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Abstract

Constraint satisfaction problems (CSP) are very basic and natural combinatorial
optimization problems. Given a set of variables and constraints on them, our goal
is to satisfy as many constraints as possible.

In this dissertation, we study two constraint satisfaction problems, the Unique
Games Problem and MAX 2CSP Problem. Both problems behave very differently
depending on what fraction of all constraints (as a function of other parameters) is
satisfiable. Thus we design different algorithms for different ranges of parameters.

In the first part of the thesis, we study approximation algorithms for Unique

Games. Our algorithms satisfy (roughly)

jme/ (=€), 1—-0(y/elogn), and 1—O(ey/lognlogk)

fraction of all constraints if a 1 — ¢ fraction of all constraints is satisfiable (where
n is the number of variables, k is the domain size). The first two algorithms are
near optimal assuming the Unique Games Conjecture. Our algorithms have better
approximation guarantees than the previously best known algorithms in all ranges
of parameters.

In the second part of the thesis, we present approximation algorithms for MAX
2CSP that satisfy 1 —O(y/2) and 1 —O(e/log n) fraction of all constraints if a 1 —&
fraction of all constraints is satisfiable. Our first algorithm is near optimal assuming

the Unique Games Conjecture.
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Chapter 1

Introduction

In this dissertation, we study approximation algorithms for constraint satisfaction
problems. In a constraint satisfaction problem we have a set of variables and con-
straints on them, and our goal is to find an assignment that satisfies as many
constraints as possible.

Our interest in constraint satisfaction problems is two-fold. First of all, CSPs
are good model problems: they are well suited for developing new algorithmic tech-
niques, which can potentially be applied to other problems of interest. Another
reason to study CSPs is their importance to complexity theory. Many problems
arising in complexity theory such as 3SAT, Unique Games, and Label Cover (which
is closely related to PCPs) are constraint satisfaction problems. Despite significant
progress, many important problems are still open.

The general problem — when we consider arbitrary constraints that depend on at
most k boolean variables — is very hard: the optimal approximation algorithm gives
only ©(k/2%) approximation. (The upper bound was proved assuming the Unique

Games Conjecture by Samorodnitsky and Trevisan [29], and the lower bound was



proved by Charikar, Makarychev, and Makarychev [7].) In this dissertation, we
focus our attention on two constraint satisfaction problems for which much better
approximation guarantees exist: Unique Games and MAX 2SAT. Both problems
generalize MAX CUT. Recall that MAX CUT asks to partition vertices of a given
graph into two parts so as to maximize the number of cut edges, i.e. edges going

from one to part to the other. The problem can be also phrased as a CSP.

Definition 1.0.1 (MAX CUT as a CSP). We are given a graph G = (V, E). For
every vertex u € V, we have a variable x, € {0,1}; for every edge (u,v) € E, we
have the constraint x, + x, = 1. Our goal is to find an assignment that maximizes
the number of satisfied constraints.

Note that every assignment of variables corresponds to a partitioning of vertices:

V=A{u:z,=0}U{u:z, =1} (and vice versa).
MAX CUT has two properties that distinguish it from other CSPs:

Binary Domain. The domain size is two (every variable takes two

values).

Uniqueness Property. Every constraint (edge) defines a permutation
between two variables. That is, for every edge (u,v) the value of x,
uniquely determines the value of x, (assuming that the constraint is

satisfied).

Each of the problems we study has only one of these two properties: in MAX 2SAT,
the domain size is two but constraints can be arbitrary predicates of two variables;
in Unique Games, the domain size can be arbitrary, but all the constraints have the

uniqueness property.



Range of Parameters Unique Games | MAX 2CSP
e > Q(1/logk) ~kTrE o«
Q(1/logn) <& < O(1/logh) | 1 - O(Elogk) +| 1—O(/5) =
e < O(1/logn) 1 —O(ey/lognlogk) | 1 — O(ey/logn

Figure 1.1: Summary of results. The guarantee represents the fraction of constraints
satisfied for instances where OPT = 1 — ¢, n is the number of variables, k is the
domain size of the unique game. The results marked with x are near optimal
assuming the Unique Games Conjecture.

Our results are presented in Figure 1.1. Remarkably the approximation guaran-
tees for the problems are very similar to each other and the approximation guaran-
tees for MAX 2CSP match the best known approximation guarantees for MAX CUT
up to a constant factor in the O notation. (The approximation algorithm for MAX
CUT with the guarantee 1 —O(,/€) was developed by Goemans and Williamson [17];
the approximation 1 — O(ey/logn) for MAX CUT follows from our general result
for MAX 2CSP.)

Note that if almost all constraints are satisfiable, it is also possible to satisfy
almost all constraints in polynomial time. However, Unique Games and MAX 2CSP
are apparently the only generalizations of MAX CUT with this property. For ex-
ample, even if the domain size is 3 and every constraint is of the form z; # z; then
satisfying all the constraints in a satisfiable instance is NP-hard [31] (this CSP is
just another formulation of the Graph 3-Coloring Problem).

The results presented in this dissertation appeared in the following publications:

e A. Agarwal, M. Charikar, K. Makarychev, and Y. Makarychev. O(y/logn)
approzimation algorithms for MIN UnCut, MIN 2CNF Deletion, and directed
cut problems. In Proceedings of the 37th ACM Symposium on Theory of

Computing, pp. 573-581, 2005.



e M. Charikar, K. Makarychev, and Y. Makarychev. Near-Optimal Algorithms
for Unique Games. In Proceedings of the 38th ACM Symposium on Theory
of Computing, pp. 205-214, 2006.

e M. Charikar, K. Makarychev, and Y. Makarychev. Near-Optimal Algorithms
for Maximum Constraint Satisfaction Problems. In Proceedings of the 18th

ACM-SIAM Symposium on Discrete Algorithms, pp. 62-68, 2007.

e E. Chlamtac, K. Makarychev, and Y. Makarychev. How to Play Unique
Games Using Embeddings. In Proceedings of the 47th IEEE Symposium on

Foundations of Computer Science pp. 687-696, 2006.

1.1 Unique Games

The first problem we study is the Unique Games Problem. It is a generalization
of many constraint satisfaction problems. Particularly important special cases are
MAX CUT and MAX 2-LIN (systems of linear equations mod p with at most two

equations in each equation).

Definition 1.1.1 (Unique Games Problem). Given a constraint graph G = (V, E)
and a set of permutations T, on [k] = {1,...,k} (for all edges (u,v)), assign a
value (state) x, from the set [k] to each vertex u so as to satisfy the mazimum

number of constraints of the form mwy,(z,) = x,.

Remark 1.1.2. Let us explain why the problem is called “a game”. The problem
was first introduced by Feige and Lovasz [15] as a two-prover one round game. Two
“provers” play the following cooperative game. The “verifier” (the referee) selects

an edge (u,v) of G uniformly at random and sends u to one prover and v to the

4



other prover (provers cannot communicate with each other). Each prover has to

reply with a number in [k]. The provers win (the verifier accepts their answers) if
Tuw(number the 1st prover replied with) = number the 2nd prover replied with.

It turns out that the value of this game equals the fraction of the constraints satisfied
by the optimal solution of the unique game. We refer the reader to [15] for more

background on multi-prover games and proof systems.

In any instance of Unique Games if all constraints are satisfiable then it is easy to
find a satisfying assignment. However, even if almost all constraints are satisfiable,
it is NP-hard to find the optimal solution. Moreover, Khot [20] conjectured that
for every positive € and ¢, there exists k such that it is NP-hard to distinguish
between the case where a (1 — ¢) fraction of all constraints is satisfiable and the
case where at most a ¢ fraction of all constraints is satisfiable. This conjecture,
known as the Unique Games Conjecture, implies many inapproximability results
for fundamental problems — MAX CUT [23, 28], MIN 2CSP [11, 20], MultiCut
and Sparsest Cut [11, 22], Vertex Cover [21] — which are not known to follow from
more standard complexity assumptions. Thus it is interesting to determine what
fraction of constraints can be satisfied for such instances as a function of ¢, k and
n (where n is the number of vertices, and there exists an assignment satisfying a
(1 — ¢) fraction of all constraints).

Note that a random assignment satisfies a 1/k fraction of the constraints in
a unique game. Andersson, Engebretsen, and Hastad [2] considered semidefinite
program (SDP) based algorithms for systems of linear equations mod p (with two
variables per equation) and gave an algorithm that performs (very slightly) better

than a random assignment. The first approximation algorithm for general Unique



Games was given by Khot [20], and satisfies a 1 —O(k?c'/®y/log(1/¢)) fraction of all
constraints if a 1 — ¢ fraction of all constraints is satisfiable. Recently Trevisan [32]
developed an algorithm that satisfies a 1 — O({/elogn) fraction of all constraints
(this can be improved to 1—0O(y/clogn) [19]), and Gupta and Talwar [19] developed
an algorithm that satisfies a 1 — O(elogn) fraction of all constraints. The result of
[19] is based on rounding an LP relaxation for the problem, while previous results
use SDP relaxations for Unique Games.

There are very few results that show hardness of Unique Games. Feige and
Reichman [13] showed that for every positive € there is ¢ s.t. it is NP-hard to
distinguish between the case where a ¢ fraction of all constraints is satisfiable and

the case where only an ec fraction is satisfiable.

1.1.1 Our Results

We present three new approximation algorithms for Unique Games. We state our
guarantees for instances where a 1 — ¢ fraction of constraints is satisfiable. The first

algorithm satisfies an

| . 2 L\ /@)
Q (mm(l, m) (1—g)°- (W) > (1.1)

fraction of all constraints; the second algorithm satisfies a 1 — O(y/elog k) fraction

of all constraints; and the third algorithm satisfies a 1 — O(ey/lognlog k) fraction

of all constraints. We also present an approximation algorithm (based on the same

techniques) for d-to-1 games'.

!Constraints in d-to-1 games can be more general than in unique games. Specifically, for every
value of u there can be up to d values of v that satisfy the constraint between u and v; but for
every value of v there should be only one value of u that satisfies the constraint. See Section 2.7



In order to understand the complexity theoretic implications of our results, it
is useful to keep in mind that inapproximability reductions from Unique Games
typically use the “Long Code”, which increases the size of the instance by a 2¥ factor.
Thus, such applications of Unique Games usually have domain size k = O(logn).

Our results show limitations on the hardness bounds achievable using the UGC
and stronger versions of it. Chawla, Krauthgamer, Kumar, Rabani, and Sivaku-
mar [11] proposed a strengthened form of the UGC, conjecturing that it holds for

k=logn and ¢ = ¢§ = ( This was used to obtain an {2(loglogn) hardness

for Sparsest Cut. Our results refute this strengthened conjecture?®.

The performance of our algorithms is naturally constrained by the integrality
gap of the SDP relaxation, i.e. the smallest possible value of an integer solution for
an instance with SDP solution of value (1—¢)|F|. Khot and Vishnoi [22] constructed
a gap instance for the semidefinite relaxation® for the Unique Games Problem where
the SDP satisfies a (1—¢) fraction of constraints, but the optimal solution can satisfy
at most O(k~/%) (one may show that their analysis can yield O(k~%/4+°()). This
shows that our results are almost optimal for the standard semidefinite program.

Khot, Kindler, Mossel and O’Donnell [23] proved lower bounds for Unique

Games that almost match the upper bounds we obtain in the first and second

algorithms. Specifically, they established the following hardness results:

Theorem 1.1.3 ([23], Corollary 13). The Unique Games Conjecture implies that

for every fized e > 0, for all k > k(g), it is NP-hard to distinguish between instances

for the formal definition.

2An updated version of [11] proposes a different strengthened form of the UGC, which is still
plausible given our algorithms. They use a modified analysis to account for the asymmetry in e
and ¢ to obtain an Q(y/loglogn) hardness for sparsest cut based on this.

3We use a slightly stronger SDP than they used, but their integrality gap construction works
for our SDP as well.



of Unique Games with domain size k where at least 1 — ¢ fraction of constraints are

satisfiable and those where 1/k¥/2=%) fraction of constraints are satisfiable.

Theorem 1.1.4 ([23], Corollary 14). The Unique Games Conjecture implies that for
every fized € > 0, for all k, it is NP-hard to distinguish between instances of Unique

Games with domain size k where at least 1 — e fraction of constraints are satisfiable

and those where 1 — \/2/m\/elogk + o(1) fraction of constraints are satisfiable.

Thus, two of our bounds are near optimal if the UGC is true — even a slight
improvement of the results 1/k%/(2=%) or 1 — O(y/zlogk) (beyond low order terms)

would disprove the Unique Games Conjecture!

1.2 MAX 2CSP

In the second part of the dissertation, we study the MAX 2CSP problem.

Definition 1.2.1 (MAX 2CSP). We are given a set of boolean variables {x;} and
a set of predicates (constraints), each predicate depends on at most two variables.
Our goal is to assign a value to each x; so as to satisfy the mazximum number of

predicates.

MAX 2CSP is a very basic constraint satisfaction problem, which generalizes
several important graph partitioning problems such as MAX CUT or MAX DICUT
(the directed version of MAX CUT).

The problem and its variants have been well studied in the literature (see Fig-
ure 1.2). In particular, current lower and upper bounds for the approximation
ratio are almost tight. Lewin, Livnat and Zwick [26] developed an algorithm

with approximation ratio 0.87401 (improving the previous results of Goemans and
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Approximation Hardness Result
Guarantee
Approximation ratio 0.87401  [26] 0.87435  [6]
Almost satisfiable in-
stances, OPT =1 —¢
o c>1/log?*n 1—0(Y3)  [34] 1-0(/2) [23]
o c<1/log’?*n 1—O(elogn) [24] | 1 — O(ey/loglogn)  [11]

Figure 1.2: Previously Known Approximation Results for MAX 2CSP. Note that
the approximation ratio almost matches the hardness result from [6]. The hardness
results in [6] and [23] are based on the Unique Games Conjecture; the hardness
result in [11] is based on a stronger version of the Unique Games Conjecture.

Williamson [17], Feige and Goemans [14], Zwick [33], Matuura and Matsui [27]).
Recently Austrin [6] proved an almost matching upper bound of 0.87435 assuming
the Unique Games Conjecture (improving the result of Khot, Kindler, Mossel and
O’Donnell [23]).

However, the tight bounds are still not known for almost satisfiable instances.
Note that even if all constraints are satisfiable the result of [26] only guarantees
that the algorithm satisfies a 0.874 fraction of all constraints. The best previously
known lower bounds for almost satisfiable instances of MAX 2SAT were proved by
Zwick [34] and Klein, Plotkin, Rao, Tardos [24]. If the optimal solution satisfies
an OPT = 1 — ¢ fraction of all constraints, the algorithm by Zwick [34] satisfies a
1 — O(e'/3) fraction of all constraints; the algorithm by Klein, Plotkin, Rao, and
Tardos [24] satisfies a 1 — O(elognloglogn) fraction of all constraints. The latter
algorithm gives a better approximation when ¢ is very small.

