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Abstract

In this work, we study approximation algorithms based on semidefinite program-
ming (SDP) for which the performance guarantee involves a non-local analysis, and
in some instances a non-local SDP relaxation.

We examine two such approaches. The first of these is inspired by recent work
of Arora, Rao and Vazirani on Sparsest Cut. Using a geometric intuition similar to
theirs, we give an algorithm for coloring 3-colorable graphs which is nearly identical
to that of Blum and Karger, and finds a legal coloring which uses roughly O(n%2139)

0.2143) guarantee in that paper.

as opposed to the original O(n
The second approach makes use of SDP hierarchies, on which prior work has
yielded mostly negative results. Using this method, we give an algorithm for coloring

3-colorable graphs which finds a legal O(n%2°7%)

-coloring.

As an additional application of this approach, in 3-uniform hypergraphs contain-
ing an independent set of size yn (for any constant v > 0), we describe an algorithm
which finds an independent set, of size n®*) using the ©(1/2)-level of an SDP hi-
erarchy. We also present integrality gaps for this hierarchy which imply improved

performance guarantees as one uses progressively higher-level SDP relaxations.
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Chapter 1

Introduction

1.1 Preface

In this work, we study approximation algorithms based on semidefinite program-
ming (SDP). Semidefinite programming has been one of the central tools in approxi-
mation algorithm design since the seminal work of Goemans and Williamson [19] on
MAXCUT. In all instances, the SDP-based approach to approximation algorithms
follows the same general lines: as in the linear programming (LP) approach, one
takes a combinatorial (discrete) optimization problem which is NP-hard, relaxes it
to a convex optimization problem (in this case, a vector problem) which is tractable,
and then “rounds” the relaxed solution to a discrete one.

The core of the analysis of the performance guarantee of such algorithms lies
in examining the rounding algorithm. Traditionally, the analysis of the rounding
algorithm involves examining the behavior of the algorithm on local configurations
of vectors (often, only pairs of vectors) related to local constraints in the combinato-
rial optimization problem. While for a large number of problems (e.g. [19, 41, 10]),

this method yields approximation guarantees which are optimal under certain com-



plexity theoretic assumptions, for several other problems the gap between known
hardness of approximation and approximation algorithmic guarantee remains quite
large. Thus there is a need to expand the SDP-based algorithmic toolkit, both
in terms of algorithm design and in terms of proof techniques for the performance
guarantee.

We examine two avenues for improvement involving non-local analysis of SDP
rounding algorithms. The first of these is based on a geometric intuition pioneered in
recent work of Arora, Rao and Vazirani [5]. Using this approach, we are able to show
that an algorithm for coloring 3-colorable graphs which is nearly identical to that

0-2130) colors as

of Blum and Karger [7] finds a legal coloring which uses roughly O(n
opposed to the original O(n%2?'3) guarantee in that paper. While the improvement
may not seem quantitatively substantial, the techniques introduced have paved the
way to further improvements and set this problem apart from others for which
a simple SDP-based approximation algorithm and analysis give the best-possible
result (up to certain complexity-theoretic assumptions).

The second approach involves the use of SDP hierarchies. These give a se-
quence of nested (increasingly tight) relaxations for any integer (0 — 1) program
on n variables, where the nth level of the hierarchy is equivalent to the original
integer program, and the kth level produces an SDP the optimum of which can be
found in time n®®). Both LP and SDP hierarchies lend themselves quite naturally
to non-local analysis, since each level introduces constraints involving progressively
larger sets of variables.

While most previous work on LP and SDP hierarchies has focused on negative
results [2, 1, 34, 38, 18, 9, 36], we will investigate two positive applications. Starting
with the aforementioned coloring problem, we show that, using the third level of

a certain SDP hierarchy, we can find a legal O(n%2°"?)-coloring in any 3-colorable



graph. Moreover, in 3-uniform hypergraphs containing an independent set of size
~yn (for any constant v > 0), we describe an algorithm which finds an independent
set of size n®("") using the ©(1/9%)-level of another SDP hierarchy. On the other
hand, using a simpler SDP, no non-trivial guarantee is possible for v < % (in fact,
in the SDP hierarchy we consider, no such guarantee can be obtained at any level

up to %4—1).

1.2 Previous Publications

The results covered in this thesis, or preliminary versions thereof, have appeared

previously in the following publications (listed in chronological order):

e S. Arora, M. Charikar and E. Chlamtac. New Approzximation Guarantee for
Chromatic Number. In Proceedings of the 38th ACM Symposium on Theory
of Computing (STOC), pp. 215-224, 2006.

e E. Chlamtac. Approzimation Algorithms Using Hierarchies of Semidefinite
Programming Relaxations. In Proceedings of the 48th IEEE Symposium on
Foundations of Computer Science (FOCS), pp. 691-701, 2007.

e E. Chlamtac and G. Singh. Improved Approximation Guarantees Through
Higher Levels of SDP Hierarchies. In Proceedings of the 11th International
Workshop on Approximation Algorithms for Combinatorial Optimization Prob-
lems (APPROX), pp. 49-62, 2008.



1.3 Graph Coloring

In the graph k-coloring problem we wish to assign each vertex one of k colors such
that every pair of vertices connected with an edge are assigned different colors.
Finding the minimum k for which a k-coloring exists (the chromatic number of the
graph) is a classical NP-complete problem.

In general, it is NP-hard to approximate the chromatic number to within n'=¢
for any constant ¢ > 0 [15, 40|, though the problem becomes much easier if we
are guaranteed that the chromatic number of the graph is small. Specifically, we
concentrate on approximation algorithms of the following form: Given a 3-colorable
graph (the coloring is not known), find a legal coloring using as few colors as possible.
Dinur, Mossel and Regev [14] have shown that, assuming some variant of the Unique
Games Conjecture [25], this cannot be done using any constant number of colors,
though this does not rule out the possibility of finding, say, an O(loglogn) coloring.

In terms of positive results, there has been the focus of a long line of work.
Prior to the results described here, the best known algorithm was due to Blum and
Karger [7], who gave a O (n*/1*) coloring (we use O (f(n)) to mean O(f(n)log® n)
for some constant C'). Their work combined the SDP-based approach of Karger,
Motwani and Sudan [23] (which gives a O (A'/?) coloring in graphs with maximum
degree A) with an earlier combinatorial approach of Blum [6]. While the results
presented here rely on improving the performance of SDP-based algorithms, we also
formalize the method of Blum and Karger [7] in Section 3.7, giving a general method
to combine the combinatorial tools of Blum [6] with an SDP-based algorithm.

In Chapter 3, we first review the algorithm of Karger, Motwani and Sudan [23],
and then give an improved analysis for an algorithm which uses the same SDP

relaxation proposed in [23], and a nearly identical rounding algorithm. This im-



proves the O (A'3) guarantee in [23], and when combined with the combinatorial
approach in [6] gives a O(n%2!3%) coloring. The analysis is inspired by a geometric
approach used in the Sparsest Cut algorithm of Arora, Rao and Vazirani [5].

In Chapter 4, we present an algorithm which makes use of a tighter SDP re-
laxation arising from the Lasserre hierarchy [30]. While the running time for this
algorithm is higher (due to the higher cost of finding an SDP optimum for this re-
laxation), the algorithm presented gives the current best guarantee, namely a legal

coloring using O (n%2°72) colors.

1.4 Hypergraphs and Hypergraph Independent

Sets

k-uniform hypergraphs are collections of sets of size k (“hyperedges”) over a vertex
set. An independent set is a subset of the vertices which does not fully contain
any hyperedge. Finding a maximum size independent set in a hypergraph is a
natural generalization of the Maximum Independent Set problem in graphs, where
hyperedges have size 2. Moreover, a wide range of 0 — 1 optimization problems with
local constraints, for instance all binary Constraint Satisfaction Problems (CSPs),
can be naturally expressed as Hypergraph Independent Set problems.

We focus on the case of 3-uniform hypergraphs. The first SDP-based approx-
imation algorithm for this problem was given by Krivelevich, Nathaniel and Su-
dakov [28], who showed that for any 3-uniform hypergraph on n vertices con-
taining an independent set of size yn, one can find an independent set of size
Q(min{n, n®=3}). This yielded no nontrivial guarantee for ¥ < 1. On the hardness

side, Khot and Regev [27] have shown that for any constant € > 0, it is hard to find



an independent set of size > en in a 3-uniform hypergraph containing an indepen-
dent set of size % — ¢ assuming the Unique Games Conjecture [25]. However, this
still leaves much room for improvement.

In Chapter 5, we present two algorithms which, for every v > 0, in any n-vertex
3-uniform hypergraph containing an independent set of size yn, find an indepen-
dent set of size n®*). Each of these algorithms relies on an SDP relaxation arising
from the ©(1/~%)-level of some SDP hierarchy. For the hierarchy used in the first
algorithm, we also present an integrality gap which implies that this performance
guarantee cannot be achieved at any level up to % + 1. This implies a sequence
of improving approximation guarantees as one uses progressively higher-level relax-
ations.

The various hierarchies used are detailed in Section 2.1, where we also present
some useful properties of the corresponding relaxations, and provide some intuition

for analyzing the structure of SDP hierarchies which will motivate the later analysis

in Chapters 4 and 5.



Chapter 2

SDP and SDP Rounding

To illustrate the use of Semidefinite Programming (SDP) in approximation algo-
rithms, let us consider the Maximum Independent Set problem in graphs. This is
a special case of the Hypergraph Maximum Independent Set problem, which will
be discussed in Chapter 5. The most common approach is to first formulate the
problem as a Quadratic Program, and then find a corresponding SDP relaxation.
The following is a natural Quadratic Programming formulation for Maximum Inde-

pendent Set in a graph G = (V, E):

2
max €T s.t.
{wilieVU{0}} Z ’

icv
22 =1 (2.1)
VieV a? =z (2.2)

We now arrive at an SDP relaxation by replacing the linear variables {z;} above
with vectors {v;}, and replacing all products with dot products of vectors. This

gives the following relaxation:



2
max E V; s.t.
{vilieVU{0}} ” H

ieV
loo|* = 1 (2.4)
VieV ||ul*= v (2.5)
V(Z,j) < E v; - Uj = 0 (26)

The benefit of working with an SDP relaxation as above is that the optimum,
along with the corresponding vector solution {v;}, can be found in polynomial time
to within arbitrary precision (as was first shown by Grétschel, Lovasz, and Schri-
jver [20]). The final step involves finding an independent set by using the graph
structure and the vector solution {v;}. This is known as the rounding algorithm.
The design of rounding algorithms and especially the analysis of their performance
guarantee (in this case, the size of the independent set found, as a function of the
SDP optimum) is the most challenging and most interesting part, and will be the
main focus of later chapters. We first examine a number of the relaxations which will

be used later, as well as some important components of SDP rounding algorithms.

2.1 Hierarchies of LP and SDP Relaxations

LP and SDP hierarchies give a sequence of relaxations for an integer program on
n variables, where the nth level of the hierarchy is equivalent to the original inte-
ger program. These include LS and LS, (LP and SDP hierarchies, respectively),
proposed by Lovéasz and Schrijver [31], a stronger LP hierarchy proposed by Sherali
and Adams [35], and the Lasserre [30] SDP hierarchy (see [29] for a comparison).

SDP hierarchies have been studied more generally in the context of optimization



of polynomials over semi-algebraic sets [13, 32]. In the combinatorial optimization
setting, there has been quite a large number of negative results [2, 1, 34, 38, 18, 9,
36]. This body of work focuses on combinatorial problems for which the quality of
approximation (integrality gap) of the hierarchies of relaxations (mostly LS, LSy,
and more recently Sherali-Adams) is poor (often showing no improvement over the
simplest LP relaxation) even at very high levels.

On the other hand, there have been few positive results. For random graphs,
Feige and Krauthgamer [15] have shown that ©(logn) rounds of LS, give a tight
relaxation (almost surely) for Maximum Independent Set (a quasi-polynomial time
improvement). De la Vega and Kenyon-Mathieu [38] showed that one obtains a
polynomial time approximation scheme (PTAS) for MAXCUT in dense graphs using
Sherali-Adams.

We will consider various LP and SDP hierarchies in this section through the
lens of relaxations for Hypergraph Maximum Independent Set. This problem is
sufficiently general to capture all 0 — 1 optimization problems with local constraints,

yet it will allow us to present these hierarchies in a clear and intuitive manner.

2.1.1 The Sherali-Adams Hierarchy

The Sherali-Adams hierarchy [35] is a sequence of nested linear programming relax-
ations for 0 — 1 polynomial programs. These LPs may be expressed as a system of
linear constraints on the variables {y; | I C [n]}. To obtain a relaxed (non-integral)
solution to the original problem, one takes (y(1}, Y12}, - - - Yn})-

As a gedankenexperiment, suppose {x;} is a sequence of n random variables

over {0, 1}, and for all I C [n] we have y; = E[[[,.; xf] = Pr[Vi € I : f = 1]. Then

i€l 1



by the inclusion-exclusion principle, for any disjoint sets I, J C [n] we have

yios E Y ()W lyy = Pr[(vie I af =1) A(Vj € J ) =0)] > 0.
JICT
In fact, it is not hard to see that the constraints y; _; > 0 are a necessary and
sufficient condition for the existence of a corresponding distribution on {0, 1} vari-
ables {xf}. Thinking of the intended solution {z}} as a set of indicator variables
for a random independent set in a hypergraph H = (V, E) motivates the following

hierarchy of LP relaxations (assume k > max{|e| | e € E}):

ISpA(H)
yp =1 (2.7)
VI,LJCVst. InJ=0and [TUJ <k Y (-D)lyur>0 (28
J'CJ
Vee B y.=0 (2.9)

As noted above, if {y; | I C V} satisfy IS3*(H) (where n = |V|), there is a
distribution over independent sets in H for which Pr[Vi € I : i € ind. set] = y;
for all subsets I C V (that is, the nth level of the hierarchy, ISS*(H), corresponds
to the integer polytope). In particular, for any integer 1 < k < n, this implies
that if {y; | |[I| < k} satisfy IS;*(H), then for any set S C V of size k, there is a
distribution over independent sets in H for which Pr[Vi € [ : ¢ € ind. set] = y; for

all subsets I C S.

2.1.2 The Lasserre Hierarchy

The relaxations for maximum hypergraph independent set arising from the Lasserre

hierarchy [30] are equivalent to those arising from the Sherali-Adams with one ad-

10



ditional semidefiniteness constraint: (yrus)r.s = 0.

We will express these constraints in terms of the vectors {v;|I C V} arising
from the Cholesky decomposition of the positive semidefinite matrix. In fact, we
can express the constraints on {v;} in a more succinct form which implies the

inclusion-exclusion constraints in Sherali-Adams but does not state them explicitly:

ISy™ (H)

vg =1 (2.10)
1), ||, /I, || <kand TUJ=TUJ = vrevy=vp vy (2.11)

Vec B v2=0 (2.12)

e

For convenience, whenever possible, we will henceforth write v;, ;, instead of

Viy,..i.}- We will denote by MAX-ISE*(H) the SDP
Maximize Y, [lvi||* s.t. {v; | I €V A|I] < k} satisfy ISE(H).

As in the Sherali-Adams hierarchy, for any set S C V of size k, we may think of
the vectors {v; | I C S} as representing a distribution on random 0 — 1 variables
{zf | i € S}, which can be combined to represent arbitrary events. Formally, the

vector corresponding to the event & ;= Vi€ I,j € J: (z; =1) A (2] =0)" is

def
Ver g = ZJ’§J<_1)|JI"UIUJ"

The picture is then completed by defining v, ¢, = >, v, for disjoint events & (for
example, we can write V(2 =0)V(ar=0) = V0,~{i,j} + Uy~ {5y T UG —{) = Vg — vij). The
corresponding local distribution is made explicit by the inner-products: for any two

events &1, & over the values of {z} | i € S}, we have vg, - ve, = Pr[& A &).

