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Abstract

In [ACN], Ailon, Charikar and Newman address the problems of rank aggregation, minimum
feedback arc set in tournaments, correlation clustering and consensus clustering. They present
new and improved combinatorial algorithms for approximating these problems. They also present
variants of these algorithms based on linear programming rounding techniques, further improving
the approximation factors. The LP based results in [ACN] are, however, left as conjectures based
on numerical evidence. In this work, which should be read as an annex to [ACN], we prove these
conjectures and henceforth establish theorems.

0 Introduction

We refer the reader to [ACN] for the definitions of the problems (weighted) FAS-TOURNAMENT, RANK-
AGGREGATION, (weighted) CORRELATION-CLUSTERING and CONSENSUS-CLUSTERING, as well as the
definitions of the algorithms FASLP-Pivor, Pick-A-PERM, CCLP-PivoT and PICK-A-CLUSTER.
We prove the following theorems.

Theorem 1 The best of FASLP-P1vOT and P1CK-A-PERM on RANK-AGGREGATION is a 4/3 ap-
prozimation.

Theorem 2 FASLP-PIvoT on weighted FAS-TOURNAMENT with probability constraints is a 5/2 ap-
prozimation.

Theorem 3 FASLP-PIivoT on weighted FAS-TOURNAMENT with triangle inequality and probability
constraints is a 2 approrimation.

Theorem 4 The best of CCLP-P1voT and P1CK-A-CLUSTER on CONSENSUS-CLUSTERING is a 4/3
approximation.

Theorem 5 CCLP-P1vOoT on weighted CORRELATION-CLUSTERING with probability constraints is a
5/2 approzimation.

Theorem 6 CCLP-P1voT on weighted CORRELATION-CLUSTERING with triangle inequality and prob-
ability constraints is a 2 approximation.
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The proofs of Theorems 1-6 in Sections 1-6 are based on showing that certain multinomials are
nonpositive in certain polytopes. The reader is again referred to [ACN] for the reduction of the
theorems to the multinomial inequalities.

1 Proof of Theorem 1

Define

piv(z1, T2, T3, w1, w2, w3) = T1T2w3 + (1 — 21)(1 — 22)(1 — W3)
+ Toxzwy + (1 — 1'2)(1 — 1'3)(1 — wl)
+ T3x1Wo + (1 — 1'3)(1 — 1'1)(1 — wg)

pap(x1, Ta, X3, w1, wo, w3) = (r122 + (1 — 21)(1 — 22))2ws(1 — w3)
+ (1’2%3 + (1 — .%2)(1 — .263))2101(1 — wl)
+ (1’3%1 + (1 — .263)(1 — .261))2102(1 — wg) (1)

opt(x1,x2, 3, w1, we, ws) = (r122 + (1 — 21)(1 — x2))(z3(1 — w3) + (1 — z3)ws)
+ (1’2%3 + (1 — .%2)(1 — .263))(.%'1(1 — wl) + (1 — :z:l)wl)
+ (1’3%1 + (1 — .263)(1 — .261))(.%'2(1 — ’u)g) + (1 — xg)wg)

2 1

. 4
f(l'1,$2,1'3,w1,w2,w3) = ng’U + gpap - gopt

We want to prove that f < 0 in the following polytope:

0<w; <1 i=1,2,3
0<az; <1 i=1,2,3
1 <wp +wy+ w3 <2
1<z +x0+23<2

To do this, we first make the following assumption, without loss of generality
w1 + wg + w3 > 3/2.

(Otherwise, we can replace all w; with 1 — w; and all z; with 1 — 2;). Next, we assume a slightly
larger polytope for the x; variables, therefore proving something slightly stronger. More precisely, we
prove that f <0 in the following polytope

0<w; <1 i=1,2,3

0<z<1i=1,23
3/2 <wy 4+ we + w3 <2

1+ 2o+ a3 <2

(3)

(we removed the constraint 1 < x1 + x3 + x3). Let P, denote the x polytope, and P, denote the w
polytope, so the region of feasibility is P, x P, C RS.



We first observe that for any ¢ = 1,2,3, f if linear in z; when all other variables x;, wy are fixed,
for j € {1,2,3} —{i}, k € {1,2,3}. Therefore, if at a certain point (x,w) = (z1, 2, T3, w1, w2, w3) it is
possible to both increase and decrease x; without changing the other variables and without leaving the
polytope, then (x,w) is not a local maximum of f. Therefore, it suffices to analyze f in the following
regions:

(0,0,0)} x Py
(0,0,1)} x Py,
(0,1,0)} x Py
(1,0,0)} x Py
Ps=(P,N{x1 +22+2x3=2}) X Py

P ={
P, ={
Py ={
Py ={

We start with P;. Simple calculations show that

4 2
f(0,0,0,'LUl,'LUQ,’LUg) =2-— g(wl +w2 +'LU3) - g(w% +’LU% +'LU§) .