Interestingly, algorithms with better approximation guarantees were known for
MAX CUT. The algorithm of Goemans and Williamson [17] satisfied 1 — O(y/)

fraction of all constraints; the algorithm of Garg, Vazirani, and Yannakakis satisfied



1 — O(elogn) fraction of all constraints.

We present new approximation algorithms for MAX 2CSP that satisfy 1—0(4/2)
and 1 — O(ey/logn) fraction of all constraints. Our first guarantee for arbitrary
MAX 2CSP matches the guarantee of Goemans and Williamson for MAX CUT. It
is optimal assuming the Unique Games Conjecture [23]. Our second result improves

the approximation guarantee not only for MAX 2CSP but also for MAX CUT.

10



Chapter 2

Unique Games

2.1 Overview

2.1.1 Semidefinite Programming

Our algorithms for Unique Games are based on Semidefinite Programming (SDP).
Semidefinite Programming is a powerful technique, which has been recently used to
construct many combinatorial optimization algorithms. SDP solves the following
problem:

minimize (or maximize) f(X) (2.1)

subject to

Vie{l,...,m} Ai(X)>b

11



where X € M, (R) is an n X n matrix; f, A, ..., A, are linear functionals on the
linear space M,(R); X > 0 denotes that the matrix X is positive semidefinite.
Every positive semidefinite matrix X = (z;;) is a Gram matrix (the matrix of

pairwise inner products) of some n vectors vy, ... v, in Euclidean space R" 1
Iij = <UZ‘,’U]‘>.

Moreover, the matrix X determines the vectors v; up to isometry. Similarly, the
Gram matrix of any n vectors is positive semidefinite. Thus we can write semidefi-

nite program (2.1) as an equivalent vector program.

n n

minimize (or maximize) Z Z % (v;, vp)

j=1 k=1

subject to

Vie{l,....om} > Y A v >

j=1 k=1

-1
vy, ..., 0, € R"

where A7 = A;(e; ® eg), f7* = fle; @ e;), and ey, ..., e, is the standard basis of
R™. The now-standard approach to solving combinatorial optimization problems is

as follows.

1. We write the problem as an equivalent integer quadratic problem with 0-1

variables.

2. We relaz the integer problem. For every 0-1 variable x; we introduce a vector

valued variable v;; we replace each product z; - x; with the inner product

12



(v;,v5) in the objective function and constraints of the integer program. We
obtain a semidefinite relaxation of the problem. Note that for every feasible
solution z; of the original quadratic problem there is a corresponding feasible
solution (intended solution) v; = x;e (where e is a fixed unit vector) of the
relaxation, which has the same value. Thus the cost of the optimal solution
of the semidefinite program (SDP walue) is a lower bound on the cost of the
combinatorial solution if the problem is a minimization problem; and it is
an upper bound if the problem is a maximization problem. We describe the

semidefinite relaxation for Unique Games in Section 2.2.

. We solve the semidefinite relaxation. This can be done efficiently (in polyno-
mial time) with an arbitrary precision as was first shown by Grétschel, Lovéasz,

and Schrijver[18]. The solution is a set of vectors {v;}

. Finally, we need to round (transform) the semidefinite solution to a feasible
solution of the original combinatorial problem and then estimate the cost of
the obtained solution. Rounding is the most interesting step of the algorithm.
There is often no easy way to round an SDP solution to a good combinatorial

solution.

This approach is well suited for solving Constraint Satisfaction Problems with

boolean variables since such problems are naturally cast as integer quadratic pro-

grams. Every 0-1 assignment of variables x; corresponds to a feasible solution to the

boolean CSP. Thus the rounding algorithm, roughly speaking, can process vectors

v; one by one and “round” them to zeros and ones. However, developing rounding

techniques for problems with large domain size is more challenging. For each vari-

able z, that takes k values 1,..., k, we have to introduce k indicator variables for

13



the events “x, =17, ..., “x, = k7. These variables are not independent: exactly
one of them must be equal to 1 and the remaining must be equal to 0. We de-
note vector variables corresponding to these indicator variables by uq,..., ux. The
rounding algorithm has to assign a value to x, based on the spatial configuration
of the vectors uy,..., ug. It makes the algorithm and analysis considerably more
complex.

In this dissertation, we develop new rounding techniques that enable us to get
near optimal algorithms for Unique Games (assuming UGC). We hope that these
techniques would be useful for rounding other CSPs and assignment problems with

large domain.

2.1.2 Techniques

In this section, we briefly overview how we round the solution of the SDP relaxation
for Unique Games in each of our three algorithms.

The SDP solution is a set of vectors. For every vertex u, we have k vectors: uq,
..., ug. Our SDP program (see Section 2.2) enforces that vectors corresponding to
one vertex are orthogonal.

We interpret the SDP solution as a probability distribution on assignments of
values to variables and the goal of our rounding algorithm is to pick an assignment to
variables by sampling from this distribution such that values of variables connected
by constraints are strongly correlated.

The rough idea of our first and second algorithms is to pick a random vector
and examine the projections of this vector on u;, picking a value i for u for which w;
has a large projection. (In fact, this is exactly the algorithm of Khot [20]). We have

to modify this basic idea to obtain our results since the u;’s could have different

14



A . .
approximation
guarantee

IS /

1

Range of ¢ Approximation Guarantee
[|e>cy/logk ~ kT
| c/logn<e<cy/logk | 1—0(yelogk)

I | e < ¢ /logn 1 — O(e/Tognlogk)

Figure 2.1: Comparison of Approximation Guarantees for Unique Games. The
figure shows the approximation guarantee of each algorithm and the range of ¢
where each algorithm performs better then the others.

lengths and other complications arise. Instead of picking one random vector, we pick
several Gaussian random vectors. Our first algorithm (suitable for large ¢) picks a
small set of candidate assignments for each variable and chooses randomly amongst
them (independently for every variable). It is interesting to note that such a mul-
tiple assignment is often encountered in algorithms implicit in hardness reductions
involving label cover. This algorithm has a non-trivial guarantee even for very large
€. In contrast, the previous results have non-trivial guarantees only when ¢ is small;
specifically, the algorithm of Khot [20] is applicable only when & = o(1/k'"); the re-
sult of Gupta and Talwar is applicable only when e = O(1/logn). As ¢ approaches
1 (i.e. for instances where the optimal solution satisfies only a small fraction of
the constraints), the performance guarantee of our algorithm approaches that of
a random assignment. Our second algorithm (suitable for € € (¢;/logn, cs/logk))

carefully picks a single assignment so that almost all constraints are satisfied.

15



To construct our third algorithm, we introduce a new type of random partition-
ing scheme, which we call an m-orthogonal separator (where m is a parameter).
Specifically, we design an algorithm that, given a set of vectors in an £3 space (see
Definition 2.5.2), produces a random subset S such that the probability that two
orthogonal vectors belong to S is equal to 1/m (we assume that 1/m is very small);
and the distribution over corresponding cuts (S, S) is a low distortion embedding
from ¢3 into ¢;. In other words, for two orthogonal vectors u and v the events
“u e S” and “v € §” are “almost” disjoint. This property is crucial for our algo-
rithm: it essentially guarantees that we assign only one value to each vertex in a
unique game. We stress that no previously known embedding satisfies this property.

In order to construct orthogonal separators we extend the methods developed
for the first two algorithms and combine them with powerful metric embedding
techniques developed in the works of Arora, Rao, and Vazirani [4], of Lee [25],
of Chawla, Gupta, and Récke [10], and of Arora, Lee, and Naor [3] using a new
transformation of the space £3, which we call “normalization”.

We present two constructions: one using embeddings from ¢ into ¢; and the
other using embeddings from /3 into ¢;. While the second construction gives a
slightly better guarantee, the first construction would be improved even if better
embedding techniques from £2 into ¢; at one scale are found (this cannot happen

for embedding into £, for which current guarantees are essentially tight).

2.2 Semidefinite Relaxation

First we reduce a unique game to an integer quadratic program. We denote the set

of states by [k] = {1,...,k}. For each vertex u we introduce k indicator variables

16



u; € {0,1} (i € [k]) for the events x, = i. For every u, the intended solution
has u; = 1 for exactly one i. The constraint 7,,(x,) = z, can be restated in the
following form:

for all i u; = vr,, ().

The unique game instance is equivalent to the following integer quadratic program:

k
.1 2
minimize 7 Z ( 1 |t — Vo (i)l )

(uw)eE \i=

subject to Yu eV Vielk]  w €{0,1}

YueV VZ,]G[k],l%j UZU]:O

VueV Zu?zl

Note that the objective function measures the number of unsatisfied constraints.
The contribution of edge (u, v) to the objective function is equal to 0 if the constraint
Tue 18 satisfied, and 1 otherwise. The last two equations say that exactly one u; is
equal to 1.

We now replace each integer variable u; with a vector variable and get a semidef-

inite program (SDP):

k
.. 1 2
minimize 5 Z Z Huz — Uy (3) H

(u,v)eE =1
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subject to

Vu eV Vi, jekl,i#j (wi,u;) =0 (2.2)
Yu eV Ek: |wi]]* = 1 (2.3)

Yu,v,w € V Vi, j,1 € [k] |Z|u1z —wil® < flug = v + vy —w]* - (2.4)
Vu,v e Vi, j € [k] (ui,v) >0 (2.5)
Vu,v e Vi, j € k] (ui, vj) < luil|? (2.6)

The last two constraints are triangle inequality constraints' for the squared Eu-
clidean distance: inequality (2.5) is equivalent to |lu; — 0> + [Jv; — 0]|* > |Ju; — v;]|?,
and inequality (2.6) is equivalent to ||u; — v;]|? + [Ju; — 0[] > |lv; — O|]%. A very
important constraint is that for ¢ # j the vectors u; and u; are orthogonal. This
SDP was studied by Khot [20], and by Trevisan [32].

Here is an intuitive interpretation of the vector solution: Think of the elements
of the set [k] as states of the vertices. In the integer case, if u; = 1, the vertex is in
the state i. In the vector case, each vertex is in a mized state, and the probability
that z, = i is equal to [lu;||>. The inner product (u;,v;) can be thought of as
the joint probability that x, = ¢ and x, = j. The directions of vectors determine
whether two states are correlated or not: If the angle between u; and v; is small
it is likely that both events “u s in the state " and “v is in the state j7 occur
simultaneously. In some sense later we will treat the lengths and the directions of

vectors separately.

'We will use constraint 2.5 only in the second algorithm.
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2.3 First Algorithm

2.3.1 Algorithm

We first describe a high level idea for the first algorithm. Pick a random Gaussian
vector g (with standard normal independent components). For every vertex u add
those vectors u; whose inner product with g are above some threshold 7 to the
set S,; we choose the threshold 7 in such a way that the set S, contains only one
element in expectation. Then pick a random state from S, and assign it to the
vertex u (if S, is empty do not assign any states to u). What is the probability that
the algorithm satisfies a constraint between vertices u and v? Loosely speaking,

this probability is equal to

E {]Su N T (Sw) |

~E|[[S, N 7uw(S,)l].
EAREA ] ! (Sl

Assume for a moment that the SDP solution is symmetric: the lengths of all
vectors u; are the same and the squared Euclidean distance between every u; and
VUn,(iy 18 equal to 2e. (In fact, we can add to SDP the condition that |u;| = 1/v/k (for
all v and 7) in the special case of systems of linear equations of the form x; —z; = ¢;;
(mod p).) Since we want the expected size of S, to be 1, we pick threshold 7 such
that the probability that (g,u;) > 7 equals 1/k. The random variables (g, vk - u;)
and (g, Vk - Ur,.(i)) are standard normal random variables with covariance 1 — ¢
(note that we multiplied the inner products by a normalization factor of \/E) For
such random variables if the probability of the event (g, Vi - w) >t = VkT equals
1/k, then roughly speaking the probability of the event (g, vk -w;) >t = Vk -7

and (g, Vk - Uruo(i)) =t = Vk -7 equals k5/% . 1/k. Thus the expected size of the
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intersection of the sets S, and m,,(S,) is approximately kel

Unfortunately this no longer works if the lengths of vectors are different. The
main problem is that if, say, u; is two times longer than uy, then Pr(u; € S,) is
much larger than Pr (uy € S,).

One of the possible solutions is to normalize all vectors first. In order to take
into account original lengths of vectors we repeat the procedure of adding vectors
to the sets S, many times, but each vector u; has a chance to be selected in the set
S, only in the first s, ; trials, where s,,; is some integer number proportional to the
original squared Euclidean length of w;.

We now formally present a rounding algorithm for the SDP described in the

previous section.

Theorem 2.3.1. There is a polynomial time algorithm that finds an assignment of

variables which satisfies a

_ 1 ) NS
‘ (mm“’m> (A= (m) )

fraction of all constraints if the optimal solution satisfies (1 — €) fraction of all

constraints.
The algorithm is presented in Figure 2.2. We introduce some notation.

Definition 2.3.2. Define the distance between two vertices u and v as:

1 k
[ — o — . 2
Cuv = 5 ;_1 HUZ 'Ufruu(l)H

and let

. 1, . B
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Input: A solution of the SDP, with the objective value ¢ - |E|.
Output: An assignment of variables x,,.

1. Define a; = u;/||u;|| if w; # 0, 0 otherwise.
Note that vectors y,..., %, are orthogonal unit vectors (except for those

vectors that are equal to zero).

2. Pick random independent Gaussian vectors g, ..., g with independent com-
ponents distributed as N(0, 1).

3. For each vertex w:

(a) Set sy, = [llui* - k1.

(b) For each i project s,, vectors gi,...,gs, to i
£Ui73 = <gSJﬂi>7 1 S S S Sui‘

Note that &, 1,82, -- ,£uhsu1, N R T ,&Lk’suk are independent
standard normal random variables. (Since w; and u; are orthogonal if
i # j, their projections onto a random Gaussian vector are independent).
The number of random variables corresponding to each u; is proportional
to ||ug|?.

(c¢) Fix a threshold t s.t. Pr(§(>1t) = 1/k, where £ ~ N(0,1) (i.e. tis
the (1 — 1/k)-quantile of the standard normal distribution; note that by
Lemma 2.6.11, part 2, t = © (y/logk)).

(d) Pick those &,, that are larger than the threshold ¢:
Su={(,8) : &u,s > t}.