11



Moreover, as in the Lovasz-Schrijver hierarchy, lower-level relaxations may be
derived by “conditioning on z} = o;” (for o; € {0,1}). In fact, we can condition
on more complex events. Formally, for any event &, involving ky < k variables for

which [Jvg,|| > 0, we can define

def
U£|go = UE/\Eo/“UEoH?

and the vectors {vr| | [I| <k — ko} satisfy IS4, (H).

2.1.3 An Intermediate Hierarchy

We will also use a hierarchy which combines the power of SDPs and Sherali-Adams
local-integrality constraints in the simplest possible way: by imposing the constraint
that the variables from the first two levels of a Sherali-Adams relaxation form a
positive-semidefinite matrix. Formally, for a kg-uniform hypergraph H = (V, E),
for k > ko and vectors {vg }U{v; | i € V'} we have the following system of constraints:

ISy™(H)

Hy;r | || <k} s.t.
VI,JQV,|I|,|J|§1 : Vr Vg5 = YruJg (213)

{yr} satisfy ISP (H) (2.14)
As above, we will denote by MAX-ISP™(H) the SDP

Maximize 37, [lvi[|* s.t. {vg} U {v; | i € V} satisty ISP™(H).

12



2.1.4 Relating the Lasserre Hierarchy to Distributions on

0 — 1 Solutions

Recall the probabilistic interpretation of vector solutions {v; | |I| < k} satisfy-
ing IS?S(H ). This intuition will allow us to deduce additional geometric proper-
ties of the SDP solution, which can then be proven rigorously using the Lasserre
constraints (2.11). Let us consider the following crucial example (which will also
motivate the following lemma). Consider some event A relating to partial as-
signments of {zf | i € V} (eg. “Vi € I : 2} = 17). Suppose that Pr[A] = p
and that we have many events B, sub-events of A, such that Pr[B; | A] = gq.
Then for most pairs Bj, By we have Pr[B; A By | A] > ¢* — o(1) since, in prin-
ciple, most pairs of events cannot be too anti-correlated. (Indeed, consider a set
of indicator variables X;. The inequality E[(}>, X;)?] > E[>_, X;|* implies that
Zl;él’ E[Xi Xy] = Zl;él’ E[X/JE[Xy] - ZZE[XI](l —-E[Xi]).)

If we think of the vectors representing these events, we have vp,-vp, > pg>—o(1).
This would also hold true for most pairs Bj, By if the vectors {vp,} all shared a
common component of length \/ﬁ That is, if there were some unit vector v/

such that vg, - vy > \/pg®. Now, suppose that for some A’, a super-event of A,

we were guaranteed that the vectors vp, had the form v, = /o' - ”Zji“ + wp, for
some wp,Lvy. By a similar argument, we would expect that the vectors wp, have
a common component of length > \/m (that is, they have a projection of at
least this magnitude on the same unit vector). Using the Lasserre hierarchy, we can
guarantee the existence of such a vector, as demonstrated by the following lemma (in
this case think of A as a union of the mutually exclusive events “Vh € [; : x), = 17

and of a single event B; as a union of the respective sub-events “(Vh € I; : x, =

DAY €Tz =1)").

13



Lemma 2.1.1. Let {v;} be a set of vectors satisfying (2.11), let subsets I; C [n]
and J C [n] of size at most k be such that Vi, I, N J =0 and Yi # i, vy, - vy, =0

2 2 Then

, and ¢; = [lorus® / llor

and let p; = ||vy,

1. There exists a unit vector xy € Span({v; | I C U, L;}) such that zo - v; =
V Zz piq?-

2. If, moreover, for every i there are subsets I;; satisfying I; C I;; C [n]\ I,
such that the vectors vy, are mutually orthogonal, and vy, = Zj vy, then if
v’y is the component of vy orthogonal to xo (i.e. vy =\/Y,; Pig?xo + V), then

there exists a unit vector zy € Span({vy | I C U, ; Iij}) such that g - v =

2
Pt — Sipia? (where pig = [,

and pzqu] = HUIMUJHQ)'

5. The vectors xg and x; are uniquely determined by the vectors {vr [ I C U, ; Ii;}
and values {p;}, {¢:}, {pi;} and {q;;}. They do not depend on the choice of

vector vy.

Proof. For part 1, it suffices to check, by computing inner products, and using
constraint (2.11), that v; = ). qv;, + v, (where v/ - v;, = 0).
For part 2, first observe that by orthogonality of the various vz,;, and since

vr, = Y, vr,;, We have

Di = HU]i 2 - Z Hvlij 2 = Zpij (215)
J J

and

biqi = vy - vy, = ZUJ "Ur; = Zpij%j- (2.16)
j J

J

Now, by constraint (2.11), and orthogonality of the various vy, for any i, jo we

14



have

/ e . e . . . . — .
UJ ) UIinO - (U-] - : :qlvlz) ’LO]O pZOJOqZOJO : :ql : :UIZ] ’LO]O - pZOJO (qZOJO qu)'

Thus, we can represent v as v/, = >, (qi; — ¢i)vr,; + v/, where v is orthogonal to

all vy,;. Finally, note that

2

= Z(qz‘j — @)’
2¥)
= Z 4i(Qij — Qi)pij — Z i Z Gij = ¢ )Pij
2¥)
= qu Qij — pw Z(b’((zpiqu‘j) - piQi) by (2.15)
1 J
_ qu Gij — G)Dij by (2.16)
= szpijqu — ;%’ ;pij%j
= ZpijQz'Qj - sz‘qz'z by (2.16).
irj i

H Z(Qij — Gi)vr

2.2 Gaussian Vectors and SDP Rounding

Recall that the standard normal distribution has density function \/%e_ﬁ/ 2 A
random vector ¢ = ((y,...,(,) is said to have the n-dimensional standard normal
distribution if the components (; are independent and each have the standard nor-
mal distribution. Note that this distribution is invariant under rotation, and its

projections onto orthogonal subspaces are independent. In particular, for any unit



vector v € R", the projection ( - v has the standard normal distribution.

We use the following notation for the corresponding tail bound:

e * 1 2
N(s) d:f/ \/ﬂe_?dt.

The following property of the normal distribution ([17], Chapter VII) will be crucial.

g2 g2
Lemma 2.2.1. For s > 0, we have \/LzTr (I —L)e"/2<N(s) < A—e /2

We introduce the following definition:

Definition 2.2.2. We will call a set of unit vectors X a p-cluster if there exists a

unit vector zg such that zo-x > /p for all x € X.

The analysis of SDP rounding algorithms frequently involves expressions of the
form Pre[3r € X : (-2 > s|, for  as above, and set of unit vectors X. It is easy to
see that |X| N(s) is an upper-bound on this probability. However, when the set X

is a p-cluster, we can give a much better bound, as the following lemma shows.

Lemma 2.2.3. Let X be a p-cluster for some fixed constant p € (0,1). Then for

all s >0 and 0 <r < ,/p, we have

PrC[EIxEng-st]§|X|~;
m

—(1+(yp—r)?/(1=p))s*/2
e + 2N(rs).
v1i—p

Proof. Since X is a p-cluster, each x € X is of the form x = \/pyxo+ /1 — p2’ for
some p, > p. Note that since z’-z¢ = 0, the random projection ( - xg is independent
of all projections ¢-2’. Thus, we can bound Pr.[3z € K : (-z > s| from above using

a convolution on the random variables ¢ - xy and max,cx ¢ - '. In the following
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estimate the variable £ represents ( - .

Pre[F3ze X : (x> s :/00 %6_62/2PI"EIEX2C~ V1= pex’ > s — \/p&]dE
/ e €PPr[Er € X : ¢ \/1— por’ > 5 — \/pat)deE

rs 752 S_\/p_xg OOL e
= ( <¢*1—px)d“/m Vors df)
(2.17)

rs 752/2 \/ﬁg S | e
2( () e [ df)
(2.18)

Inequality (2.17) is a union bound and inequality (2.18) can be verified by noting
that the function fe4(p) = % is monotone increasing for p > £2/s% (note that
we are only concerned with ¢ < rs), and that p, > p > r? for all z € X.

Hence, substituting a = £/s and applying Lemma 2.2.1, we have:

Pre@re X : (-2 > s

< 2rs (max o |X| N (M)) + 2N (rs)

0Za<r /27 JI—p

S rs max | X | i6_(a2+(1_\/§a)2/(1_p))52/2 _I,_ 2N(TS)
0<a<r ms(l — \/ﬁa)

r a2 2 2
< a*+(1—=y/pa)*/(1-p))s*/2
S T (Org?é | X e +2N(rs)
r 2
- (1+(y/p—a)?/(1-p))s®/2

P g (01213£|X|e ) +2N(rs)

= |X]|- +6—(1+(\/ﬁ—r)2/(1—p))s2/2 + 2N (rs)
/1 —p
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In many cases, a simpler bound (following immediately from Lemma 2.2.1) will

suffice:

Corollary 2.2.4. Let X be a p-cluster for some fized constant p € (0,1). Then for

sufficiently large s, and all 0 < r < /p, we have

Pre3z e X :(-z>s] <|X| - poly(s)N(s)+Ve=*/0=p) L o N (rs).
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Chapter 3

Improved Analysis of Graph

Coloring

In this chapter we will review the SDP relaxations and rounding algorithm of Karger,
Motwani and Sudan [23], and give an improved analysis for a slight variant of their
algorithm. When combined with the Blum coloring tools (discussed in Section 3.7)

0.2130)

this gives an O(n coloring,.

3.1 The Karger-Motwani-Sudan Algorithm

We begin by describing the algorithm described in [23] for coloring 3-colorable
graphs and its analysis. We will also present some notation and terminology which
will be need later for a more sophisticated analysis of this and other algorithms.
The KMS algorithm uses the standard approach of finding large independent sets in
order to achieve a coloring with few colors. As is well-known (see, for example, [6]),
to find a legal coloring using O(f(n)) colors, it suffices to have an algorithm which

can find an independent set of size n/f(n)). (Indeed, this follows from the follow-
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ing simple algorithm: apply the independent set algorithm, assign all vertices in
the independent set the same color, remove these vertices from the graph, update
the color counter, and repeat.) Furthermore, it suffices to concentrate on the case
where there is a bound A on the maximum degree; see Section 3.7 for how to turn
such a guarantee into an algorithm whose performance is stated in terms of n (this
generalizes the approach in [6, 7]).

Consider the following relaxation for k-coloring.

Definition 3.1.1. For a graph G = (V, E) with vertex set V = {1,2,...,n}, a
vector k-coloring is an assignment of unit vectors uq,...,u, € R" to the vertices,
such that:

The vector k-coloring is said to be strict when equality holds in condition (3.1).

As is shown in [23], for any k& > 2, every k-colorable graph is also vector k-
colorable. While these SDP relaxations may seem inherently different from the
0 — 1 relaxations discussed earlier, we shall see in Section 4.1 that strict vector
k-coloring has an equivalent 0 — 1 formulation.

The KMS rounding algorithm takes a graph G, vector coloring {u;}, and a

threshold parameter t > 0, and outputs an independent set in G:

KMS(G, {u;},t)

e Choose ¢ € R" from the n-dimensional standard normal distribu-
tion.

o V(1) o {i e V|({-u; >t} Returnall i € V(¢) with no neighbors

in V¢(1).

Figure 3.1: Algorithm KMS
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The performance guarantee for the KMS rounding algorithm, as shown in [23],

is as follows:

Theorem 3.1.2 (KMS). There ezists some t = t(n, A) > 0 such that the expected

size of the independent set returned by algorithm KMS (G, {u;},t) is Q(A~1/3n).

In particular, this implies an O(Al/ 3)-coloring. To precisely quantify the various

improvements discussed later, we need the following definition.

Definition 3.1.3. Given a graph G with vector 3-coloring {u;} and maximum

degree A, the threshold parameter ¢ > 0 is c-inefficient for (G,{u;}) if
A < N(V3t)~(+e),

Note that by Lemma 2.2.1, if t > 0 is exactly c-inefficient, then N (t) = (:)(A_ﬁ).
Thus, our objective will be to find a threshold ¢ > 0 with the largest possible ineffi-
ciency c for which our algorithm is guaranteed to return an independent set of size
Q(N(t)n).

Now we recall the proof of Theorem 3.1.2 from [23] — but rephrased in our
terminology. To simplify the presentation, we will only consider strict vector 3-
colorings {u;} for now.

Note that, for any choice of threshold ¢, for any vertex ¢ € V, Pr[i € V¢(¢)] =

N(t). Say a vertex is good for a certain value of ¢ if in the KMS algorithm,
Pr[i is eliminated | ¢ € V¢(t)] < 1/2, (3.2)

and otherwise call the vertex bad. If i is good, then the probability it ends up in
the final independent set is at least 1 Pr[i € V()] = N(t)/2.
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Now we analyze what makes a vertex good. For any i € V, let T'(i) be its

neighborhood in GG. Then
Prli is eliminated | i € V¢ (¢)] =Pr[3j € (1) : ¢ -u; >t | (- uy > 1. (3.3)

Since {u;} is a strict vector 3-coloring, we can introduce the following notation:

for every edge (i,7) € E, we will write

o 1,4 VB
Uj = —5U; + 5 U

(3.4)

where u;; is a unit vector orthogonal to u;. Writing uj; = \%(u] + 3u;), we see that

for any vector (:
Crup>t and (uy >t = (-ul >Vt

Hence the right hand side of (3.3) is bounded from above by

Pri3j:C-u; >t|C-u > 1
<Pr(3j:¢uf; > V3t Cu > t)]
=Pr[3j: C-uy > V3t (independence of orthogonal

projections of Gaussian)

< Z Pr(¢ - uj; > V/3t] (union bound)
JET(3)

< AN(V/3t)

= O(AN(1)®). (by Lemma 2.2.1)
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Choose the threshold ¢ so that N(v/3t) = O(N(t)?) is less than 1/(2A), in
which case every vertex is good. Therefore, by linearity of expectation, the output
independent set has expected size at least N (t)n/2 = Q(A~/3n).

Let us state one corollary of the above proof that will be useful later:

Lemma 3.1.4. Let {u;} be a strict vector 3-coloring. Then for all i € V' we have
Pr(3j € T(i): C-uy >t | u >t <Pr[3j € T() : ¢~ ufy > V/3H].

We adapt the following definition from [5], to use normal distributions rather

than random unit vectors.
Definition 3.1.5. A set of unit vectors X is an (s,d)-cover, if for ( € R™ chosen
from the standard normal distribution,

Pri3ze X:(-x>s>4§

The cover is said to be (at most) c-inefficient, if | X| < N(s)~(+9).

Note that for any set of unit vectors X we have, by union bound

Pr[EIxGX:C-:z:Zs]§ZPr[C-x23]=|X|-N(S).

zeX

1

So any uniform (s, 5

)-cover must contain at least 3-N(s)~! vectors, by union bound.
Hence, a cover is efficient when the number of vectors is only slightly larger than the
minimum required. To motivate the above definition, we note that, by lemma 3.1.4,
for any vertex ¢ for which Pre[(i € V¢(¢)) A (i is not eliminated)] < IN(t), the

vectors {uj; | j € (1)} form a (at most) c-inefficient (3, \V/3t)-cover. In general, we

have the following corollary of Lemma 3.1.4:
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Corollary 3.1.6. Ift > 0 is at most c-inefficient for (G,V'), then for every vertex
i € V which is eliminated with probability > o (conditioned on i € V¢(t)), the

vectors {uj; | j € T(i)} corresponding to the neighbors of i form a c-inefficient

(v/3t, 8)-cover.

3.2 A Variation on the KMS Algorithm

We consider the following slight variation of the KMS rounding algorithm:

KMS'(G, {ui})
e For “all” t > 0,
— Choose ¢ € R™ from the n-dimensional standard normal dis-

tribution.