Clearly, this cannot be more than 0 under our assumption that wq + we + wg > 3/2.
Next, we analyze f on P,. Simple calculations show that

2
f(L0,0,U]l,’LUQ,U/g) = _g(wl - 1)27

which is, again, clearly at most 0.
Regions P53 and P, are symmetric to P» under variable renaming.
It remains to analyze f on Ps. To do this we will slightly enlarge P5 and replace it with P?, defined

as
Pg = (Pxﬂ{l‘l + X2 + 3 :2}) X leuv

where P! is the region obtained when removing the constraint 3/2 < wy + wy + w3 from P,. We now
write the partial derivatives of f w.r.t. ws (similarly for wy, ws):

;—f - %((&Eg —dws) (@122 + (1 — 21)(1 = 22)) — 4(1 — 21)(1 — 22)) . (5)
w3

Elementary computation shows that <7, f = 0 exactly when

T2T3

wyp = +2x1 —1
xox3z + (1 —x2)(1 — x3)
w T3 +2z9 —1 6
2 = 2 —
l‘3$1—|—(1—l‘3)(1—l‘1) ( )
ws = 11T ors—1

r1xa + (1 —21)(1 — x2)

Because we assume x1 + x2 + x3 = 2, we have that for any 7 # j, z; + x; > 1, equivalently,
xiz; > (1 —x;)(1 — ;). Therefore (6) implies the following for ¢ = 1,2, 3:

1
wi2§—|—2mi—1. (7)

Consequently, wi + wo + w3 > % +2(x1 + 22 +x3) — 3 > % > 2, which is outside P,,.



Similarly, setting w; = 1 and requiring that 9f/0ws = Jf/0ws = 0 results in a point which
is outside P, unless wy + w3 = 1 (we take care of this case wi + we + w3 = 2 shortly). . The
same for wo = 1 or wg = 1. If two of wy,ws, w3 are 1, then the third is 0, which is again the case
wi + wo + w3z = 2.

We now show that no local maximum of f can be obtained in P when w; = 0, for any i. Assume
i = 1 (similarly for ¢ = 2,3). Using elementary techniques (details omitted), we can show that
df /0wy > 0 when wy; = 0. Therefore, if (we,ws) # (1,1), then slightly increasing w; would increase
f. If, however, (wy,ws,w3) = (0,1,1), then again, using elementary techniques, we show that f < 0.

It therefore remains to investigate f on the region

(Pxﬂ{IL‘l—l-l'g—l—l‘:;:Q}) X (Pwﬂ{w1+w2—|—w3:2}).

Let Q, = P, N{x1 + x2 + 23 = 2} and Qy = Py, N {w; + wy + w3 = 2}. Instead of investigating f on
Qr X Qu, we will investigate it on Q, x H, where H is the affince closure of Q,, in R? (the unique
2 — dimensional hyperplane containing @,,). We fix x € @), and investigate f as a function of w. To
do this, we find the global maximum of f in H. It is easy to verify that unless x is a vertex of @, (a
case which we already took care of), limy_,o f = —00, therefore f has a global maximum on @, x H.
This maximum is obtained when

Vuwl = )‘(17 1, 1)
for some A # 0 (we already took care of the case A = 0). That is, w has to satisfy:
of _of _ of

(®)

6w1 8’[1)2 awg

on H. It is immediate to verify that the unique solution to (8) is w = x. It therefore remains to
investigate g(x) = f(x,x) on Q.. We start by investigating it on int@,. A necessary condition for a
local maximum of g on intQ, is

Vg = )\,(17 17 ]‘)’

for some N. If X = 0, then g = 0, which solves to the following possibilities: (z1,z2,73) €
{(1,1,0),(1,0,1),(0,1,1)} . On all of these possibilities it is elementary to verify that g < 0. If A" # 0,
it means that

dg _ Og _ Og

Ory  Ozy  Oxs

Elementary calculations shows that this happens when
(:Cl, Z2, 1‘3) S {(17 1, 0)7 (17 0, 1)7 (07 L, 1)7 (2/37 2/37 2/3)} :

It is immediate to verify that g < 0 on all of these possibilities. We now investigate g on the edges
of Q. We pick the edge int({(1,z2,1 — 22} N Q). (other 2 edges argued similarly). Letting h(z2) =
g(1, 29,1 — x9), we immediately verify that h = 0. The vertices of @), can be argued for by trying all
possibilities and verifying that g < 0. O

2 Proof of Theorem 2
Let piv, opt be defined as in Section 1. Let

f(x,w) = piv — gopt ,



where x = (21, 9, 23) and w = (w1, w2, w3). We prove that f <0 on

0<w; <1 i=1,2,3
0<z;<1 i=123 9)
1<z +a20+23<2.

Let Px denote the polytope corresponding to x and P, denote the polytope (cube) corresponding to
w.

Clearly f is linear in w when x is fixed. So it suffices to investigate f on the vertices of Py .
Due to the symmetric structure of f, it will suffice to investigate f on two points w = (0,0,0) and
w = (0,0,1).

1. Case w = (0,0,0). Let g(x) = f(x,0,0,0). So
9
g=3-— 5(:51 + xo + x3) + 6(x122 + Tox3 + T321) — 1521 X273 .

Since ¢ is linear in each one of x; when the others are fixed, we can assume that either z; + xo +
x3 =1 or x1 + x9 + w3 = 2 (otherwise, we can slightly both increase and decrease one of the x;’s
without leaving the polytope, therefore we are not at a local maximum).

(a) Subcase x1 + x2 + 3 = 1. Let h(x1,x2) = g(x1,22,1 — 1 — x2). We want to show that
h<0on0<z,0<x9, 21 +22 <1.