(e) For each vertex u, pick at random a pair (7, s) from S, and assign z, = i.

If the set S, is empty do not assign any value to the vertex: this means
that all the constraints containing the vertex are not satisfied.

Figure 2.2: First Algorithm for Unique Games

If u; and vy, are nonzero vectors and «; is the angle between them, then €, =

1 — cos ;. For consistency, if one of the vectors is equal to zero we set €', = 1 and
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a; =1m/2.

We need several estimates on the joint distribution of gaussian variables in our

analysis of this algorithm. We defer the proofs of these estimates to Section 2.3.2.

Lemma 2.3.3. For every edge (u,v), state i in [k] and s < min(s,,, S, the

Wuv(i))
probability that the algorithm picks (i, s) for the vertex u and (my, (i), s) for v at the

step 3.e is

(2.7)

. 1 1 /log k: 2/(2_82“1)
Q [ min(1, — ) - : :
Ve, logk™ Vlogk k

Proof. First let us observe that §,, s and &, . s are standard normal random vari-

v (i)
ables with covariance cosa; = 1 — €', . We prove in Section 2.3.2 (Corollary 2.3.10)
that the probability that &,,s >t and &, s >t is equal to (2.7).

Note that the expected number of elements in S, is equal to (S,, + ...+ Sy, )/k
which is at most 2. Moreover, as we will prove in Lemma 2.3.11, the conditional

expected number of elements in S, given the event &, s > ¢ and §,_ >t

ww (1) S

is also a constant. Thus by the Markov inequality the following event happens
with probability (2.7): The sets S, and S, contain the pairs (i,s) and (7, (7), s)
respectively and the sizes of these sets are bounded by a constant. The lemma

follows. u
Definition 2.3.4. For brevity, denote (v/log k/k)z/@_m) by fr(z).

Remark 2.3.5. It is instructive to consider the case when the SDP solution is

uniform in the following sense:

1. The lengths of all vectors u; are the same and are equal to 1/\/%
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2. All &', are equal to e.

In this case all s,, are equal to 1. And thus the probability that a constraint is
satisfied is k times the probability (2.7) which is equal, up to a logarithmic factor, to
k=¢/C=2) . Multiplying this probability by the number of edges we get that the expected

number of satisfied constraints is k=</>=9)|E)|.

In the general case, however, we need to do some extra work to average the
probabilities among all states i and edges (u,v).

Recall that we interpret ||u;]|* as the probability that the vertex w is in the
state 7. Suppose now that the constraint between v and v is satisfied, what is the
conditional probability that w is in the state i and v is in the state m,,(i)? Roughly
speaking, it should be equal to (||us]|* + [|vr,. ) [|*)/2. This motivates the following

definition.

Definition 2.3.6. Define a measure ji,, on the set [k|:

1|12 12
o (T) = Z il +!UW“”(Z)” , where T C [k].

Note that pu,.,([k]) = 1. This follows from constraint (2.3).
The following lemma shows why this measure is useful.
Lemma 2.3.7. For every edge (u,v) the following statements hold.

1. The average value of €', w.r.t. the measure [, s less than or equal to &y :

k
> pun(i)el, < Eu.
=1

23



2. For every 1,

min(suﬂ vauv(i)> > (1 - 821))2#“@@)]6.

Proof. 1. Indeed,

k k
N s ]|* + [oma, @ lI” = (luill® + [[vr,, ) |I*) - cos o
;MUU(Z) guv Z 2

i=1

k
Sl + ool =2l el cosen
2

IN

=1
k
_ Z [Ju; — Um(z’)”2 _
- - uv
i=1 2

Note that here we used the fact that (u;,v.,, )) > 0 and, therefore, cos a; > 0.

2. Without loss of generality assume that ||u;|| < ||vx,, |, and hence

min(sy,, Sp_ ) = Su,-

Ty (4)

Due to the triangle inequality constraint (2.6) in the SDP ||v.,, | cosa; < [Ju;l|.

Thus
Jwill® + om0 12
2

(1— 521;)2/%11(@') = cos” q; - < HUZH2 < Su; /K.

[]

Lemma 2.3.8. For every edge (u,v) the probability that an assignment found by

the algorithm satisfies the constraint m,,(x,) = x, s

1

1 J—
( " VEuw log k

0 (g min ) ilew)). (23)

Proof. Denote the desired probability by P,,. It is equal to the sum of the proba-
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bilities obtained in Lemma 2.3.3 over all i € [k] and s < min (s,;,, Suyu) 11 other

words,

1 .
min (S, Sy, — l, —/—— Euw) | -
(Z e ) V 1085 Ve, log k;)fk( )>

Replacing min (s, s, ) with (1 —&l,)? . (i) - k we get

1 ) %
Puv - ( lOg ZNUU mln \/Tgk’)(l - guv)2fk(€uv)> .

Consider the set M = {i € [k] : ', < 2e,,}. For i in M the term /¢!, logk is
bounded from above by /2¢e,, log k. Thus

k 1 | .
Puv =0 — ] 17 - v V(1 — & 2 i .
( \% logk mln( V Euv lng)zEZ]\/llu <Z)( Euv) fk(guv)>
The function (1—x)?fi(x) is convex on [0, 1] (see Lemma 2.3.12). The average value

i

¢, among ¢ in M (w.r.t. the measure p,,) is at most the average value of &’

of €
among all ¢, which in turn is less than ¢,, according to Lemma 2.3.7. Finally, by

the Markov inequality pi,, (M) > 1/2. Thus by Jensen’s inequality

k 1
Puv = Q| ——=mi 17— uvM 1— uv2' uv
<\/mmln( m)ﬂ ( )( € ) fk(g ))
k 1
= O = min(l, ———=)(1 — £)® - filew) ] -
(\/@mln( 7m)( € ) fk:(g ))
This finishes the proof. O

We are now in position to prove the main theorem.

Theorem 2.3.1. There is a polynomial time algorithm that finds an assignment of
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variables which satisfies a

. 1 ) k —¢/(2—¢)
Q (mln(l, —m) (1—¢)°- (—\/@) )

fraction of all constraints if the optimal solution satisfies (1 — €) fraction of all

constraints.

Proof. Let us restrict our attention to a subset of edges E' = {(u,v) € E : g, < 2¢}.

For (u,v) in E’; since €., log k < 2elog k, we have

koo 1 ,
Puv =0 (m mln(l, W)(l - 51“)) . fk<€u1)>> .

Summing this probability over all edges (u,v) in E’ and using convexity of the

function (1 — x)?fi(x) we get the statement of the theorem. O

2.3.2 Analysis: Technical Details

In this section we will prove some technical lemmas we used in the analysis of
the first algorithm. Let us denote the probability that a standard normal random
variable is greater than t € R by ®(t). We prove standard estimates for ®(t), which

we use in this section, in the Appendix.

Lemma 2.3.9. Let & and n be correlated standard normal random variables, 0 <

e<1,t>1. Ifcov(&,n) > 1—¢, then

2

Pr(¢>tandn>1t)>C-min(l, (vet)™ ) -t - (t-B(t))>=. (2.9)

for some positive constant C'.
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Proof. Let us represent £ and n as follows:

E=0X+V1—-02-Y; n=0X—-V1—-02-Y,

where

20 2V/1 — o2

Note that X and Y are independent standard normal random variables; and

0_2:Var|:€+77:|; o &t &-n

1
o? = Var Fﬂ] =—[2+2cov(§n) | >1— = (2.10)
2 4 2
Notice that 1/2 < 02 < 1. We now estimate the probability (2.9) as follows
Pr(fztandnzt) :Pr<0X2t+\/1—02-|Y|>
t o o?
>Pr| X>—+—) - Pr||Y| < ——me—r
B ( Y t) (| |_\/1—02-t>
By Lemma A.1.1 (part 3) from the Appendix (with p = 1/0) we get
2
Pr(¢>tandn>1t) > C- (171 (t®()) - mi (1U—>
(62 tandy20) 2 0 (47 (@@(0)7) min (1, —F
> O min(VE- )7 1) -7 (8- B(1) 7.
[

Corollary 2.3.10. Let & and n be standard normal random variables with covari-
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ance greater than or equal to 1 —e; let ®(t) = 1/k. Then

)

Pr(e>tandn>1) >0 | min (1, —— ! L
r an min : | ——
- T=t= "Velogk) +ogk \logk

(If £ > 6 then t > 1, so this corollary follows from Lemma 2.3.9. If £ < 6
then the expression in the right hand side (inside €(+)) is at most 1/k% < 1/36; the
probability in the left hand side is at most 1. Therefore, the bound holds when the

constant in the omega notation is greater than 36. )

Lemma 2.3.11. Let &, n, €, k and t be as in Corollary 2.3.10, and let &, ..., &y,

be i.i.d. standard normal random variables and m < 2k, then

E Y Iiesn | €=t andn >t = O(1),

i=1
where Iig, >4y is the indicator of the event {& > t}.

Proof. Let X and Y be as in the proof of Lemma 2.3.9. Put a; = cov(X,¢;) and
express each & as & = a; X ++/1 — a?- Z;. By Bessel’s Inequality a?+---+a2 <1

(since random variables ¢; are orthogonal). Let B, , be the event
B, = {U.T >t+V1— 02]Y]} .
Then

Bix ={¢>tandn>t}.
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We now estimate the value of E [Ij¢;5y | € > t,n > t] = Pr(§ >t | By x),

Pr(& >t | Bix) =Pr(§>t] B x and X <4t)Pr (X <4t | B x)
+Pr(&>t] Bx and X > 4t)Pr (X > 4t | B, x)

<Pr(&,>t|Bx and X <4t)+Pr(X >4t | B, x). (2.11)
Let us bound the first term.

Pr(@- >1t| B x and X §4t) :Pr(aiX—l—\/l—a?-Zi >1t| By x and X <4t)

< max Pr (\/1—0@2-ZZ~ >t — a;x | Bm)
x€(t/o,4t]
A2.2
< max Pr (y/l—af-Zi zt—aix)
x€(t/o,4t]

< Pr(Z; > (1 —4a;)t) = d((1 — 4doy)t).

Here, first we used that X > t/o when B, x happens; then we used Corollary A.2.2.

Now we bound the second term in (2.11).

Pr(X > 4t) D(4t)
Pr(X >4t | Bix) < =5, (Bix) ~— Pr(X>t/o+1)Pr([Y]<1)
d(4t)

_ —8t2 4+ (V2t4+1)2/2y _
= d(V2t+1)0(1) O HAE) = 0(1/m).

We have,

E Y Iesn|§>tandn>t] <OQ)+ Y O((1—4ay)t).

i=1 =1

Fix a sufficiently large constant ¢, the number of «; that are greater than 1/c

is at most ¢?. The number of a; such that log™' k < a; < 1/c is O(log? k) and for
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them ®((1 — 4a;)t) = O(k~/?) (since ¢ is a sufficiently large constant). Finally, if

a; < 1/logk, then ®((1 — 4a;)t) = O(k~"). We get the bound

log’k  m
2 _— =
O (c + NG + kz) O(1).

This finishes the proof. n
Lemma 2.3.12. The function (1 — x)?fi(z) is convex on the interval [0,1].

Proof. Let m = k/+/logk. Compute the first and the second derivatives of fj:

2

o) = (%) = —zlogm. (g——>>

. 1
:410gm~m2 _(ogm_l).
2—x

Now ((1 —z)?- fi(2))" = (1 —2)? - fi'(x) — 4(1 — ) f/(x) + 2fx(z). Observe
that fi(z) is always positive, and f](z) is always negative. Therefore, if f(z) is

positive, we are done: ((1 — )2 - fi(x))” > 0. Otherwise, we have

(1 =2)* fu(2))" = (1L =2)*- fil(x) = 4(1 — @) fi(w) + 2fi()

1
> f(x) + 2fu(z) > dlogm - m = < o8 1) +2m e

2

= Qm_%(logm —1)2>0.
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2.4 Second Algorithm

Suppose that € is O(1/logk). In the previous section we presented an algorithm
that in this case finds an assignment of variables satisfying a constant fraction
of constraints. But can we do better? In this section we show how to find an

assignment satisfying 1 — O(y/elog k) fraction of constraints.

2.4.1 Algorithm

We present the algorithm in Figure 2.3. The main issue we need to take care of is to
guarantee that the algorithm always picks only one element in the set S, (otherwise
we loose a constant factor). This can be done by selecting the largest in absolute
value &,, s (at step 3.c). We will also change the way we set s,;,.

Denote by [z], the function that rounds z up or down depending on whether
the fractional part of x is greater or less than r. Note that if r is a random variable
uniformly distributed in the interval [0, 1], then the expected value of [z}, is equal
to x.

We first elaborate on the difference between the choice of s, in the algorithm
above and that in Algorithm 1 presented earlier. Consider a constraint m,,(x,) = x,.
Projection &, s generated by u; and &, . s generated by vr,,(;) are considered to be
matched. On the other hand, a projection &,, s such that the corresponding &, . s
does not exist (or vice versa) is considered to be unmatched. Unmatched projections

arise when s,, # s, , and the fraction of such projections limits the probability

(2

of satisfying the constraint. Recall that in Algorithm 1, we set s,, = [||u|* - k].
Even if u; and v, ;) are infinitesimally close, it may turn out that s,, and s,

Tuw (1)

differ by 1, yielding an unmatched projection. As a result, some constraints that
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Input: A solution of the SDP, with the objective value € - | E].
Output: An assignment of variables x,,.

1. Pick a number 7 in the interval [0, 1] uniformly at random.

2. Pick random independent Gaussian vectors gy, ..., gor With independent com-
ponents distributed as N (0, 1).

3. For each vertex u:

(a) Set s, = [2k - ||ug*]-

(b) For each i project s,, vectors gi,...,gs, to ;:
éui,s = <gsvai>7 1 <s< Suy;-

(c) Select &,, s with the largest absolute value, where i € [k] and s < s,,.
Assign x, = 1.

Figure 2.3: Second Algorithm for Unique Games

are almost satisfied by the SDP solution (i.e €, is close to 0) could be satisfied

with low probability (by the first rounding algorithm). In Algorithm 2, we set

Su; = [2k - |lui||?],. This serves two purposes: Firstly, B, |[s,, — 5o,

0 ] can be

bounded by 2k - ||u; — vy, (»||?, giving a small number of unmatched projections in
expectation. Secondly, the number of matched projections is always at least k/2.
These two properties are established in Lemma 2.4.3 and ensure that the expected
fraction of unmatched projections is small.

Our analysis of Rounding Algorithm 2 is based on the following theorem.