— Pick any edge (i,7) € E with both endpoints in V(¢), and
eliminate both ¢ and j. Repeat until no such edges are left.

— Let V/(t) be the set of remaining vertices in V¢(t).

e For ¢t which maximizes {Vg’(t) , return the independent set V/(¢).

Figure 3.2: Algorithm KMS'

Remark 3.2.1. Equivalently, we can first choose (, and then enumerate over all
relevant values of ¢ (that is, over ¢; = (-u;). However, for the purposes of the

analysis, we will consider the first formulation.

Note that the set returned by KMS’ contains the set returned by KMS (for
the corresponding value of t), so Theorem 3.1.2 holds also for KMS'. The crucial
difference is that in KMS', the vertices removed from V(¢) form a matching, and
this will be used in the simple “pruning” argument of Lemma 3.6.10.

Recall that our goal is to find the largest possible ¢ > 0 for which the threshold
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parameter ¢ is c-inefficient while still guaranteeing that the algorithm find an inde-
pendent set of size (N (¢)n). With this in mind, we now give the following explicit

guarantee for the performance of KMS'.

Theorem 3.2.2. For every T > g there exists c1(T) > 0 such that for 0 < ¢ < ¢1(7),
and any n vertex graph G with maximum degree < n”, if the parametert is (at most)
c-inefficient for (G, {u;}), then KMS'(G,{u;}) returns an independent set of size
Q(N(t)n).

Furthermore, ¢, (T) satisfies

0<a<it;

c1(T) © sup {c

min Aa) > ) } (3.5)

where

Ao(a) (3 —a- zm@ /v/5 — 20 — 3a2. (3.6)

Corollary 3.2.3. For any n-vertex graph G with mazimum degree < A = n%6451,

and vector 3-coloring {u;}, KMS'(G,{u;}) returns an ind. set of size Q(A™0331p).
Combining this result with the Blum coloring tools (see Theorem 3.7.2), imme-

diately yields the following result:

0.2130)

Theorem 3.2.4. Given an n-vertex 3-colorable graph, one can find an O(n

coloring in polynomaial time.

3.3 High-Level Description of KMS’ Analysis

The analysis of when a vertex is good is locally tight, even though it uses the union
bound. Nevertheless, we will present a nonlocal argument that shows that the local

analysis cannot be simultaneously tight for all vertices for this value of t. Thus the
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KMS' algorithm can use a less efficient (smaller) threshold ¢ than the KMS [23] paper
did, which increases (N (t)n), the size of the final independent set. If fewer than
n/2 vertices are bad, the expected size of the independent set is at least N(t)n/4.
We show below that there is such a threshold t satisfying A > N(v/3t)~(+9 for
some ¢ > 0. Thus we can find an independent set of size N (t)n/4 = Q(AY/G+3)p),
an improvement over KMS.

Our nonlocal argument is directly inspired by the “walk” argument of Arora,
Rao, and Vazirani [5]. However, our walks are only of length O(1) whereas theirs
were longer. To illustrate our idea, let us first assume that the vectors in the SDP
solution are “nondegenerate,” by which we mean that their pairwise inner products
do not exhibit any statistically significant patterns apart from those implied by the
SDP constraints. To give an example, for any vertex ¢ € V', the constraints of strict
vector coloring require the vectors uj; defined above to be orthogonal to u;. In a
nondegenerate solution, we also expect that for any arbitrary unit vector ug, most
of the vectors u;; should only have negligible projection on uy (Lemma 3.6.3 gives
a sufficient condition for this phenomenon). As we shall see, the nondegeneracy
property corresponds to a vector coloring for which the KMS [23] analysis is tight,
and so we are interested in ruling out the existence of such a solution.

We give a heuristic argument why the KMS’ algorithm should return an indepen-
dent set of size Q(n®?) in a nondegenerate solution. This implies that whenever the
original analysis of [23] gives an independent set of size less than O(n®?) (i.e., when
A > n'/3), the vector coloring cannot be nondegenerate, and thus some improve-
ment is possible. We note that the integrality gaps of [16] rule out the existence of
independent sets of size Q(n®843) in certain vector 3-colorable graphs. Thus, this

heuristic argument cannot guarantee an independent set of size Q(ng/ 9) in general.
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Let t be the smallest value s.t. at least half the vertices ¢ are bad, that is:
Pr¢[i gets eliminated | ¢ € V¢(¢)] > 1/2. (3.7)

We will show that N(t) > Q (n~'/?), and thus (since for a slightly smaller ¢ half
the vertices must also be good) KMS’ returns an independent set of expected size
> IN(t)n = Q (n*?).

First, a simple pruning argument (see Lemma 3.6.10, the only place where we
use the difference between KMS and KMS’) allows us to assume that condition (3.7)
holds for all vertices in the graph rather than just half the vertices (with the prob-
ability 1/2 replaced by a smaller constant). Hence Corollary 3.1.4 implies that for
every vertex i € V, the set {u; | j € I'(i)} is a {V/3t,9Q(1)}-cover. By symmetry,
the vectors {—u;; | j € ['(i)} also form a {V/3t,Q(1)}-cover. The random projection

( - u; is negligible compared to ¢ (i.e. o(t)) for all but an o(1) fraction of Gaussian

/!

. . . o 1 \/g
vectors ( (since w; is a fixed vector) so, since ¢-u; = —5¢-u; +%5°C- u;;, we conclude

that the vectors {—u; | j € T'(:)} form a ((2 — o(1)) ¢, (1))-cover. That is, with

probability (1) some j € I'(i) satisfies ¢ - u; < — (2 —o(1)) ¢.
Now consider all the neighbors k € T'(j) of such a vertex j. By our assumption,
the vectors {u};, | k € T'(j)} are also a {V/3t,9Q(1)}-cover. Thus for most Gaussians

(, there is some k € I'(j) such that ¢ - u}), > V/3t. Such a vertex k satisfies:

1 V3

> 30— o)t _40(1))t + % - %(1 —o(1)).

Note that here we are using nondegeneracy strongly, since we are assuming that

the union of the events “[( - uj; < —V3t] A Bk € T(j) - C-ufy > V3t]” (for all

27



various j € I'(7)) happens with good probability when the individual events have
large probability. This would be true if the events “C - uj; < —/3t” were disjoint.
It turns out (see Theorem 3.4.4) that the nondegeneracy assumption is enough to
make a slightly weaker claim of the same form.

One can continue this argument with neighbors of £ and so on, ultimately de-
ducing that for a constant fraction of Gaussian vectors (, there is some vertex [ such
that ¢ - u; > 3t(1 —o(1)). (In general, given that some vector in the vector coloring
has a projection s on (, this argument shows the existence of a vector corresponding
to some neighbor whose projection is > (s/2 4+ 3t/2)(1 — o(1)), which is larger than
s so long as s < 3t.)

Since the number of vertices in the graph is n, the union bound implies that for
Gaussian vector ( the expected number of [ such that ¢ - u; > 3t is at most N (3t)n.
We conclude that N(3t)n = Q(1), and hence (by Lemma 2.2.1) N(t)°n = Q(1).

Of course, the above analysis ignores all conditioning between the probability
calculations in successive steps of the argument, which is justifiable only when
the vectors are nondegenerate. In the correct argument such conditioning cannot
be ignored, and so we must exploit the connection between nondegeneracy and
tightness of the KMS analysis. Namely, we must show that when A > n'/3, we
can introduce a small degree of inefficiency (thus increasing N(t)), and still use
the above argument to show that most vertices are “good” (otherwise obtaining a
contradiction). The extent to which one can make the threshold ¢ inefficient without
weakening the above argument too much requires a careful quantification (and a

formalization of the above argument which allows for nearly-nondenerate solutions).
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3.4 Details of KMS’ Analysis

In this section we prove Theorem 3.2.2 using a two-step walk analysis of KMS'. For
simplicity, we will assume that the vectors comprise a strict vector 3-coloring. We
will relax the strictness condition in Section 3.5. The proof is by contradiction: if
A < N(v/3t)1/(1+9) then, as in Section 3.3, we use a chaining argument to exhibit a
high-probability event that is actually very unlikely.

We adapt the definition of (s, d)-covers from Section 3.1 to include sets of vectors

which are not necessarily unit vectors.
Definition 3.4.1. A set of vectors X is a non-uniform (s,¢)-cover, if for ¢ € R"
chosen from the standard normal distribution,

Pri3ze X:(-x>s>9§

To make the distinction explicit, we will call regular (s, §)-covers uniform.

In Section 3.6 we will show that if at least half the vertices i € V are bad, then we
can identify a subgraph where every vertex is almost-bad (see Lemma 3.6.10), and
thus has a (v/3t, Q(1))-cover associated with its neighbors. In this graph, fix a vertex
i € V. Note that the set {u;; | j € I'(i) and the sets {u),, | k € T'(j)} for all j € ['()
are (uniform) (v/3t, Q(1))-covers. We want to compose the cover {—ui; 7€)}
with the various covers {u}; | k € I'(j)} to attain a lower bound on the probability
of the event “Jj € (i), k € D(j) : [¢- (—ul;) > V3Bt A[¢ - uly, > V/31]7.

As pointed out earlier, if such a composition were always possible, the argument
in Section 3.3 would contradict known integrality gaps. Hence there must be some
loss (specifically, we will only attain a lower bound on the probability of the above

event by considering smaller projection for the u;k) This loss will be a monotoni-
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cally increasing function of ¢, the inefficiency of the covers. Thus, our aim is to find
the largest ¢ for which a contradiction can still be obtained. First we need the fol-
lowing lemma, which shows that in any uniform (s, d) cover {y;}, the components of

vectors yy, orthogonal to a fixed vector form a non-uniform (s —o(s),d —o(1))-cover.

Lemma 3.4.2. Let v’ be a unit vector and {yx} be a uniform (s,d)-cover. Rewrite
each yy, as yr, = axv’ + /1 — aiy,. for ap =" -y € [—1,1] and unit vector y,, L v'.
Then for all p > 0, we have

Proof.

d<Pr[3k:C-yp>s| <Pr[|¢-V| > p]+Pr[|C- V| < pATk: -y > 5]
<2N(p) +Pr[3k: ¢ (yr — apv’) = s — || p]

—ON(p) + Pr |k : (g > T IMIP |O‘k|/)]

A%

2

< 2N(p) + Pr 3k:(~y;€>i]

[

The following lemma shows how one “boosts” covers via measure concentration.

Lemma 3.4.3 (measure concentration). Let {y;} be a non-uniform (s, N(6))-

cover. Then for any ¢ € R™ having standard normal distribution, and a > 0,
Pr(3j: ¢y = s — |yl a] = N(0 — a).

Proof. Let v,(-) denote the normalized Gaussian measure on R". The theorem of
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measure concentration for Gauss space ([8], [37]) states that for any measurable set
A CR™ if v,(A) = N(0) for § € R, then for any a > 0 the set A, ={( |3z € R":
(IIz]l <a)A(C+ 2z € A)} has measure at least N (6 — a).

Let A ={C| 35 :C-yj/llyill = s/|ly;l|}- By our assumption, this set has

measure at least N(6). Since {y;/ ||y;||} are unit vectors, we have in this case

Aa ={C 13,2 (lzll < @) NS+ 2) - w3/ Mlysll = s/ [lys11)}
={C1 3,z (2l < @) AC- w5/ Nlysll = s/ Mlysll = 2 - w3/ lwilD}

_ {(‘ 37 Cryi/ sl = s/ Myl = ( B Z'yj/”yj”>}

22l <a

={¢ 137 C-yi/ lysll = s/ llysll — a}

Applying measure concentration, the claim follows immediately. O]
We now use this lemma to prove a cover composition theorem.

Theorem 3.4.4 (Cover composition). Let {z; | j € J} be a uniform c-inefficient
(s1,0)-cover, and for each j € J, let Y; be a non-uniform (sq, N(6))-cover such that

y L x;. Then we have

Prlyjedyey(Caze) A (Cyzs—lul-(0+Velta s))]
25—0(8—11>

for some e = O <b§—2“>

1

Proof. If we associate with every j € J the halfspace {¢ | (- x; > s1}, then the
(s1,0)-cover property implies that the union of these halfspaces has Gaussian mea-
sure > §. The idea is to obtain an upper-bound on the measure of points in each

halfspace not participating in the relevant set (i.e. the points ¢ not satisfying the
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event in the theorem statement). Formally, for every j we define

Zj:{zER” | 225> 51 A VyEYj:z-y§32—||y||-(9+\/C(1+6)-81)}

Symmetry of the standard normal distribution implies that N(p) + N(—p) =1 for
all p € R. Hence, by the independence of orthogonal components of a Gaussian

vector, and by Lemma 3.4.3 we have

PriC € 2 = PrlC-a; = 1] - Pr|vy e ¥;: Coy < so— [yll- (04 Vel +2) - s1)]
= N(s1) - Pr[VyeYj: ¢y <oyl - (0+Vell+e) s)]
< N(s1)- (1= N(—/e(T+ ) - 51)
= N(s1) - N(Ve(l+¢) - 1)

(3.8)
Letting € = 21;1—%31, this gives
Pr[aje JyeY:C a> s
ACyzs—yll- (04 Vell+e)s)]
>Pr[3j:(-z; > s —Pr[35: ¢ € Zj]
>6- Y Prl¢ € Z)]
J
>§—|J|-N(s1)  N(v/c(l+¢)-s1) by (3.8)
>0—N(s1)“-N(/e(l+e¢)-s1) by efficiency of {z;}
>0 — S by Lemma 2.2.1
\/C<1+€) ©S1
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]

We can use the composition theorem to obtain a result reminiscent of the chain-
ing argument in [5]: it shows that whenever KMS' fails (in expectation), for some

large s we can find an (s, €(1))-cover containing few vectors.

Theorem 3.4.5. Let ¢ > 0 be any fized constant. Then for any graph G = (V, E),
strict vector 3-coloring {u;}, and threshold t > 0 which is at most c-inefficient
for (G,{u;}), the following holds: If at least half the vertices in V are bad for
KMS'(G,{u;}) and threshold t, then identifying the vertices V' with the vector col-
oring {u;}, there is some i € V and some subset of its 2-neighborhood W C T'(I'(1))

such that

1. For all k € W we have u;, = (}1 + %ak)ui + wy for some vector wy L u;, and

C c C ;
—p Sar < g (for some universal constant C' > 0).

2. With probability at least % -0 (@), there is some k € W for which

9 3 3

Proof. Prune as in Lemma 3.6.11, and for simplicity, assume G = (V, E) is the
remaining graph. Now, fixing some i € V, we have that {uj; | j € ['(i)} and the
sets {uy | k € I'(j)} for every j € I'(i) are all uniform <\/§t,% -0 (@))—covers

which are at most c-inefficient. Moreover, there exists some constant C' > 0 such

that letting W; = {k e I'(y) ’ —S <y, < =+ lo(ét} for every j € I'(7), the
sets {u;k | k€ W;} are (V/3t,Q(%))-covers.
Note that for all k € Wj, w;-w, = (—3u; + %gu;l) (—u; + %gu;k) =1+

3uf; - uly. Hence the value ay o uj; - uy, depends only on k (and 4) and not on the
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choice of intermediate vertex j. For all j € I'(i), k € I'(j) let us write

/ . / / 2 1

for unit vector wy, L u};. We can now define wy, as follows:

3 3
wy = —\/T—(l — ag)ug; + gwl — QW (3.9)

This definition is consistent with the decomposition of u; in part 1, as we see here:

= %uz - \/T§u;] + \/73 ( Kl + mw;k>
= o= i 5 (o (e g et
= <}l + gak) u; — ?(1 — ag)ug; + ? 1 — ajw},

(3.10)

For each j € T'(i), we now apply Lemma 3.4.2 for the cover {u;k | k€ Wj},
v = uf; and p = N7'(%) = O(ylogt). The lemma implies that the vectors

Y, = {\/1 - aﬁw;-k ‘ ke Wj} form a non-uniform (\/gt — P, %)—COVGI‘ for some

constant C’" > 0.
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By definition of wj;, we see that w}, L uj;. Indeed, we have:

V3 1 ,
T

Hence, applying Theorem 3.4.4 for z; = —u;;, Y; as above, and 0 = Nt (t—g) =
O (V1ogt), we get, for some € = O (ﬁ—%t),

— aku;i) =0.