3

h(xl,xg) = 5 + 6(.%'1 + xg) - 6(1‘% + ZC%) + 15(1‘1%% + x%azg) — 21lx129 .
If 2y =0o0r 2y = 1 — x5 then h = —3(1 —229)%/2 < 0. If Oh/0z; = 0 then z1 = (1 — x3)/2
and h = —3x9(1 — 49 + 5x3) /4 which is < 0 on x5 € [0,1].

(b) Subcase x1 + z2 + x3 = 2. Let h(z1,22) = g(x1, 22,2 — x1 — x2). We want to show that

h<Oonuxz <1l,z9 <1,21+22>1.

h(zy, ) = —6 + 12(21 + x2) — 6(2% + 23) + 15(x?xy + v123) — 367122 .
Ifxzy =1orax; =1—x9 then h = —9(1 — x9)xy < 0 on x4 € [0,1]. If Oh/0x1 = 0 then
71 = (2 —13)/2 and h = —3x2(12 — 1429 + 523) /4, which is < 0 when x5 € [0, 1].

2. Case w = (0,0,1). Let g(x) = f(x,0,0,1). So

1 1
9=-5- (x1 + x2) + %3 + (z1279 + T213 + T3T1) — HT1T2T3 -

As before, it suffices to investigate g when either x1 + zo +x3 =1 or x1 + 29 + x3 = 2.

(a) Subcase x1 + x93 + 23 = 1. Let h(x1,22) = g(x1, 22,1 — 21 — 22). We want to show that
h<0on0<z,0<x0,27 +22 < 1.
1 2 2 2 2
h(xy,z2) = —5(1‘1 + x9) — (x] + 25) + 5(x125 + x{x2) — 62122 .
If 21 = 0 then h = —%l‘g(l + 2x9) < 0 on x9 € [0,1]. Similarly holds when x5 = 0. If
1 =1—x9 then h = —% + a9 — x% < 0. We completed checking the boundary. There is no
solution to \/z, z,h = 0 in the interesting region.



(b) Subcase x1 + xo + x3 = 2. Let h(z1,22) = g(x1,22,2 — 21 — x2). We want to show that
h<Oonxz <1l,z9 <1,21+22>1.

1 1
h(z1,x9) = 3 + 5(1‘1 + x9) — (ﬂc% + :U%) + 5(m%:132 + :Ulzng) —11z129 .

If 29 =1 then h = z9(—11 + 8x2)/2 < 0 on x5 € [0,1]. Similarly if zo = 1. If 1 =1 — 29
then h = —4(1—z3)x2 < 0on g € [0, 1]. The only solution to /4, z,h = 0 in the interesting
region is 1 = x2 = (13 +v/139)/30. At that point A = (—937 — 139+/139)/1350 < 0.

O
3 Proof of Theorem 3
Let piv, opt be defined as in Section 1. Let
£ (%, w) = piv — 20pt |
where x = (z1,z9,z3) and w = (w1, w2, w3). We prove that f <0 on
0<w <1 i=1,23
0<z; <1 1=1,2,3
-t (10)

1 <wp +wy+ w3 <2
1<z +x0+13<2.

Let Px denote the polytope corresponding to x and P,, denote the polytope corresponding to w.

Clearly f is linear in w when x is fixed. So it suffices to investigate f on the vertices of Py,. Due
to the symmetric structure of f, it will suffice to investigate f on the point w = (0,0, 1).

Let g(x) = f(x,0,0,1). So
g=—(x1 +x2) + (x122 + Tow3 + T371) — 417273 .
As in the previous sections, it suffices to investigate g when either x1+xo+x3 =1o0r z1+x9+x3 = 2.

1. Case x1 + z3 + 23 = 1. Let h(z1,22) = g(x1, 22,1 — z1 — x2). We want to show that h < 0 on
0< 21,0z, 21 +22 < 1.

h(ml,a:g) = —(1‘% + x%) + 4(:61:1‘% + x%mg) —brizs .

If z1 =0 then h = —x% < 0. Similarly holds when zo = 0. If 1y =1 — 25 then h = -1+ x5 — a:%,
which is < 0 when 22 € [0,1]. We completed checking the boundary. The only solutions to
Vazi1,2.h = 0 in the interior of the interesting region are x1 = xo = 7/12 and x; = x2 = 0. In the
former case we get h = —343/432 < 0, and in the latter we get h = 0.

2. Case x1 + o + 3 = 2. Let h(x1,z2) = g(x1,22,2 — 21 — x2). We want to show that A < 0 on
1 < lxg <1,y 22 > 1.
h(z1,x2) = (1 + x2) — (23 + 23) + 4(2? 2o + 2123) — 9z125 .

If 2y = 1 then h = z9(—4 4 3z2) < 0 on 25 € [0,1]. Similarly if o = 1. If 1 = 1 — z then
h = —3(1 —xz3)za <0 on x3 € [0,1]. The only solution to /4, 4,7 = 0 in the interesting region
is 11 = w9 = (11 ++/73)/24. At that point h = (—539 — 73/73)/864 < 0.



