E

�

e

c

t o

f

S

p eed on

H

and

w

r

itin

g Shap e:

A

De

scripti

veGenera

li

zation

1

E r i c S v e n Ri

s

t a d Researc h Rep ort CS

-

TR- 4

9 7-9 5

A u gust 1995A b

s t r a ct In this report, we characterize the natural simpli

f

ying transformations of a hand-

written curve.

We argue that the number and type of singularities in a geometric

curve determine the amount of time required for the human handwriting system

to produce that curve to a given level of accuracy. Therefore, the behavior of

the human handwriting system under increasing time pressure may be charac-

terized by a set of stochastic transformations that replace costly curve segments

with less costly segments, or remove segments entirely.K e

y w o r d s : handwriting, motor complexity, speed{accuracy tradeo�.

1

Th e a

u th o

r i s great

fu

l toF

. A. Mussa

-

I valdi and

E.

Bi

zzi for their advice

, and

to theparticipants of IG

S ’ 9 5 for their comments. This researchwas funded in partb y National

Science FoundationYoung Investigator Award IRI-9

25

85

1

7 to the author

and by an equipment grant fromCalComp.

1 I n t r o d u ct ion

T h i s r e p or t atte mpts to characteri ze the nat ura l diachronic and s ynchronic

trans formations that apply to hand written cur ves . We would li ke to e xplain

why si gma evolved into word - �nal sigma and then lunate-sigma in the Greek

alpha bet , and why the Roman s further evolved into the Palmer s. We would

also like to account for the one-sided nature of spontaneous transformations ob-

served in modern American and European handwriting, such as why the Roman

c and i are often handwritten as the cursive e, while the Roman e rarely (if

ever ) appears as the cursive c or i.

We hypothesize that the complexity of a planar geometric curve is deter-

mined primarily by the number of curvature reversals and geometric singular-

ities that it contains. In particular, segments of a planar geometric curve are

ordered by increasing complexity as follows : 2

                                                           Ramphoid

Arc Loop Cusp Inflection

The natural transformations of handwritten curves are exactly those that

locally replace a given curve segment with one of lower complexity. We pre-

dict that a ramphoid will be replaced by a cusp or a loop, but not the other

way round. This su �ces to account for the diachronic and synchronic changes

mentioned above, along with many other changes.

The most natural explanation of such handwriting change is arguably in

terms of the writer ’s attempt to maximize the communicative bandwidth, by

reducing the time re quired to handwrite a given curve without completely sac-

ri�cing its intelligibility. Consequently, our hypothesized transformations are

not solely due to the writer’s desire to reduce the motor complexity of a pla-

nar curve. Rather, they arise from the writer’s attempt to minimize motor

complexity while maintaining intelligibility.

In order to obtain direct empirical evidence bearing on our hypothesis, we

have conducted the following two experiments. Both experiments are designed

to measure the complexity of the geometric singularities inherent the Roman

alphabet while accurately recreating the task constraints of natural handwriting.

The results of both experiments strongly con�rm our complexity hypothesis.

2 A n a r c i s a s m oo t h c u r v e with constant curvature . A l oo p is a smooth curve with a sin g le

geometric no de (ie. , intersection point ). A c u sp is a piecewise smooth curve containing one

singular point belonging to two smooth curves with identical sign o f curvature. A ra mp ho i d is

a piecewise smooth curve containing one singular point belonging to two smooth curves with

opposite sign of curvature. An i n ec tion is a smooth curve whose curvature changes sign

e xactl y once (ie., the curvature has exactly one zero -crossing). Strictly spea king, an in ection

point is not a geometric singularity .

1

2 E x p e r i me n t a l De si gn

2 . 1 S u b j e c t s

O u r su b j e c ts c o ns iste d o f four m a le , able -bodied under graduate students in t he

age range 2 0 {22 . T wo were right-handed and two were left-handed. Their

participation was voluntar y and without monetary compensation.