Pr

_O‘k

g.ugjg—\/gt/\c'“’;kz(\/ﬁ_ C(1+6))\/_t_

Jjel(i),keW;: ]
@)

By (3.9), this immediately implies part 2 of the theorem statement for W =
Ujel"(z’) Wj-

Now we prove Theorem 3.2.2 for the case of strict vector 3-coloring.

Proof of Theorem 3.2.2 (for strict vector coloring). Let ¢ be the degree of ineffi-
ciency of the input, and suppose, for the sake of contradiction, that at least half
the vertices ¢ are bad. Applying Theorem 3.4.5, we obtain a set of at most n
vectors {wy} so that with constant probability, some wy has projection at least
(3 — ay, — 2¢/1 — a2\/c — o(1))V/3t for some —o(1) < ay, < = +o(1).
Let wy, = wy/ ||wy||. Noting that [|wy| = %3\/5 — 2y, — 302, by (3.6) we have
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Q(1) < Pr[3k : ¢ - by, > (Ac) — 0(1))V/3t]
<Y N ((Aelar) — o(1))V3t)
K

< n - max N((Ae(a) — o(1))V30)

<n-N <0<IOI£1<iIl_ (Ae(@) —o(1)) - \/§t> :

c
14c

Let f(c) = oo, Ae(er), and note that £1_r)ré fle) = 7=~ Therefore, for 7 > g,

c1(7) in equation (3.5) is well-defined. Moreover, if ¢ < ¢;(7) — (1), we have

fle)) > (1+¢)- (% + a), for some constant @ > 0. Thus, using the efficiency of ¢

and Lemma 2.2.1, the above inequality gives

F(e)?—o(1)
0(1) <n- N (V5t)
(14¢)-(2 +a—o(1))
<n-N <\/§t>

S n - A_%_(a_o(l))

_ A-(a=o(1)

which is a contradiction. O

3.5 Extending the Analysis of KMS’ to Non-Strict
Vector Coloring

We sketch a generalization of the analysis in Section 3.4 which applies to KMS’

when the vector 3-coloring in the input is not necessarily strict. Specifically, we
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prove Theorem 3.2.2 where the set {u;} is a non-strict vector 3-coloring.
Let us first generalize the notation from Section 3.4. For any neighboring vertices
1,7 € V, we write

wj = (u - ug)u; + /1 — (u - uy)?ug;.

For a “one-step analysis” (e.g. the original KMS result), it is clear that if the
inner product between neighbors is < —% then the analysis only improves. Specifi-

cally, we have the following easy generalization of Lemma 3.1.4.

Lemma 3.5.1. Let {u;} be a non-strict vector 3-coloring, let i € V be any vertex,

and for all neighbors j € I'(i), let aj = —u; - u; (note that a; > %) Then we have

Pr3i:Coup >t | Cow > 4] < PrlFic Couly > /(14 a;)/(1 - ay)1

< Pr(3i:¢-uj; > V/3t].

The difficulty in verifying that the “two-step walk analysis” extends to non-strict
vector coloring seems to arise when we walk from ¢ to j to k, where w; - u; < u; - uy.

This case can be avoided using a simple binning argument.

Proof of Theorem 3.2.2 for non-strict vector coloring. As before, we assume, for the
sake of contradiction, that at least half the vertices are bad, and prune as in
Lemma 3.6.11 (this lemma is valid for non-strict vector coloring by Lemma 3.5.1
above). For simplicity, assume G = (V, E) is the remaining graph. For any neigh-
boring vertices i, 7 € V', define

. C c C
‘/;,j:{ker(j) ‘—;Su;zu;kgl—ﬂ—f‘@},

where C' > 0 is the constant in Lemma 3.6.11. Then, by Lemma 3.6.11, the sets
{ufy | k€ Vi;} are (\/gt,Q(t%))—covers (that is, (\/gt,ﬂ <10g_% n))—covers).
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Now, consider a partition of the edges into logn bins {F;} by inner product of

endpoints, i.e.

1 [ 1 [+1
B =d(G.i)eE: —u-u € |~+4——\ = ,
: {(Z’])e R 2+logn 2+logn)}

For any edge (7', 4) there is some [ = I(i/,7) such that the set {u}; | j € g, (i) N Vy; }
is a <\/§t, Q (log*% n))—cover. We will denote this value simply as {(¢',4). Let i,
be two vertices that minimize {(¢',7). We concentrate now only on the subgraph of

G induced on the following vertices: the vertex i, neighbors j € I'g, @ Z)(z) N Vi,

17 i)

logn’

and for all such vertices j, neighbors k € T’ El(i,j)(j) NV, ;. Finally, let a = % +
let b; = % 4+ Led) ang bjr = —u; - u,. This choice of vertices ensures the following

logn

important facts:
e For all j, |u; - uj+a| < @ and for all k € I',,  (j), [bjr — by] < o

e For all j, k, up = —bjru; + /1 — b?ku;k and b, > a > %

<

e For all j,k, —3

/ ! c C

e The sets {u;] | j€lg, , @)N V;/’i} and {u;k | k€lg,,(5)N Vi,j} for all j
are all (v/3t, Q(1))-covers.

To simplify the argument, assume u; - u; = —a for all j, and assume u; - u, =
—b; for all j,k. We can do this because the resulting error terms (projections
along vectors of norm O( @)) are negligible. Arguing as before, one can show the

following generalization of equation (3.10)

up = (abj + ajk\/(l —a?)(1 - bf)) u; — (bj\/l —a? — ajray /1 — bf) Uy

/(1= a2)(1 = B,
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_C . c 4 O I3 i ! )
where — < ay, < T+ o and w18 a unit vector orthogonal to Uy and u;.

Moreover, as in Theorem 3.4.5, we can show

Pr [Eli,j : (C “up; < —\/§t> A (C SWy, > pjk\/gtﬂ =Q(1) (3.11)

for some

Let wy be the component of u; orthogonal to u;. Namely,

wy, = — (bj\/l —a? — ajpay/1 — b?) wj; + \/(1 — ) (1 = b wjy,. (3.12)

Our goal is to show that (3.11) implies a projection of at least (min;j A.(ax) —
0(1))V/3t (the corresponding projection when a = b; = %) for @y, = wy/ ||wyl|.
The rest of the proof then follows as before. For brevity, write w, = — jkugj +
\/1 — 05.w),. We will denote by #j; the corresponding value of 0, when a = b; = I

Thus, it suffices to show that

ij + 1/1 — 9]2;9,%1@ > Rjk + 1/1 — Ii?kpjk.

The comparison is facilitated by the following simple observation: For any non-
negative constant 0 < p < 1, the function f(0) = 6 + /1 — 62?p is monotonically

increasing in the range 6 € [—1, \/Li] Thus, it suffices to show the following:

1. Pik < 1.

Ok Kik 1 1—ajg : :
Vo= > W= . (equivalent to showing 0 > K).
J J

\/1—01]2.,c

3. —% _ <1 (and thus O < 75)-

V1-6%, V2

2
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To show property 1, first note that we always have ¢ < 1/9, since A19(0) <
V(1 +1/9)/7 for all 7 < 1, thus violating the condition in (3.5). Now, for such

values of ¢ we have

Ve _ V2y/c+c

&
sl < 7 +oll) 1+ve 144

Equivalently, this gives 1/,/1 — O‘?k — /¢ < 1, and thus property 1 follows.

Property 2 can be derived as follows:

0. biv1—a? — aaqy/1 — b2
* ’ ! by (3.12)
1-63 - ad)-8)

bj — Oa

S G- ogka 1 —ayy
- 2 / 2

Finally, let us show property 3. First note that for every vertex j the set
{u;k | k€T, )N V;’j} is a <\/§t, Q <log_g n))—cover. Hence by Lemma 3.5.1
and the efficiency of ¢, we have

1+b; 1+ b;
N(V3t)~UtoN ( - i b’) > AN ( - i bf) =0 <1og*% n) :

) —

since b; > a

since b; > a >

DN | —

<.

which by Lemma 2.2.1 implies 3 + 3¢ > (1 +b;)/(1 — b;) — o(1), or

by < 2+ 3c

< g o). (3.13)
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Moreover, recall that

c
—o(l) <aj < 1 : 14
o) S e < o +oll) <\ [ (3.14)
Hence we have
00 biv1 —a* — ajraq /1 — b3
- by (3.12)
I Ja-ad)a -
1 2+ 3c)V1 — a?
< (( F3)vl—a +o(1)—ajka) by (3.13)
o2 2\/3 + 3¢
Jk
1 243 ; 1
< ( e +o(1)—%> since a > =
\/1_()‘]2'1: 41+ ¢ 2 2
1 2+ 3¢
< + 0(1)) by (3.14)
\/1_aj2k (4\/1+C
2
< Z?’c by (3.14)
< ! <1 I < !
— <1 in =
2 since ¢ < o
[

3.6 Pruning Efficient Covers

The purpose of this section is to prove Lemma 3.6.11, a structural lemma concerning
the behavior of algorithm KMS’ which is used in the current chapter as well as

Chapter 4.
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3.6.1 De-Clustering Efficient Covers

We begin by showing that efficient covers cannot contain large clusters (see Defini-
tion 2.2.2). It is instructive to consider the following example: Let zg, x1, ...,z be
mutually orthogonal unit vectors, and y; = azo + v1 — ax; foralli =1,... k. A
simple calculation shows that for a = | /35 — o(1) and k = N(5)~0+9) the vectors

{y;} form a c-inefficient (s, 2(1))-cover. Note the following properties of this cover:
1. The vectors {y;} are a (¢/(1 + ¢) — o(1))-cluster.

2. For any i # j we have y; - y; = 1.

Essentially, we will show that in terms of these properties, this is the most
clustered configuration of vectors that can form a c-inefficient cover. Specifically,
only small subsets of a c-inefficient cover can form a A-cluster for A significantly
greater than 1+-. Moreover, we show that for most vectors y; in a c-inefficient
cover, at most a small fraction of other cover vectors y; satisty y; - y; > 15 + o(1).

To make the quantification more precise, and to facilitate the pruning arguments

later, we need the following definition, which extends the notion of (s, d)-covers

defined in Section 3.1.

Definition 3.6.1. Given a set of unit vectors X together with some measure p on

this set, we call (X, pu) a (s, d)-packing, if

1. for ( € R" chosen from the standard normal distribution, and any X' C X,
wX')<PrFze X' :( x> s,

and

2. the measure of all vectors p(X) > 9.
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Note that if (X, u) is an (s,d)-packing then X is an (s,d)-cover, and con-
versely, every cover has a corresponding packing for an appropriate choice of pu.
Namely, if X is an (s, d)-cover, then taking Z(z) to be the Voronoi regions Z(z) =
{C](C-x>38)AN((-z=maxpex (-2')}, we can take u(z) = Pr[¢ € Z(z)]. We'll
say a packing (X, u) is c-inefficient if the cover X is c-inefficient.

The next definition formalizes the “well-spread” property:

Definition 3.6.2. An (s,d)-packing (X, u) is said to be (A, p)-spread, if for all
r € X we have,

p{r e X |z-2' > \}) <p.

The following lemma shows that in an efficient cover, vectors which form a

(¢/(14 ¢) + o(1))-cluster have a negligible contribution.

Lemma 3.6.3. Let € > 0, let X be an (s,0)-cover which is at most c-inefficient,
and let vy be any unit vector. Then letting X' = {x €X|zorx>y/15(1+ 5)},
we have

Pre[3z € X' : (-2 > s] <O(N(ces))

for ¢ =min{4/c/(1+c),\/c(1 +c)/4}.

(The value of ¢ above is unimportant. It is some constant which depends only

on c.)

Corollary 3.6.4. Let (X,u) be an (s,9)-packing which is at most c-inefficient.
Then for any € > 0 this packing is (, [ (1+¢), O(N(c’ss)))—spread.

Proof of Lemma 3.6.3. Theset X'isap = ﬁ(l%—g)—cluster. Thus, for any constant

0 > 0, from Corollary 2.2.4 and the efficiency of X', we know that

Pre3ze X' : (2> < poly(s)N ()~ HIN () WP=0Vel/(1=0) L O N (G /ces).
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Hence, by Lemma 2.2.1, it suffices to find some 6 > min { \/14?, Y 14“} for which

(vVp—0Vece)?/(1—p) —c> min{llfc, 1120}052.

Indeed, we have

% (w _c) - _166 (140 207/ T+ (T + 9= + (1 40
> (14 c)e — 201 + ce — OV/1 + e + 0*(1 + ¢)e®
Vite (\/1 Te—20— (0 — 61+ 0)6) e

Now, if e < 1, we set § = ¥ 14+C, which gives

%<(ﬁ—0ﬁe)2_c> zm(%m_ﬂ?(l_ L))

L5+ B1+e)
- 16 - 16
I1+c,
6

>

Otherwise, if € > 1, we set § = ———, which gives
V1+c &

E(M_C)Z\/Hc(\/uc— s 12 >g

+ €
c 1—p Vi+te V14ec

> (126 — T)e > 5¢?
16 1+4+c¢| ,
1+¢ 16 J°

>£22min{

We need the following combinatorial lemma:
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Lemma 3.6.5. Let pu be a measure on some set X satisfying n(X) < 1, and let
Xi,..., X be any k subsets of X satisfying Z?Zlu(Xj) > 2ak where ak € N.

Then if S C {1,...,k} is a random subset sampled uniformly over all subsets of
cardinality ok, we have E [,u (ﬂjes Xj)] > (25;)/(51@) In particular, there exists
a set So C{1,...,k} of cardinality ok such that u (ﬂjeso Xj> > (2R (k).

Proof. First note that the set ¥ = {x € X | |{j | X; > 2}| > ok} has measure
w(Y) > a. Indeed,

2ak < 37 (X)) = 3 pla) 17| X; 3 2}

zeX

=S u@) G X 20+ Y @) |G X 50 (3.15)

z€Y zeX\Y

<uY)k+ak—1.

Now, let 2 = ﬁ Y wey (@) {7 | X; 2 x}| (note that, by definition of Y, 2 > ak).