4 Proof of Theorem 4

Define

piv(xy, xe, 3, w1, we, ws) = (1 —z1)(1 — x9)ws + (x1(1 — z2) + (1 — z1)22) (1 — w3)

+ (1 — 22)(1 — z3)wy + (x2(1 — x3) + (1 — z2)x3)(1 — wy)
+ (1 —x3)(1 — z1)we + (x3(1 — 1) + (1 — z3)z1)(1 — wo)

pap(x1, X2, x3, w1, wo, w3) = ((1 —x1)(1 —x2) + x1(1 — 22) + (1 — x1)x2)2w3(1 — w3)

+ (1 —22)(1 —z3) + w2(1 — x3) + (1 — x2)x3)2w1 (1 — wy)
+ (1 —23)(1 —z1) +z3(1 — 1) + (1 — x3)x1)2w2(1 — wo)

opt(z1,x2, 3, w1, we,ws) = ((1 —z1)(1 —x2) + z1(1 — 22) + (1 — z1)x2)(23(1 — ws) + (1 — z3)ws)

f(x1, 22, 23, w1, wa, w3) =

+ (1 —22)(1 —23) + w2(1 — 23) + (1 — x2)x3) (21 (1 —wi) + (1 — z1)wy)
+ (1 —23)(1—21) +2z3(1 — 1) + (1 — x3)x1)(22(1 — wa) + (1 — x2)ws)

2 . 1 4
—pw + —pap — -opt

We want to prove that f <0 in the following polytope:

3 3 3
(11)
0<w; <1 i=1,23
0<z; <1 i=123
- = (12)

wy; < wy + w3z, wy < w3+ wy, wz < wyp + wo

1 < xo+ a3, Ta < a3+ 21, 3 < T+ Ta

Let P, denote the z polytope, and P, denote the w polytope, so the region of feasibility is

P, x P, C RS. It is not hard to see that

P, = P, = conv{(0,0,0), (0,1,1), (1,0,1), (1,1,0), (1,1,1)} .

We first observe that for any ¢ = 1,2,3, f if linear in z; when all other variables x;, wy are fixed,

for j € {1,2,3} —{i}, k € {1,2,3}. Therefore, if at a certain point (x,w) = (z1,x2, T3, w1, w2, w3) it is
possible to both increase and decrease x; without changing the other variables and without leaving the
polytope, then (x,w) is not a local maximum of f. Therefore, it suffices to analyze f in the following

regions:

PL={(L1,1)} x P,
P, = conv{(0,0,0),(0,1,1),(1,0,1)} x Py
P3 = conv{(0,0,0),(1,0,1),(1,1,0)} x Py
Py = conv{(0,0,0),(0,1,1),(1,1,0)} x P,

(13)

It is easy to show that f(1,1,1,w;,wq,ws) = 0. It remains to analyze f on P»,Ps; and P;. Due to
symmetery, we can consider only P», which we rewrite as:

PQZ(Pmﬂ{IL‘gziL'l—l-:L'g})XPw .



From now on we therefore assume r3 = 1 + 2.

of _1
811)3_3

(83 —4ws)((1 — x1)(1 — w2) + 21(1 — x2) + 22(1 — 1)) — 4(z1(1 — x2) + (1 — z1)22)] .
(14)

(Similarly for 0f /0wy, df/O0ws). Elementary computation shows that 7w f = 0 exactly when

(1 — .Ig)(l — .263)

Rl e ey ¢ ey priy s o
N (1—a3)(1 —m)

Wa =Wy = (1—23)(1 —21) +23(1 — 1) + (1 — 23)71 +2r2 -1 (15)
ot (1—21)(1 — z) 3

R e TG prapery s priy g g B

Substituting 3 = x1 + z2, equation (15) implies

(—1 + 21 + £C2)2(£C1 + xg)(—l + 2:1713:2)

wi + wy =
1 2 (—1+x%+x1x2)(—1+x%+w1x2)

This is easily proven to be < 0, with equality when x1 + 29 = x3 = 1 or 1 = x93 = x3 = 0. Denote
these special cases by (i) and (ii), respectively. Therefore, unless we are in cases (i) or (ii), </ w;w,f =0
is infeasible in the interesting region.

We can say more than that: It can be easily verified that w3 > 0, therefore, w} +wj < wj (unless
we are in cases (i) or(ii)). Let w* = (w}, w3, w3). Let H be the hyperplane {w3 = w; + w2}. By our
last claim, w* and P, are on either side of H (unless we are in cases (i) or (ii)). Let HT denote the
closed halfspace determined by H that intersects P,. Unless at least two x;’s equal 1 (in our case
this means (z1,z92,z3) = (1,0,1) or (0,1,1) - call this case (iii)), it is easy to see that f — —oo as
|w|| — oo. This is because the coefficient of w? in f are strictly negative. Therefore, the maximum of
fonw e HT (remember: x is fixed) is obtained on H (remember: (15) has only one solution). We
postpone cases (i),(ii) and (iii) to the end of the proof. So we need only consider f on

(ch N {:L’g =x1 + 1‘2}) X (Pw N {w3 = wi + wg}.

From now on, we assume both x3 = x1 + x2 and w3 = wy + we. Let h(z1, z3, w1, ws) = f(x1, 23 —
x1, T3, w1, ws — wi,ws). We investigate the 3 cases: wy =0, w; = ws and Oh/Jw; = 0.

1. If w; = 0, then we define y(z1,z3,ws) = h(z1,x3,0,ws). We want to show that y < 0 in the
interesting region 0 < z1 < x3,0 < wsg < 1. If wg = 0, then we obtain the following polynomial
in x1,x3 of total degree 3 which is < 0 in the interesting region (proof omitted):

4 4 4
§:E% ~ 5T 4oz — gzng + 423
If wy = 1, then we obtain the following polynomial in x1, z3 of total degree 3 which is < 0 (proof
omitted):
4 4 4
3~ 4y — Zm% + 373 + 5 T3 + gl‘%l‘:g — gxg — gxlzn% .

