-g 1
poocd — "4 (1 - —) (3.4.9)
- 1 — gk Pk

pprt(1-p)
Putting (3.4.7) and (3.4.9) together, we get the statement of the lemma.
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Given that, we proceed to showing (3.4.5) and (3.4.6).

Consider (3.4.5) first. We will in fact show that

p(sy =0|s; = 1) = pyr, (3.4.10)

and

p(sy = 0ls; = 0) = (1 = g)ry + qipyry (3.4.11)

First, consider the (3.4.10). As a notational convenience, let d_; = [1,m] \ {j} denote the set of diseases except for

By the law of total conditional probability, we have:

plsy=Olsi=D)= > pls,=0,d;=D_jd;=1lls;= 1)
D_e(0, 1!
= p(Sy = O|d_j = D_j,dj = 1, S;i = l)p(d_j = D_j, dj = 1|S,' = 1)
D,jE{O, 1 ]m—l

= > plsy=0ld ;=D jdj=Dp(d; = lls; = p(d_j = D_jlsi = 1,d; = 1)
D_jef0,1)m!

However, since i is an anchor symptom for disease j, p(d; = 1|s; = 1) = 1. Similarly, since i ¢ supp(/) for any [ # j,
we have

pld-j=D_jlsi=1,d;j=1)=pld_j=D_jldj=1) = pd_; = D))

. Finally, note that by (3.3.1), we have
p(Sy = O|d_j = D_j,dj = 1) = p(Sy = Old_j = D_j,dj = 0)]7}
With this in mind, we have

p(sy =0[s; =1) = Z p(sy=0ld_; =D_j,d; = 1)p(d; = 1|s; = Dp(d_; = D_jls; = 1,d; = 1)
D_je(0,1)m-!

=p, ), pls=0d;=Dd;=0)p(d-; = D))
D_je{0.1ym!

= Dyly

184



Similarly, for (3.4.11), we have

p(Sy = 0|Si = O) = Z p(sy = O, dfj = D—j,dj|si = ())
d;€{0,1},D_,€{0,1)m-!

= > plsy=0d;=D_dppd_;=D_djls; = 0)
d;€(0,1},D_;€{0,1)m-!

=p(d; =1|s; =0) Z p(sy =0ld_; = D_j,d; = )p(d_;j = D_j|s; = 0)
D_;€{0, 11

+ p(d; = 0ls; = 0)) Z p(sy =0ld_; = D_j,d; = 0)p(d_; = D_jls; = 0)

D_jef0, 1!

Similarly as before, we have

> plsy=0d_;=D_j,d; = 0)p(d_; = D_j,djls; = 0) = r,
D_jef0,1ym-!
and

D1 plsy=0ld_; = D_jd; = )p(d_; = D_j,djls; = 0) = rypy
D_je(0,1)m-!

Altogether, this gives (3.4.5).
The proof that (3.4.6) holds is completely analogous to the above.

Finally, the claim that only one of the roots is non-negative follows immediately from Vieta’s formulas.

Proof of 119. Analogously as in the proof of 118, the vector a’ satisfies a/, = (H]ZJ. Similarly, by (3.4.8), we have

= PPi
9 = opir(=p)-

This implies the statement of the Lemma. O

3.4.5.1 Peeling-off step

Since Algorithm 17 needs to maintain both the PMI matrix and second order moments, whenever we “peel off” a
disease, we have to adjust accordingly both the PMI matrix and the moments.

Adjusting the PMI matrix:

To remove the contribution of W; from PMI, we can simply subtract f(W;W}) from PMI where f is defined in
Lemma 115. The full algorithm for this is specified as Algorithm 19.

Adjusting the pairwise probabilities:

Maintaining the first and second moments is done by Algorithm 20. The proof of correctness is based on observing
that as far as the marginals are concerned, peeling off a diseases j is equivalent to calculating the marginal probabilities

in the model, conditioned on the d; = 0. We formalize it below:
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Algorithm 19 Subtract disease j

Inputs: Empirical PMI matrix PMI, estimated weights W; for a disease j.
Outputs: Estimate of PMI matrix with disease j subtracted.

1. LetL = 10% and 7 = £(1 — exp(~)). Define the matrix M as

L 1 1
M = ; A (1%) (1 — exp(~IW,))(1 — exp(—IW;)T

2. Return the matrix ¢T(PMI — M) where ¢.(x) = x, if x > 7, and ¢, = 0, otherwise.

Algorithm 20 Update pairwise correlations

Inputs: Empirical PMI matrix PML empirical estimates of p(§;, $i), p(5;), estimate of disease W
QOutputs: New empirical estimates of p(5;, i), p(5;), with disease j removed.

For each pair of symptoms i, k, update the first and second moment by

P(Si, Sk)
1= p+p(l —exp(=W;;))(1 — exp(=W ;)
P(5:)
L=p+p(1 —exp(-W; )’

D5, $1) =

p(s) = and p(s;, $i) = p(8i) — p(Si, 8i)

Lemma 120. Given the values of the pairwise marginal probabilities p(5;, 3x) for all pairs, Algorithm 20 calculates

the marginal probabilities p(i, kld; = 0).
Proof. Consider first p(§;, §ild; = 0). By (3.3.1), we have

p(8i, Sildy = 1)

PRn TR ™ (] - —W: (1 — W,
p(fi, S_k|dj — 0) ( eXP( Wl,])( eXP( Wk,.])

Since
pi, Sild; = Dp(d; = 1) + p(§;, $ild; = 0)p(d; = 0) = p(5;, §i)

and p(d; = 1) = p, we have

p(si, k)
I —p+p(l —exp(=W; ))(1 — exp(—Wy ;)

PG, Sild; = 1) =

which implies
p(sis k)
1 —p+p(1 —exp(=W; )1 - exp(—=Wy ;)

PGSi, Sild; = 1) =

Completely analogously,
p(si)
1 =p+p(1 —exp(=W;))

p(35i) =
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The equality

p(si, Sild; = 0) = p(Sild; = 1) — p(5i, Sild;j = 1)

implies

PCsiy $i) = p(&i) — p(Si, 8i)

Combining these claims with Lemma 118 and 119, we get Theorem 20. This shows if we have the exact PMI

matrix and pairwise correlations, the algorithm can recover the weight matrix exactly.

3.4.5.2 Error bounds for the components of Algorithm 17

In practice, we can only estimate the PMI matrix and the pairwise correlations with finite accuracy. To that end, we
show that the algorithm is robust to noise.

Before we state the guarantees, we need to define an important parameter pni,. Let D, be the diseases peeled off

up to stage t. Then py,, is defined as

Pmin = Min (rr,{in p(si=0,s = O)’D%?D, p(si =0lsy = 1,dp, = 0)

To parse this quantity, note that marginals that include conditioning on dp, = 0 are the same as the marginals in
the network where we have peeled off the symptoms D,. So, effectively this quantity is the minimum of the marginals
p(s; = 0,5; = 0)and p(s; = O[s; = 1) in either the original network, or after we have peeled off some of the symptoms.

Now we can show that Algorithm 17 is robust to noise:

Theorem 21. Suppose Assumptions Al and A2 hold with greedy peeling depth T. Further, if all non-zero weights
satisfy W; j > v for some constant v > 0, Algorithm 17 recovers the parameters W up to error € with high probability,
pn

iven O (1 o les. M. he algorithm 1° runs in time O (Tn?
glven 5—2 (m) Samp és. oreover, the a gorlt m runs in time ( n )

We have already shown that Algorithm 17 works with exact input. To make it robust, we need to make each step
robust and bound how the errors propagate.

To that end, we first state a few lemmas that show how the error propagates in different steps of the algorithm,
which we will combine these steps to prove the main theorem.

The lemmas needed for analyzing errors in the individual steps of the algorithm are the following:

10Excluding the time to construct the empirical PMI matrix
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Lemma 121 (Errors in the recovery of the W parameters). If the pairwise probabilities p(s;, si), Vi, k are accurate to
within additive error €, then the result of Algorithm 18 recovers the weights for W; for all diseases with at least two

anchors to within additive error O(€/Pmin)-

Lemma 122 (Errors when subtracting a disease). If the weight parameters W; and the entries of the PMI matrix are
accurate to within an additive error €, after peeling off a diseases j via Algorithm 19, the entries of the PMI matrix are
accurate to within additive error O(pe). Consequently, if all the weight parameters have additive error €, and a pair of
symptoms appear in at most N diseases, after subtracting them all, the entries are accurate to O(oN€). Furthermore,

if Ne = o(1), the support of the entries of the PMI matrix are correct.

Lemma 123 (Errors when adjusting probabilities when subtracting a disease). If the pairwise and singleton proba-
bilities p(s; = 0,5, = 0),Vi,k, p(s; = 0),Vi, as well as the parameters W; for a disease g are accurate to within
additive error €, after peeling off a disease j by Algorithm 20, the new pairwise pairwise and singleton probabilities

are accurate to within additive error € + O(pe).