By (3.15), we have

u(Y)A+ (1 - p(Y))(ak — 1) > 2ak,

and so
ak+1
Y)y> —MM—. 3.16
ny) = A—ak+1 ( )
Since p(Y) < 1, this also implies 2 > 2ak.
We show the required lower bound by summing over all subsets of {X7,..., X3}
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of cardinality ak. Scaling by 1/u(Y), we have

1 1 {7 | X; >z}
ar) 2 “(ﬂXJ)—mZ“@( w )

SC{1,...,k} jes oy
|S|=ak
> ﬁzzeY:u(x)‘{]LX]Bx}’ _ 2
B ak ak )
where the inequality follows from the convexity of the function f(z) = (;2) _

k-1 :
G115 (x — i) for & > ak. Hence, we have

> owm (ﬂ Xj) > pu(Y) (jk)

SC{1,...k}  \jeS
|S|=ak
ak+1 A
—_— 1
_72\—ak+1(ak> by (3.16)

_ak—l—l 2

- ak ak —1
>ak:+1 20k
- ak ak —1

-()

]

Remark 3.6.6. This lemma is tight. Consider the uniform distribution over subsets
T C{1,...,k} of cardinality 2ak. For all i € {1,...,k} let X; be the event i € T
Clearly, Pr[X;] = 2a.. On the other hand, for any set S C {1,...,k} of cardinality

ak, we have

ee x| =rasen= (U (h) - G ()
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We will use a slightly weaker bound which gives a simpler expression:

Corollary 3.6.7. Let 1 be a measure on some set X satisfying u(X) <1, and let
X1,..., X} be any k subsets of X satisfying 25:1 w(X;) > 2ak where ak € N. Then
there exists a set S C {1,...,k} of cardinality ak such that p (ﬂjes Xj> > (4_a)ak.

e

Proof. By Lemma 3.6.5, there exists such a set S with

(09)= )

2k — 1
k—i

1=0

We bound this expression from below by taking the natural logarithm:

kel ak—1 | |
In (H P ) = Z(ln(?ak—z)—ln(k‘—z))

=0

> /ak(ln(2ak —z)—In(k — z))dx

= akln (4&(1 - a)é_l)
> akln (4_a) )
e

O

The following boosting lemma is the main tool in this pruning argument. It
shows that efficient (A, o(1))-spread packings contain large subpackings which are
roughly (1 /- ﬁc,o(l))—spread. Applying this lemma repeatedly will yield the

desired result (a large subpacking which is (l—frc + 0(1), 0(1))-spread).
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Lemma 3.6.8. Let (X,u) be an (s,d)-packing which is at most c-inefficient and

(X, p)-spread. Then for any ¢ > 1, ¢ > 0 and o > £(C - N(ces))"? (for some

universal constant C) there is a subset X' C X such that (X', u) is an (5,0 — 2 -p)-

packing, and furthermore this packing is (\/)\ . ﬁc(l +¢€) (1 + %),2@) -spread.

Proof. For every x € X, define

x-x'Z\/)\-lic(1+5) (1+A—10)}

Now, while there are any vectors x € X such that u(X,} > 2a, choose such an x

Xx:{x’EX

and remove all ' € X such that z -2’ > A from the cover X (but not from the
various sets X,). Add the vector x to some (initially empty) set 7. Since X is
(A, p)-spread, if we repeat the above procedure k times, the removed vectors can
have measure () at most kp. If the above procedure terminates after at most <
steps, the claim follows (where X’ is the set of vectors remaining in X). Suppose
by contradiction, that the procedure does not terminate after the first Z steps, and
consider the set T" of the various vectors chosen at different steps (|| = 2). By

Corollary 3.6.7 (for k = 2), there is some set S C T of cardinality ¢ such that the

set X" = (,cg Xz has measure

p(X") > (4—“) (3.17)

e

Now let v =} . The pruning ensures that for every two vectors 1, zy € T,

we have 1 - 25 < A. Hence ||v||* < 0 + (0 — 1)\, Letting & = v/ ||v||, this implies
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that for all 2/ € X",

oA iE(1+e)(1+ 1)
Vo +a(o—1)\
c
1+e¢

v-x >

>

(1+¢).

By Lemma 3.6.3, this is a contradiction if pu(X"”) > Q(N(ces)), which by (3.17)
holds for o > £Q (C' - N(ces))". O

Now, by choosing appropriate parameters and boosting repeatedly, we can ob-

tain the desired result.

Theorem 3.6.9. Let (X, i) be an (s,0)-packing which is at most c-inefficient. Then
there is a subset X' C X such that (X',u) is an (s,0 — —)-packing which is

log s
<1L+C -1+ O(loés>)’ ¢~ (log? S)> -spread.

Proof. For all k =1,...,logs, define

127k 27k 3/2
1 1 1
A = & 1+ogs 1+0g s 14+ +c
1+¢c S S clogs

In particular A\; = /752 (1+ k’fs). By Corollary 3.6.4, we know that (X, pu) is

1—21-k

(A1, p1)-spread, where p; = C' - N(c'logs) (for some constant C' > 0). We extend
this to the sequence pp = (2log®s)*~' - p; for all k = 1,...,logs. Note that, by

Lemma 2.2.1, for all £ > 2 we have

Pk = P2 = 2010g3 s+ N(c'logs) =w(N(d ]0g3/2 5)1/10g8)_
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Moreover, A\, > % for every k > 1, and hence,

c log?’/Qs 1
Mer1 > a |l A 1 1 .
k+1 = k 1—|—c( + 5 +)\klogs

Thus we can apply Lemma 3.6.8 inductively for log s steps with (at step k) A = Ay,

p = pi, 0 = logs, e = log®? s/s, and o = pry1/2. At each step, we may lose at
most measure logs - pkf’i B = log%s. Hence, after log s steps, we only lose measure

1
log s

10257 giving a (s, — )-packing, where X’ is the set of vectors remaining. The

spread property follows by noting that (using Lemma 2.2.1)

Plogsi1 = C(2log? 5)8° . N(c'log s) = e 210¢°9),

3.6.2 Pruning

Returning to the analysis of KMS', we first argue that if at least half the vertices
i € V are bad (i.e., their probability of being eliminated from V,(t) is more than

1/2), then we can focus on a subgraph in which all vertices are almost-bad.

Lemma 3.6.10. For any t,é6 > 0, if in KMS' (G, {u;}) we have
Prli is eliminated | i € V¢(t)] > ¢

for at least n/2 vertices i € V', then there is a non-empty subgraph G' = (V', E') of

G such that for alli € V' we have

Pr[i is eliminated with a neighbor in G' | i € V¢(t)] > 6/4.
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Proof. The proof uses a pruning argument from [5]. Consider the graph of all
matching edges (for all choices of (), with edges weighted by probability of elim-
ination. Denote by 7(i) the total weight of edges incident to i. Remove, one
after the other, vertices with (i) < N(¢)d/4 (while updating ~(-) values for ver-
tices with removed neighbors). Since the initial total edge weight in the graph is
I3 ey (@) > -2 N(t)d = n- N(t)d/4, and the total edge weight eliminated
is < n- N(t)d/4, there must be positive edge weight left. The remaining graph is

therefore non-empty and has the desired property. Il

In the analysis of KMS'(G,{u;}), we need a pruning argument as above, but
we also need the spread property of Theorem 3.6.9 to hold for all covers. This is

guaranteed by the following lemma.

Lemma 3.6.11. For any t,0 > 0, if in KMS (G, {u;}) we have
Prli is eliminated | i € V¢(t)] > ¢

for at least n/2 vertices i € V', and t is at most c-inefficient for G, then there is a
non-empty subgraph G' = (V' E") of G such that for all j € V' we have (for some

universal constant C'):

1. Pr[j is eliminated with a neighbor in G' | j € V¢(t)] > % — O (@)

2. For every i € I'¢i(j) the set

uly oy, < . 1+£
A e logt
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3. For every i € I'ci(j) the set

11 def /
Wi = {ujk

is a (V/3t,Q(%))-cover.

Proof. Fix any vertex j € V, and let p; = Pr[j is eliminated | j € V;(¢)]. Define

measure p; on the set I'(j) as follows: For all K C I'(j), let
pi(K) =Pr[3k € K : j is eliminated along with & | j € V¢(t)].

By Lemma 3.1.4 (and since KMS' eliminates a matching), it follows that ({w}, | k €
L'(5)} py) is a (v/3t, p;)-packing. By choice of ¢, this packing is c-inefficient. Now
apply Theorem 3.6.9 to obtain a subset K C I'(j) s.t. ({u;k | ke K}, py)is a
(#C (1 + &) e G 1°g2t> -spread <\/§t,pj — m>—packing (for some constants
C,C; > 0). Remove all edges (j,k) for k& ¢ K} from G (removing additional
edges does not change the spread property of any packings). Note that for some
C" > 0and all £ > 0 we have e~C1lg*t < &, so the packing ({)y | k€ KI}, ) is
<1L+C (1 + %) , %)-Spread.

Again, consider the graph of matching edges, and extend the measures j; to
edge weights as follows: for edge (j,k), let u(j,k) = pj(k) . Denote by u(j) the
total weight of edges incident to j (thus the probability of j being eliminated is
exactly p(j)N(t) and an edge (j, k) is eliminated with probability u(j, k) - N(t)).
To obtain the subgraph G’ = (V' E’) repeatedly perform the following pruning

operation (while possible):
1. If any vertex j has (weighted) degree pu(j) < § — —— — 2 _ i—?, eliminate
7.
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2. Otherwise, if for some vertex j and neighbor i € I'g/(j) the edge set

EG) = {0

satisfies u(E;(j)) < Qt—cgﬂ, remove all edges in F;(j).

To see that the remaining graph is non-empty, consider a vertex j for which we
prune some edges 2 times in step 2 for some A > 1. Denote by i1,...,i» € ['g(j)
the neighbors for which edge sets F; (j) were pruned. By definition of the sets

Ei(j), we have

2 2

/
E : Uji,

s=1

0< =+

s

t

A 0™ 1
S iy <n-0 -0

=1 [=1

l#s

and so 2 < t? + 1. The total weight eliminated is therefore strictly less than

n(g_ 1 _20’_20')+n(t2+1)20'_n(§_;)
4 4log(\/3t) t t3 t3 4 4log(V3t))’

whereas the total edge weight in the original graph is

1 1 n 1
32 @253 (5_ log(\/gt)) '

zeV

Thus, the remaining graph is non-empty.

P o C m C
U *U.- . _—
LA log t

C c C
K e =2 <o, < 1 =
I { a(7) 12 = i Uik = 1+¢ +logt '

Define

K, « {k cTa(j)

and
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Then we have the following:
e By pruning step (1):

(,)>§_ 1 _20’_20’
S Deg(vany Tt B

e By the spread property of ({u;k | k€ KJ’.},/L]-):

/ L, ¢
Hj(Kji) > u(j) — 3

e By pruning step (2) and the spread property of ({u;k | k€ K}, 1)

20 ¢
R

pi(KG5) 2 i (Ei(5)) — pi (K5 \ KGy)) >

This completes the proof.

3.7 A Modified Blum Karger Algorithm

In this section we give a summary of the technique of Blum and Karger [7], which
relies on the coloring tools of Blum [6]. This allows us to present the results in
Chapters 3 and 4 in the same framework as those of [6, 7]. In order to explain the

approach, we use the notion of progress towards a coloring, as defined in [6].

Definition 3.7.1. For an n-vertex 3-colorable graph G, and monotonically increas-
ing function f : N — N, we define progress towards a f(n)-coloring as finding any

one of the following objects:
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Progress Type 1 An independent set of size Q(n/f(n)).

Progress Type 2 An independent set S which has a neighborhood of size

Ur

vES

= O(|5] f(n)).

Progress Type 3 Two vertices that must have the same color in any legal 3-

coloring of G.
The main result of this section (which we prove in Section 3.7.2) is the following.

Theorem 3.7.2. Let A be a polynomial time algorithm that takes an n-vertex 3-
colorable graph with mazimum degree at most A as input, and makes progress to-
wards an f(n, A)-coloring. Then there is a polynomial time algorithm which, for any

n-vertex 3-colorable graph, finds an O(miny<a<,(f(n/4,2A) + (n/A)3/5))-coloring.
This immediately implies the results of Blum [6] and Blum and Karger [7]:

Corollary 3.7.3. For 3-colorable graphs, using the greedy A+ 1-coloring approach,

one can find an O(n?’/g) coloring in polynomial time.

Corollary 3.7.4. For 3-colorable graphs, using the KMS guarantee of progress to-
wards an O(AY3)-coloring in Theorem 3.1.2, one can find an O(n*™) coloring in

polynomial time.

3.7.1 Making Progress in Dense Graphs
We will need the following (slightly simplified) lemma from [6].

Lemma 3.7.5. Let f(n) be any monotonically increasing function, then in order to
find an O(f(n))-coloring in any n-vertex 3-colorable graph G, it suffices to have an

algorithm which makes progress towards a f(n)-coloring in such a graph.
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- 3/5
We follow Blum and Karger [7] to guarantee progress towards an O (( h ) )-

dmin

coloring (where d;, is the average degree). As in [6], for any vertex v € V' and any

two sets S, T C V', we define

o dr(v) € |D(w)N T

° D(S) def ZUGS d(”)
o Dr(S) € Y, 5 dr(v)
o doye(S) & |—é|D(S)

Assuming G is 3-colorable, let (R,Y, B) be some partition of V' into independent
sets (a legal 3-coloring), where R is the color set with the most incident edges, i.e.
we assume D(R) > $D(V). Finally, we use the following partitions of V: for any

set S CV,0>0,and,5=0,1,2,...,log, sn, we define
o DY eV | (146 <d) < (1+0)*1}
o J2(S)E {ve V| (1+48) <ds(v) < (1+8)+}
As in [7], we use the following three theorems of [6] (in slightly simplified form):

Theorem 3.7.6 ([6], Theorem 7). Given a 3-colorable n-vertex graph G = (V, E),

there is some v € R and some i € {0,1,...,log, sn} s.t.

1. 18] > =2 —due(R)

logy y5n "2V
2. Dp(S) > 1(1 - 38)D(5S)

Theorem 3.7.7 ([6], Theorem 8). Given a 3-colorable n-vertex graph G = (V, E),
and A € [0,1]: For any set S C V such that Dgr(S) > AD(S), there is some

J <log, sn such that the set T = Jf(S) satisfies the following:
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1. Dp(S) > 0Dg(S)/log, sn
2. ITNR|/IT| > (1 —20)A

Theorem 3.7.8 ([6], Theorem 13). Given sets of vertices S and T in an n-vertex
3-colorable graph G, and k > 0, in order to make progress towards an O(k)-coloring

of G, it suffices to have the following conditions hold:
1. S s 2-colored under some legal 3-coloring of G,
2. Dr(S) = Q(|S| (nlog®n)/k?), and

3. the following bound holds:

Dr(S)F = |181+ maxdr(o)| - (15117 (nlog ) 42 + ISP 7] 2/81] )

We now combine these theorems to prove a generalization of Theorem 6 in [7].

The proof follows essentially the same lines as in [7].

Theorem 3.7.9. For any 3-colorable graph G = (V, E) with minimum degree dy;n,

there is a poly-time algorithm to make progress towards an O <(n / dmin)?’/ 5) -coloring.

Proof. First, note that we can assume

3/5
n dmin
< 3.18
(dmin > log6 n ( )

Otherwise, we can make progress of type 2 towards an O(dpyy)-coloring (i.e. a

O((n/dpin)*'®)-coloring) just by taking any vertex of degree dys, (by itself an inde-

pendent set), and its neighborhood.
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Let 6 = 5101gn' Theorems 3.7.6 and 3.7.7 imply that for some vertex v € V' and

some indices 4, j € {0,...,log,, sn}, the sets S = L(v) N I? and T = JI(S) satisfy

S| =Q ( v ) (3.19)

log™ n
TAR/|T] > (1 —25)(1—38) > = (1— — (3.20)
— 2 —2 logn '
and
5 (1-36) i \S\)
Dr(S) > Dr(S)> ———D(S)=Q —— 3.21
7 )_log1+5n Rl )_210g1+5n (%) (log3n ( )

(We make progress by trying all choices of v, i and j.)