Theorem 2.4.1. Let &,--- , &, and ny,- -+, Mm be two sequences of standard nor-
mal random variables. Suppose that the random variables in each of the sequences

are independent, the covariance of every & and n; is nonnegative, and the average
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covariance of & and n; s at least 1 — e:

cov(&r,m) + -+ cov(Emy M)
m

>1—c.

Then the probability that the largest r.v. in absolute value in the first sequence

has the same index as the largest r.v. in absolute value in the second sequence is
1 —O(yelogm).

Now we informally sketch the proof. We will give the complete proof in Sec-
tion 2.4.2. It is instructive to consider the case when cov(&;,7;) = 1 — ¢ for all 1.
Assume that the first variable & is the largest in absolute value among &;,...,&,

and its absolute value is a positive number ¢. Note that the typical value of t is

approximately v/2logm — loglogm (i.e t is the (1 — 1/m)-quantile of N'(0,1)). We
want to show that 7, is the largest in absolute value among 7, ..., n, with proba-
bility 1 — O(v/elogm), specifically that the probability that any (fixed) 7; is larger
than 7; is O(yv/2logm/m). Let us compute this probability for 7,.

Since cov(n, &) = 1 —e and cov(&y,m2) = 1 — ¢, the random variable 7, is equal
to (1—¢)& 4 (1; and 1, is equal to (1 —¢e)&+ (o, where (7 and (, are normal random
variables with variance, roughly speaking, 2. We need to estimate the probability

of the event

m2m={1-9&L+G>1-)a+G={(1-e)o+ G- > (1—-e)t}

conditional on & =t and & < t. For typical ¢ this probability is almost equal to

the probability of the event:

{+¢>tand &<ty ={t-¢ <& <t} (2.12)
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where ( = (o — (3.

Since the variance of the random variable ¢ is O(e), we can think that ¢ ~ O(\/e).

The density of & on the interval [t — (, ] is approximately 6:/%2 ~ O(y/logm/m)

(for typical ¢). Thus probability (2.12) is equal to O(y/elogm/m). This finishes

our informal “proof”.

Now we are ready to prove the main lemma.

Lemma 2.4.2. The probability that the algorithm finds an assignment of variables

satisfying the constraint mw,,(x,) = x, is 1 — O(\V/eyulogk).

Proof. 1f €,, > 1/8 the statement of the lemma follows trivially. So we assume that
Eun < 1/8.

Let

M = {(z, s):i € [kl and s < min(sui,svﬁw(i))} ;
M =

p {(z, s) :i € [k] and min(sy,, su,, ) < s < max(s,,, Svnwu))}-

The set M contains those pairs (i, s) for which both &,, s and @Mv (), Are defined
(i.e the matched projections); the set M, contains those pairs for which only one of

the variables &, s and &, . s 1s defined (i.e the unmatched projections). We will

need the following lemmas.

Lemma 2.4.3. 1. The expected size of M, is at most 4e, k:
E[|M.]] < deuk.
2. The set M always contains at least k/2 elements: |M| > k/2.
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for a fixed 7. This value

Proof. 1. First we find the expected value of |s,, — CHE

is equal to
E, [|[2k - lwill®)r = 12k - [om, @] ] = 26 - [Iluil® = om0l -
Now by the triangle inequality constraint (2.6),
2k - [llwll? = Nom, @] < 2& - lus — vr 1%

Summing over all ¢ in [k] we finish the proof.

2. Observe that

min(su,, So,,, ) = 2k - min(||ul|?, [lvr,,@[*) — 1

uv (7’)
and

I*

min (]l |, vr,,01%) = luall® = [llwill® = lvm,, @ *1 = luill* = s = ve, 0l

Summing over all ¢ we get

(M| = min(sy,, su, ) = > (26 lull® = 2k - Jlu; — ve,,01* = 1)
i€lk] i€lk]

> 2k — dkey, — k > k/2.
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Lemma 2.4.4. The following inequality holds:

1 .
E, | — Ein | <4y
3 2

(i,8)eM

Proof. Recall that M always contains at least k/2 elements. The expected value
of min(s,,, s, ) is equal to 2k - min([|w;||?, [|vx,, @ ||*) and is less than or equal to

2k - iy (7). Thus we have

k

1 i 1 ) ;

e | M| Z | = M| me(suw Stmu() " Euv
(i,s)eM i=1

2 k

S Ez:: 2k - ;uuv(l) . wa S 4;MUU<Z) . 82“] S 451“),

=1

Proof of Lemma 2.4.2

Applying Theorem 2.4.1 to the sequences &,, s ((7,s) € M) and &,_ ((i,s) € M)

uv(i)’s

we get that for given r the probability that the largest in absolute value random

variables in the first sequence §,, ; and the second sequence §&,_ have the same

ww (1) »S

index (i, s) is

1 .

Now by Lemma 2.4.4, and by the concavity of the function /2, we have

E [1-0 log |M] Z e, 21—O<\/5uvlogk).

|M| (i,s)eM
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The probability that there is a larger &, s or &, = . s in M. is at most

E, [[MC\] < deok

= 8€uv-
Ml = k2 T

Using the union bound we get that the probability of satisfying the constraint

Tuw(Ty) = T, is at least

1 —0(ewlogk) — 8z, =1 — O(\/ew logk).

]

Theorem 2.4.5. There is a polynomial time algorithm that finds an assignment
of variables which satisfies 1 — O(y/elogk) fraction of all constraints if the optimal

solution satisfies (1 — €) fraction of all constraints.

Proof. Summing the probabilities obtained in Lemma 2.4.2 over all edges (u, v) and
using the concavity of the function y/z we get that the expected number of satisfied

constraints is 1 — O(y/elogk)|E|. O

2.4.2 Analysis: Technical Details

In this section, we present the formal proof of Theorem 2.4.1. We will follow the
informal outline of the proof sketched in Section 2.4.1. We start with estimating

probability (2.12).

Lemma 2.4.6. Let & and ¢ be two independent random normal variables with vari-

ance 1 and o respectively (0 < o < 1). Then for every positive t

(ot+1)2 t2

Pr¢<tand{+(>t)=0(ce = -e 2).
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Remark 2.4.7. In the “typical” case et V?*/2 s ¢ constant.
Proof. We have

Pr<§§tand§+<2t> :/OooPr(fétandijxzt)ng(:v)

1 o 22
= / Pr(¢ <tand {+x>t)e 27 dx
0

B 2mo

Pr(¢<tand 4oy >t)e 7 dy

“ 7=k

2 1 o 2
Prit—oy<&é<t)e = dy+—/ Prit—ocy<&<t)e = dy.

=l

Let us bound the first integral. Since the density of the random variable £ on the

2

interval (¢t — oy, t) is at most —L%e_(t_zgy) and y < ¢¥, we have
I —¢-ow? o 2
Prit—oy<&E<t) <oy- e 2 < .e2 _e(O't+1)y.
( ysestsoy 2m ~2r

Therefore,

P t— < E<t y Tdy < oc 2 e (ot+1)y ' d
. 2
V2 / ft-oysestierrdy < 2m /0 ‘ ‘ Y

oce2 [ (y-(ot+1))? (ot+1)2
e 2 ez dy

—00

2 (ot+1)2
= 0O <0’62 e 2 .

IN
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We now upper bound the second integral. If ¢ > 1, then

y2

1 > 1 & 2
— Prit—ocy<é<te 7z dy < —
%/M ( y<E<t) y < %/tg

_ _2
by Lemga Al O e 202 -0 oge 2 —0 (0_ 6_§> '
tjo+1 t+o

Ift <1, then

- €

1 o0 2 /Ooay o B
o Prt—oy<é<tle zdy < —dy = — < ge 2.
= [ Pr-oysesnetas [ Py T <

@
oS

The desired inequality follows from the upper bounds on the first and second inte-

grals. [

We need a slight generalization of the lemma.

Corollary 2.4.8. Let & and ( be two independent random normal variables with

variance 1 and o® respectively (0 < o < 1). Then for everyt >0 and 0 <& < 1

Pr¢+¢= (-2t | \srgt):O(wﬁt)”(g’“’”'e‘tm),

1 —20(t)

where

_ (ot+1)2 | 2
c(,o,t)=e =2 T,

Remark 2.4.9. As in the previous lemma, in the “typical” case c(¢,0,t) is a con-

stant.
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Proof. First note that

Pr(é+¢>(1—&)tand ¢ <t)
Pr(l¢[ <)
Pr(é+¢>(1—&)tand ¢ <t)
1 —20(t)

Pr§+¢>(1-2at | [§[<t) <

Now,

Pr(é+¢>(1—-&)tand £ <t) <Pr(€+¢>tand & <t)

+Pr((1—-et<&+(¢<t).
By Lemma 2.4.6, the first probability is bounded as follows:
Pr(é+(¢>tand ¢ <t) SO(aem;l)2 -et22>.
Since Var [€ + (] < 1 + 02, the second probability is at most

_(1—8)t)? (25+02)2 2

Pr((l—et<&4+(<t) < é&t-e 20+) <ét-e 2z e 2z,

here we used the following inequality

(1—8)2t* (1—-2)P(1—o*)t? S (1—2&—02)t? S (2840

2(1402) 2(1 — o4) 2 =2 2

The corollary follows. O]
In the following lemma we formally define the random variables ¢; and (5.

Lemma 2.4.10. Let &, &, n1 and 1o be standard normal random variables such

that & and & are independent; n; and 1o are independent; and
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o cov(éy,m) > 1—2>0 and cov(&a,m2) > 1 — & >0 (for some positive );
o cov(&,m2) > 0 and cov(&,m) > 0.

Then there exist normal random variables (1 and (5 independent of & and & with

variance at most 2 such that

[m| — |na|l > (1 —48)|&:] — (14 38)[&] — [Gi] — [l

Proof. Express 1; as a linear combination of &, &, and a normal r.v. {; independent
of & and &5:

m =& + i + G,

similarly,

Ny = &1 + $2&s + (o

Note that ay = cov(n,&1) > 1 — & and ) = cov(n, &) > 0. Thus
Var [(1] < Var[m] —af <1-(1-2)* < 2¢

Similarly, ag > 0, s > 1 — &, and Var[(3] < 2&. Since 1; and 7, are independent,
we have

g + (10 + cov((y, (o) = cov(my,mz) = 0.

Therefore (note that cov((y, (o) < 0; ajas > 0; 5152 > 0),

:—5152—COV(C1,C2) < Var[(;] Var[(o] < 2¢

(0%} 1—-¢ _1—5'

(8%

Taking into account that ay < 1, we get ap < min(1, l%i_) < 3. Similarly, 8; < 3e.
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Finally, we have

Im| = [me| = (a1 — a2)[&1] = (B + B2)[&] — |G| — [C2
> (1=48)|&] — (1 +39)[&] — [G] — ¢l
]
In what follows we assume that &; is the largest r.v. in absolute value among
&, ..., &, and its absolute value is t. For convenience we define three events:

Ay ={|&| < tforall 3<i<m};

E, = A, Nn{|&| =tand |&] < t};
E = {|&| > |¢| for all i} = | | E;.
t>0

Now we are ready to combine Corollary 2.4.8 and Lemma 2.4.10.

Lemma 2.4.11. Let &y, - , &y, andny, - -+, 1y be two sequences of standard normal

random variables. Suppose that
1. the random wvariables in each of the sequences are independent,
2. the covariance of every & and n; is nonnegative,
3. cov(&,m) > 1 —¢ and cov(&a,m2) > 1 — &, where € < 1/7.

Then

(2.13)

((VEtet) et (75,188, 1)
Pr(|m] < |no| | Et)_()< =250 )
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where c(&,0,t) is from Corollary 2.4.8.

Proof. By Lemma 2.4.10, we have

In1| = |n2l > (1 —48)|&1] — (1 +38)|&a] — ] — [Cal-

Therefore,

Pr(ml < lmal | E)<Pr((1+38)&l + Gl +1Gl = 1 -49)l6] | E)
<Pr(lel+ (Gl + 16 > (1-Ta)t | B)

< ) Prish+siGtseG>(1-Tt | B)

8,81,82€{£1}

Let us fix signs s, s1,s9 € {1} and denote £ = s&, ( = s1¢1 + $2(2, then we

need to show that

Pr+¢>(1-7)t | Et):O((\/E_’_gt)'e—t2/2.c(7€,\/§,t))‘

1—20(t)

Observe that the random variables &, ¢ and the event A; are independent of &;, thus

Pr{+¢=>(1-17)t | Ey)
=Pr(€+¢>(1—78)t | A and|&| =t and |¢] <t)
=Pr((+¢(>1-78)t | A;and |¢| <?)

=Pr((>1-7)t—-¢& | Ayand [{] <1).

Since ¢ and A; are independent, for every fixed value of & we can apply Corol-
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lary A.2.2. We have

Pri¢(=z(1-7)t—-¢ | Arand [{|<?) <Pr(¢=(1-7)t—-¢ | [¢[<?)

—Pr(E+C> (-7t | |e| <)

Finally, by Corollary 2.4.8 (where o = Var [(] < 87),

Pr(+¢>(1=7a)t | [ <t) = O((\/g_+€_t)-e_t2/2.c(7€—7\/8_§7t)>'

1 —20(t)

Corollary 2.4.12. Under assumptions of Lemma 2.4.11,

1. if &2 < 1, then
_ S (t+1)-0(0)
Pr(|m| < || | Et)—O(\/E—l_Q&)(t) )

2. 4ft > 1, then
Pr(jm| <|p| | E)=0 (\/E) .

Proof. 1. If &t> < 1, then &t < /£ and

= 2
GBS | gy

c(75,V/85,1) = e =0(1).

Notice that

(VE+éat) - et/ 0 (VE+Et)-(t+1)-d()
1—20(t) 1 — 20(t) ’
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since (see Lemma A.1.1)

B o 12/2
s0-0(22)

2. If £ > 1/32 the statement holds trivially. So assume that £ < 1/32. Then

V8et +1)? 3t?
WBEH LN | 7 < 30 o(t).
2 8
t2
Thus t-e~ 7 -¢(72,v/8, 1) is upper bounded by some absolute constant. Since t > 1,

the denominator 1 — 2&(t) of the expression (2.13) is bounded away from 0. O

We now give a bound on the “typical” absolute value of the largest random

variable.