Requiring dy/0ws = 0 implies

-3z — 2:1:% + 2x3 + 4123 + 4IL‘%ZE3 — 4:B1:E§
24+ :L‘% — 2x173

wz =y(x1,23) =



Let z(z1,73) = (2 4+ 22 — 2x123)y(21, 3, 7(71,23)). Since 2 + 22 — 27123 > 0, we need to prove
that z(z1,z3) < 0 in the region 0 < z; < x3 < 1. Calculations show that

2
z(x1,23) = §x1(13x1 + 1233% + Gwi{’ — 16x3 — 44x123 — 463:%3:3 — 22x§’x3
+2823 + 58z 23 + 662723 + 162523 — 1205 — 4dx 05 — 322323 + 162123 .
We want to show that z < 0 in the interesting region 0 < x; < x3 < 1. For the sake of
simplicity, redefine z by ignoring the term %xl. We first prove our claim for z1 = 0: In this case,

z = —16x3 + 282% — 1223. It is elementary to check that this expression is < 0 when z3 € [0, 1].
Assume now that z; > 0. Define the set J = (0,0.55] U [0.7,1]. We define 3 sets as follows:

lo={(z1,23)|rs = 21, 21 € (0, 1]}

lp = {(z1,23)|zz =1, z1 € (0,1]}

I3 = {($1,$3)|ZL’3 =1 +£L'1/2, r1 € (0, 1]}

Iy = {($1,$3)|ZL’3 =1.8, z1 € J} .
On [y, it is elementary to verify that z = —z1 — 42?3 + 6%, which is negative when z; € (0, 1].
On Is it is elementary to verify that z = —zq, which is negative when x; € (0,1]. On I3 it is

elementary to verify that z = 1 — 23 + 23, which is obviously positive when z1 € (0,1]. On Iy it
is elementary to verify that z = (—5040 + 20671x; — 2724022 + 1140023)/625 < 0 when z; € J.
It is now clear that z < 0 in the interesting region restricted to {z; € J}: Fix 21 € J, and notice
that 2z — 400 when z3 — +00. By counting the number of sign changes as a function of x5 we
conclude that z must be negative in the interesting region restricted to {z; € J}. It remains to
analyze z in the region

R = {($1,£L’3)|ZB1 e K,xy <x3< 1} R

where K is the open interval (0.55,0.7). We first show that in the interior of R, the equation
0z/0x3 = 0 has a solution only for x3 < 0.7. We prove this by arguing (details omitted) that:

0z/0x3 < 0 when z3 = 1.7, 1 € K
0z/0x3 >0 when z3 =1, 1 € K
0z/0x3 > 0 when z3 = 0.7, 1 € K .

Then by a simple counting of sign changes of 9z/0x3 as a function of x3 (which is a degree 3
polynomial when z; € K fixed) we reach the required conclusion. It remains to analyze z in the
region

Q = {(:Cl,xg)\xl,xg e K,x1 < xg} .

We show that z does not have any local maxima in the interior of ). It suffices to show that
0?2/0x3 > 0 in the interior of Q. We prove this by arguing (details omitted) that:

0%*2/0x3 <0 when 3 =1, 21 € K

0%2/0x3 > 0 when 23 = 0.7,21 € K

82z/8m§ >0 when 23 = x1,71 € K,

Then by a simple counting of sign changes of 9%2/0z2 as a function of x3 (which is a degree 2
polynomial when x; € K fixed) we reach the required conclusion.



2. Assume wy = ws: If w; = wg = 0, then
h =422 /3 — day23/3 — datws — 423 /3 + daq2s .
The can be shown to be < 0 in the interesting region (proof omitted). If w; = w3 =1 then

2
h=-

3(—2 + 6x1 — 335% — 223 — 2x123 + 2x%x3 + 3x§ — 2x1x§ .

This polynomial can be shown to be < 0 in the interesting region (proof omitted). Setting
p(x1, 3, w1) = h(x1, 23, w1, w;), and forcing dp/dw; = 0 implies

31 — 223 — x5 + 42wy + 223 — 43123
2+ 2% — 3 '

w1 = 6(1’1,1‘2) =

Let q(z1,23) = (2422 — 22)p(w1, 3, 6(21,23)). We want to prove that ¢ < 0in 0 < 23 < 23 < 1.
Calculations show that
2
q(z1,x3) = 5(351 — 23)(13z1 — 1222 + 623 + 33 — 202 23 + 282723
— 22033 + 423 — 162105 + 162523 — 623 + 222123 — 162723) .

To prove this, we omit the 2(z1 — z3) factor and redefine

q(z1,23) = (1321 — 12%% + 6xi’ + 3x3 — 20z123 + 28x%x3
— 220323 + 423 — 162105 + 162523 — 623 + 222123 — 162723

We want to show that ¢ > 0in 0 < x7 < z3 < 1. We omit the proof of this on the boundary of
the region. We prove this for two subcases.

(a) Case 0.4 < x1 < 1. We define three line segments:

b =A{(z1,23)|ws = 21,04 <21 <1}
ly = {(z1,23)|z3 = 1,04 <2y <1}
I3 = {(z1,23)|xs = 1.2,04 < 2y < 1}

It is not hard to show that ¢ > 0 on /1 and I and ¢ < 0 on [l3. It is also not hard to see
that ¢ — 00 as x3 — £o00, when 0.4 < 27 < 1 (simply by showing that the coefficient of
o3 is positive for such z1). Therefore, by counting sign changes, we conclude that ¢ > 0 in
the region.