We proceed to the proofs:

Proof of Lemma 121. Consider W ; first. Algorithm 18 first recovers 1 — exp(=W; ;) by solving a quadratic equation

in g in Step 3. Rearranging this equation to write it in canonical form, we have that ¢ is the solution to

rapg* + (r — r)(1 = p)g —ri(1 —p) =0

— P(i=015x=0)
Plsi=O0lsi=1)

R_ib

and r| = 3 o

where r,

. By the usual quadratic formula,

—-B+ VB2 -4AC

1= 24

where B = (r, — r)(1 — p),A = rp,C = ri(1 — p). Now, the following elementary inequalities for how the accuracy

behaves under various arithmetic operations are very easy to show:

=20 <(xx AP <x*+3A, forA,x < 1 (3.4.12)
xy—2A < (xxA)(yxA) <xy+3A, forAx,y <1 (3.4.13)

1 A 1 1 A

-—-—X <—-+{+e/2)—, forA<x (3.4.14)

X x xxA  x X
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Vi—- VA< Vx+ A< Vx+ VA, forA<x (3.4.15)

From these it is clear that under the assumptions of the Lemma, g will be accurate up to error O(e/y). Similarly as
in the proof of Lemma 122, log(x) is O(1)-Lipschitz in the region [v, +oo] for any constant v, so W; ; will be accurate

up to error O(€/7y).

The argument for W_ ;, z # i is analogous: all the arithmetic operations in Step 5 are again subsumed by the above

inequalities, so the a O(e/y) bound holds as well.

Proof of Lemma 122. We consider the i, k-th entry of the PMI-matrix. If W; ; = 0 or W, ; = 0, the peeling off procedure

does not influence the entry and €’ will not change. By Lemma 115, the correct term to subtract is

[
Z( D+t - ( )(1—exp( IWi (1 = exp(~IWy )

Now we have estimates W’ W' for W; ; and Wy ;, and IW’ Wil < e IW,;j — Wil < €. The term we actually

subtract (prior to thresholding at 7) is

1 1
Z( 1)’“7(—) (1 = exp(=IW] ))(1 — exp(~IW] ))),

so the error comes from truncating the Taylor series, and from the errors in the estimates W.

Consider the first error, let’s call it 6;. The function exp(—x) is 1-Lipschitz when x > 0, therefore |exp(—x) —
exp(—y)| < |x—y| for any x,y. Using [(A+A)(B+A)—AB| < (A+B+|A])|Al, and the fact that exp(~IW; ), exp(=IW; ;) €
[0, 1] we have

Here the last inequality assumes p < 1/8 so that 1 —2p > 3/4.
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Next, consider the second error, let’s call it §,. We have

co 1 )
EYNC (l’%p) (1 = exp(=IW; ))(1 = exp(=IWi.;)
I=L+1
co 1 )
< Z (! 7(1’+p) (1 - exp(-v))®
I=L+1
0 L+1 1_p
<(5) T -eweny?
4 0 L+1
< g(m) (1 - exp(-v))*

By our choice of L, 6 = O(pe). The part of the lemma that concerns subtracting multiple diseases follows from
induction on the number of peeled off diseases, and notice that an entry (i, k) does not get effected if W;; = 0 or
Wi,j = 0.

Now, finally, note by the Taylor expansion (in Lemma 115), if a term in the PMI matrix is non-zero, it has magni-
tude at least %p(l — exp(—v))? for pt/8, which implies that when Ne = o(1), the support will be correctly determined,

which completes the proof of the lemma. m}

Proof of Lemma 123. The proof follows a similar outline as the proof of Lemma 122. Consider, for instance p(s;, Sk):

1
Wi ) (1—exp(=Wy ;)

the quantities vy e are accurate up to O(pe) additive, and p(s;, sx) is accurate up to €, so p(s;, Sx)
is accurate up to € + O(pe).

The singleton marginals are handled the same way. O
Finally, we put together all these error bounds to get the final guarantee in Theorem 21:

Proof of Theorem 21. We will prove by induction on the the number of peeling off stages the following statement: at

stage ¢, the support of the PMI matrix is correct, and the values p(5;, i), p(5;), and the entries of the PMI matrix are

accurate up to error O(e ( I‘f “1:," )l.

Consider the base step first. By Lemma E.1 in (Arora et al., 2017b), if the number of samples is Q([ﬁ log ngiz),
the empirical PMI matrix, as well as the pairwise marginals are entrywise accurate up to €. Furthermore, Lemma 122
implies the thresholding step will correctly recover the supports of the PMI matrix.

Now, consider the inductive step. Towards that, suppose the statement is correct at time step ¢. Since the support
of the PMI matrix is correct, by Lemma 117, the anchor symptoms will be correctly identified. But, given this, by

Lemmas 118, 119 and 121, the weights of the diseases with at least two anchors will be recovered with accuracy

pN t+1 . oA PN t+1 .

(@] (e(p ) ) Finally, by Lemma 123, the values p(s;, $i), p(§;) are accurate up to O(e(p—) ) (since there are at
1

most N diseases at stage t), and by Lemma 122 the PMI matrix values are accurate up to O (e (If—j\,/)t+ ) and the support

is recovered correctly — thus finishing the proof of the theorem.
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3.4.6 A generative model to understand the algorithm

The disease-symptom connections in QMR-DT interesting properties such as the ones exploited in the “peeling”algorithms
of the current paper and also earlier by (Jernite et al., 2013). This section suggests a way to think about the structure

of such networks using a generative model for the edges connecting related diseases and symptoms, such that it has
these properties. By contrast, usual random graph models (such as the one assumed in (Arora et al., 2017b)) lack this
structure. We hope this model may be useful in thinking about more applications for the algorithm.

The generative model is a random graph model for generating a bipartite graph. It assumes that the diseases as
well as symptoms enter the graph in epochs. (Each epoch ends up being one of the stages in the ‘peeling”’during the
algorithm.) Initially there is a set of diseases and symptoms that happen to be connected by a sparse random graph,
where the sparsity is such that all diseases have anchor symptoms during the epoch. In each epoch a new set of diseases
enter the graph, as do a new set of symptoms. The diseases take up some symptoms from the existing set of symptoms,
and some from the new set of symptoms. Since the newly arrived diseases took on old symptoms, now some of those
symptoms may stop being anchor symptoms if they now occur in two diseases. But the newly arrived diseases have
anchor symptoms among the new pool of symptoms that also arrived during the epoch. (Thus intuitively speaking, our
peeling algorithm will peel off epochs in reverse order that they arrived in.)

Now we make this model precise. Concretely, at epoch T, we will have my diseases and ny symptoms, and each
symptom will be included in the support of one of the diseases with probability prr.

At each previous epoch ¢, we will increase the set of diseases by adding m, new diseases and n, symptoms to the
already existing ones; each of the n;,i € [f, T] symptoms will be included in the support of the new m, diseases with
probability py ;.

We will call a symptom an anchor at epoch t, if the symptom is an anchor symptom when only considering the
diseases in epochs [¢, T]. Similarly, a disease has an anchor at epoch t, if it has an anchor at epoch .

For notational convenience, let’s denote m = Zszl my; furthermore, let’s denote by M, the set of diseases added
at epoch ¢, and by N, the set of symptoms added at epoch . We will say an event happens with high probability if it
happens with probability 1 — exp(-~Q(log? m)).

The range of the parameters for the generative model will be as follows:

(G1) pyn; = ©(log® m) and n, = w(m, log* m)
G2) pi; < = and m, = a)(log2 m)

2m,

(G3) XL, 1/m, < 1, and p,;m, = Q(log* m)
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Graphically, the generative model is represented in Figure 3.2. Ochre denotes the symptoms that are anchors at

that epoch, while maroon denotes symptoms that are not anchors up to that epoch.

Diseases
m, m, m,
=
Symptoms
S n2
n

Figure 3.2: Pictorial representation of generative model. Ochre denotes symptoms that are anchors at that epoch,
maroon symptoms that are not anchors up to that epoch.

We will show the following properties of our generative model:

Theorem 22. Under the setup in this section, we have:
(i) With high probability, the diseases M, have anchors at epoch t.
(ii) With high probability, the symptoms N, are not anchors at epoch t’ < t.

(iii) Assumption (Al) is satisfied.

We note that (i) and (iii) are the only conditions relevant to the algorithm’s correctness, but (ii) is empirically true
as well, so we incorporate it in our generative model. We further note that by setting the parameters accordingly,
we can also ensure that each disease has roughly the same number of symptoms in addition to (i)-(iii). Namely,
we claim that there is a setting of the parameters, such that all diseases have roughly same number of symptoms:
Ve: Yl mpi=0 (log2 m) . One particular setting is:

e m; = logm and m, = 21log’ m - m,_;, for some other constant C. (Accordingly, the number of epochs is

T = O(logm/loglogm))

® n,=my log3 m

e p= m and p,; = szr,fori<tandt> 1.