Lemma 2.4.13. The following inequality holds:

1
Pr(j61] > 2y/logm | E) < —.
m
Proof. Note that the probability of the event F is 1/m, since all random variables

&1, .., &n are equally likely to be the largest in absolute value. Thus we have (see

Lemma A.1.1)

Pr(l&] >2ylogm) 1 /1 1
Pr<|§1|22vlogm | E) < Pr (E) Sw/a—g

O

Lemma 2.4.14. Let &, --- , & and 1y, -+ ,nm be two sequences of standard nor-

mal random variables as in Theorem 2.4.1. Assume that cov(&,m) > 1 — & and
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cov(&a,m2) > 1 — &, where € < min(1/(4logm),1/7). Then

Nz}

P < )=
il <fel | B)=0 (V52

Proof. Write the desired probability as follows:

Pr(fm| < fm| | E)= Pr(Im| < || and &| < 2/logm | E)

+ Pr (|771| < |ne| and |&] > 24/logm | E) .

First consider the case |{;| < 2v/logm. Denote by dFj¢,| the density of |£;| condi-

tional on E. Then

Pr(jmi] < | and |6 < 2/logm | E)
/2\/@

Pr(lm[ <f[n.| | Eand |&]=1)dFe(t)

2 /Tog m
[ el <inl | B aFg

Now by Corollary 2.4.12,

2IoE wiEm (o /Flogm bt
[ el <l By k= [0 20 gk ).
0 0 1 —_— 2@(.[:)

Let us change the variable to z =1 —2@(t). What is the probability density function
of 1 —2®(|&|) given E? For each i the r.v. 1 —2®(|]) is uniformly distributed on
the interval [0, 1]. Now |&]| > |¢;| if and only if 1 —2®(|&|) > 1 —2®(|¢;|), therefore

1 — 2®(|&,]) is distributed as the maximum of m independent random variables on
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[0,1] given E. Its density function is (z™)" = ma™ ! (for x € [0,1]). We have

/2vl°gm2\/5‘logr~n (i)(t)dF (1) < /°° 2\/5_log7~n i)(t)dF t)
Lo /Ao . (1 — 1
:/ 2 slogmx(l ©)/2 -ma™ dr = m\/élogm/ (1 — )™ ?dx
0 0
— 1 1 VElogm
=my/Elogm| ———— | = ————.
m—1 m m — 1

Now consider the case |;| > 2y/logm, by Corollary 2.4.12,

Pr (\my <|n| | Eand|&]> 2\/10gm> ~0(\3).

By Lemma 2.4.13,

1

Pr(lg| > 2Vlogm | E)<—.
m

This concludes the proof. O

Now we will prove a lemma, which differs from Theorem 2.4.1 only by one

additional condition (4).

Lemma 2.4.15. Let &y, -+ , &y, and ny, - -+, 1y be two sequences of standard normal

random variables. Let € = cov(&;,n;). Suppose that
1. the random variables in each of the sequences are independent,
2. the covariance of every & and n; is nonnegative,
3. % Z:il e=¢,

4. € <min(1/(4logm),1/7).
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Then the probability that the largest r.v. in absolute value in the first sequence

has the same index as the largest r.v. in absolute value in the second sequence is

1 - O(Velogm).

Proof. By Lemma 2.4.14,

P (rm <lml | Jal > maX\ij _ 0(
71>2

Applying the union bound, we get

Tog m ~— .
Pr(fm| < maxfns| | || = maxg]) = O ( > V/max (e%eﬁ)

:o<vlj§m. <m\/_+§m:f>>

by Jensen’s inequalit,
’ < yO(\/logm(\/;l—i-\/g)).

Since the probability that |§;| = max; [{;| equals 1/m for each i, the probability
that the largest r.v. in absolute value among &;, and the largest r.v. in absolute

value among 7; have different indexes is at most

0 (1230 Vi (V54 v8)) <0 (Vi (1 +v8) - 0 (vEToem).

]

Proof of Theorem 2.4.1. Denote ' = 1 — cov(&;,n;). Then (' + -+ + &™) < me.
We may assume that ¢ < min(1/(4logm),1/7) — otherwise, the theorem fol-
lows trivially. Consider the set I = {i:e; <min(1/(4logm),1/7)}. Since ¢ <

min(1/(4logm),1/7), the set I is not empty. Applying Lemma 2.4.15 to random
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variables {&;};.; and {#;},.;, we conclude that the largest r.v. in absolute value
among {&;},.,; has the same index as the largest r.v. in absolute value among

{&1},c; with probability

1—0(\/Iog|l|~|—}|25i> :1—0(@).

el

Since each &; is the largest r.v. among &;,..., &, in absolute value with proba-

bility 1/m, the probability that the largest r.v. among &;,..., &, does not belong

to {&}ep 1s m_|1], Similarly, the probability that the largest r.v. among n,..., 7

m

does not belong to {n;},.; is m#m Therefore, by the union bound, the probability
that the largest r.v. in absolute value among &;, and the largest r.v. in absolute

value among 7; have different indexes is at most

1—0(\/510gm)—2%m. (2.14)

We now upper bound the last term.

m — ’[| by the Markov inequality €
2 < 2—
m min(1/(4logm), 1/7)
< 2 (4logm + 7)e = O(elogm) = O(+/elogm).

(Here we use that clogm < 1.)
Plugging this bound into (2.14) we get that the desired probability is 1 —
O(v/elogm). This finishes the proof. O
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2.5 Third Algorithm

In this section we present our third approximation algorithm for Unique Games and

prove the following theorem.

Theorem 2.5.1. There exists a polynomial time algorithm that finds an assignment
of values to vertices satisfying a (1 — O(ey/logn logk)) fraction of all constraints,
for any instance of Unique Games for which a (1 — €) fraction of all constraints is

satisfiable.

2.5.1 Overview: Orthogonal Separators
In this section we introduce a new type of embeddings from ¢3 into ¢1: embeddings
separating orthogonal vectors.

Definition 2.5.2. A set of vectors X C R? is an (3 space (or ly squared space)? if

for every u,v, and w in X the following inequality holds
lu = ol* + o — wl|* > [Ju — w|*.

This inequality is called an (3 triangle inequality. The (3-distance between two points

w and v equals ||u — vl?.

Note that the vectors in any feasible solution to the SDP for Unique Games,

together with the zero vector, form an £ space.

Definition 2.5.3. Let X be an (3 space. We say that a distribution over subsets
of X is an m-orthogonal separator of X with distortion D and probability scale o if

the following conditions hold for S C X chosen according to this distribution:

[43

2Some authors use the term “an ¢3 space” (e.g. [4]) while others prefer an alternative term, “a
space of negative type” (e.g. [3]). In this dissertation, we stick with the former term.
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1. For allu in X, Pr(u € S) = alul*
2. For all orthogonal vectors u and v in X,

Pr(ue S andveS) < min(Pr(uGS),Pr(vES)).
B m

Note that the right hand side is at most c - w

m

3. For all uw and v in X,
Pr (Is(u) # Is(v)) < aD [lu —v|%,

where Ig is the indicator function of the set S.

The novelty of Definition 2.5.3 is in property 2. It says that for every orthogonal
vectors u and v the events “u € S” and “v € S” are almost disjoint. Let us state

the main technical result needed for the third algorithm.

Theorem 2.5.4. There exists a randomized polynomial time algorithm that, given

an (% space X containing 0 and a parameter m, returns an m-orthogonal separator
of X with distortion D = O(y/log|X|logm) and probability scale o > 1/poly(m).
In the next section we show how using this theorem we obtain an approximation

algorithm for Unique Games. We shall prove Theorem 2.5.4 in Section 2.6.

2.5.2 Approximation Algorithm

Lemma 2.5.5. The third algorithm presented in Figure 2.4 satisfies the constraint

between vertices u and v with probability 1 — O(De,,), where €., is the SDP contri-
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Input: An instance of Unique Games.
Output: An assignment of states to vertices.

1. Solve the SDP.
2. Mark all vertices as unprocessed.
3. while (there are unprocessed vertices)

(a) Produce an m-orthogonal separator S with distortion D and probability
scale v as in Theorem 2.5.4, where m = 4k and D = O(y/lognlogm).

(b) For all unprocessed vertices u :
o Let S, ={i:u; €85}.
e [f S, contains exactly one element 2, then assign the state i to u, and

mark the vertex u as processed.

4. If the algorithm performs more than n/« iterations, assign arbitrary values to
any remaining vertices (note that a > 1/poly(k)).

Figure 2.4: Third Algorithm for Unique Games

bution of the term corresponding to the edge (u,v):

1 k
fw =5 2 1t = vro I
i=1

Proof. 1f De,,, > 1/8, then the statement holds trivially, so we assume that De,, <
1/8. For the sake of analysis we also assume that m,, is the identity permutation
(this is without loss of generality, since we can just rename the states of the vertex
v).

At the end of an iteration in which at least one of the vertices u or v assigned
a value we mark the constraint as satisfied or not: the constraint is satisfied, if

the same state ¢ is assigned to the vertices u and v; otherwise, the constraint is

92



not satisfied (here we conservatively count the number of satisfied constraints: a
constraint marked as not satisfied in the analysis may potentially be satisfied in the

future).

Consider one iteration of the algorithm. There are three possible cases:

1. Both sets S, and S, are equal and contain only one element, then the con-

straint is satisfied.

2. The sets S, and S, are equal, but are empty or contain more than one element,

then no values are assigned at this iteration to u and v.

3. The sets S, and S, are not equal, then the constraint is not satisfied (a

conservative assumption).

Let us estimate the probabilities of each of these events. Using the fact that for
all ¢ # j the vectors u; and u; are orthogonal, and the first and second properties

of orthogonal separators we get (below « is the probability scale):

Pr(|S,/=1) > Y Pr(ieS,)— » Pr(i€S,andjeS,)

i€[k] i,5€[k]
i#]
= ZPF(W €S)— Z Pr(u; € S and u; € 5)
ic[k] i,j€[k]
1#]
a [l | + [| 1
> Yafu- &y Il
i€[k] i,j€K]
1 3
= a—-a=-«
4 4
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The probability that the constraint is not satisfied is at most

Pr(S, #S,) < > Pr(Is(u) # Is(v;)) < aD Y |lu; — v;]|* = 20De,.

ic[k] i€[k]

Finally the probability of satisfying the constraint is at least
3 1
Pr(|S,/=1and S, =S,) > il 2aDe,, > Plat

Since the algorithm performs n/« iterations, the probability that it does not
assign any value to u or v before step 4 is exponentially small. At each iteration
the probability of failure is at most O(De,,) times the probability of success, thus

the probability that the constraint is not satisfied is O(Dey,). O

We now show that the approximation algorithm satisfies 1 — O(e+/logn log k)

fraction of all constraints.

Proof of Theorem 2.5.1. By Lemma 2.5.5, the expected number of unsatisfied con-

straints is equal to

Z O(D X e4,) = O(y/logn logk) x SDP,

(u)EE

where SDP is the SDP value. Since SDP < ¢|E|, the algorithm satisfies 1 —
O(ev/logn log k) fraction of all constraints with high probability. O
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2.6 Producing Orthogonal Separators

In this section we present two algorithms that generate m-orthogonal separators
with distortions D; = O(y/log [X]logm) and Dy = O(y/log [X|logm). The main
difference between the algorithms is that the first algorithm uses embeddings into
/1 as an intermediate step, while the second one uses embeddings into /5. Thus any
improvements in embeddings into ¢; will result in a better distortion for the first
algorithm. We also believe that the first algorithm is simpler than the second one.

The algorithms generate orthogonal separators in three steps. First we normalize
all vectors in a special way. Namely, we transform the set X into a set of functions in
L[0, 00], so that the image of every non-zero vector is a function with Ly norm 1; the
images of orthogonal vectors are orthogonal; the distance between the images of u
and v is roughly equal to ||u—v||/ max(||ul]], ||v]); and the new configuration satisfies
L3 triangle inequalities. This normalizes vectors while ensuring that orthogonal
vectors are mapped to vectors that are far apart.

Next, we embed the transformed set into the unit sphere in ¢; or /5 using slightly
modified previously known algorithms. After this step, the distance between the
images of any two vectors u and v is at most

0 (W) M=ol (2.15)

max({|ul, [[o]])

On the other hand the distances between the images of orthogonal vectors are larger
than an absolute constant. In terms of cuts this means that any two orthogonal
vectors are separated with a constant probability.

Finally, we boost the probability that orthogonal vectors are separated. Then

we recover the original lengths of all vectors and get rid of the 1/max(||ul,||v||)
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term in the distortion (2.15).

2.6.1 Normalization: Embedding into L.[0, o]

The space Ly[0,00] is the space of square integrable functions f : [0,00) — R4

equipped with the following inner product:

s = | R, L) d

and norm:

1fll2 = V{f, ) = \//Om £ ()2 dt.

We construct a mapping ¢ from R? into L [0, oc] as follows

u, ift < 1/|ull*
p(u)(t) =

0, otherwise.

We map the zero vector to 0. Let us see what properties the embedding ¢ has.
Lemma 2.6.1. Let X C R? be an (2 metric space containing the zero vector. Then

1. The image p(X) satisfies triangle inequalities in L3:
Vu,v,w € X [lp(u) — ()13 + [lp(v) — p(w)l3 > [lp(u) — e(w)3-

2. For all vectors u and v in X,

(o), (o)) = — A4V

max(||ull?, [[o][*)
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3. For all non-zero vectors u in X, |o(u)||3 = 1.

4. For all orthogonal uw and v in X, the images p(u) and p(v) are also orthogonal.

5. For all non-zero vectors u and v in X,

2lv — ul?

et = A = ST oy

Proof. 1. The triangle inequality for the functions p(u), ¢(v) and p(w) is equivalent

to the following inequality:

/OOO le(u)(t) — @) + lle() () — p(w) B = o)) — p(w)(B)]|* dt > 0.

This inequality holds for every ¢, since the vectors p(u)(t), ¢(v)(t) and p(w)(t) lie
in the set {0, u,v,w} C X and vectors in X satisfy 3 triangle inequalities.

2. Without loss of generality assume that ||ul| < ||v||, then

= 1ol w
<wwww::£<wwmwmmﬁzl (u, v dt = 120

el

Parts 3 and 4 follow from part 2.

5. Assume without loss of generality that ||u|| < ||v]|, then

le() — el = 2= (p(w),¢(v))

1
= (o = ull* + ol* = flul?
o )
2
< (o = ul®
o~ (0= 1P)
Here we used the triangle inequality ||v — 0]]* < ||v — ul]* + |Ju — 0||%. O
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Remark 2.6.2. The embedding into L3[0,00] can be represented efficiently. Note
that Ly[0,00] is a Hilbert space (and thus isometric to (3), so the metric on every
finite subset of L3]0, 00| is uniquely determined by its Gram matriz®. Hence we just
need to compute the Gram matriz for the vectors/functions from ¢(X). This can be
done using the formula from Lemma 2.6.1 (item 2). Hence, we have the following

corollary.