(b) Case 0 < z1 < 0.4. We look for a point (x1,x3) in this region for which dq/0x1 = 0.

g

i =13 — 24z + 18:B1 — 20x3 + 567173 — 66IL‘1ZE3 — 16:E3 + 48IL‘1:E3 + 22:B3 32:B1:E§ .
T

We define four line segments

I ={(z1,23)|x3 = 0,0 < 21 < 0.4}
lo = {(z1,z3)|z3 = 0.59,0 < 1 < 0.4}
I3 = {(z1,23)|z3 = 0.65,0 < 21 < 0.4}
ly ={(z1,23)|r3 = 1,0 < 7 < 0.4}
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It is not hard to show that dq/dx; > 0 on l; and Iy, and that dg¢/0x; < 0 on I3 and
l4. Also it is easy to see that dq/0r; — +oo as r3 — oo when 0 < z; < 04. By
counting sign changes, we conclude that dq/0x; can vanish in the interesting region only
when 0.59 < x3 < 0.65. We are therefore left with the task of showing that ¢ > 0 in the
region

{(z1,23)|0.59 < x3 < 0.65,0 < z1 < 0.4} .
To do this we replace ¢ with a function ¢ that lower bounds ¢, as follows: replace x3 with
0.59 in any positive term of g, and with 0.65 in any negative term of q. The function
G thus obtained clearly lower bounds ¢, and it suffices to show that § > 0 in the region
0 < z1 < 0.4. It can be easily verified that
30293 112083195 n Eaﬁ B 34&%3
20000 500000 ' 5007 1250 1°

Proving that ¢ > 0 in the region 0 < z; < 0.4 is omitted.

q=

3. Assume 0h/O0w; = 0. We distinguish between 3 subcases: case x1 = 0, case 1 = x3 and case

8}1/81'1 =0.

(a)

(b)

(Oh/Owy = 0,21 = 0). In this case we get

—ws + 33 — ng

-2+ 23

wy = v(r3,ws) =

Substituting, we define v(z3,ws) = (2 — 22)h(0, 23, (23, w3), w3). We need to show that
v<0in 0<x3<1,0<ws<1. We have an additional constraint, namely, the assertion
wy = v(x3,ws) > 0, which implies wg > 3z3 — 2:B§. We omit the technical proof of v <0 in
this region.

(Oh/Owy = 0,21 = x3). In this case we get

—ws — 3xr3 + ng + wgzng
-2+ 23 '

wy = p(x3, w3) =

We define u(z3, w3) = (2—23)h(xs, x3, (3, ws3), ws). We want to prove u < 0 in the region
0 <z3<1,0<ws<1, with the additional constraint wy = pu(x3, ws) < ws, which implies
wg > 3r3 — 2:B§. We omit the proof of this assertion.

(Oh/Ow; = 0,0h/0x; = 0). Calculations show that this implies w; = ws/2,217 = x3/2.
Thus we define

1
r(ws, x3) = h(xs/2,x3, ws/2,w3) = g(—?)w% + 2wsx3 — 5x§ + 6w3x§ +w§az§ + 3x§ — 4w3x§) .

We show that 7 < 0 in the region 0 < z3 < 1,0 < wsg < 1. If wz = 0, then it can be easily
shown that r = —523/3 + 23 < 0. If w3 = 1, then r = (=3 + 223 + 223 — 23)/3, which is
also < 0 (proof omitted). If 9r/0ws = 0, then

—x3 — 3% + 223
-3+ a3

w3 = p(x3) =

We define s(z3) = (3 — 23)r(x3, p(z3)). We need to prove that s < 0 when 0 < z3 < 1.
Simple calculations show that

s(xs) = é(—2 +25)(—1 + 29)22(1 + 25) (—T + dz3) <0 .
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We are left with cases (i), (ii) and (iii), defined above.

Case (i). =1+ 29 = x3 = 1. Let g(xy,wr,wo,w3) = f(x1,1 — x1,1, w1, wy,w3). In this case,
Vw9 = 0 exactly when wy = —1 4 2z and wy = 1 — 2x;. This implies that wy 4+ w = 0, meaning
that w* is again on the other side of H (w.r.t P,), unless w3 = 0. The proof therefore continues as
before. If wy = wy = w3 =0, we get g = 4(—1 4 2z1(1 —z1))/3 < 0.

Case(ii). 1 = 79 = x3 = 0. This implies f = —2(w? + w3 + w}) < 0.

Case(iii). Assume x1 = 1,29 = 0,23 = 1. In this case we have,

f=—(4+2w(2—w)+2ws(2 —ws3))/3<0.

5 Proof of Theorem 5

Let piv, opt be defined as in Section 4. Let

5
Flox,w) = piv — Sopt

where x = (21, z9,23) and w = (w1, w2, w3). We prove that f <0 on
0<w; <1 i=1,23

0<az; <1 i=1,2,3 (16)

1 < xot+x3, Ta < a3+ 21, 3 < T+ T

Let Py denote the polytope corresponding to x and P, denote the polytope (cube) corresponding to
w.

Clearly f is linear in w when x is fixed. So it suffices to investigate f on the vertices of Py,. Due to
the symmetric structure of f, it will suffice to investigate f on the points w = (0,0,0), w = (0,0, 1),
w=(1,1,0), w = (1,1,1).