For these settings, Y\/_, mip,; = Y2 mipii + pry = logzm(zg mipt,i) + log’>m. But, note that m;p,; =

(2log’ m)~, so Y2} m;p,; < 1/ log® m, which implies that 3'_, n;p,; = @(log m) for all .
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3.4.7 Experimental results

Finally, we turn to practical aspects of our approach. The algorithm is quite fast: a vanilla implementation in Matlab
runs in under an hour on a dual, eight-core 2.8GHz Intel Xeon ES 2680 v2 processor machine on the QMR-DT
dataset, which has 4075 symptoms and 570 diseases. In contrast, (Jernite et al., 2013) do not report run times for
their algorithm on QMR-DT - only on a much smaller dataset (Singliar and Hauskrecht, 2006) with 8 latent and 64
observable variables.

Additionally, there are many operations in the algorithm (e.g. finding duplicate anchor symptoms for a particular
disease) that in principle could be substantially sped up using hashing tricks. With respect to the peeling depth: we
find 8 layers of peeling suffice to recover all but 2 diseases using our algorithm. This problematic disease pair —they
share all but 1 symptom—was already identified in (Halpern and Sontag, 2013)!!

We can run our algorithm with real samples, but sample complexity is a problem due to numerical issues. Using
infinite samples (i.e., the correct PMI matrix), the algorithm should identify 229 diseases in the first iteration, 132 in
the second, 83 in the third. When we estimate the PMI matrix with 100 million samples, 90% of the diseases can be
correctly identified in the first iteration with almost no false positives, and 70% in the second one again with few false
positives. (Thus 300 of the 570 diseases were correctly identified with samples.) However, in the third round, the

precision/recall tradeoff significantly nosedives, and significant experimentation did not improve this.

n principle, if we had an alternate procedure for peeling off diseases using only a single anchor even fewer rounds would suffice — on QMR-DT,
4 would be sufficient to recover all the diseases.
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Chapter 4

Provable guarantees for inference in
undirected, fully observable graphical

models

In this chapter, we will present new results on provable guarantees for inference in undirected graphical models.
More precisely, we will give guarantees for variational methods in the context of calculating partition functions. Our

algorithms will be based on convex relaxations of the optimization problem that arises in variational approaches.

First, in Section 4.1 we will survey traditional approaches for calculating partition functions based on variational
methods — both those with provable guarantees, and those without. In Section 4.3.1 we will describe our new relax-

and-round approach to these methods using convex relaxations.

In Section 4.3 we will derive new algorithms for coarse multiplicative approximations of the partition function of
Ising models, without any assumptions on the parameters of the model. These can be viewed as partition function
analogues of Goemans-Williamson type results in the context of optimization. This section is based on results in (Li

and Risteski, 2016).

In Section 4.4 we will improve the approximation guarantees of Section 4.3 when the graph of the Ising model has
more structure. More precisely, we will show that for dense and spectrally well-behaved graphs, we can design much

better algorithms. This section is based on results in (Risteski, 2016).
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4.1 Opverview of variational methods for calculating partition functions

We will briefly survey variational approaches to calculating partition functions. For simplicity, we will focus on Ising
models, though the results are fully general. Recall, an Ising model is a distribution p : {—1, 1} — [0, 1] that has the
form p(x) o< exp (Z,-Nj J,-,jxl-xj) and its partition function is Z = ) e(_y 1 (ZM J,-,jxix_,-).

The main idea all the algorithms use is the following simple lemma, which characterizes Z as the solution of an
optimization problem. The idea is essentially the same as Lemma 3. In machine learning, this approach was rediscov-
ered in efforts to understand belief propagation (Wainwright and Jordan, 2008; Yedidia et al., 2003). Concretely, the

following claim holds:

Lemma 124 (Variational characterization of log Z). For any distribution q : {—1,1}" — [0, 1],
Z JijBq [xixj] +H(g) <logZ
i~j

with equality at g = p.

Proof. For any distribution ¢q : {-1, 1}* — [0, 1], we can write the KL divergence between g and p as

KL(qllp) = B, [log q(x)] - B, [log p(x)] = —H(g) = > J; /By [xix;] + log Z

i~j

Since the KL divergence is always non-negative, —H(g) — Z Ji By [x,-xj] +logZ > 0. Hence, logZ > H(q) +
i~j
Z JijBy [x,-x j] which proves the first claim of the lemma. However, equality is achieved whenever the KL divergence
i~j
is 0, which happens when g = p. This finishes the second part of the lemma. O

An immediate consequence of the above is the following:
Corollary 125. log Z = maxg(—,1y {Zi~j JijBy [xixj] + H(q)}.

Of course, the above optimization problem is intractable, so the problem needs to be relaxed in some way. There

are a few ways this has been done hitherto, which we summarize in the subsequent sections.

4.1.1 Constraining the distribution to optimize over

The first approach towards solving the optimization in Corollary 125 is analogous to the one used in variational
Bayes in Section 2.1 — namely to optimize over a constrained class of distributions Q. A common choice is product

distributions — this is usually called a mean-field approximation. To make this concrete, note that the mean-field
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distribution can be parametrized by the single-variable marginals g;. So, the optimization to solve becomes:

o Z,: Ji B [xi1Ey, [x;] + ; H(q) @.1.1)
Note that since each of the g; distributions have {—1, 1} as their domain, it is trivial to parametrize them, by say, ¢;(x; =
—1), so the above optimization problem involves O(n) variables only, and the objective function can be efficiently
evaluated. Though (4.1.1) is in general non-convex, practitioners frequently run iterative algorithms like gradient
descent. Provable guarantees however are extremely rare: for instance, in the Curie-Weiss Ising model (in which the
graph G is complete and J; ; = JVi, j), for sufficiently small J the objective (4.1.1) is convex, and one can (coarsely)

bound the quality of the approximation. (Friedli and Velenik, 2017)

4.1.2 Polytope-based approximations

Another family of approaches proceeds by reformulating the objective in Corollary 125 in terms of the low-order
marginals of the distribution, and subsequently relaxing the polytope of marginals in some manner. To make this

concrete, note that we can rewrite the objective in Corollary 125 as

logZ = _ max Z J,;j]E,;M [xix;] + max H(g) “4.1.2)
Gs (xs),IS |<2e M2 i /eEG) g~{=1,1}":g5 (xs)=G(xs).1S <2
where M? denotes the polytope of marginals over subsets of size 2.

In words, we can first optimize of the values of the pairwise marginals — which determines the value of the quadratic
portion of the objective and subsequently maximize the entropy of ¢ subject to matching these marginals. While this
may seem like a trivial rewrite, this separate treatment of the entropy is very beneficial. Note that at this point, there
are two sources of difficulty in solving (4.1.2): optimization over the polytope of pairwise marginals is still intractable;

so is evaluating the quantity Hyay (7).

Moment-based relaxations : The first difficulty is addressed by using moment-based convex relaxations of the poly-
tope of pairwise marginals. The idea behind these families of relaxations is to introduce variables for the marginals, and
impose certain constraints that would be satisfied by valid pairwise marginals. This is a technique which has received
a lot of recent study in theoretical computer science as well — where two families of relaxations, the Sherali-Adams
convex programming hierarchy and the Lasserre/Parrillo/Sum-of-Squares hierarchy have been extensively studied in
the context of combinatorial optimization. We will survey these methods detail in Section 4.2.1, but for the sake of
introducing approximations of the entropy (which address the second difficulty), we will formally define the polytope

corresponding to the basic Sherali-Adams relaxation of order 2, which we denote as S A(2).
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The polytope S A(2) is described by variables gs(xs), xs € {—1,1}5!,|S| < 2 corresponding to local distributions

over subsets S C [n] of size at most 2. The following natural constraints are imposed:
e Non-negativity: ¥S C [n],|S]| < 2, x5 € {—1, 1}’ g5 (x5) > 0.
e Consistency: Vi # j € [n],Vx; € {=1,1}, X\ ej-1.1) i,j(Xi» Xj) = qi(xi)
e Marginalization: Vi € [n], 3 ¢(-1.1) qi(x;) = 1

It is clear that these constraints would be satisfied by any valid marginals gs of a distribution over the hypercube, but
the converse need not be true — the variables gs may not correspond to marginals of any distribution. In other words,
M? C SA(2). However, since the number of variables in SA(2) is O(n?), and the constraints we are imposing are

linear, we can in polynomial time optimize convex functions over the polytope of such variables.