Corollary 2.6.3. There exists a polynomial time algorithm that, given an (3 space

X, computes the Gram matriz of the set of vectors p(X).

2.6.2 Embedding into /; and /s

We use the following theorem of Arora, Lee, and Naor [3], which is based on the

results of Arora, Rao and Vazirani [4], Lee [25], and Chawla, Gupta and Récke [10].

Theorem 2.6.4 ([3], Theorem 3.1). There exist constants C > 1 and 0 < p < 1/2
such that for every finite (3 space X with distance d(u,v) = |ju — v||* and every
A > 0, the following holds. There exists a distribution p over subsets U C X such

that for every u,v € X with d(u,v) > A,

A
,u{U:ueUandd(v,U)Z—}zp.

C'y/log | X]|

Note that we can efficiently sample from the distribution . We need the fol-

lowing easy corollaries.

Corollary 2.6.5. There exists an efficient algorithm that, given an (3 space X,

generates random subsets Y such that the following conditions hold.

3The Gram matrix of a set of vectors is the matrix, where (ij)-th element is equal to the inner
product of i-th and j-th vectors.
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1. For every u and v in X,

Pr(Iy (u) # Iy (v)) < D [lu—v|]*.

2. For every u and v s.t. ||u—wv| > 1,
Pr(Iy(u) # Iy (v)) = 5,

where [ is a universal constant, D = O(y/log | X|).

Proof. We apply Theorem 2.6.4 to the space X with d(u,v) = [Ju—v||* and A = 1.

Let r be a random variable uniformly distributed in |0, - \/hljgm], where C' is the

constant from Theorem 2.6.4. Let Y be the r-neighborhood of U. Then

Pr(Iy(u) # Iy(v)) = Pr(d(u,U) < r < d(v,U) or d(v,U) < r < d(u,U))

< C\/log [ X[ - E[|d(u, U) — d(v, U)[] < C/log [ X[ - Ju — o]|”

We verified condition 1 for D = C'y/log | X|. Now if ||u — v||* > 1 by Theorem 2.6.4

we have

PrlueY,o¢Y)>Pr (uEUand d(v,U)

1
> — | > .
_C’«/log|X|) =P

Therefore, Pr (Iy(u) # Iy(v)) =Pr(ueY,v ¢ Y)+Pr(u ¢ Y,oeYY) > 2p. Thus
condition 2 holds for 3 = 2p. O

Corollary 2.6.6 (cf. [3]|, Lemma 3.5). There exists an efficient algorithm, that

constructs an embedding h of an (3 space X into Ly such that the following conditions
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hold.

1. For allu and v in X,

1h(w) = h(v)]| < D flu—olf*.

2. For every u and v s.t. ||lu—wv| > 1,

[7(u) = h(v)]| = 2.

3. The set h(X) lies in the unit ball:

Vu € X ||h(u)] < 1.

where v is a universal constant; D = O(4/log|X]).

Proof. We apply Theorem 2.6.4 to the space X with d(u,v) = [Ju—v||* and A = 1.
Let Lo(u) be the space of functions from {U : U C X} to R equipped with the inner
product (f,g) = E[f(U)g(U)], where U is distributed according to the distribution

p from Theorem 2.6.4. Define an embedding h of X into Ls(p) as follows:

h(u) = min(C+/log | X| - d(u,U),1).

We verify that all conditions 1-3 are satisfied.
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1. We prove that the expansion of h is at most D = C'\/log | X]|.

[P(u) = h()Zy) = E [1A(w) = h(0)]’]
= E|min(D -d(u,U),1) —min(D - d(v,U), 1)|?

2
<E[(D-Ju=v[®)*] = (D llu—v))?.
2. Now if ju — v||* > 1 by Theorem 2.6.4 we have

1
Pr (ue U and d(v,U) > —) > p.

C'\/log | X]|

Therefore, Pr (h(u) = 0,h(v) = 1) > p. Hence

1h(u) = h()IIL, @ > Pr(h(u) = 0,h(v) = 1) + Pr (h(u) = 1, h(v) = 0) > 2p.

We verified condition 2 for v = /p/2.
3. We have

1h(w)|? = E [min(C\/log X - d(u,U),1)?| < 1.
O

Corollary 2.6.7. There exists an efficient algorithm, that constructs an embedding

Y of an 03 space X into ly such that the following conditions hold.

1. For alluw and v in X,

4 (u) = ()| < Dllu— vl
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2. For every u and v s.t. ||lu—ov| > 1,

[(u) — ¢ (v)]| > 27.

3. The set ¥(X) lies on the unit sphere: Yu € X

[ (u)ll =1,

where v is a universal constant; D = O(4/log|X]).

Proof. Construct an embedding h(u) from Corollary 2.6.6. We can assume that
h(u) is an embedding into ¢ since it is isometric to Ly. Define a new embedding as

follows:

Y(u) = h(u)/2+ /1 = [[h(u)]?/4 e,

where e is a unit vector orthogonal to all vectors in h(X). It is easy to see that the

embedding 1 satisfies conditions 2 and 3. Let us check condition 1:

l(w) =)l < NIh(w) = h)[I/2+ V1 = [w)]2/4 = V1 = [[h(v)[[2/4]
< Cil[h(w) = h(v)]] < C1 DlJu —v|*,

since 0 < ||h(u)||/2 < 1/2, and the function v/1 — 22 is a Lipschitz function on the

interval [0, 1/2]. O

2.6.3 Generating Orthogonal Separators via /4

In this section we present an algorithm to generate orthogonal separators with

distortion O(4/log|X|logm). This result is not as strong as the one given in the
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next section, but is arguably simpler, and demonstrates a number of the same ideas.

Using this algorithm, in conjunction with Lemma 2.5.5, implies the following result:

Theorem 2.6.8. There exists a polynomial time algorithm that finds an assignment
of values to vertices satisfying a (1 — O(ey/lognlogk)) fraction of all constraints,
for any instance of Unique Games for which a (1 —€) fraction of all constraints is

satisfiable.

The algorithm presented in Figure 2.5 generates orthogonal separators as spec-

ified above.

Lemma 2.6.9. The algorithm generates an m-orthogonal separator of X with dis-

tortion O(y/log|X|logm) and probability scale o = 1/|X]|.

Proof. Let us verify that all the conditions of Definition 2.5.3 hold.
1. Fix an arbitrary u. Conditional on the event 7 < |Ju/|? the probability of picking

win S is equal to 1/|X|. Thus

1 1

2. Fix orthogonal vectors u and v from X. By Lemma 2.6.1 (parts 3 and 4),
lo(u) — @(v)]|3 = 2, hence by Corollary 2.6.5,

Pr(Iy,(u) = Iy,(v)) <1 - 6.

Thus the probability that W (u) = W (v) is at most (1 — 8)! < L. The probability

L
m
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Input: An % set of vectors X (containing 0), a parameter m.
Output: A random set S.

1.

2.

Set | = [lnm/3] (where (3 is as in Corollary 2.6.5).

Obtain ¢(X), a normalization of X, as described in Section 2.6.1.

. Apply the algorithm from Corollary 2.6.5 to the set ¢(X), to generate [ ran-

dom independent subsets Y7,...,Y; C p(X).

For every vector u € X, construct a word W (u) of length [ corresponding to
inclusion or exclusion of ¢(u) from the sets Y;:

W(u) = Iy, (¢(w)) ... I ((u)).

Pick a random word W in {0, 1} s.t. the probability that W = W (u) (for each
u) equals 1/|X|. This is feasible since the number of distinct words constructed
in step 4 is at most |X| (possibly we may pick a word not corresponding to
any W (u)).

Pick a random uniform value r in the interval (0, 1).

Find all vectors u of £3-length at least r such that W(u) = W:

S={ueX:|ul|*>rand Wu)=W}.

Return S.

Figure 2.5: Generating Orthogonal Separators via ¢;

that v and v are in S is as follows:

Pr(u,veS) = Pr(W(u)=W(v) and W = W(u) and r < min(||u[]?, [|v|*))

= Pr(W(u) =W(v)) - Pr(W =W(u)) - Pr(r < min(|u]? |[v]]*))

_ 1 mingul? ol?) _ min(Pr (e S),Pr(v € 5)
- X m B m '
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3. Fix v and v from X and assume |ju|| < ||v||. Similarly to part 2, we have

Pr (Is(u) # Is(v)) = Pr(W(u) # W(v) and (W =W (u) or W = W(v))

and 7 < [[ulf?) +Pr (W = W(v) and [lu]]* < r < [[o]]’)

26l b ) £ WD & - (ol — [l
< S PrOv) £ W) + i (P = ).

Now, by Corollary 2.6.5 (part 1) and Lemma 2.6.1 (part 5),

Pr (W () <y ) # Iy ((v)))

20/log | X - [[u —v|”
< IWlog |X| - [lg(u) — (v)ll3 < :

[o]|*

Using the /3 triangle inequality ||v[|? — |lu||* < |ju — v||* we get

L (a? o
Pr(1s0) # ) < o (G VIR +1) Ju o

1
= g7 I O(V10g X togm).

2.6.4 Generating Orthogonal Separators via /,

In this section we prove Theorem 2.5.4, which in turn implies Theorem 2.5.1 (using

Lemma 2.5.5). We present an algorithm to generate orthogonal separators using

embeddings into /5.

Theorem 2.6.10. The algorithm generates an m-orthogonal separator of X with

distortion O(y/log|X|logm) and probability scale o = 1/m/.
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Input: An % set of vectors X (containing 0), a parameter m.
Output: A random set S.

1

2.

. Fix m' = p(m), where p(x) is a polynomial we specify later.
Obtain ¢(X), a normalization of X, as described in Section 2.6.1.

Embed ¢(X) into the unit sphere in ¢5 (see Corollary 2.6.7). Denote the image
of the vector p(u) by ¥(u).

Generate a random Gaussian vector g with independent components dis-

tributed as N (0,1).

Fix a threshold ¢ s.t. Pr (£ > t) = 1/m/, where £ ~ N (0,1) (i.e. tis (1—1/m’)-
quantile of the standard normal distribution).

Pick a random uniform value r in the interval (0, 1).

Find all vectors u of £3-length at least r such that (¢(u), g) > t:

S={ueX:|ul*>rand (Y(u),g) >t}.

Return S.

Figure 2.6: Generating Orthogonal Separators via /s

Proof. Let us verify that all the conditions of Definition 2.5.3 hold.

1. Fix an arbitrary u. Conditional on the event r < |jul|? the probability of picking

w in S is equal to 1/m’. Thus

1 1
Pr(uesS)= e Pr(r < |ull’) = vk [|u]|?.

2. Fix orthogonal vectors u and v from X. Similarly to Lemma 2.6.9 (part 2), we

66



have

Pr(u € S and v € 5)
= Pr ((¢(u), g) > t and (¢(v), g) > t and r < min([[u?, v]*))
= Pr((¢(u), g) > t and (¢(v), g) > ) - min([lu], [[v]*)
< Pr({((w) + ¢(v))/2,9) = t) - min(]|ul|?, [lv]]*)
=m'Pr(((¢(u) +¢(v))/2,9) = t) - min(Pr (u € ), Pr (v € 5)).

We need to show that

Pr(((¢(u) +¢(v))/2,9) 2 1) < 1/(m-m).

By Lemma 2.6.1 (parts 3 and 4), ||¢(u) — ¢(v)||3 = 2. Thus by Corollary 2.6.7,

| (u) — ¥ (v)|| > 27, where v is a positive constant. Hence

2

<1-—72

Var {(6(0) + v(0)/2.9)] = |2

Now by Lemma A.1.1 (part 3) from the Appendix (we assume that the polynomial

p(z) is chosen so that m’ > 6 and thus t > 1)

(here ®(z) denotes the probability that a standard normal random variable is greater

than ). Recall that we fixed m’ to be p(m), where p(z) is a polynomial. It is easy to
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see that for an appropriate p(x) (that depends only on the constant «y) the expression

m

’ 1/(1_ 2)_1
@) ((105_’,”> ! ) is less than 1/m, therefore the value of the right hand side
is less than 1/(m - m’).
3. Before we proceed with the proof, let us first prove the following lemma about

normal variables.

Lemma 2.6.11. Let X and Y be two standard normal random wvariables with co-

variance 1 — 2¢%; and let ®(t) = 1/m, t > 1. Then

Pr(X >t andY <t) = O(ey/logm/m).

Proof. If et > 1 or € > 1/2, then we are done, since ey/logm = Q(et) = Q(1) and

1
Pr(X>tandY <t) <Pr(X >t)=—.
m

So assume that et < 1 and ¢ < 1/2. We apply Lemma 2.4.6 to random variables Y’
and X/(1—2¢?)—Y). Note that the covariance of the random variables is 0, hence

they are independent. Note that 0% = Var[X/(1 — 2¢?) — Y] = O(¢?). We have

Pr(X>tandY <t)=Pr (Y <tand Y + (X/(1 —2¢°) = Y) > t/(1 — 2¢?))

<Pr(Y <tandY + (X/(1-2*)-Y) >1)

@) (oewef) = O(e®(t)t) = O(e\/logm/m).
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Now we verify the third condition. For all v and v from X,

Pr(u e Sand v ¢ S)
= Pr ((¢(u), g) = t and (¢(v), g) < t and r < min((Jul, ||v]]*))
+Pr ((¥(u), g) > t and [[ol* < r < [Jul?)

< Pr((¢(u),g) >t and ((v), g) < t) - min(]|ull?, [Jv]*)

+ 1/m’ - [lul® = [lol

By Lemma 2.6.11,

Pr(() (¥(u), g) = ¢ and ($(v),g) < 1) < O(|(v) — (|| /log m’ /')
(Hs@ ()3 vlog [X] - wogmf/m’)
o=l e
<0 (m (el oy V108 X1 Vdogm'/ )
Therefore,

Pr(Is(u) # Is(v)) = Pr(ueSandv ¢ S)+Pr(u¢ Sandwvebs)

< o Ve Vg

max({|ul?, [|v]]

x min([lul®, [[o]|*) +2/m" | [[ul]® — [Jv]]*

< O (llv— ull*viog X[ - Viogmi'/m')

This completes the proof.
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2.7 dto 1l Games

In this section we extend our results to d-to-1 games.

Definition 2.7.1. We say that I1 C [k] X [k] is a d-to-1 predicate, if for every i
there are at most d different values j such that (i,7) € 11, and for every j there is

at most one i such that (i,7) € II.

Definition 2.7.2 (d to 1 Games). We are given a directed constraint graph G =
(V,E), a set of variables x, (for all vertices u) and d-to-1 predicates 11, C [k] X [k]
for all edges (u,v). Our goal is to assign a value from the set [k] to each variable

Ty, So that the mazimum number of the constraints (x,,x,) € Il,, is satisfied.