1. Case w = (0,0,0). Let g(x) = f(x,0,0,0). So

1 15
g= —§(m1 + x9 + x3) — 2(z122 + T3 + T3T1) + 5 12223 -

Since g is linear in each one of x; when the others are fixed, we can assume that either 3 = x1+xo,
xo = 1+ 23, 1 = X9+ a3 or (1, 22,23) = (1,1,1) (see Section 4). The latter case will be taken
care of at the end of the proof. Due to symmetry, we can consider only 3 = x1 + x3.

e Subcase x3 = x1 + 3. Let h(x1,x2) = g(x1, 22,21 + x2). We want to show that A < 0 on
0<z,0< 29,271 + 22 < 1.

15
h(z1,x2) = — (21 + x2) — 2(:1:% + w%) + 7(3513:% + x%azg) .

If 1 = 0 then h = —z9(1 + 229) < 0. Similarly if zo = 0. If x; = 1 — x5 then h =
(=6 + 1129 — 1123)/2 < 0. There is no solution to /4, »,h = 0 in the region of interest.
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2. Case w = (0,0,1). Let g(x) = f(x,0,0,1). So

3 5 9 7 5
g = —5 — 5(%1 + SCQ) + 5%3 — 2(x1x3 + xgxg) + 53:1952 + §x1x2x3 .

Due to the structure of f and the symmetries, it suffices to investigate g when either z1 = x9+x3,
x3 =x1 +x2 or x = (1,1,1). The latter case will be taken care of separately.

(a)

Subcase x3 = x1 + x2. Let h(x1,x2) = g(x1, 22,21 + x2). We want to show that A < 0 on
0<21,0< 29, ;1 + 22 < 1.
3 2 2y, D 2 2 1
h(zy,z2) = 5T 2(x1 +x2) — 2(xy +x3) + 5(9&1:132 + xiwo) — 3412 -

If z;1 = 0 then h = —% +2(1 — z9)xe < 0 on x9 € [0,1]. Similarly holds when zo = 0. If
1 =1—2x9 then h = —%(1 — 2:1:2)2 < 0. We completed checking the boundary. There is no
solution to /4, z,h = 0 in the interesting region.

Subcase x1 = x9 + x3. Let h(x2,x3) = g(x2 + 23,22, x3). We want to show that A < 0 on
0< 20,0 23, T2 + 3 < 1.

3 7 9 1
h(z1,z2) = —3 + —bx9 + 223 + 5&:3 — 2x§ + 5(:5%903 + xga:%) — 53:2953 .
If 20 = 0 then h = —3/2 — 2(—1 + a3)23 < 0. If 23 = 0 then h = —3 + zo(—5 + %l‘g) <0

when @9 € [0,1]. If 79 = 1 — 23 then h = (—6 + 43 — 23)/2 < 0 on x5 € [0,1]. There is no
solution to \/z, 2,7 = 0 in the interesting region.

3. Case w = (1,1,0). Let g(x) = f(x,1,1,0). So

5) 9 7 5
g=—-3+ 5(1’1 + 1‘2) — §ZE3 + 5(1‘13)3 + 1‘2333) — 2x119 — §$1$2$3 .

Due to the structure of f and the symmetries, it suffices to investigate g when either 1 = xo+x3
,£3 = o1 + 2, or x = (1,1,1). The latter case will be taken care of separately.

(a)

Subcase x3 = x1 + x9. Let h(x1,x2) = g(x1, 22,21 + x2). We want to show that A < 0 on
0< 21,0z, 21 +22 < 1.

7 5
h(z1,22) = =3 — 2(z1 + 22) + 5(35% +23) — 5(:513:% + 22x9) + b2

If 21 = 0 then h = —3 + 25(—2 + Iz5) < 0 when 21 € [0,1]. Similarly holds when
z9 = 0. If v1 = 1 — 29 then h = 3(—1 — 323 + 323)/2 < 0 when x5 € [0,1]. We completed
checking the boundary. The only solution to </, z,h = 0 in the interesting region is
w1 = 19 = 2(6 — +/21)/15, at which h = (—243 — 112¢/21)/225 < 0.

Subcase x1 = x9 + x3. Let h(x2,x3) = g(x2 + x3,x2,23). We want to show that A < 0 on
0< 20,0 x5, 20+ 23 < 1.

7 5
h(zo,x3) = —3 + bag — 223 — 223 + 5902 — 5(:5%1‘3 + xgxg) + 5x013 .

If zo = 0 then h = —3 + x3(—2 + %l‘3) < 0 when z3 € [0,1]. If 23 = 0 then h =
—3+x9(5 — 2x3) <0 for w3 € [0,1]. If 29 =1 — 3 then h = —x3/2 — 23 <0 on a3 € [0,1].
There is no solution to /4, z;h = 0 in the interesting region.
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4. Case w = (1,1,1). Let g(x) = f(x,1,1,1). So

1 7 15
g = —5 + 5(1‘1 + x9 + £U3) + §($1:E2 + xox3 + $3:E1) — 7:E1:E2333 .

Since g is linear in each one of x; when the others are fixed, we can assume that either 3 = x1+xo,
xo = x1+x3,L1 = To+xs or (x1,x2,x3) = (1,1,1). The latter case will be taken care of separately.
Due to symmetry, we can consider only x3 = x1 + x3.

e Subcase x3 = x1 + 3. Let h(x1,x2) = g(x1, 22,21 + x2). We want to show that A < 0 on
0< 21,0z, 271 +22 < 1.