Entropy approximations : The second difficulty is that the above relaxations merely contain variables for marginals
over sets of size 2. Thus it is unclear how to evaluate the quantity Hpox(3%). In fact, even if the values gg(xs) were
valid marginals (which they need not be), this corresponds to a maximum entropy evaluation problem, subject to
second order marginal constraints, which is well known to be NP-hard to even approximate (?) A popular approach

for tackling this issue is to use the Bethe approximation of the entropy. For a distribution g, it is defined as

Hpethe(@ = ) H(gij) = ) (d - DH(g) (4.1.3)

i~j i
where d; is the degree of vertex i. Note the above quantity depends only on the pairwise marginals — so is well defined
and can be efficiently evaluated even for variables §* in SA(2). Thus, when clear from the context, we will abuse

notation and refer to HBethe(‘?z)' Thus, the relaxation to 4.1.2 we are solving

~2
max D T B [xix)] + Hpegne @) “.1.4)
i,jeE(G)

The quantity (4.1.3) may seem strange at first sight. The rationale behind it is that if the graph G is a tree, the
entropy of the Ising distribution p corresponding to it is exactly Hgethe(p). Thus, the hope is that for graphs that are
“tree-like”, a notion which we will make formal shortly, this approximation is not too far from being accurate. Two

important issues arise:

e Hpethe(p) is in general neither an upper nor a lower bound on H(p). As a consequence, HBethe(‘?z) is neither
an upper nor a lower bound of Hmax(sz). As a result, (4.1.4) is not a “relaxation” in the standard sense of

theoretical computer science.
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e The resulting objective function is not necessarily concave — so even making claims as to whether a global
optimum of the optimization is reached is difficult in general. (In fact, the only known case when the objective

is concave are graphs with a single cycle (Weiss, 2000).)

Formally, the provable guarantees on this approximation proceed via analyzing a particular iterative heuristic to solve
(4.1.4) called Belief Propagation. A technical description of this procedure is beyond the scope of this thesis, but
surveys on the variational viewpoint of belief propagation can be found in (Yedidia et al., 2003). We will however

mention that the class of graphs G for which provable guarantees are known satisfy the following conditions:
e Locally tree-like: G has constant degree, and has large girth, i.e. no cycles of length O(log n).

e Correlation decay: far away nodes in the graph don’t influence much the marginals at a particular node. More
precisely, the marginal distributions at a node, conditioned on any two different values of the neighbors at

distance ¢, differ by at most O(e™).

4.1.3 Advanced methods

Variational methods are still a very active research area, and as a consequence there are many variations on the above
approaches, but most of which come with few guarantees. We will briefly survey on a high level the main “tweaks and

tricks”, with a particular accent on the classes of graphs for which provable guarantees are known.

Higher-order analogues of the Bethe entropy : If the moment-relaxation polytope includes variables for higher-
order marginals — say, for sets of size k, similar “consistency” constraints as those in SA(2) can be imposed (see
Section 4.2.1), and it is clear that this would be a tighter relaxation of the moment polytope. However, it is unclear
how one can leverage this information to improve the quality of the Beth approximation. Heuristic arguments, based on
the inclusion-exclusion principle and attempting “not to overcount” the local entropies lead to a variety of higher-order

analogues, the most famous of which are the Kikuchi family of approximations. (Yedidia et al., 2003)

Convexifications of the Bethe entropy : One of the undesirable aspects of the Bethe approximation is that Hgahe
is not necessarily convex. There have been some efforts to provide convexified variants of this approximation: (Wain-
wright et al.; 2005) suggested a concave approximation based on convex combinations of tree entropies in the spanning
trees of the graph; this approximation has the added property that it is an upper bound on Hy,,x. (Meshi et al., 2009)
explored ways to find the “nearest” convexification of the Bethe approximation under various notions of closeness.
Neither of these papers provide guarantees for the quality of the approximation on any class of graphs. (Additionally,
empirical results suggest these convexifications frequently give much worse approximations to the partition func-

tion/marginals of the graph than the Bethe approximation.)
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Loop-correcting the Bethe entropy : (Chertkov and Chernyak, 2006) provided a loop-series interpretation of the
Bethe approximation, which allows expressing exactly the partition function as a function of any fixed point of the
belief propagation iterations. Unfortunately, this expression requires iterating over all (simple) cycles in the graph G,
hence is provably efficient only for graphs with a small (polynomial) number of simple cycles. Techniques of this kind

were also used in the context of graphs with large girth, and counting independent sets (Chandrasekaran et al., 2011).

4.2 Our approach: rounding and entropy approximations

Our approach will follow the moment-based relaxation paradigm as far as relaxing the polytope of marginals is con-
cerned; where we will diverge is how we handle the entropy portion of the objective. We will construct entropy
approximations that remedy both issues with the Bethe entropy; namely, they will upper bound Hy,.x and they will be
concave. Subsequently, we will round the solution obtained to an actual distribution, in a manner that doesn’t lose
too much in terms of the value of the objective function. In this sense, our approach is much more akin to usual
relax-and-round approach of linear/semidefinite relaxations to combinatorial optimization problems. Concretely, the

simple proposition we use is the following:

Proposition 126. Let M> C M', and let the functionals H,E : M' — R satisfy H(§) < H(§), E; [xix j] =E; [xix j] for
g € M, then

logZ < 22% {; Ji,qu [xixj] + H(‘j)}

Subsequently, we will round the pseudo-distributions to actual distributions, in a manner that doesn’t lose too
much in terms of the value of the objective function. What this means is that we will provide an actual distribution g,

for which

i By [xxj] + H )

i~j
is comparable to

Z JijBq [xixj] +H()

i~j

4.2.1 Convex programming hierarchies

We will introduce the general family of polytopes we will use for approximating the marginals polytope. we provide
only a (very) brief overview for completeness sake, and will not attempt to give a thorough survey of this rich area of

study. For more details, the reader can consult (Barak et al., 2011; 2014; Laurent, 2009).
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The k-level Sherali-Adams hierarchy polytope (henceforth SA(k)) is defined by variables gs (xs), xs € {—1, 1}5!
specifying local distributions over all subsets S C [n], |S| < k. The distributions gs : {—1, 1}l — [0,1] and g7 :

{=1,1}" = [0,1], for any S, T s.t. |S U T| < k must be “consistent” on § N T'. More precisely, it’s the case that
Pr [xsnr =al = Pr [xsar =a],VS, T C[n,ISUT|<k
Xs~dgs XT~qr

The fact that these constraints can be written as a linear program was sketched in Section 4.1.2 for £ = 2; for more
details, the reader can consult (Barak et al., 2011).

We can also define a conditioning operation thanks to the existence of these local distributions. More precisely,
for a vertex v, conditioning on v involves sampling v according to the local distribution §y,. This operation specifies a
solution to the k — 1-st level SA hierarchies: just define gs (xs) = Gsup(Xsuv).

Moreover, a natural pseudo-expectation functional Eq[-] can be defined for any polynomial of degree at most k, by

definining for monomials m,e;x;, I C [n],

E5[micixi] = Prlmicx; = 1] 4.2.1)
i

and extending it to polynomials by linearity.

The polytope corresponding to the k-th level Lasserre or Sum-of-Squares hierarchy (henceforth LA(k)) is a
semidefinite program s.t. there are vectors vg, for each subset S and possible assignment of values « to it satis-
fying (vs.a, vrg) = Prg, . (xs = a,xr = ), if |S UT| < k. The additional power that is gained by this is that the natural
pseudo-expectation functional Eq[-] satisfies

Ez[(r(x))*120

for any polynomial r of degree at most k/2.

4.3 Worst-case guarantees using approximate maximum entropy principles

To illustrate our approach, we will first tackle the task of giving worst-case guarantees for coarse approximations of
the partition function of Ising models, with no assumptions on the structure of the potentials. More precisely, we tackle
the following basic research question:

What is the best approximation guarantee on the partition function in the worst case (with no additional assump-
tions on the potentials)?

In the low-temperature limit, i.e. when |J; j| — o0, logZ — maX,e(—1,1) 2~ i i jxix; - i.e. the question reduces

to purely to optimization. In this regime, this question has a very satisfying answer: in the worst case, one can get
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O(log n) factor multiplicative factor approximation of the log of the partition function, and unless P = NP, one cannot
get better than constant factor approximations of it (Charikar and Wirth, 2004; Alon and Naor, 2006; Alon et al., 2006)

In the finite-temperature version, it is known that it is NP-hard to achieve a (1 + €)-factor approximation to the
partition function (i.e. construct a FPRAS) (Sly and Sun, 2012), but nothing is known about coarser approximations.
We prove in this section, informally, that one can get comparable multiplicative guarantees on the log-partition function
in the finite temperature case as well. The methods are generic, and likely to apply to many other exponential families,
where algorithms based on linear/semidefinite programming relaxations are known to give good guarantees in the
optimization regime.