Since by (3.20), |T| has an independent set of size (1 — 10;71) |T|, we can use the

vertex-cover approximation algorithm of Karakostas [22] to find an independent set

of size Q(|T| /+/log [T]). Hence, we have made progress if T = Q(n?3d>.>). Now,
suppose this is not the case, that is,
2/5d3/-5
7| < L Smin (3.22)
log’n

We want to show that progress towards an O(k) coloring can be made using The-
orem 3.7.8 with k = log®n(n/dmi)*°. Condition 1 of the theorem holds since

S C I'(v). Substituting for k, we rewrite condition 2 as

dmin dmin 1/
pio-ofsr ()"

Since dpin < n, it suffices to check that Dy (S) = Q (|S | - dmin/ log? n), which follows

from (3.21).
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To verify condition 3, let us first note that, for the value of k specified above,

2/5 73/5
T|logn < ——min by (3.22)
log®n

~0 <|S| n <d:m)2/5> by (3.19)
<|5| log n (ﬁ)%)

= O(|S|n/E%). by (3.18)

Hence, to verify condition (3) it suffices to check that

Da()* = 151+ maxan )] ISP [T/t
Now, by our choice of S, all vertices in S have nearly the same degree, thus

[|S| + mggch(v)} |S|? |T| n?/k*

S| + max dr(v) |5|] S| |T|n?/k*

{|S] +maxd )|S\] |S||T|n?/k*
[|S| + D(S)(1+6)]|S||T|n?/k*
<|

IS + O(Dy(S) log® n)| |S||T|n*/k* by (3.21)
) J2/5
_ 3 min
2 d3
< [ISI + O(Dr(S5)log® n)] |S| min by (3.22)

TL

=0 (DT(S) [|S|2 + Dp(S) log® n} iﬁ“) . by (3.21)

log™* n
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If D7(S)log®n < |S|?, then from the above calculation, we get

d?.
S|+ max dr(v) | |SP [T|n?/k* = O ( Dr(S) |S[? i
veS log n
-0 ([DT(S)]3/10g8 n) . by (3.21)
Otherwise, we have
Dr(S)log®n > ||, (8.23)

which gives

2
1] + max dr(v)| S T] 02k = O ([Dr(S)2—Lmin
veS log"" n

=0 ([DT<S)]2ﬁ) by (3.19)

— 0 (IDe(S)P). by (3.23)

3.7.2 Combining Combinatorial Coloring Tools and SDP

Rounding

We use the following graph partitioning lemma:

Lemma 3.7.10. Given an undirected n-vertex graph G = (V, E) and a parameter
A >0, one can find, in polynomial time, a vertez-induced subgraph G' of size > 7,

such that either
e the mazximum degree in G' is at most 2\, or

e the minimum degree in G' is at least %
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Proof. Let Vi =V, and V5 = (. If there is any vertex with degree < A/2 in the
subgraph of GG induced on Vi, move this vertex from V; to V5. Repeat this operation
until no such vertices are left. If |V;]| > n/2, let G’ be the subgraph of G induced
on V. This graph has minimum degree > A /2. Otherwise, we have |V3| > n/2. By
construction of Vs, there are at most |V5| A/2 edges (of the original graph) incident

to vertices in V5. Therefore, the vertices in V5 have total degree

> d(v) < [VR| A

veEVa
Of these, at most |V5| /2 vertices can have degree > 2A. Hence there are at least
|Va| /2 > n/4 vertices in V3 with maximum degree < 2A. Letting G’ be the subgraph

of GG induced on these vertices, we are done. O
We can now give a generalization of [6] and [7]:

Proof of Theorem 3.7.2. By Lemma 3.7.5, it suffices to show that we can make
progress towards the desired coloring. Let Ag be the value of A which minimizes
f(n/4,2A) + (n/A)3 (if it is not computable, we can try all values of A). Apply
the algorithm in Lemma 3.7.10 with A = Ay, to find the corresponding subgraph G’.
If the maximum degree in G’ is at most 24, apply algorithm 4 to make progress
towards an O(f(n/4,2A¢))-coloring. Otherwise, the minimum degree in G’ must
be at least Ag/2, in which case, by Theorem 3.7.9, we can make progress towards

an O((n/Ay)?/%)-coloring. O
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Chapter 4

Coloring 3-Colorable Graphs

Using the Lasserre Hierarchy

In this chapter we present a further improvement for coloring 3-colorable graphs
which involves tighter SDP relaxations and a new rounding algorithm. This al-

0-2072) coloring. While it is not necessary to understand the

gorithm gives an O (n
algorithm and analysis in the previous chapter in order to understand the present
chapter, we will rely heavily on notation and terminology defined in Section 3.1.
Moreover, algorithm KMS', which is used as part of the rounding algorithm pre-

sented in this chapter, appears in Section 3.2, and the analysis of the algorithm

described here will make crucial use of lemmas proved in Sections 3.6 and 3.7.

4.1 Hierarchical SDP Relaxations for 3-Coloring

We first give an SDP relaxation for 3-coloring based on the Lasserre hierarchy de-
scribed in Section 2.1.2. Since the relaxations discussed earlier were for Independent

Set, we first reduce the 3-coloring problem to an Independent Set problem. This is
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done as follows. Given a graph G = (V, E), construct graph G’ = (V’, E’) where
V'=V x{R,B,Y} and

E ={((i,0),(5,C)) | (i,j) € E and C' € {R, B, Y }}

U {((Z,Cl), (Z, 02)) | 1€V and 01 7é CQ} .

Note that G’ has an independent set of size |V] in G’ if and only if G is 3-colorable
of G (since in an independent set in G’, every vertex i € V' can appear in at most
one of the three copies of V in G’). It is not hard to see that if MAX-IS;(G’) = n,
then in an optimal solution we have vy = v gr) + vuB) + vuy) for any @ € V.
Moreover, the constraints of IS;(G’) are symmetric w.r.t. { R, B, Y'}. Thus, defining
w(I) = {(i,7(C)) | (i,C) € I} for every permutation 7 € Sym ({R, B,Y'}) and I C
V' (Sym(X) is the group of permutations on X), for any matrix M € ISx(G"), the

matrix Z w(M) also satisfies ISx(G’), where matrix m(M) has entries

WESym({R,B,Y})
(M), = M (1),(s) for all subsets I, .J C V of cardinality at most k. This suggests

the following SDP relaxation for 3-coloring;:

3COLk(G)
{vr | I CV'} satisty IS, (G") (4.1)
VieV Vg = V(,R) + V(i,B) T V(i) (42)
Vo, VI,J C V' st. |I|,|J| <k  vr-v; =01 Un() (4.3)

We now show that the relaxation 3COL;(G) is equivalent to strict vector 3-
coloring, one of the standard SDP relaxation for 3-coloring, which was defined in
Section 3.1. This will be useful in the following sections, as we will present an SDP

rounding algorithm which uses the algorithm KMS’ defined in Chapter 3. For every
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vertex ¢ € V, by constraints (2.11), (4.2) and (4.3), we have vy-vj gy = Hv(i,R) H2 =1L

Thus every v(; gy can be written as

V(i,R) = %U@ + ‘/Tiui, (44)

where u; is a unit vector orthogonal to vy. We claim that the vectors {u;} are a

strict vector 3-coloring of GG, that is, that they satisfy

V(i,j) e B u;-uj = — (4.5)

N | =

Indeed, this follows immediately from (4.4), since for edges (i,j) € E we have

1, 2
0= V(,R) * V(j,R) = §U@ + §Ul cUj.

It is not hard to see that one can similarly construct a solution to 3COL;(G) given

any vector 3-coloring {u;}.

4.2 A New Rounding Algorithm

To describe our algorithm we need the following notation. Given a solution {v;} of
3COL3(@G), and vertices i, k € V' s.t. v gy, (k,r) 7# 0, let w;, be the unit vector which

satisfies

2 2
[ v6.m) 01| [ v6.m) 0|
; — (12w T i+ v 1 — [ T ;
U(,R),(k,R) ( Hv(i,R) H U(i,R) HU( ,R),(k,R) H ||U(z‘,R) H Wik (4.6)

=3 ||ver.wm|| vim + [|v6r).wm| \/ 1= 3|vim. e || win.
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By (2.11), HU(z‘,R),(k,R)H2 = V(,R),(k,R) * V(i,R), hence such a vector exists, and w;, L
U(i,R)-

Our algorithm is as follows:

KMS*(G)
1. Solve the SDP 3COL3(G) to get vector solution {v;}.

2. Run KMS/'(G, {u;}), and let I C V be the independent set returned.

3. For all 7, let V; = {k ‘ ||U(z',R),(k,R)H2 > % (1 - \/ﬁTn> }

4. Run KMS(V;, {wir | k € Vi}, (Inn)'/*), to get independent set W

5. Output the largest set among I and the various W; (for all 1 € V).

Figure 4.1: Algorithm KMS*

Recall that by Lemma 2.2.1, if the threshold parameter ¢ > 0 is exactly c-
inefficient, then N(t) = (:)(A_ﬁ). Thus, our objective is to find the largest pos-
sible ¢ = ¢(A) for which KMS* is guaranteed to return an independent set of size
Q(N (t)n) for a c-inefficient threshold t. Using this terminology, we give the following

explicit guarantee for the performance of KMS*.

Theorem 4.2.1. For every T > = there exists cs() > 0 such that for 0 < ¢ < (1),
and any n vertex graph G with mazimum degree < n”, if the threshold t is (at most)
c-inefficient for G, then KMS*(G) returns an independent set of size Q(N (t)n).

Furthermore, co(T) satisfies

ea(7) % min{%,ég(ﬂ},
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min (5124 vy (VITa - ViR @) ) > }

Corollary 4.2.2. For any n-vertex 3-colorable graph G with mazimum degree <

A = n%5516 - KMS*(G) returns an independent set of size Q(A0-3166p).

Combining this result with the Blum coloring tools (see Theorem 3.7.2), imme-

diately yields the following result:

(n0.2072)

Theorem 4.2.3. For 3-colorable graphs, one can find an O coloring in

polynomial time.

4.3 Overview of Analysis of KMS*

In this section we give an informal description of the analysis of KMS*. Recall that

in KMS’ we have, by Lemma 3.1.4, for all nodes i € V,
Pr[i is eliminated from V¢(t) | i € V()] < Pr[3j: (- uj; > V3. (4.7)

Our goal is to show that, in step 2 of KMS*, either the probability on the right is
small for many vectors (and thus, in expectation an Q(N(t))-fraction of them will
be in I), or we can extract a large independent set from the 2-neighborhood I'(T'(7))
of some vertex 7 in step 4. For the purposes of the current discussion, we will make
a few simplifying assumptions. First, we assume that the SDP solution corresponds

to a distribution over legal 3-colorings. Let col(:) be a random assignment of 3-
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colorings chosen according to this distribution. Then, for example,
. . 1 . .
u; - uj = Preg[col(7) = col(j)] — éPrcol[col(z) # col(j)]. (4.8)

Secondly, we assume that the vectors do not display any statistically significant
behavior other than the above constraints. This roughly corresponds to the case
where the parameter ¢ is chosen such that N(t) ~ A™'/3 and KMS' in step 2 fails
for this value of ¢ (in fact, we make the stronger assumption that the right-hand-side
of inequality (4.7) is large for all vertices i € V).

We would first like to show that joint neighborhoods (intersections of two neigh-
borhoods) are clustered. Consider some vertex ¢ € V', a neighbor j € I'(i) of ¢, and
some neighbor k € I'(j) of j. By our assumption about statistically significant be-
havior, if we condition on the choice of color col(j), any neighbor of j is assigned with
equal probability one of the two remaining colors, one of which must be col(i). Thus,
Pr[col(i) = col(k)] ~ 3. Now consider i and k as fixed, and think of 7, j/ as a random
pair of vertices in I'(i) NT'(k). Then col(j) = col(j") whenever col(i) # col(k) (since
in a legal 3-coloring, the joint neighborhood of two distinctly colored vertices must be
monochromatic). On the other hand, conditioning on the event col(i) = col(k) = C
for some color C, we have Prcol(j) = col(j’) | col(i) = col(k) = C] > 1 — o(1) for
many pairs 7,7 € I'(d) N I'(k) (since in a large set of events, most pairs of events
can be only weakly anti-correlated — see the discussion preceeding Lemma 2.1.1).

Summarizing, for such pairs we have

Pr[col(7) = col(j")] = Pr[col(i) # col(k)]
+ Prlcol(i) = col(k)] - Pr[col(j) = col(j") | col(i) = col(k)]

>143-3—0(1)=2-0(1)



Now, by (4.8), this implies that w;-u; > %—0(1). This, in turn, implies w;-u;; >

"
3 — o(1), so the vectors {u}; | j € T'(i) NT(k)} form a 3-cluster (this intuition is
formalized in Lemma 2.1.1). The cardinality of such clusters must be small, since
otherwise, by the bound in Lemma 2.2.3, they would have a disproportionately
small contribution to the probability in (4.7). This is made precise in Lemma 4.4.5,

which in this case implies that for i,k € V as above, |T'(i) N T(k)| < VA.

This now implies that the number of vertices at distance 2 from i is large. Indeed,
A= [{(j.k) € B | j € T} = Cyere ITE) NTHR)] < [TT@)|VA,

and thus |T'(T'(7))] > A%2. On the other hand, as we mentioned earlier, for most
k € T(I'(i)), Prlcol(i) = col(k)] ~ i. Thus the expected number of vertices in
['('(¢)) with the same color as i is 5 [[(T'(¢))|. In particular, the set I'(T'(i)) contains
an independent set which is nearly half of all its vertices. In this case we can use
any of a number of Vertex Cover approximations to extract an independent set of
size Q(T(T(1))]) = Q(A%?) (in fact, as we shall see, the subgraph induced on a
significant portion of this set is almost vector 2-colorable, allowing us to simply use
KMS in step 4). This gives the following trade-off: For ¢ s.t. N(t) ~ A~/3, either
step 2 produces an independent set of size N(t)n ~ A~3n, or step 4 produces an
independent set of size Q(A%/?).

Slightly relaxing the above argument (by decreasing the threshold ¢ in KMS/,
hence increasing the size of the independent set produced in step (2)), gives a better
trade-off in the worst case, as long as A~3n < A%2 ie. A > n%™. However, de-
creasing t introduces error-terms at every step of the argument, possibly decreasing

the guaranteed size of T'(T'(¢)). The subtle trade-off between these two parameters

is the main focus of the analysis.
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4.4 Analysis of KMS*

In this section we prove Theorem 4.2.1. The goal of the analysis is to show that if
KMS* does not find a large independent set in step (2), then one of the sets V; is

large. We first note that this is sufficient, since V; is nearly vector 2-colorable.

Lemma 4.4.1. For any vertex © € V, let the vertex set V; be as in algorithm
KMS*. Then KMS(V;, {wy | k € V;},4(Inn)"*) returns an independent set of size
Vil N(4(n)4) = @ (V] V)

Proof. For any k, k' € V; s.t. (k, k') € E we have v g x,r) - V6,r),k,z = 0, and

hence by equation (4.6),

3 [Jva,rywnl| [var.wm

\/<1 - “U(i’R)’(k’R)}l2> <1 -3 ||”(i,R),(k’,R)H2) Vi

Wik - Wik = —

In particular, ||wy + wi|® < 4/vInn. Thus, for t = 4(Inn)'/4, the probability

that both k, k" € V,(t) is at most

Pre[C - (wi, + wgr) > 2t] = N(2t/ ||wi, + wip])
<N <4\/1nn>

=0 (nig) ) by Lemma 2.2.1

Note that, again by Lemma 2.2.1, N(t) = Q (n_s/v 1“”). In particular, the expected
number of edges contained in V;(t) is at most o(N(¢)), whereas the expected number

of vertices is Q(|V;| N(t)). O

The following theorem, together with Lemma 4.4.1, directly implies Theorem 4.2.1.
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Theorem 4.4.2. For every 7 > £ and 0 < ¢ < c(7), there exists some ¢ =

e(r,¢) > 0 s.t. for sufficiently large n, any n vertex graph G with mazx degree < n”,

and threshold t which is at most c-inefficient for G, either

1. The independent set I found in step (2) of KMS*(G) has expected size Q(N (t)n),

or
2. There exists some vertex i for which |V;| > N(t)n'*e.