Note that even if all constraints of a d-to-1 game are satisfiable it is hard to find

an assignment of variables satisfying all constraints. We will show how to satisfy

Vd—14e

QO 1 (1 )4 k T Vd+1-e
Viogk c Vdiog k

fraction of all constraints (the multiplicative constant in the € notation depends
on d). Notice that this value can be obtained by replacing € in formula (1.1) with
e =1—(1—¢)/vd (and changing (1 — )% to (1 —&)*).

Even though we do not require that for a constraint 11, each 7 in [k] belongs to
some pair (i,7) € Il,,, let us assume that for each ¢ there exists j s.t. (i,7) € Il,;
and for each j there exists i s.t. (i,7) € Il,,. As we see later this assumption is not
important.

In order to write a relaxation for d-to-1 games, we introduce the following no-
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tation:

The SDP is as follows:

winimize 5 3 (ZH - )

(u v)EE
subject to

VueVVijelklizj (u,u)=0 (2.16)

k
VueV Y flul® = (2.17)

=1
V(u,v) € Vi, j e [k] (ui,vj) >0 (2.18)
V(u,v) € Vi€ [k] 0 < (ug,w,) <min(||w], |wh,]?) (2.19)
An important observation is that ||w},||* + ... + |Jw%,||> = 1, here we use the

fact that for a fixed edge (u,v) each v; is a summand in one and only one w,

We use the first algorithm for Unique Games (described in Section 2.3, see

Figure 2.2) for rounding a vector solution. For analysis we will need to change some

notation:

W/ 1wiy ||, 3 wr, # 0;
uv

0, otherwise

Jli 2

Euo =1—

1—¢,
uv \/E
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. U; 2+ wfw 2
uuv(@)zu I 2H I

The following lemma explains why we get the new dependency on ¢.

Lemma 2.7.3. For every edge (u,v) and state i there exists j' s.t. (i,7") € I, and

la: — 0]12/2 < £,

Proof. Let u; be the projection of the vector @; to the linear span of the vectors
v; (where (i,7) € II,,). Let o; be the angle between @; and w!,; and let 3; be the
angle between @; and u}. Clearly, ||u}|| = cos3; > cosa; = 1 —¢€',. Since all v,

((i,7) € T,,) are orthogonal unit vectors, there exists ¥ s.t. (v, u}) > |[uf||/V/d.

Hence, (0;/, @;) = (00, u;) > (1 — ely)/ V. =

For every edge (u,v) and state 7, find j' as in the previous lemma and define a
function? m,, (i) = j'. Then replace every constraint (z,,z,) € Il,, with a stronger

constraint m,,(z,) = z,. Now we can apply the original analysis of Algorithm 1 to

7

tlforel 01— (1— suv)/\/a

the new problem. In the proof we need to substitute ¢

for £,,, and 1 — (1 — £)/V/d for . The only missing step is the following lemma.

Lemma 2.3.7". For every edge (u,v) the following statements hold.
1. The average value of €', w.r.t. the measure [, s less than or equal 1o €y, .

2. The average value of €',' w.r.t. the measure ., is less than or equal to
R
3. min(sy,, s, ) > d(1 —el,) 1 (i)k.
Proof. Let a; be the angle between u; and w!, and let o be the angle between wu;

and vr,, ()

4The function 7y, is not necessarily a permutation.
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k 4 .
N i [[will® + w1 = (Juall® + [Jwy, [I?) - cos a;
E Pun (1) - €1y = E :

i=1 i=1

IN

k» . .
>, Jull> + [Jwi, I =2 - [Jual| - fJw}, || - cos o
2

=1

k .
_ Z Jui —wi,|* .
- - uv -
=1 2

2. This follows from part 1 and the definition of £ .

3. Due to the triangle inequality constraint, ||w!,|| cosa; < ||lu;]|. Thus

lwall* + llw,, |I*

2

(1 — €) Hun (i) = cos” a; - < il

Similarly ||vn,, | cos o) < |lu;|| and
I

(1 — &) [luill* < cos” o - JJug|* < flom,,I*

Combining these two inequalities and noting that (1 —&,/) = (1 —&',)/V/d, we get

d(1 = €1,,") pun (i) < (1 = ) luill* < [lvm,, )1

The lemma follows. O

We now address the issue that for some edges (u,v) and states j there may
not necessarily exist ¢ s.t. (i,7) € II,,. We call such j a state of degree 0. The
key observation is that in our algorithms we may enforce additional constraints like

Ty =1 O Xy, # 1 by setting u; = 1 or u; = 0 respectfully. Thus we can add extra
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states and enforce that the vertices are not in these states. Then we add pairs (i, j)
where i is a new state, and j is a state of degree 0 (or vice-versa). Alternatively we

can rewrite the objective function by adding an extra term:

mlnlmlze— > (ZH wp —why ||* + [, |!2>,

(u v)EE

where w?, is the sum of v; over j of degree 0.
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Chapter 3

MAX 2 CSP

3.1 Semidefinite Relaxation

In this section, we describe the vector program (SDP) for MAX 2CSP/MAX 2SAT.
For convenience we replace each negation z; with a new variable x_; that is equal
by the definition to z;. First, we transform our problem to a MAX 2SAT formula:

we replace
e cach constraint of the form x; A z; with two clauses z; and zj;
e cach constraint of the form x; ® x; with two clauses x; V z; and _; V 2_;;
e finally, each constraint z; with z; V x;.

It is easy to see that the fraction of unsatisfied constraints in the formula is equal, up
to a factor of 2, to the number of unsatisfied constraints in the original MAX 2CSP
instance. Therefore, if we satisfy 1 —O(min(+/z, ey/logn)) fraction of all constraints
in the 2SAT formula, we will also satisfy 1 — O(min(y/g,e/logn)) fraction of all

constraints in MAX 2CSP. In what follows, we will consider only 2SAT formulas.
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To avoid confusion between 2SAT and SDP constraints we will refer to them as
clauses and constraints respectively.

We now rewrite all clauses in the form x; — z;, where i, j € {£1,+2,...,£n}.
For each x;, we introduce a vector variable v; in the SDP. We also define a special
unit vector vy that corresponds to the value 1: in the intended (integral) solution
v; = vy, if x; = 1; and v; = —wvy, if ; = 0. The SDP contains the constraints that
all vectors are unit vectors; v; and v_; are opposite; and £3-triangle inequalities.

For each clause x; — z; we add the term

(o = vill* = 2{v; = vi, v0))

0| —

to the objective function. In the intended solution this expression equals to 1, if the
clause is not satisfied; and 0, if it is satisfied. Therefore, our SDP is a relaxation of
MAX 2SAT (the objective function measures how many clauses are not satisfied).

We get an SDP relaxation for MAX 2SAT:

1
minimize g Z ij - UiH2 - 2(%’ - Ui>UO>

clauses z;—x;

subject to
i — ;|2 + |Jv; — vil* > |lvi — v for all 4,5,k € {0,£1,...,£n}
]| =1 for all i € {0,+1,...,+n}
v = —v_ for all i € {£1,...,£n}

76



In a slightly different form, this semidefinite program was introduced by Feige and
Goemans [14]. Later, Zwick [34] used this SDP in his algorithm.

Note that since all vectors v; are unit vectors, triangle inequalities can be written
as

|vi = v; ]| + (v; — vy, v8) > 0.

In particular, triangle inequalities imply that the contribution of each clause z; — z;

to the SDP objective function is nonnegative:
|v; — vil|? = 2{v; — vi,v0) >0 for each clause z; — x;. (3.1)

In fact, our first algorithm (which satisfies 1 — O(y/€) fraction of all constraints)

requires only triangle inequalities of type (3.1).

3.2 First Algorithm

In this section, we present an approximation algorithm that finds a solution satis-
fying 1 — O(y/e) fraction of all constraints given a 1 — ¢ satisfiable instance. The
approximation algorithm is shown in Figure 3.1. We interpret the inner product
(vi, vo) as the bias towards rounding v; to 1. The algorithm rounds vectors orthogo-
nal to vy (“unbiased” vectors) using the random hyperplane technique. If, however,
the inner product (v;,vg) is positive, the algorithm shifts the random hyperplane;
and it is more likely to round v; to 1 than to 0.

It is easy to see that the algorithm always obtains a valid assignment to variables:
if x; = 1, then z_; = 0 and vice versa.

A clause z; — x; is not satisfied by the algorithm if & > ¢; and &; < ¢; (i.e. z;
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Input: An instance of MAX 2S5AT.
Output: An assignment of variables x;.

1. Solve the SDP for MAX 2SAT. Denote by SDP the objective value of the
solution and by ¢ the fraction of the constraints “unsatisfied” by the vector

solution, that is,
SDP

£€= ——F—.
#constraints

2. Pick a random Gaussian vector g with independent components distributed

as NV(0,1).
3. For every 1,
(a) Project the vector g to v;:
& = <97Ui>-

Note, that & is a standard normal random variable, since v; is a unit
vector.

(b) Pick a threshold t; as follows:
ti = —(vi, v0) [ Ve .

(c) If & > t;, set x; = 1, otherwise set z; = 0.

Figure 3.1: First Algorithm for MAX 2SAT

is set to 1; and z; is set to 0). The following lemma bounds the probability of this

event.

Lemma 3.2.1. Let & and & be two standard normal random variables with covari-
ance 1 —2A? (where A > 0). For all real numbers t;, t; and § = (t; —t;)/2 we have

(for some absolute constant C')
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Pr(& >t and & < t;) < Cmin(A?/|§],A).

Pr(§ >t and & < t;) < C(A + 29).

Proof. 1. First note that if A = 0, then the above inequality holds, since & = ¢;
almost surely. If A > 1/2) then the right hand side of the inequality becomes
Q1) x min(1/[6|,1). Since max(t;, —t;) > [6|/2, the inequality follows from the
bound ®(|8]/2) < O(1/|d]). So we assume 0 < A < 1/2.

Let £ = (&+¢;)/2 and n = (§,—&;)/2. Notice that Var [¢] = 1—A?, Var [n] = A%
and random variables ¢ and n are independent. We estimate the desired probability

as follows:

ti t; ti—t'
T t;+ 1 t; —t
= /Pr(nz‘t— ; 4 ; j)ng(t).

Note that the density of the normal distribution with variance 1 — A? is always less

than 1/4/27m(1 — A?) < 1, thus we can replace dFg(t) with dt.
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ti—t;

+o0 + =

P

ity

Pr(& <tjand & > ¢;) dt

- A

=/
[ a (M)

/ ® (|s| + 0] /A)ds (by Lemma A.1.1)

2
<C'A. / —Qelslgl/a)?
V2T

= 2C'A - (5| /A) (by Lemma A.1.1)

< 2C"min(A? /8], A).
2. We have

Pr(§<tjand & >1t) < Pr(§<tjand&>t)+Pr(t; <& <ty

< C(A+29).

For estimating the probability Pr(§; <t¢; and & > t;) we used part 1 with ¢, =

. 0

Theorem 3.2.2. The approximation algorithm finds an assignment satisfying a
1 —O(\/2) fraction of all constraints, if a 1 —e fraction of all constraints is satisfied

i the optimal solution.

Proof. We shall estimate the probability of satisfying a clause x; — ;. Set A;; =
lv; — vill /2 (so that cov(&;, &) = (vi,v;) = 1 —2A%) and 6 = (t; — t;)/2 =
—(vj — v;,v0)/(2/€). The contribution of the term to the SDP is equal to ¢;; =

(AF; +0i5/E) /2.
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Consider the following cases (we use Lemma 3.2.1 in all of them):

1. If 6;; > 0, then the probability that the clause is not satisfied (i.e. { > t; and

x; < t;) is at most
C(Ay; +20;5) < C(/2¢5 + 4eyj [ V).

2. If 6;; < 0 and A?j < 4¢;;, then the probability that the clause is not satisfied

1S at most

CA; < 2C.\/a5.

3. If 6;;j < 0 and Afj > 4¢;;, then the probability that the constraint is not

satisfied is at most

cA2 CAY CVeA

_ <
|94 (A% —2ci5) /e = A7 — AF)/2

=2C/e.

Combining these cases we get that the probability that the clause is not satisfied is

at most

AC(/eij + cij/ Ve + V).

The expected fraction of unsatisfied clauses is equal to the average of such
probabilities over all clauses. Recall, that ¢ is equal, by the definition, to the
average value of ¢;;. Therefore, the expected number of unsatisfied constraints is

O(ye +¢/+/e + ¢€) (here we used Jensen’s inequality for the function /- ). [
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3.3 Second Algorithm

3.3.1 Preliminaries

For every instance of MAX 2SAT we consider a corresponding directed graph G =
(V,E): the set of vertices equals V' = {£1,£2,...,+n}; two vertices ¢ and j are
connected by a directed edge (i, j) if there is a clause x; — z; or a clause x_; — z_;
(note that these two clauses are equivalent) in the MAX 2SAT instance. The graph
G is symmetric in the following sense: if (i, ) is an edge then (—j, —i) is an edge

as well.

Definition 3.3.1. Given a set of vertices S, denote the set of edges outgoing from
S by 6°U4(S); the set of edges incoming to S by 6™ (S). Denote by 634(S) [0 (S)]
the set of edges outgoing from [incoming to] S in the subgraph G[M| of G induced

by a vertex set M.

Consider a feasible solution {v;},.,, to the semidefinite relaxation for MAX
2SAT. We introduce a directed distance function d : V x V. — R* U {0} as fol-

lows

d(i, ) = |lvi — vs]I* = (vo, v; — vi) = [lvi — v; | = llvo — vill* + [lvo — v >
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Lemma 3.3.2. The function d(-,-) satisfies the following four properties:

Vie X d(i,i) =0

Vi,jeX d(i,j) >0

Vi,j k€ X d(i,7) +d(j, k) > d(i, k)
Vi,je X d(i, j) = d(—j, —1).

Remark 3.3.3. We will call a distance function that satisfies the first three prop-
erties a directed semimetric!; if additionally a function satisfies the fourth property

we will call it symmetric directed semimetric.

Proof. Clearly, d(i,i1) = 0. The fact that d is nonnegative trivially follows from the
triangle inequality constraint of the semidefinite relaxation. Now we verify the third

condition (the triangle inequality for d):

d(i, ) + d(5,k) = llvi — vjl* = lvo — vsl|* + [Jvo — vyJ*
+ vy = vell® = llvo — v;l* + [lvo — ve])®
= [Jvi = vl1* + llo = vell* = llvo — will* + [lvo — vi

> [Jvi = vjll* = llvo = vill* + [lvo — vell* = d(i, k)

We define the distance between sets and points in the natural way:
e d(S,T) = Miljes;jer d(i,j);

o d(i,5) = d({i},5);

IDirected semimetrics are sometimes called quasi-semimetrics.
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e d(S,1) =d(S,{i});

Definition 3.3.4. Given a set of vertices M C V', we define its volume as follows:

vol(M) = >~ d(i,j).