We will prove the following results:

Theorem 127 (Ferromagnetic Ising, informal). There is a convex optimization problem over LA(2) that calculates

up to multiplicative approximation factor 50 the value of log Z where Z is the partition function of the Ising model

p(x) < exp(z Jijxix;) for J; j > 0.
ij

Theorem 128 (Ising model, informal). There is a convex optimization problem over LA(2) that calculates up to

multiplicative approximation factor O(logn) the value of logZ where Z is the partition function of the exponential

distribution p(x) o« exp(z Jijxix;).
ij

Theorem 129 (Ising model, informal). There is a convex optimization problem over LA(2) that calculates up to
multiplicative approximation factor O(log x(G)) the value of 1og Z where Z is the partition function of the exponential

distribution p(x) o exp( Z Jijxix;) and G has chromatic number y(G).
i,jeE(G)

Note Theorem 129 is strictly more general than Theorem 128, however the proof of Theorem 128 uses less heavy
machinery and is illuminating enough that we feel merits being presented as a separate result.

In all of the above theorems, the entropy functional A will be trivial: we will set A(G) = n. This is trivially an
upper bound on Hy,y, as needed by Proposition 126. The difficulty will be proving that the rounding can produce
a distribution with nearly-maximum entropy. The idea is similar for all three results above, but the intuition is most

readily illustrated in the ferromagnetic case, so we proceed to that one first.

4.3.1 Ferromagnetic Ising models

Denoting by G = mine[_1 1 { 72—r arcsin(t)/ t} ~ 0.64, we will prove the following natural approximate maximum entropy

principle:

Theorem 130 (Ferromagnetic, approximate entropy principle, (Li and Risteski, 2016)). For any positive-semidefinite

matrix T with ¥;; = 1,Vi, there is an efficiently sampleable distribution q : {-1,1}* — R, which can be sampled as
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S n GBI

sign(g), where g ~ N(0,Z + BI), and satisfies izi,j < Eylxixj] £ #Zi,j and has entropy H(q) > 3= NG

T:p 5 , where

In order to parse the theorem, if we think of the covariance matrix as the moments of a distribution over {—1, 1}
for which the singleton marginals are 0, there is an efficiently sampleable distribution which preserves these moments
up to a constant multiplicative factor, and has linear entropy (i.e. at most a constant factor away from the maximum
possible entropy.) Of course, the theorem is true for any covariance matrix — i.e. the entries need not be actual
moments.

This is an approximate maximum entropy principle, in the sense that the maximum entropy distribution matching
certain second order moments is an Ising model. This is a well known fact (Jaynes, 1957) and is one of the justifications
for the widespread use of Ising models in machine learning (and more generally, Markov Random Fields.) However
determining the potentials of this Ising model, even approximately is impossible unless RP = NP. The above theorem
is a “bi-criteria” approximation of this principle: i.e. it only approximately matches both the moments and the entropy
of the distribution, but is efficient.

Before proving this theorem, we will see how it can be used to design an approximation algorithm for the partition
function of a ferromagnetic Ising model. Recall the celebrated First Griffiths inequality due to Griffiths (Griffiths,
1967) which states that for ferromagnetic Ising models, E,[x;x;] > 0, Vi, j.

Using this inequality, we will look at the following natural relaxation:

max Z Ti Balxix] +n 43.1)

qeLA@)E;lxx 120,15 | 42 5

Theorem 131 ((Li and Risteski, 2016)). The relaxation (4.3.1) provides a factor 50 approximation of log Z.

Proof. Due to Griffiths’ inequality and Proposition 126, (4.3.1) is an upper bound of log Z. We will provide a rounding

of (4.3.1), as described in Section . We will use the distribution ¢ from Lemma 130: the sign of a Gaussian with

n Y4 VB-1)?

covariance matrix X + g1, for a f which we will specify. By Theorem 130, we then have H(q) > 75 T whenever
B > 31% and Eq[xixj] > mEq[Xixj]
1/4 2
By setting 8 = 21.8202, we get E% > 0.02 and {%; > 0.02, which implies that
Z J[,qu[Xin] + H(q) >0.02 [Z Ji,qu[xin] + n]
i,j i,j
which implies the claim we want. O

With this in mind, we will prove Theorem 130. We will do this in two parts — by first lower bounding the entropy

of fi, and then by bounding the moments of fi.
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Theorem 132 ((Li and Risteski, 2016)). The entropy of the distribution fi satisfies H(ft) > 75 % when 3 > 311,2.

Proof. A sample g from N(0, %) can be produced by sampling g; ~ N(0,X), g» ~ N(0,BI) and setting g = g| + g».
The sum of two multivariate normals is again a multivariate normal. Furthermore, the mean of g is 0, and since g, g»
are independent, the covariance of g is X + I = X.
Let’s denote the random variable Y = sign(g; + g») which is distributed according to fi. We wish to lower bound
the entropy of Y. Toward that goal, denote the random variable S := {i € [n] : |(g1);] < ¢D} for ¢, D to be chosen.
-1

Then, we have: for y = =,

H(Y) > H(Y|S) = Z Pr[S = SJH(YIS = §) > Z Pr[S = STH(Y|S = §)
Scln] Sclnl,|S|>yn

where the first inequality follows since conditioning doesn’t decrease entropy, and the latter by the non-negativity of

entropy. Continue the calculation we can get:

Pr(S = SIH(YIS = S) > Pr{S=S] min H(YIS=S)
Sclnl,|S|=yn
Sc[nl,|S|>yn Sc[nlIS|>yn
= Pr[|S|=yn] min H(YI|S=S)
ScnlIS|>yn

We will lower bound Pr[|S| > yn] first. Notice that E[Z;’:l(gl)f] = n, therefore by Markov’s inequality, Pr [Z(gl)iz > Dn} <
i=1

1
o On the other hand, if ¥, (g1)7 < Dn, then [{i : (g1); > ¢D}| < %, which means that [{i : (;)7 < D} >n—-"2 =

i 1
@ = yn. Putting things together, this means Pr[|S| > yn] > 1 — o
It remains to lower bound mingcy,) sjzyn H(Y|S = §). For every § C [n],|S| > yn, denote by Yy the coordinates of

Y restricted to S, we get
HY|IS=S8)>HYs|S=S8) > Ho(Ys|S = 8) = —log(max Pr[Ys = ys|S = S])
s

(where H, is the min-entropy) so we only need to bound max,, Pr[Ys = ys[S = §]
We will now, for any ys, upper bound Pr[Ys = yg|S = S]. Recall that the event S = S implies that Vi € §,

|(g1)il < ¢D. Since g, is independent of g, we know that for every fixed g € R™:
Pr[Ys = ysIS = S, 81 = gl = Iies Prsign([gl; + [g2]:) = yil

For a fixed i € [S], consider the term Pr[sign([g]; + [g2];) = y:]. Without loss of generality, let’s assume [g]; > 0

(the proof is completely symmetric in the other case). Then, since [g]; is positive and g, has mean 0, we have
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| =

Pr[[gl; + (g2)i < 0] <

Moreover,

Pr([gli +[g2]i > 0] = Prl[g2]; > O] Pr[[g]; + [g2]; > 0] [g2]; > O]

+Pr{[g2]; < 01Pr[[gl; + [g21; > 0 [g2]; < O]

The first term is upper bounded by % since Pr[[g,]; > 0] < % The second term we will bound using standard

Gaussian tail bounds:

Pr[lgli + [g2]i > 0| [g2]; <0] < Pr[llg2lil < I[glil | [g2]: < O]

Pr{l[g21il < l[gl] < Prl([g21)* < D] = 1 = Pr{([g2]:)* > ¢D]

3
_ 2 (- B _|.JE
1 mexp( cD/Z,B)( D [ CD] ]

IA

which implies

3
1 2
Prllgal; < O1Prllgl + [g21; > 0| [g2)i < 01 < 5 [1 e (—cD/zm{\/% —( %] ]

Putting together, we have

3
Prisign((g); + (g2)) = yil < 1 - \/lz—exp(‘CD/zﬁ){ ﬁ_[ ﬁ]]

T cD

Together with the fact that [S| > yn we get

3
1
Pr(Yy = yslS = 5,81 = g < ll - EeXp(—cD/%){\/% —[\/%] ]

which implies that

3
1\(c—-1)n 1 B B
HY) > —(1 - B) . log[l - mexp(—cD/Z,B)( > —( E] ]]

By setting ¢ = D = 3'44/B and a straightforward (albeit unpleasant) calculation, we can check that H(Y) >

yn

PRERARV: S

as we need.
25 V3

We next show that the moments of the distribution are preserved up to a constant % The analysis is very
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reminiscent of the standard analysis of Goemans-Williamson:

Lemma 133. The distribution i has {5%; ; < Ez[XiX;] < 1i5%

Proof. Consider the Gram decomposition of )P j = vi,v;). Then, N(O, $) is in distribution equal to
(sign({vy, $)), ...,sign({v,, s))) where s ~ N(0,I). Similarly as in the analysis of Goemans-Williamson (Goemans

2
m=vi, we have G, V) < Ei[X;X;] = —arcsm((v,,v])) < (¥;,v;). However, since

= 1
Zij = vl % j and [lv]| = \/ i = V1 +B,Yi€[l,n], we get that
Vi Vj

and Williamson, 1995), if ¥; = ”v i
1
IIVIIIIIVJII [villllv;l

1
E;[X;X;] £ ——X; ; as we want.
1+

<‘7l91_)j> < Vi, j>

G
T+p =

Lemma 132 and 133 together imply Theorem 130. Note that the above proof does not work in the general Ising
model case: when ]Eq [xix;] can be either positive or negative, even if we preserved each Eq[xix ;] up to a constant
factor, this may not preserve the sum Y, ; J; /E;[x;x;] due to cancellations in that expression.