The rest of this section is devoted to proving Theorem 4.4.2. Recall the definition

of (s,0)-covers defined in Section 3.1. We further refine this definition as follows:

Definition 4.4.3. A set of unit vectors X is said to be a uniformly c-inefficient

(s,0)-cover, if | X| > 0N (s)~*) and every subset S C X is a (s, N(s)'*¢|S|)-cover.
Note that a uniformly c-inefficient cover is indeed a c-inefficient cover. In the

above definition, we have

1>Pr[E3z € X :(-o>s] > N(s)|X]| (4.9)

> N(s)FeoN(s)0F9 =, (4.10)

which shows that X is an (s, §)-cover. The c-inefficiency condition follows from (4.9).
Using this definition, we will show that every cover which has bounded inefficiency,

contains a large core which has bounded uniform inefficiency.
Lemma 4.4.4. Let X be a c-inefficient (s,0)-cover. Then

1. For some 0 <b<c+O(In(1/8)/s*), there exists a subset X' C X which is a

uniformly b-inefficient (s,Q(8/s*))-cover.
2. 1If, in addition, X is a p-cluster and § = <) <po+y(s)>, then b > £ — O(%)
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Proof. We assign to the elements in X some additive measure p(-) s.t. u(X) > 6
and every subset S C X is a (s, u(5))-cover, ie. Pre[dx € S : (- 2z > s| > p(S).
A natural choice is given by u(x) o Pre[( -z > sand (-2 = maxyex ¢ - 2']. Let
X, ={x | p(z) > 6N(s)'*¢/2}, and X_ = X \ X,. Then, by the efficiency and

cover properties of X, we have
6 < p(X) = p(X_) + p(Xy) < |X|ON(5) /2 + p(X) < 8/2 + p(X,).

Thus, u(X4) > 6/2, and, by Lemma 2.2.1 and definition of X, for every z € X,
pu(x) = N(s)'*b for some b, € [0,c + O(In(1/§)/s%)]. Divide this range into s
subintervals I; of length (¢ + O(In(1/d)/s%))/s?, and divide X, into corresponding
bins X; = {z € X, | b, € I,}. Thus, some such bin must have measure pu(X;) >
§/(2s*). Thus we can show part (1), as this X; is uniformly b-inefficient for b =
max I;. Indeed, by definition of I;, for all X’ C X; we have u(X') > |X'| N(s)!*°.
The required lower bound on | X;| follows from the following observation:

5 min I;
552 < p(Xy) < | X N(s)trmindi

< |X,| N (s) 07/

=0 (|X;| N(s)"*") . by Lemma 2.2.1
As noted earlier, this implies in particular that X; is a b-inefficient (s, Q(5/s%))-

cover. For part (2), let r be such that N(rs) = 0o(d/s*). By Lemma 2.2.1 there is
some r = O(y/log(s2/d)/s) = O(y/log s/s) satisfying this property. Therefore, by
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Corollary 2.2.4, we have

1) —)—O(r
252 < 1(X;) < poly(s) |.X;| N(S)Hp/(l PI=O) 4 0(6/s%)

< poly(s)N (s)~UFO+1+p/U=)=00) 1 (5/5%). by b-inefficiency of X
And so the desired lower bound on b follows, since by the above inequality, we have

)
N(s)—b+p/(1—p)—0(\/@/5) > @(1 —0(1)) > 1/poly(s) = N(S>O(logs/s2).

O

We now show that uniformly efficient covers of cardinality & do not contain

p-clusters significantly larger than k'=°.

Lemma 4.4.5. Let X be a uniformly b-inefficient (s,d)-cover, then for all p >

b/(1+b) +3Ins/s* any p-cluster in X has cardinality at most
O(poly(s)N (s) (VI HVIPT),

Proof. Let the subset K C X be a p-cluster of cardinality N(s)™?, and let r =

VP —+/b(1 —p)+nforn=(3+3b)Ins/s*>. Then by Lemma 2.2.3 (with the above
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choice of r), we have

Pre[ze K:(-2>5 <0 <e (1+b4n/(1= p)82/2|X\> +2N(rs)

| /\

(S (14)/2 N7 (5) 140 N (5)~ ) +2N(rs) by Lemma 2.2.1

=0 (N(s)Pt10) + 2N (r

<o ( ﬂ+1+b)
+ poly(s <‘/’3 Vo= p) by Lemma 2.2.1
On the other hand, since X is uniformly b-inefficient, we have Pr;[3x € K : (-2 >

s] > N(s)7PT1+%. Hence, we have

|K| = N(s)™" < poly(s)N(s )(\f—\/l—f?) (14b)

= O(poly(s) N (s)"VI=PHVB)?),

We are now ready to prove Theorem 4.4.2.

Proof of Theorem 4.4.2. In algorithm KMS' (in step 2 of KMS*) consider the inde-
pendent set V/(¢) produced for a c-inefficient threshold ¢. Since KMS' tries all possi-
ble values of ¢, we have E[|I|] > E chl(t) |] . If for at least n/2 vertices i € V we have
Prc[i € V{(t)] > 3N(t), then by linearity of expectation, we have E [|I]] = Q(N(t)n).
Suppose not. Now prune as in Lemma 3.6.11, and for simplicity, assume G = (V| E)
is the remaining graph. Now, fixing some i € V, we have that {u}; | j € I'(i)} and
the sets {u};, | k € I'(j)} for every j € I'(i) are all uniform (\/_t (bgt))

covers which are at most c-inefficient. Moreover, there exists some constant C' > 0

such that letting W; = {k e I'(jy) ‘ -£< Wy uly < g+ @} for every j € I'(7),

73



the sets {uf, | k € W;} are (V3t,Q(1/t3))-covers. Note that for all j € I'(d),

W; C V;. Therefore, it suffices to give a lower bound on ‘Ujef‘

Now, subdivide the interval [— %, ﬁcjt&] into O(t) subintervals I; of length 1/¢.
For every j € I'(i) there is some | = I(j) such that the set {ufy | u}; -}, € j;} is a
(v/3t,Q(1/t*))-cover. Moreover, there is some [y such that, defining U; = {j € I'(i) |
I(j) = lo}, the set {uj; | j € U;} is a (v/3t,Q(1/t))-cover. Let o be such that I, =
[, a+1/t). By Lemma 4.4.4, there is some subset U] C Uj s.t. the set {u;; | j € U/}
is a uniformly b-inefficient (v/3t, Q(1/t))-cover for some 0 < b < c+o0(1). Similarly,
for every j € Uj, there is some set Wi C {k € ['(j) | u}; - v}, € Ij0)} for which
the set {u)), | k € W} is a uniformly a;-inefficient (v/3t, Q(1/5))-cover, where, by
part 2 of Lemma 4.4.4, a; > /(1 — a®) — o(1) (since the sets {u}; | uf; - uf, € I;,}

are a-clusters for all j € I'(¢)). Let us summarize the situation:
1. U! is a uniformly b-inefficient (v/3t, Q(1/t*))-cover for some 0 < b < ¢+ o(1).

2. Vj € Uj, the set {u}, | W;} is a uniformly aj-inefficient (v/3t, Q(1/t5))-cover

for some a; > o?/(1 — a?) — o(1).

3. VjeU,keW;

Y(i,R) " Y(k,R) =

9
_ é L2 (1 . u;k) € [(1+a)/6,(1+a)/6 + o(1)].

For the sake of simplicity, we will strengthen property 3, and assume that in fact

for all j € Uj,k € W], }U(LR)’(;&R)HQ = V(i,R) * V(k,R) = ”TO‘. This is w.l.o.g. as the

o(1) error terms will have a negligble effect. By constraint (4.3), this also implies
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Hv(z’,B),(k,B)HQ = [|vg,y), k) H2 = (14«)/6. Moreover, since (as can be easily checked)

5= llven’ = Ycenpy |[Van). ko) ?, we have (again by (4.3)),
1 /1 14« 1 -«
el = el = (5= 55=) = 55

Similarly, for j € I'(z) N ['(k) and (Cy,Cs) € {(B,Y),(Y,B)}, we have by con-
straints (4.1) and (4.3),

1 2 l4a
U(ivcl)v(kzcl) ' U(ij) = 5 ||U(i7cl)7(krcl)H = 12 )
and
2 11—«
v(i,C1),(k,Cg) ’ (U(j’R) = H,U(i’cl)a(kaQ)“ = 12
Finally, we note that for all (i, j) € F,
1 V2
UG.R) = 3V T 5
1 L
—vp — —=1Uj; u;
37 3v2 6 "
LR N B
= —vp — =V — U
2 0 2 (i,R) \/6 J
1 1, .
=3 (U(LB) + v(@y)) + %um by constraint (4.2)

We now fix some k € |J;» W}, and apply Lemma 2.1.1, where for all Cy € {B,Y},
2
we let po, = H“(LCI)H = %, Poide, = V(icy) - VG,R) = &, and for all Cy € {B,Y} and

Cy € {R,B,Y} we let

2 5 Ci=0y
peres = |vacnkes| =
O #£ G
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and

5 Ci=0
PC1,c4C1,02 = V(0,00 (k) " VGiR) = § ot Co € {B,Y}I\ G
0 Cy = R.

By the lemma, there is some unit vector
zh € Span ({vg | 1 € ({i} x {B,Y}) U ({k} x {R, B,Y})})

such that for all j € U/ s.t. Wi 3 k, we have

x6 Z Z Py, Cqul Cy Z pCﬂ%’l
Cy=B)Y

=B,)Y C2=R,B)Y

1 1\2 1— 1 /1\2 1—
=4/2- —{—Oz. -] +2- &_2._. — = o

6 2 12 3 \2 12

Thus, for all k, the set {u;; € U/ | Wi > k} is in fact a (1 — «a)/2-cluster,

and so by property 1 above and Lemma 4.4.5, we have |{j ceUj | W;> k}’ <

N (3t (VOFIREAImR) o) e

W =|{(j,k)|j €U and k € W'}
J J

jeu!
= Y |eu | W >k}

keU;ev: Wj

Uw-v

jeu!

\/§t)’% (\/1+7a+, /b(lfa)) 270(1) ‘

VAN

W/‘ > N(\/_t) (1+b)— (1+o¢2/(1—o¢2))+0(1)'

Yet, by properties 1 and 2, Z]GU’
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Thus we have shown

2
) U W, >N \/_t) <2+a2/1 o )+b—7(\/1+7+ b(1 a)) >+o(l)

jeu] (4.11)

_ w3 (e (vima- i)

As a final simplification, we note that the function above is monotonically decreasing
in b for all b < (1 — «)/(1 + «). This is consistent with the range of b (up to o(1)),
since the fact that ¢ < 1 and property 4 imply (1—«)/(1+a) > c—o(1). Therefore,

from (4.11) we get, for some constant £’ > 0

>‘UW’

Jer(4) jeu!

2]\]<\/§t)—(1/(1—a %(M—\/m))ﬂ

> N(V3t)s~ 7 <o) since ¢ < ¢o(T)
> N(\/gt)%_auro(l)Al/T by c-inefficiency of ¢
= N(v/3t)s~ 0
= w(N(t)n). by Lemma 2.2.1
[
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Chapter 5

Maximum Independent Set in

3-Uniform Hypergraphs

In this chapter, we describe relaxations for Maximum Independent Set in 3-uniform
hypergraphs which arise from SDP hierarchies. We present two algorithms which,
for every v > 0, in any n-vertex 3-uniform hypergraph containing an independent set
of size yn, find an independent set of size n0”). Each of these rounding algorithms
works for vector solutions which satisfy the ©(1/~%)-level of some SDP hierarchy.
For the hierarchy used in the first algorithm, we also present an integrality gap

which rules out this performance guarantee at any level up to % + 1.

5.1 Previous Relaxation for MAX-IS in 3-Uniform
Hypergraphs

The relaxation proposed in [28] may be derived as follows. Given an independent
set I C V in a 3-uniform hypergraph H = (V, E), for every vertex i € V let z; = 1

if i € I and x; = 0 otherwise. For any hyperedge (i,j,k) € FE it follows that
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z; + x; + x5 € {0,1,2} (and hence |z; +z; + x, — 1| < 1). Thus, we have the
following relaxation (where vector v; represents z;, and vy represents 1:

MAX-KNS(H)

Maximize 37, ||vi||” s.t. vy =1 (5.1)
VieV vy U = V5 - U (5.2)
Y(i,j,l) € E |vi + v; + g — v(z)||2 <1 (5.3)

The existence of local distributions on independent sets corresponding to solu-
tions to ISP (H) and IS[**(H) (for [ > 3) implies that all valid constraints involving
at most [ vertices (other than integrality gaps) hold true for these relaxations. In
particular, constraints (5.2) and (5.3) above are implied by such SDP relaxations,
and all results pertaining to the relaxation proposed in [28] hold true for the tighter

relaxations we shall consider.

5.2 A Simple Integrality Gap

As observed in [28], MAX-KNS(H) > % for any hypergraph H (even the com-
plete hypergraph). In this section we will show the necessity of using increasingly
many levels of the SDP hierarchy MAX-IS™* to yield improved approximations, by

demonstrating a simple extention of the above integrality gap:

Theorem 5.2.1. For every integer | > 3 and any 3-uniform hypergraph H, we have
MAX-ISx > l_iln

Proof. Suppose V(H) = [n] and let vy, uq, ..., u, be n+ 1 mutually orthogonal unit

vectors. For every ¢ € V let v; = z_%'”@"’w /l_i1 — ﬁui, and yg;) = 1—% Letyp =1
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and for every pair of distinct vertices 7,7 € V' let yg; ;1 = ﬁ For all sets I C V

s.t. 3< |1 <, let yy =0.

It is immediate that constraint (2.13) and the Sherali-Adams constraint (2.7)
are satisfied. Since y; = 0 for all sets I of size 3, Sherali-Adams constraint (2.9)
is also satisfied. To verify Sherali-Adams constraints (2.8), it suffices to show, for
any set S C [n] of size [, a corresponding distribution on random 0 — 1 variables
{z | i € S}. Indeed, the following is such a distribution: Pick a pair of distinct

l

vertices 7, 7 € S uniformly at random. With probability s Set r; =27 =1and

for all other [ € S, set 7 = 0. Otherwise, set all x; = 0. ]
5.3 The Algorithm of Krivelevich, Nathaniel and

Sudakov

We first review the algorithm and analysis given in [28]. Let us introduce the
following notation: For all h € {0,1,..., |logn]|}, let T}, o {i € V| h/logn <

vi]|* < (h+1)/logn}. Also, since ||v;]|* = vy - v;, we can write

v; = (vg - v3)vg + Vv - vi(1 — vg - V), (5.4)
where u; is a unit vector orthogonal to vy. They show the following two lemmas,
slightly rephrased here:

Lemma 5.3.1. If the optimum of KNS(H) is > «n, there exists an index h >

ylogn — 1 s.t. |Ty| = Q(n/log n).

Lemma 5.3.2. For index h = [Slogn and hyperedge (i,7,k) € E s.t. i,7,k € Ty,
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constraint (5.3) implies
[wi =+ uj + usl|” < (6 —98)/(1 = 8) + O(1/ logn). (5.5)

Note that constraint (5.5) becomes unsatisfiable for constant 8 > 2/3. Thus, for
such 3, if KNS(H) > n, one can easily find an independent set of size Q(n). Using
the above notation, we can now describe the rounding algorithm in [28], which is

applied to the subhypergraph induced on T}, where h is as in Lemma 5.3.1.

KNS-Round(H, {u;},1)

e Choose ¢ € R" from the n-dimensional standard normal distribu-
tion.

o Let V(1) o {i| (-u; >t}. Remove all vertices in hyperedges fully
contained in V¢(¢), and return the remaining set.

Figure 5.1: Algorithm KINS-Round

The expected size of the remaining independent set can be bounded from be-
low by E[|V:(¢)|]] — 3E[|[{e € E: e C V,(t)}|], since each hyperedge contributes at
most three vertices to V¢(¢). If hyperedge (7,7, k) is fully contained in V;(¢), then

we must have ¢ - (u; + u; + ug) > 3t, and so by Lemma 5.3.2, C - HZiZ—% >

(v/(3=37)/(2—3y) — O(1/logn))t. By Lemma 2.2.1, and linearity of expecta-

tion, this means the size of the remaining independent set is at least

Q(N(t)n) — O(N(1)C=20/E=20 | ).