(i,j)€E
i,jEM

Definition 3.3.5. We say that two sets of vertices, S and T, are A-separated with
respect to d if d(S,T) > A. Similarly, we say that two sets of vectors in FEuclidean

space, S and T, are A-separated with respect to (3 if for everyu € S and v € T

llu — v||2 > A.

3.3.2 Separation Theorem

In this section, we remind the reader the separation theorem of Arora, Rao and
Vazirani [4]. Then we prove a variant of this theorem for the directed semimetric d.
We will use the algorithm of Arora, Rao, Vazirani [4] with the separation guar-

antee of Lee [25].

Theorem 3.3.6 (Arora, Rao, Vazirani [4], Lee [25]). Consider a set X of points in

Euclidean space. Assume that it satisfies (3 triangle inequalities:
Vu,v,w € X flu—v|* + lv—w|* > [lu —w|?

and that it is spread:

D M=) > elXP,

u,veX

where ¢ is a constant that does not depend on X. Then there exist two sets S, T C X
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that are Q(1/+/Tog n)-separated with respect to {3 and such that each of them contains
a constant fraction of all points in X.

Furthermore, there is a randomized polynomial-time algorithm for finding these

subsets S, T.

Note that a feasible SDP solution {v;} for MAX 2SAT is spread. Indeed,

> v =l

i,jeEV
= 37 (o= oyl llos = vl o — vl o — o)

i€V, jev
>0, j>0

= ) 8=sn?=2V|.

i€V, jev
i>0, 5>0

Therefore, we can apply Theorem 3.3.6 to it. Moreover, we may assume that the
algorithm returns sets S and T that are symmetric: S = —T (Indeed, the first step
of the ARV algorithm partitions V' into symmetric sets S" and T": S" = —T". At the
deletion step we have some freedom in choosing matchings. We should always choose
symmetric matchings, that is if (¢, j) belongs to the matching, (—i, —j) should also

belong to the matching. See also [25, Corollary 4.10].).

Corollary 3.3.7. Let {v;},.,, be a feasible solution of the semidefinite relazation
for MAX 2SAT. Then there exists a set S C V such that |S| = Q(n) and sets
{v;:i € S} and {—v; : i € S} are Q(1/\/log n)-separated with respect to (3.

Furthermore, there is a randomized polynomial-time algorithm for finding S.

Now we prove a variant of this corollary for weighted graphs. Our proof is based

on the approach of Chawla, Gupta and Récke [10]: we introduce many duplicate
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vertices for every vertex of the weighted graph; the number of duplicates is (roughly)
proportional to the weight of the vertex.
Assume that every vertex 7 has a weight w; and that w; = w_;. Denote the

weight of all vertices in a set M by W (M).

Corollary 3.3.8. There exists a set S C V' such that W(S) = Q(W(V)) and sets
{vi:i€ S} and {—v; :i € S} are Q(1/\/logn)-separated with respect to (3. Fur-

thermore, there is a randomized polynomial-time algorithm for finding S.

Proof. Denote W = W (V). For every vertex i, we introduce

2]

duplicate vertices (i, 1), ..., (i,m;) and let v(; j) = v;. Clearly, the set {v; ; } satisfies
the SDP constraints since v(; ;) = v(—; ;) and all vectors v(; j) lie in the set {v;}. Since
m; < n? there are at most 2n>® new vertices.

We apply Corollary 3.3.7 to vectors {v(i,j)}. We obtain a set Sg,, such that
sets {v;; = v; 1 (1,7) € Saup} and {—v; ; = —v; 1 (i,]) € Saup} are A-separated with
respect to (3 distance, and Sy,, contains a constant fraction of duplicate vertices.
Let S be the set of vertices 7 such that at least one duplicate of i belongs to Sg,.

First, sets {v; : i € S} and {—v; : i € S} are A-separated. Then

m,W W w

; ; n? n? 4
ieS i€S i€S

On the other hand,

|Saup| = © (Z ml-) >0 (Z (%2 - 1)) = Q(n*—|V]) = Q(n?).

eV i€V
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Therefore, W(S) = Q(W). O
We are ready to prove a separation theorem for the directed semimetric d(-,-).

Theorem 3.3.9. There exists a polynomial-time randomized algorithm that given a
graph G = (V, E), a feasible solution v;, and a set of non-negative weights {w;},

(w; = w_;) finds a set S CV such that

o sets S and —S ={—i:i € S} are A-separated with respect to d;

Proof. We apply the algorithm from Corollary 3.3.8. The algorithm returns a set
of vertices S such that the sets {vi 1€ 5'} and {—vi 1€ S} are €(1/+/logn)-

separated with respect to (3. Let

ST ={ieS: (v,v) >0}

ST ={ieS: (v,uv) <0}

Note that sets ST and —S™ = {—i : i € S~} are Q(1/+/logn)-separated with respect

tod: Ifie ST, j € =S, then

d(i, j) = llvi = v;* + 2(vo, vi — vj) = [lvi = vyl|* = Q(1//log ).

Similarly sets —S~ and St are Q(1/+/Iogn)-separated. Since S = S*U S~ one of
the sets ST or S~ contains a constant fraction of the total weight. Therefore, either

S =S5T or S = —95" satisfies the condition of the theorem. O
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Input: A directed graph G = (V, E); a feasible solution {v;},., .
Output: A partitioning of V into three sets S, R, and —S.

1. Let

(Note that w; = w_;.)

2. Run the separation algorithm from Theorem 3.3.9 with weights w;. Denote
its output by S*. Denote the distance between sets S* and —S* by A.

3. Define a level cut E; (t € (0,A)):
E,={(i,j) € E:d(S*,i) <tand d(S*,j) >t} U
{(i,j) € E:d(j,—5") <t and d(i,—S*) > t}.
4. Find t € (0,A/2) which minimizes the size of Ej.
5. Let S be the set of vertices that are reachable from S* in the graph G' — E},.
6. Let R=M\ (SU-9).
7. Return S, R and —5.

Figure 3.2: Finding (5, R, —S) Partitioning
3.3.3 Algorithm and Analysis

Theorem 3.3.10. Given a directed graph G = (V, E) such that V. = =V and a
feasible solution {v;},.,, the algorithm presented in Figure 3.2 finds a partitioning

of V into three sets S, R, and —S such that
674(8)| + 6™(=8)| = O (VIog [V] vol(M) )
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2. The volume of R is at most a constant fraction of the volume of the graph:

vol(R) < ¢ vol(M), where ¢ <1 is a constant.

Proof. First, we prove that sets S and —S are disjoint. Note that for every i € S,
d(S*,i) < A/2; similarly, for every j € =S, d(j, —S*) < A/2. Therefore, for every

1€ 8,5 € —95, we have
d(i,j) > d(S*,—S*) —d(S*,i) — d(j,—S™) > 0.

Hence i # j.
By the definition of S, §°(S) C E;,; 6™ (—S) C Ey,. Using standard arguments

we get

vl(v) = > daj= Y (As) - ds)
(i,9)EF (i,J)EE
d(s*,f)>d(5%,i)

d(S*,j) A/2
= > / dt > / | E,|dt.
, d(S* i) 0

(i,9)EFE
d(S*,7)>d(S" 1)

hence | Ey,| < £ vol(V) and

15°4(S)| + [ (—S)| < %VOKM) = 0 (ViogVTvol(V)) .

Now let us estimate the volume of R. Since W (S) = QW (V)), W(R) < cW(G)
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for some constant ¢ < 1. On the other hand,

vol(R) = Y d(i,j) < %Zwi = @;
(

1,j)EE 1ER
1,jER
1 W(V)
eV
Therefore, vol(R) < cW(G). O

Applying this algorithm recursively, we get an algorithm for the MAX 2SAT

problem.

Input: An instance of MAX 25AT.
Output: An assignment of variables x;.

1. Let G = (V, E) be the graph corresponding to the MAX 2SAT instance.

2. Solve the semidefinite relaxation for MAX 2SAT. Obtain a solution {v;}, .
3. Let k=0, Ry =V.

4. while Ry is not empty

(a) Find (S, R, —S) partitioning of G[Ry] (the graph induced on G by R;).
(b) Let Spe1 =S, Rpr = R, k =k + 1.

5. Let S=5U---US.

6. For every i € V| let

false, otherwise.

{true, if1 €5,
T, =

Figure 3.3: Second Algorithm for MAX 2SAT

Theorem 3.3.11. Given an instance of MAX 2SAT where 1 — ¢ fraction of all
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constraints are satisfiable, the algorithm presented in Figure 3.3 finds a solution
that satisfies a 1 — O(ey/logn) fraction of all constraints. The algorithm runs in

randomized polynomaial time.

Proof. Note that at each iteration k, V' is a disjoint union of sets S;U. .. Sk, Ri, and
—(S1 U...Sk). Since when the algorithm stops Ry = &, sets S and —S partition
V. Therefore, our assignment to x; is valid: if z; is true then x_; is false and vice
versa.

Note that a clause x; — z; is not satisfied if and only if 7 € S and j € —5, that
is, when the edge (i, 7) goes from S to —S. We use the following estimate on the

number of such edges:

|(50m(51>’ + ’(5in(—51)| + ’5%?(52” + |(5§§1(—52)’ + ...
=0 <\/10g n) - (vol(V) + vol(Ry) +...).

The key observation is that the volume of R; decreases geometrically, so the number

of unsatisfied clauses is O(y/logn) - vol(V). O
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Chapter 4

Conclusion and Future Work

4.1 Conclusions

In this dissertation, we presented approximation algorithms for two Constraint Sat-
isfaction Problems, Unique Games and MAX 2CSP. Our algorithms have better
approximation guarantees than previously known algorithms in all ranges of pa-
rameters. Moreover, three our algorithms are nearly optimal (assuming the Unique
Games Conjecture).

Our results for Unique Games have interesting complexity implications. They
show that when the fraction of unsatisfiable constraints ¢ is less than ¢/ log k almost
all constraints can be satisfied in polynomial time, which exponentially improves
the previous bound of ~ 1/k'°. In particular, our bound disproves some stronger
versions of the Unique Games Conjecture considered in the literature before.

We developed new techniques for rounding SDP solutions. In particular, in
Section 2.3, we showed how to deal with SDP solutions in which different vectors

have different lengths; in Sections 2.3.2 and 2.4.2, we proved several useful bounds
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for the joint distribution of normal variables; in Section 2.6, we introduced and
constructed a new type of metric embeddings, m-orthogonal separators; finally, in
Section 3.3.2, we proved a separation theorem for directed metric spaces. These
techniques are of interest on their own. We hope that they will prove useful for

solving other combinatorial problems.

4.2 Future Work

Many known approximation results and several results presented in this dissertation
are optimal or near optimal assuming the Unique Games Conjecture. It is therefore
a very interesting question whether the Unique Conjecture is true, and these results
are indeed optimal; or whether it is false, and we just need more powerful methods
to obtain better approximation guarantees, and thus disprove the Unique Games
Conjecture.

One promising avenue for future research is to study stronger SDP relaxations
(e.g. relaxations from the Lasserre hierarchy) for combinatorial optimization prob-
lems such as MAX CUT, Vertex Cover, and Unique Games. Of course, it would
be great if this research led to improved approximation guarantees to these prob-
lems. However, even negative results, that is, integrality gap examples for Lasserre
hierarchy, would be interesting, and they would be a strong evidence in favor of the

Unique Games Conjecture.
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Appendix A

Properties of Normal Distribution

A.1 Bounds on Normal Distribution Function

For completeness we prove some standard results about the normal distribution in
this section. Denote the probability that a standard normal random variable is

greater than ¢ € R by ®(t), in other words
é(t) =1- (13071(15) = CD(),l(—t),

where @ ; is the normal distribution function.
Lemma A.1.1. 1. For everyt > 0,

t 2 1 t2

m(?i? < (I)(t) < \/ﬂt677.

2. There exist constants c1,Cy, ¢y, Co such that for everyt >0 and 0 < p < 1/3
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the following bounds hold

2 - 2
G5 <) < 1 :

Vor(t+1) SVt
c2y/log (1/p) < @7 (p) < Cov/log (1/p);

3. There exist constants c3 and C5 such that for everyt > 1, p > 1 the following

inequality holds

(cst®(1)) < td(pt + %) <t (pt) < (Cytd(1))*

Proof. 1. Observe, that in the limit ¢ — oo all three expressions are equal to 0.

Hence the lemma follows from the following inequalities on the derivatives:

( t et5>'—_6_t2+ S e U]
V2m(t2 4+ 1) V2 V2r(82 +1)2 V2 7

2 2

(") =T v T
(& = — — — [ —=
27t 27 27t 2

2. This trivially follows from (1).

3. Using(2) we get

Oyte—" t+1 tetr2\”
td(pt) < 22 _ ¢ T
pt +1 (pt + 1)V/P?e1 =1/ ¢ 41

2
P 2

< ((#)H/ﬂ? (t.ci)(t))> < (201 @@))p .
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Similarly,

2
o 1 >clte’(m+lé(pt))2 (t+1)e‘1/"2_1/(2t2) ot/ P
(v +E)_ pt+1 U\ (pt+ )P ]
C1/p2 p?
1 1\ a s\
> (e (1) () = (b
Here we used that p'/?* < /(29 < \/e. O

A.2 Sididk Theorem

In Section 2.3.2 and Section 2.4.2, we use a corollary of the following result of

Sidék [30]:

Theorem A.2.1 (Siddk). Let &y, ...,&, be normal random variables with mean

zero, then for any positive tq, ..., 1,

Pr(|&| <ti,]&| <ta,...,|&| <tx) > Pr(|&| <t1)Pr(|&| <tq,..., || <tk).

Note that these random variable do not have to be independent.

Corollary A.2.2. Let &,..., & be normal random variables with mean zero, then

for any positive t, ..., ty,
Pr(&e >t | [& <ta, oo |Gl S th) S Pr(& > 1),
Proof. By Theorem A.2.1,

Pr(l&| <t | |& <ts,... |&[ <t) = Pr([&] <t1).
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Thus

Pr(& >t | [&] <ta, .o [&k] < 1)
1 1
=§—§PT(|€1|§751 | &l < toy...,|&] < tx)
1 1
§§—§Pr(|£1’Sh):Pl"(&Ztl)-
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