In the next section, we will show how to handle this difficulty, and prove analogous results for general Ising models.

4.3.2 General Ising models

As noted in the previous section, the straightforward application of the rounding results in the previous section doesn’t
work, so we have to consider a different rounding — again inspired by roundings used in optimization.

The intuition is the same as in the ferromagnetic case: we wish to design a rounding which preserves the quadratic
portion of the objective, while having a high entropy. In the previous section, this was achieved by modifying the
Goemans-Williamson rounding so that it produces a high-entropy distribution. We will do a similar thing here, by
modifying roundings due to (Charikar and Wirth, 2004) and (Alon et al., 2006).

The convex relaxation we will consider will be even simpler than the one before:

max Ji iBalxix;] +n (4.3.2)
LA, ; JBglXix;

We will prove the following two theorems:
Theorem 134 ((Li and Risteski, 2016)). The relaxation (4.3.2) provides a factor O(log n) approximation to log Z.

Theorem 135 ((Li and Risteski, 2016)). The relaxation (4.3.2) provides a factor O(log(x(G))) approximation to log Z

where x(G) is the chromatic number of G.

As we mentioned before, since the chromatic number of a graph is bounded by 7, the second theorem is in fact

strictly stronger than the first, however the proof of the first theorem uses less heavy machinery, and is illuminating
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enough to be presented on its own. Before delving into the proof of Theorem 134, we review the rounding used by

(Charikar and Wirth, 2004) in the case of maximizing quadratic forms:

Algorithm 21 Quadratic form rounding by (Charikar and Wirth, 2004)
Input: A pseudo-moment matrix X; ; = Eq [xix;]

Output: A sample x from a distribution p

Sample g from the standard Gaussian N(0, I).

Consider the vector &, such that h; = g;/T, T = +/4logn

Consider the vector r, such that r; = |Z—::|, if |h;| > 1, and r; = h; otherwise.

Produce the rounded vector x € {—1, 1}", s.t.

A ey

Xi = 1=r;

{ +1, with probability 3% }
2

2
—1, with probability

Algorithm 22 Scaled down quadratic form rounding

1: Input: A pseudo-moment matrix ¥; ; = E,[x;x;]
2: Output: A sample x from a distribution [

3: Sample g from the standard Gaussian N(0, I).

4: Consider the vector h, such that h; = g;/T,T = +/4logn

5: Consider the vector r, such that r} = %%, if || > 1, and r} = 3h; otherwise.
6: Produce the rounded vector x € {—1, 1}", s.t.

1—r;
2

+1, with probability 3"
Xi = . ..
—1, with probability

With that in hand, we can prove Theorem 134

Proof of Theorem 134. The proof again consists of exhibiting a rounding. Our rounding will essentially be the same
as (Charikar and Wirth, 2004), except in step 3, we will produce a vector r; by scaling down the vector r; by 2
coordinate-wise. For full clarity, the rounding is presented in Algorithm 22.

We again, need to analyze the entropy and the moments of the distribution f that this rounding produces. Let us
focus on the entropy first.

Since conditioning does not decrease entropy, it’s true that H(&1) = H(x) > H(x|r), so it suffices to lower bound

that quantity. However, note that it holds that r; < %, and each x; is rounded independently conditional on r;, so we

have:

Hl = 3 Hxlr) = Z(l L log(1 ;”‘)+ L (1 ;’“’)) > (2- %10g3)n

1

Consider now the moments of the distribution.

Let us denote the distribution that the rounding 21 produces by p. By Theorem 1 in (Charikar and Wirth, 2004),
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we have
1
izj ]i)jEp[)C,'.Xj] >0 (@) Izjl Ji,jEv[xi-xj]

Additional, both our and the (Charikar and Wirth, 2004) roundings are such that Ey[x;x;] = E,Ey.[x;x;] and
Ezlxix;] = E~Eyr[x;x;]. Furthermore, as noted in (Charikar and Wirth, 2004), it is easy to check that E[x;x;|r'] = r] r}

and obviously r; = 2r;, Vi in distribution, so we have:
1 1
Balxix;] = Ev By [xix;] = E B [xix;] = 4Ep[xixj]

But, this directly implies

Z Ji Balxix] = Z Ji Bplxix] = 0( )Z Ti By lxix;]

as we needed. O

Next, we prove the more general Theorem 135.

Before proceeding, let’s recall for completeness the following definition of a chromatic number.

Definition (Chromatic number). The chromatic number y(G) of a graph G = (V(G), E(G)) is defined as the minimum
number of colors in a coloring of the vertices V(G), such that no vertices i, j : (i, j) € E(G) are colored with the same

color.

Also, let us denote by 8" the set of unit vectors in R” and L. [0, 1] the set of (essentially) bounded functions: the
functions which are bounded except on a set of measure zero.

Then, we can recall Theorem 3.3 from (Alon et al., 2006):

Theorem 136 ((Alon et al., 2000)). There exists an absolute constant ¢ such that the following holds: Let G =
(V(G), E(G)) be an undirected graph on n vertices without self-loops', let x(G) be the chromatic number of G. Then
for every function f : V(G) — 8"\, there exists a function F : V — L[0, 1] so that for every i € V(G), ||[F()|lo <
m and for every (i, j) € E(G),

SO, fGN = j(;l FO@OF(j)ndt

Now, we can prove Theorem 135

Proof of Theorem 135. The proof is similar, though a little more complicated than the proof of Theorem 134.
Let B,[-] be the solution of the relaxation. By matrix formulation of the pseudo-moment relaxation in Section ?? ,

we know that Ev[xixj] = (f(D), f(j)) for some unit vectors (i), f(j).

'Meaning no edge connects a vertex with itself
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Hence, by theorem 136, there exists a function F : V — L[0, 1] so that for every i € V(G), |[F()|lo < Vcx(G)

and for every (i, j) € E(G),
1
B, [xix;] = f FO@F (j)()dt
0

Consider the following rounding:

e Pick a ¢ uniformly at random from [0, 1].

e Consider the function 4; : V — R, such that h;(i) = VU

24/ex(G)

e Produce the rounded vector x € {—1, 1}V© s.t.

+1,  with probability “22
X =
! 1=hy(i)
2

—1, with probability

Note importantly that the algorithm does not need to perform this rounding — it is for the analysis of the approxi-
mation factor of the relaxation. Therefore, we need not construct it algorithmically.

Let us denote this distribution as fi. We first show that i has entropy at least ( - % log 3) n. Note that each x; are

round independently conditional on ¢. Moreover, since ||[F(V)|lo < +/cx(G), we know that i, (v) < % Therefore, for

every fixed 79 € [0, 1]

H@lt=1) = H(xli=1)
ieV(G)
- (1 ) g L4 0) | 1= I) o 1= fzzm(v))
ieV(G)

\%

3
(2— Zlog3)n

Integrating over 7y we get that H(f1) > (2 - % log 3) n.

Next, we will show that fi preserves the “energy” part of the objective up to a multiplicative factor O(log y(G)):

Consider each edge (i, j) € E(G). We have:

Ealxix;] =

fl ((1 + @) + 1) A =h@)A =-h()) A+ )T -h(G)) A= R@) + ht(j)))dt
0 4 4 4 4

1
4cx(G)

1 1
= fo h(Dh,(jdt = fo FOMF()(0)dt = E,[xix;]

1
4cx(G)
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This implies that

1 ~
i Balxix] > —— JijByLxix;]
u’;@) 4cx(G) i,j;;@

Therefore, the relaxation provides a factor O(y(G)) approximation of log Z, as we wanted.

4.4 Guarantees for dense and low threshold-rank Ising models using entropy-
respecting roundings

In this section, we will show how we can leverage well-design entropy approximations H in structured instances. More
precisely, we will be considering dense and low threshold-rank Ising models. These terms might be familiar to those
who have studied combinatorial optimization in the context of constraint satisfaction problems. We will generalize
these concepts to Ising models in the obvious manner.

An Ising model p(x) o exp (Z
Jr =2 Wil

This is a natural generalization of the typical way to define density for combinatorial optimization problems (see

i Ji,jxixj),x € {—1,1}" is A-dense if it satisfies AlJ; ;| < z—g,\ﬁ,j € [n], where

e.g. (Yoshida and Zhou, 2014)). To see this consider a graph G = (V, E) with |E| = cn?. For constraint satisfaction

problems, we care about objectives that look like

1
Beetf(©) = ), g /(©)

ecE

for some function f. Hence, the “weight” in front of each pair (i, j) in the objective is O if there is no edge or \_él This

corresponds to A = (l in our definition. For partition function problems, however, scale matters (i.e. we cannot assume
2ijJij = 1), so the above generalization is very organic.