9 7 15 21
h(z1,29) = 3t (x1 4+ x2) + §(x% + 23) — 7(35133% + 231s) + 5 T2z -

If 1 =0 then h = —%—i—xg(l—i—%a:g) < 0 when z9 € [0,1]. Similarly if 2o = 0. If 1 = 1 — 29
then h = 4x9(—1 + x2), which is < 0 when x2 € [0,1]. There is no solution to /4, z,h in
the interesting region.

It remaines to investigate f when x = (1,1,1). It is not hard to see that f(1,1,1,w) = 0, as
required. O

6 Proof of Theorem 6

Let piv, opt be defined as in Section 4. Let
f(xa W) = p“) - 20pt )
where x = (z1,z9,z3) and w = (w1, w2, w3). We prove that f <0 on

0<w; <1 i=1,23

0<2,<1i=1,23
1 b ) (17)

wy < wy + w3z, wy < w3z +wy, wy < wyp + ws

1 <xzy+x3, T2 < a3+ 21, 3 < T+ T

Let Px denote the polytope corresponding to x and P,, denote the polytope (cube) corresponding to
w.

Clearly f is linear in w when x is fixed. So it suffices to investigate f on the vertices of Py,. Due to
the symmetric structure of f, it will suffice to investigate f on the points w = (0,0,0), w = (1, 1,0),
w=(1,1,1).

1. Case w = (0,0,0). Let g(x) = f(x,0,0,0). So
g = —2(x129 + zox3 + x321) + 6212273 .
Since g is linear in each one of x; when the others are fixed, we can assume that either 3 = x1+xo,

xo = 1 + 3, 1 = o+ 3 or (x1,x2,23) = (1,1,1). The latter case will be taken care of at the
end of the proof. Due to symmetry, we can consider only z3 = x1 + x3.
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e Subcase x3 = x1 + 3. Let h(x1,x2) = g(x1, 22,21 + x2). We want to show that A < 0 on
0< 21,0520, 1 + 22 < 1.

h(xl, ZCQ) = —2(:6% + w%) + 6(:61%% + x%xg) —6x12T9 .

If 1 =0 then h = —2:1;% < 0. Similarly if zo = 0. If x1 = 1—x9 then h = —2+4x5(1—x9) <
0. The equation \/, z,h = 0 has no solution in the interior of the interesting region.

2. Case w = (1,1,0). Let g(x) = f(x,1,1,0). So
g=—2+42(z1 + x2) — dxs + 3(x321 + T2X3) — 22172 — 21 T2T3

Due to the structure of f and the symmetries, it suffices to investigate g when either z1 = x9+x3,
x3 =x1 + x2, or x = (1,1,1). The latter case will be taken care of separately.

(a) Subcase x3 = x1 + x9. Let h(z1,x2) = g(x1, 22,21 + x2). We want to show that h < 0 on
0<z,0< 29, z1 + 29 < 1.
h(zy,20) = —2 — 2(x1 + x2) + 3(x? + 23) — 2(x125 + wixy) + 4z 20,

If 1 =0 then h = =24 x9(—2+ 322) < 0 on x5 € [0,1]. Similarly if zo =0. If 27 =1 — 29
then h = —1+4x5(—14 x2) < 0 for z9 € [0, 1]. We completed checking the boundary. The
only solution to /4, z,h = 0 in the interesting region is #1 = 23 = (5 — v/13)/6, at which
h = (—19 — 13y/13)/27 < 0.

(b) Subcase x1 = x9 + 3. Let h(xa,x3) = g(x2 + 23,22, 23). We want to show that A < 0 on
0< 20,0 23, T2 + 3 < 1.

h(CCQ, xg) = -2+ 451?2 — 21‘3 — 21‘% + 31‘% — 2(%%1‘3 + ajgx?),) + 4.%'2%3 .

If 2o = 0 then h = —24+x3(—2+3x3) < O0onzg € [0,1]. If x3 = 0 then h = —24x9(4—222) <
0. If z9 =1 — x3 then h = —x% < 0. There is no solution to /4, »;h = 0 in the interior of
the interesting region.

3. Case w = (1,1,1). Let g(x) = f(x,1,1,1). So

g =3+ 3(z122 + xow3 + x321) — 617223 .

Since ¢ is linear in each one of x; when the others are fixed, we can assume that either x3 = z1+x2,
Ty = x1 + x3, ¥ = To + x3 or (v1,x2,23) = (1,1,1). The latter case will be taken care of
separately. Due to symmetry, we can consider only x3 = x1 + x3.

e Subcase x3 = x1 + 3. Let h(x1,x2) = g(x1, 22,21 + x2). We want to show that A < 0 on
0<2,0< x93, 711 + 722 < 1.

h(z1,29) = =3 + 3(56% + x%) — 6(3:1333 + x%azg) + 9212 .

If 21 = 0 then h = —3 + 323 < 0 for x5 € [0,1]. Similarly for zo = 0. If 1 = 1 — x5 then
h = —3x9 + 31’% < 0 for z € [0,1]. There is no solution to /4, 4, = 0 in the interior of
the interesting region.

It remaines to investigate f(1,1,1,w). It is not hard to see that f(1,1,1,w) = 0, as required.
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