Choosing ¢ appropriately — roughly, so that N(t) = © ((n/ |E])2_37) (assume v <

2/3) — then yields the guarantee given in [28|:
Theorem 5.3.3. Given a 3-uniform hypergraph H on n vertices and m hyperedges
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containing an independent set of size yn, one can find, in polynomial time, an

independent set of size Q(min{n, 337 /m2>=371).

Note that m can be as large as 2(n?), giving no non-trivial guarantee for v <
%. Using techniques similar to those used in Chapter 4, one can show that when
the vectors satisfy IS}*(H), the same rounding algorithm does give a non-trivial
guarantee (n°) for v > 3 — e (for some fixed ¢ > 0). However, it is unclear whether
this approach can work for arbitrarily small v > 0.

Let us introduce the following notation for hyperedges e along with the corre-

sponding vectors {u; | i € e}:

def 3
a(€) = [Ger 2ice Zjee\fi) Ui " U

In particular, when the hyperedge e is of size 3, we have

def
ale) = % D ice ZjEe\{i} Ui - U

Using this notation, we note the following Lemma which was implicitly used in

the above analysis, and which follows immediately from Lemma 2.2.1.

Lemma 5.3.4. In algorithm KNS-Round, the probability that a hyperedge e is fully
contained in V;(t) is at most 0) (N(t)?’/“”"(e))).

5.4 Improved Approximation Via Sherali-Adams
Constraints

Before we formally state our rounding algorithm, let us motivate it with an informal

overview.
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Suppose ||v;]|> = 7 for all i € V. A closer examination of the above analysis
reveals the reason the KNS rounding works for v > % : For every hyperedge e €
we have a(e) < 0. Thus, the main obstacle to obtaining a large independent set
using KNS-Round is the presence of many pairs of vertices ¢, j with large (positive)
inner-product u; - u;. As we shall see in Section 5.5, we can use higher-moment
vectors in the Lasserre hierarchy to turn this into an advantage. However, just
using local integrality constraints, we can efficiently isolate a large set of vertices on
which the induced subhypergraph has few hyperedges containing such pairs. This
property in turn allows us to successfully use KNS-Round on this subhypergraph,
thus extracting a large independent set.

Indeed, suppose that some pair of vertices ig, jo € V' with inner-product v;,-v;, >
72 /2 participates in many hyperedges. That is, the set S; = {k € V| (4o, jo, k) € E}
is very large. In that case, we can recursively focus on the subhypergraph induced
on S;. According to our probabilistic interpretation of the SDP, we have Pr[zj =
T = 1] > 4?/2. Moreover, for any k € S; the event “r; = 17 is disjoint from
the event “zj = z7 = 17. Thus, if we had to repeat this step recursively due to
the existence of bad pairs (ig, jo),- - -, (is, Js) (thus focusing on the subhypergraphs
induced on a chain of sets S} 2 Sy D ... D Ssi1), then the events “xfl = :E;fl =17
would all be pairwise exclusive. Since each such event has probability Q(7?), the
recursion can have depth at most O(1/+?), after which point there are no pairs of
vertices which prevent us from using KNS-Round.

We are now ready to describe our rounding algorithm. The algorithm takes as
input an n-vertex hypergraph H for which MAX-IS™*(H) > yn, where [ = Q(1/+?)
and {v;} is the corresponding SDP solution, and outputs an independent set in H.

We will use the notation {u;} as in (5.4).
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H-Round(H = (V, E),{v;},7)

1. Letn = |V]and foralli,j € V,let (i, 5) € {k € V | (i, 4, k) € E.
2. If for some i, j € V s.t. v;-v; > 72/2 we have |T'(4, )| > {nt=vi/2}
then find an ind. set using H-Round(H |r(; 5, {vr | & € T'(4,7)},7)-

3. Otherwise,

(a) Define unit vectors {w; | i € V'} s.t. for all i, j € V' we have

w; - wj = 35 (u; - uj) (outward rotation).

(b) Let t be s.t. N(t) = n~0=7"/10)_and return the independent
set found by KNS-Round(H,{w; | i € V'},1).

Figure 5.2: Algorithm H-Round

Theorem 5.4.1. For any constant v > 0, given an n-vertex 3-uniform hypergraph

H = (V, E), and {v;} satisfying ISZ“;;‘Q(H) and | ||lvi||*—~| < 1/logn (Vi € V), algo-

rithm H-Round finds an independent set of size Q(n?"/32) in H in time O(n3t2/"7").
Combining this result with Lemma 5.3.1, we get:

Corollary 5.4.2. For all constant v > 0, there is a polynomial time algorithm
which, given an n-vertexr 3-uniform hypergraph H containing an independent set of

size yn, finds an independent set of size Qn7"/3?) in H.

Before we prove Theorem 5.4.1, let check us that we make few recursive calls in

Step 2, and that |V| is still large when Step 3 is reached.

Proposition 5.4.3. For v >0, H = (V, E), and {v;}as in Thereom 5.4.1:
1. Algorithm H-Round makes at most 2/~* recursive calls in Step 2.
2. In the final recursive call to H-Round, |V| > /n.

Proof. Let (i1,71), ..., (is, js) be the sequence of vertices (i, j) in the order of
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recursive calls to H-Round in Step 2. Let us first show that for any s’ < min{s, 2/~%},

8/

Zvil < Uy, S 1. (56)

=1

Indeed, let T = U{ir,5i | 1 <1 < §'}. Since vectors {v;} satisfy ISZ%‘Q(H), and
IT| < 28 < 4/+?, there must be some distribution on independent sets S C T
satisfying Pr[k, k' € S] = vy, - vy for all pairs of vertices k, k" € T. Note that by

choice of vertices i, j;, we have iy, ji, € I'(i,7;,) for all [ < l5. Thus, the events

“1, J1 € S are pairwise exclusive, and so

Zvil v, =Pr[3l <s 4,5 €8 <1
1=1

Similarly, if s’ < min{s,2/7? — 1}, then for any vertex k € (Ni<o (i1, 51) we have
Zf,:l Vi, - v, + v - v < 1. However, by choice of 4, j;, we also have le;l v;, - V5, +
vk v > 892 /2+7v—(1/logn). Thus, we must have s < 2/4% — 1, otherwise letting
s' =[2/v*—1] and k = iy, above, we derive a contradiction. This proves part 1.
For part 2, it suffices to note that the number of vertices in the final recursive call
is > nll0=v4vi/2) “and that by (5.6) we have [](1 —v;,005,/2) > 1=> v, v5,/2 > %
O

We are now ready to prove Theorem 5.4.1.

Proof of Theorem 5.4.1. For simplicity, let us assume that ||v;||> =~ for all i € V.
Violating this assumption can affect the probabilities of events or sizes of sets in our
analysis by at most a constant factor, whereas we will ensure that all inequalities

have polynomial slack to absorb such errors. Thus, for any ¢,7 € V', we have

vy =92 (y =) -y (5.7)
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For brevity, we write v; - v; = 6;;y for all 4,5 € V (note that all 6;; € [0,1]). We

reintroduce the notation a(e) introduced earlier, in the context of the vectors {w;}:

a(e):éz Z w; - W

ice jee\{i}

The upper-bound on the running time follows immediately from part 1 of Propo-
sition 5.4.3. By part 2 of Proposition 5.4.3, it suffices to show that if the condition
for recursion in Step 2 of H-Round does not hold, then in Step 3b, algorithm KNS-
Round finds an independent set of size Q(N (t)n) = Q(n*/1%),

Let us examine the performance of KNS-Round in this instance. Recall that for
every i € V, Pr[i € V¢(t)] = N(t). Thus, by linearity of expectation, the expected
cardinality of V¢(t) is N(¢)n. To retain a large fraction of V¢ (), we must show that
few vertices participate in hyperedges fully contained in this set, that is E[|{i € e |
ec ENe CV:(t)}] = o(N(t)n). In fact, since every hyperedge in V() contributes
at most three vertices, it suffices to show that E[|{e € £ | e C V¢(t)}|] = o(N(t)n).
We will consider separately two types of hyperedges, as we shall see.

Let us first consider hyperedges which contain some pair 7, j for which 6;; > /2.
We denote this set by E,. We will assign every hyperedge in E, to the pair of
vertices with maximum inner-product. That is, for all 4,5 € V, define '} (7, ) =
{kel(i,j) | O, b <0;;} By (5.7), for all 4,j € V and k € I' (4, j) we have

V(0 — ) _ Oy

.. Y
ali, j,k) < wi-wy = 52w uy) = 2101 =) <50 (5.8)

Now, by our assumption, the condition for recursion in Step 2 of H-Round was not
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met. Thus, for all i, j € V s.t. 6;; > v/2, we have

T (i, )| < D3, 5)| < 09772, (5.9)

By linearity of expectation, we have

E[l{e € EL | e C V(t) ZPreCVC
ecE L
< Z O 3/(1+2°‘(e))) by Lemma 5.3.4
€EE+

S Y 0 (N(t>3/<1+%29m>) . by (5.8)

ijEV kel (i,5)
0;5>7/2

By (5.9), this gives

El{e € By |e CVe(t)}] < Z 10 (nl—%f?iﬂN(t)B/(lJrﬁem))
ijev
0i527/2

Z O (n1—%9mN(t)(2—$0m)/(1+$9m)>
ijev
0:;5>7/2

S0 (nl—%em—u—§72><2—geijw)/<1+l—gem))

i,jeEV
0;5>7/2

Z O< 1= 3057~ 1—%91‘;‘7)(2—%Giﬂ)/(lJr%@iﬂ))

1,JEV
0;5>v/2

S O ()
i,jeEV
0;5>7/2

< N(t)nO <n g7/ (1+3p7° >) = o(N(t)n).
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We now consider the remaining hyperedges E. = E\ By ={e € E|Vi,j €e:
6;; <~/2}. By (5.7), and by definition of {w;}, we have

2

ale) < —m (5.10)

for every hyperedge e € E_. Thus we can bound the expected cardinality of {e €
E_|eCV:(t)} as follows:

El{e € B |e C V()] < ) Prle C V(1)

eck_

< Z 0, (N(t)3/(1+2a(e))) by Lemma 5.3.4
< N(t)ngo (N(t>(272’7+i72)/(1*7*71472)) ) by (510)
By our choice of ¢, this gives

E[[{c € E_|e CV(t)}] < N(t)O (n3—<1—%m2><2—2v+ﬁv?)/<1—v—iv?>)

— N#)O <n1—(év3—ﬁv4)/(l—v—ivz)> — o(N(t)n).

This completes the proof. O
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5.5 A Further Improvement Using The Lasserre
Hierarchy

Here, we present a slightly modified algorithm which takes advantage of the Lasserre
hierarchy, and gives a slightly better approximation guarantee. As before, the al-
gorithm takes an n-vertex hypergraph H for which MAX-ISFS(H) > ~yn, where
[ =Q(1/4?) and {v; | |I| <1} is the corresponding SDP solution.

H-Round"*(H — (V, ), {v; | |I| < k},7)

1. Let n = |V| and let h = 4'logn — 1 be as in Lemma 5.3.1 (where
v >7). It v >2/3+2/logn, output 7.

2. Otherwise, set H = H|p,, and v =7/,

3. If for some i,j € T), s.t. pij = v; - v; > v%/2 we have
IT(4,7)| = {n'~*4}, then find an independent set using
H-Round (Bl {01],: ovss o | 1 € D(i), 1] < 1 2).7/(1 -

pij))-
4. Otherwise,

(a) Define unit vectors {w; | i € V'} s.t. for all i, j € V' we have

w; - w; = 75 (u; - uj) (outward rotation).

(b) Let t be s.t. N(t) = n~0=7"/%) and return the independent
set found by KNS-Round(H, {w; | i € V'},1).

Figure 5.3: Algorithm H-Round*

For this algorithm, we have the following guarantee:

Theorem 5.5.1. For any constant v > 0, given an n-vertex 3-uniform hypergraph

H = (V,E) for which MAX—IS§7(5372)(H) > yn and vectors {v;} the corresponding
solution, algorithm H-Round™ finds an independent set of size Q(Tﬂz/ &) in H in

time O(n+8/(7%).
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We will not prove this theorem in detail, since the proof is nearly identical to
that of Theorem 5.4.1. Instead, we will highlight the differences from algorithm
H-Round, and the reasons for the improvement. First of all, the shortcut in step 1
(which accounts for the slightly lower level needed in the hierarchy) is valid since (as
can be easily checked) constraint (5.3) cannot be satisfied (assuming (5.2) holds)
when [|v[|?, [[o; ||, [Jol* > 2/3.

The improvement in the approximation guarantee can be attributed to the fol-
lowing observation. Let {(i1,j1),- .., (is,Js)} be the pairs of vertices chosen for
the various recursive invocations of the algorithm in Step 3. Then in the proba-
bilistic interpretation of the SDP solution, we have carved an event of probability
P = Piyjy + ..+ pij, out of the sample space, and thus the SDP solution is con-
ditioned on an event of probability 1 — p. Hence, the hypergraph in the final call
contains n, > (n'~?) vertices (as in the proof of Proposition 5.4.3), and the SDP
value is v,n, where v, > 7/(1 — p). Thus one only needs to show that assuming
the condition in Step 3 does not hold, the call to KNS-Round in Step 4b returns an

independent set of size at least

np!® > /00 > s

The proof of this fact is identical to the proof of Theorem 5.4.1.
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Chapter 6

Conclusion

We have presented two algorithms for coloring 3-colorable graphs, and one for Max-
imum Independent Set in 3-uniform hypergraphs. At present, the latter two algo-
rithms give the best known approximation guarantees for their respective problems.
The algorithms and proof techniques discussed make crucial use of non-local anal-
ysis, and in some cases non-local SDP relaxations.

For graph coloring, there is a possibility for obtaining an improved guarantee
by proving certain geometric conjectures [3] and applying them in the context of
the analysis in Chapter 3. However, this approach seems to require a more nuanced
understanding of measure concentration which may be out of reach at this time.
Moreover, given the integrality gaps in [16], this direction cannot yield legal color-

0-156 colors unless we can make crucial use of tighter SDP

ings using fewer than n
relaxations.

Indeed, we have used tighter relaxations in Chapter 4 to obtain an algorithm
with a better performance guarantee. Generalizing this approach appears to be a

promising direction which merits further investigation.

For Maximum Independent Set in 3-uniform hypergraphs, Theorem 5.4.1, to-
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gether with the integrality gap of Theorem 5.2.1, demonstrate that the hierarchy
of relaxations MAX-ISI"™ gives an infinite sequence of improved approximations for
higher and higher levels k. We do not know if similar integrality gaps hold for
the Lasserre hierarchy, though we know that at least the integrality gap of The-
orem 5.2.1 cannot be lifted even to the second level in the Lasserre hierarchy. In

light of our results, we are faced with two possible scenarios:

1. For some fixed k, the kth level of the Lasserre hierarchy gives a better ap-

proximation than MAX-IS™™ for any (arbitrary large constant) [, or

2. The approximation curve afforded by the kth level Lasserre relaxation gives

strict improvements for infinitely many values of k.

While the second possibility is the more intriguing of the two, a result of either
sort would provide crucial insights into the importance of LP and SDP hierarchies
for approximation algorithms. Recently Schoenebeck [36] has produced strong in-
tegrality gaps for high-level Lasserre relaxations for random 3XOR formulas, which
rely on properties of the underlying 3-uniform hypergraph structure. It will be
very interesting to see whether such results can be extended to confirm the second
scenario, above.

From the recent work of Raghavendra [33], we know that improved approxima-
tions at unboundedly many constant levels of an SDP hierarchy are not possible
for binary CSPs which admit a constant-factor approximation, unless the Unique
Games Conjecture [25] is false. While disproving the Unique Games Conjecture (for
example, by obtaining improved algorithms for Unique Games based on tighter SDP
relaxations) is an exciting prospect, there remains much scope for improvement for
problems such as the ones we have discussed here, where we do not believe that

constant-factor approximations are achievable.
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