We will then show:

Theorem 137 ((Risteski, 2016)). For A-dense Ising models, there is an algorithm based on Sherali-Adams hierarchies
which achieves an additive approximation of €Jy to logZ, where Z = 3 ¢(_1 1y €XP (Z,-~ i, jxixj) and runs in time

n%)

Our second contribution are analogous claims for Ising models whose potentials look like low rank matrices.
(More precisely, adjacency matrices of low threshold rank graphs, a concept introduced by (Arora et al., 2010) in the
context of their algorithm for Unique Games.)

Concretely, an Ising model p(x) « exp (Z,-Nj Ji,jxixj) »x € {=1, 1" is regular if 3’ ;;_;|J; j| = J',Vi. The adjacency

matrix of a regular Ising model is the matrix A; ; = |J; ;|/J’. Then, we show:
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Theorem 138 ((Risteski, 2016)). There is an algorithm based on Lasserre hierarchies which achieves an additive

aproximation of enJ’ t010g Z, where Z = ¥, .¢(_y 1» €Xp (Z Ji jxix j), and runs in time n" @KU \uheore rank(r)

i~j
is the number of eigenvalues of the adjacency matrix A greater than or equal to T.

Interestingly this property of the graph was previously introduced for purposes of combinatorial optimization
problems like small-set expansion, Unique Games (Steurer, 2010; Arora et al., 2010) — yet it also helps with counting
type problems. Note that since we prove additive factor guarantees to log Z, using the fact the e < 1 + 2¢, we can
easily turn them to multiplicative factor guarantees on Z.

While these guarantees are not as strong as one usually gets in the correlation decay regime (i.e. 1+ € multiplicative
factor approximations to Z in time poly(n, i)), to the best of our knowledge, these are the first approximations guaran-

tees for Z when correlation decay does not hold. We discuss interesting regimes of the potentials J; ; in Section 4.4.4.

4.4.1 Entropy-respecting roundings

In contrast to Section4.3, we will use more carefully designed entropy approximations. The rounding of the cor-
responding relaxation will be such that it exactly preserves the entropy approximation we design — so the task will
be to analyze how well we preserve the quadratic portion of the objective. Hence, we call them entropy-preserving
roundings.

Recall, A needs to be an upper bound on the entropy of a distribution on which we have essentially no handle other
than having the first few moments through the convex programming hierarchies we are using. A natural candidate to
get an upper bound is the chain rule.

Towards that, notice that for any set S of size at most k, where k is the number of levels of the Sherali-Adams or

Lasserre hierarchy, H(uy) is a well-defined quantity: it’s exactly

H(us)= >\ ps(xs)log(u(xs))

xs €{—1,1}51

Since these local quantities are essentially all the information about the joint distribution u we have, our functional
must involve such quantities only.

The simplest functional one can design surely is the following:
Definition. The mean-field pseudo-entropy functional Hyp(u) is defined as Hyp(u) = X7, H(w;).

Remark. Note, this is not the same as the usual mean-field approximation in statistical physics. The mathematical
program analogue of that approximation would be to enforce that E,[x;x;] = E,[x;]E,[x;] — which would result in a
non-convex relaxation generally. We think the name is appropriate though, since the bound on the entropy is mean-

field, i.e. results by treating u as if it were a product distribution.
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Almost trivially for any u € M, the following proposition holds:
Proposition 139. For any distribution p : {—1,1}" — [0, 1], H(u) < Hyp(u)

Proof. By the chain rule, H(u) = X7, H(ulugi-17), where [i — 1] denotes the set {1,2,...,i — 1} and H(X|Y) is the

conditional entropy of X given Y. However, since H(u;luji-17) < H(u;) the claim trivially holds. m}

We will also consider generalizations of the above — where before applying the above “mean-field” bound on the

entropy, one can condition on a small subset first. Namely,
Definition. The augmented mean-field pseudo-entropy functional for subsets of size k, Hamr 1 (1) is defined as Hympx(u) =
ming < {H(us) + Yies Huilus )}
The same proof as in Proposition 139 implies:
Proposition 140. H(u) < Hyri(p)
Furthermore, it’s quite easy to show that Hyvg (1), like Hyp(u), is a concave function.

Lemma 141. The pseudo-entropy functional Hayr () = ming < {H(us) + Xies H(ilus )} is concave in the variables
{usu (xsup) IS1 < ki € [n]}.

Proof. Since Hyvp (1) = mingg < {H(us) + Yies H(uilus )}, and the minimum of concave functions is concave, all we
need to show is that H(us) + )¢5 H(uilus) is concave for all S. It’s well known that entropy is a concave function, so
H(us) is concave. What remains to be shown is that ;.5 H(u;lus ) is concave. But, since the sum of concave functions
is concave, it suffices to prove H(u;|ug) is concave.

The proof of this is essentially the same as the proof of concavity of entropy. Abusing notation a bit, we will denote
as (4lxp the conditional distribution on the variables in A, conditioned on the variables in B having the value xz. We

recall that

Huilus) = ) my(xs)Huilx,)

xs€{—=1,1}S]

=- Z Z s (X5 M dilng (X)) log(hijng (X7))

xs €{—1,1}151 x;e{=1,1}

=- Z Z Hsuiiy(Xsugy) log (i (X))

xs€{—1,1}51 x;e{—1,1}
Hsui(Xsugy)
D IDY llSU{i}(XsUm)lOg(#
xs€{—1,1)51 x;e{=1,1} Hstxs

We rewrite the last expression as a KL divergence as follows:

usugy(Xsugiy)

: ]+ I = =KL(usupll(us X r)) + 1 “4.4.1)
Hs(xs)3

B Z Z luSU{i)(xSU[i})lOg[

xs €{=1, 1S xie(=1,1}
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where r is a uniform distribution over {—1, 1}.

Then, if,ugu{i} = ’l:“éum +(1- /l)ﬂéum’ we want to show
H(ulug) = AH i lug) + (1 = DH (@ ls)
By (4.4.1) and the convexity of KL divergence,

H(pi lug) = =K L( oyl X 1) + 1
> —AKL(ug (g X 1) = (1= DKL s X 1) +1

= AH(u} lug) + (1 = DH|3)

which is what we want.

4.4.2 Guarantees for dense Ising models using entropy-respecting roundings

We will now use the entropy approximations roundings to design provable algorithms for approximating partition

functions of dense Ising models.

There are multiple reasons to study this particular subclass: from the theoretical computer science point of view,
we have various PTAS for constraint satisfaction problem when the constraint graph is dense (Yoshida and Zhou, 2014;
Aroraet al., 1995) so we might hope to get results better than the worst-case one ones for partition function calculation

as well.

Another motivation comes from mean-field ferromagnetic Ising model (also known as the Curie-Weiss model (Ellis
and Newman, 1978)), which is frequently studied as a very simplified model of ferromagnetism because one can get
relatively easily results about global properties of the model like the partition function, magnetization, etc. In the

mean-field model, each spin interacts (equally strongly) with every other spin.
We will, in this section, generalize the classical results about the ferromagnetic Curie-Weiss model, as well as
provide the natural counterpart of the results in (Yoshida and Zhou, 2014; Arora et al., 1995) for partition functions.

Let us first review the standard results about Curie-Weiss. Recall, this model follows the distribution p(x) o

exp( i =1 fxix j), J > 0. It is easy to analyze because p(x) factorizes and can be “reparametrized” in terms of the
magnetization. Namely, since szzl fxixj = f(Zi x)?, and (3, x;)*> € [-n,n], one can show (Ellis and Newman,

1978):
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Theorem 142 ((Ellis and Newman, 1978)). For the Curie-Weiss model,

m 1-m 1+m 1+m))
log + log

1_
1 = =xo(l 2
ogZ=(1=o( ))(nmlet[l_wf (Jm + 5 7 >

1,1] 2

The proof of this theorem involves rewriting the expression for Z as follows:

z- Y exp[zgxix,.]zzexp(gzz).n,

xe(=1,1}" i.j

where n; is the number of terms where )./ | x; = I. Then, using Stirling’s formula and some more algebraic manipula-
tion, one can estimate the dominating term in the summation. The claim of the theorem then follows.

We significantly generalize the above claim using notions from theoretical computer science. The goal is to prove
Theorem 137.

Let Jr = 3; ; Vi jl. As discussed in Section 4.4, we define the following notion of density inspired by the definition

of a dense graph in combinatorial optimization (Yoshida and Zhou, 2014):
Definition. An Ising model is A-dense if Vi # j, AlJ; ;| < i—g A€ (0,1].

We will consider the relaxation for log Z given by the augmented pseudo-entropy functional and the level k =

O(1/(A€?)) Sherali-Adams relaxation, namely:
max Ji By | xixi| + Hamp () “4.4.2)
ueSA (k). k=0(1/(Ae?)) IZ]“ ! ”[ J] aMEL

We also recall correlation rounding as defined in (Barak et al., 2011). In correlation rounding, we pick a “seed
set” of a certain size, condition on it, and round the rest of the variables independently. The usual thing to prove is that
there is a good “seet set” of a small size to condition on. In particular, for the dense case, the following lemma was

proven in (Yoshida and Zhou, 2014):

Lemma 143 ((Yoshida and Zhou, 2014)). There exists a set S of size k = O(1/(A€?)), s.t.

;j J,‘JEH [xinle] - ; Ji,jE” [.X,'|X5] Ell [lexs] < %JT

With this in hand, we proceed to the main theorem of this section:

Theorem 144 (Restatement of Theorem 137). The output of 4.4.2 is an eJr additive approximation to log Z.
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Proof. The function 4.4.2 is optimizing is a sum of two terms: };_;J; B, [x,-x j] and an entropy term. Following
standard terminology in statistical physics, we will call the former term average energy.

We will analyze the quality of the convex relaxation by exhibiting a rounding of the pseudo-distribution to an actual
distribution. There is a difference in what this means compared to the roundings we use in combinatorial optimization:
there we only care about producing a single {+1, —1} solution. Here, because of the entropy term, it’s essential that we
produce a distribution over {+1, —1} solutions.

We use the fact that correlation rounding can be viewed as producing distributions with a fairly explicit expres-
sion for their entropy. Let S be the set of size O(ﬁ) that Lemma 143 gives. Consider the distribution fi(x) =
U(xs ) igs p(x;]xs )2. In other words, this is the distribution which rounds the variables in S according to their local
distribution, and all other variables independently according to the conditional distribution on xg.

Consider the average energy first. By Lemma 143,

Z Ji By [Xij|xs] - Z Ji jBa [x,-xj|xs] < Jre
i X

Now consider the entropy term. The entropy of the distribution f is H(f1) = H(us) + X;¢s H(uilus). But, since

HaMF,k(,u) = min‘g‘gk {H(lls) + Zi(iS H(,l,t,|ﬂs)}, HaM}:qk(,u) < H(ﬂ) follows. This immediately 1mplles that
[Z J,"j]Eﬂ [)C,'Xj] + HaMF,k(ll)] - (Z -,i,jEﬁ [X,'Xj] + H(ﬂ) =
iJ ]

[Z Ji /By [xixj] - Z Ji,jBg [xixj]] + (Havr () — H@)) < Jre
Wy i

This exactly proves the claim we want.

Notice, in the case of the Curie-Weiss model, since J > 0, the value of the relaxation 4.4.2 is at least J;, Theorem
144 gives a 1 + € multiplicative factor approximation to log Z for any constant €, so generalizes the statement of

Theorem 142 to cases where the potentials J; ; might vary in magnitude and sign.

4.4.3 Guarantees for low threshold rank Ising models using entropy-respecting Ising mod-

els

Concretely, an Ising model p(x) « exp (Zi~j J,-,jx,-xj) ,x € {=1,1}"is regular if 3 ;; ;1J; ;1 = J',Vi. The adjacency

matrix of a regular Ising model is the matrix A; ; = |J; ;|/J’. Then, we show:

2Notice this is an actual, well-defined distribution, and not only a pseudo-distribution anymore.
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Theorem 145. There is an algorithm based on Lasserre hierarchies which achieves an additive aproximation of enJ’

rank(Q(e)) /e

to logZ, where Z = 3 (-1, €XP (Zi~j ],-,jxixj), and runs in time n ") where rank(t) is the number of

eigenvalues of the adjacency matrix A greater than or equal to T.

Interestingly this property of the graph was previously introduced for purposes of combinatorial optimization
problems like small-set expansion, Unique Games (Steurer, 2010; Arora et al., 2010) — yet it also helps with counting
type problems. Note that since we prove additive factor guarantees to log Z, using the fact the ¢ < 1 + 2¢, we can
easily turn them to multiplicative factor guarantees on Z.

If we use the added power of the Lasserre hierarchy, we can also handle Ising models whose weights look like low
rank matrices. We want to prove Theorem 145.

We will consider for simplicity in this section regular Ising models in the weighted sense, meaning 3’ ;|J; ;| = J', Vi
3. The adjacency matrix of an Ising model will be the doubly-stochastic matrix with entries |J; ;|/J’.

Let’s recall the definition of threshold rank from (Arora et al., 2010):

Definition. The 7-threshold rank of a regular graph is the number of eigenvalues of the normalized adjacency matrix

greater than or equal to 7.
We will, in analogy, define the threshold rank of an Ising model.

Definition. The 7-threshold rank of a regular Ising model is the number of eigenvalues of its adjacency matrix greater

than or equal to 7.

We will consider the following convex program:

max Ji By | xix;| + Haver (1) (4.4.3)

,ueLAS(k) %: J ;4[ i ]] aMFk(:u
Consider the vectors v;,i € [n], s.t. (v;,v;) = E, [xix j]. Then, (Barak et al., 2011) prove that when the graph has
low threshold rank, “local” correlations propagate to “global” correlations, and as a consequence of this, there is a set
of size at most rank(Q(e?))/Q(€?), such that conditioning on it causes the ’Zi’ i By [xix jlxs] = 2 Ji B [xix jlxg” to

drop below eJ7. More precisely:

Lemma 146 ((Barak et al., 2011)). There exists a set S of sizet < rank(Q(€2))/Q(e>), where rank(t) is the T-threshold

rank of the Ising model, s.t. *

Z Ji,jE;l [x,-lexs] - Z J,"J'EH [x:]xs ] E'L, [X_,'|XS] <elr
i,j i,j

3Though we remind again, all of the claims can be appropriately generalized at the expense of more bothersome notation.
“Note, J; = nJ’ in this case.
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Hence, analogously as in Theorem 144, we get:

Theorem 147 (Restatement of Theorem 145). The output of 4.4.3 is a €Jy additive approximation to log Z.

4.4.4 Discussion on interpreting the results

Finally, we comment briefly on how to interpret the results in this section in different “temperature regimes” i.e.
different scales of the potentials J; ;. Note that partition function approximation problems are not scale-invariant, and
their hardness is sensitive to the size of the coefficients J; ;.

For simplicity of the discussion, let’s assume the graph G is d-regular. There are generically three regimes for the

problem:

e “High temperature regime”, i.e. when |J| = O <$) for a sufficiently small constant in the O (-) notation. In this
case, standard techniques like Dobrushin’s uniqueness criterion show that there is correlation decay. This is the
regime where generically Markov Chain methods work. Note that using such methods, generally one can get
a (1 + e)-factor approximation for Z in time poly (n, %), which is unfortunately much stronger than what our
method gets in that regime. It would be extremely interesting to see if the methods in our paper can be modified

to subsume this regime as well.

e “Around the transition threshold”, i.e. when |J| = ®($) for a sufficiently large constant in the ® notation, such
that there is no correlation decay. Generally, unless there is some special structure, Markov Chain methods will
provide no non-trivial guarantee in this regime — however, we get an order en additive factor approximation to
log Z, which translates to a (1 + €)" factor approximation of Z. We do not, to the best of our knowledge, know

how to get such results using any other methods.

e “Low temperature regime”, i.e. when |J| = w(1/d). In this case, in light of the variational characterization
of log Z and the fact that the entropy is upper bounded by #n, the dominating term will typically be the energy
term 3 ek Ji jBulxix;], so essentially the quality of approximation will be dictated by the hardness of the
optimization problem corresponding to the energy term. (e.g., for the anti-ferromagnetic case, where all the
potentials J; ; are negative, the optimization problem corresponding to the energy term is just max-cut, and we

cannot hope for more than a constant factor approximation to log Z for general (negative) potentials.)
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Appendix A

Notations

We will use standard linear algebra and probability notation.

With respect to vector notation, we denote by 0 the all-zeroes vector and 1 the all-ones vector. We write e; € Ri je
[d] for the i-th canonical vector. We denote by supp(x) the support of a vector (or matrix) x.

With respect to matrix notation, A* will denote the Moore-Penrose pseudo-inverse of a matrix A, and for symmetric
matrices A, we use A~'/2 as a shorthand for (A*)!/2. The least non-zero singular value of matrix A is denoted o nin(A),
and the largest omax(A). A; will denote the i-th column of matrix A, and A’ the i-th row. We use exp(A) for the matrix
or vector obtained by taking the entries-wise exponential. For matrices A, B we define the Kronecker product ® as
(A ® B);ju = AijBy. A useful identity is that (A ® B) - (C ® D) = (AC) ® (BD) whenever the matrix multiplications are
defined.

With respect to asymptotic notation, we write a < b if there exists a universal constant ¢ such that a < ¢b and
we define > similarly. An analogous definition applies to the PSD ordering of matrices. The notation O(-) hides

polylogarithmic factors.
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