2.2 A pp a ratus

The sub jects sat at a des k and wrote on a piece of lined paper that was secured

to the top of an opa que CalComp 3300 Drawing Board II digiti zer tablet. The

digitizer tablet was connected to a dedicated Compaq 3 8 6 /33 personal computer

with 6 4mb R A M and 1 GB disk, whose sole function was to write the digitizer

output to disk for future analysis.

2. 3 Pr o ce dure

The �rst e xperiment is designed to measure complexity directly, as the minimal

time required to perform a speci�ed task to a speci�ed accuracy. Sub jects

are instructed to reproduce a set of planar curves with maximum accuracy,

under no explicit time constraint. (It is important, however, to realize that

there is always an implicit time constraint arising from the impatience of our

sub jects. ) Each curve contains a sequence of geometric singularities. Accuracy

is explained to the sub ject as the smooth reproduction of smooth curves in the

path, and the accurate reproduction and localization of geometric singularities

in the path. Sub jects are instructed to practice each path under the guidance of

the experimenter until they are unable to further increase the accuracy of their

handwriting. After a brief resting period, the sub ject is then asked to reproduce

the path under experimental conditions. We compare the time required to do

this for each of the di �erent segments. Our hypothesis predicts that paths

containing more complex segments will require more time to complete to the

same accuracy.

The second experiment is designed to measure complexity indirectly, by

studying the path transformations that occur when a �xed task is performed

with decreasing amounts of time. Sub jects are instructed to reproduce the

same set of geometric curves under increasingly stringent time requirements

(fast, faster, fastest). We characterize the transformations that occur during

such high-speed writing. These transformations are natural transformations of

the handwritten path that reduce the complexity of the path. Our hypothesis

predicts that in ections are replaced by ramphoids, ramphoids by cusps, cusps

by loops, and loops by arcs at greater writing speeds.

A third experiment, suggested to us by F.A. Mussa-Ivaldi (personal commu-

nication), was designed to measure the complexity of handwritten paths, inde-

2

Loop Chain

Cusp Chain

Ramphoid Chain

Inflection Chain

"S" Chain F

i g u r e 1 : Fivese ts o f p l a nar curves used to test our comple xit y hypothesis . pendent of theRoman alphabet and an externally-de

�ned accuracy requirement.In this case, the target path is not speci�ed. Rather, subjects are instructed

to\doodle"

within a given region without lifting the tip of their pen from the

writing surface.Our hypothesis predicts that less complex geometric singular-

ities should appear with greater frequency in these doodles.We were not able

to run this experiment for all sub jects, and so our preliminary results will not

be discussed here.2 . 4 D i s c ussi o n In all cases, our experimental tasks were carefully designed to recreate the essen-

tial motor features of handwriting, so that the gross motor behavior of writers

would be indistinguishable from their natural motor behavior during actual

handwriting. Writers are instructed to grasp the writing instrument with the

same hand and in the same manner as when writing notes to themselves. We

have also attempted to naturally reproduce the wrist saccade: the fact that the

vast ma jority of writers rest their forearm and wrist on the writing surface while

producing a word, and invariably advance their wrist at word boundaries.The wrist saccade is not a biomechanical necessity. It is all the more interest-3 in g b e c a u se it is ato dds wit h ele mentar y school handwriting instruction, which

encourages writers to maintain a constant rightward wristvelocity[

1 ] . The

wrist saccade appears to arise primarilyfrom the writer’s conceptualization of

the handwriting task as organized into a hierarchy of linguistic subtasks: the

utterance, the word, and the character. The wrist saccade marks the completion

of one complex motor task and the initiation of the next task.Accordingly, we

organized our patterns into a hierarchy(three lines of four sets of�ve connected

segments, with a space in between each set) and explained the tasks to our subjects in these exact terms.Sub jects were additionally instructed to think of the

cusp chain as a series of cusps (i’s) rather than as a series of arcs (u’s). The net

e�ect is that our sub jects reliably performed a wrist saccade at the completion

of each set of �ve connected curve segments (ie., before beginning the next set

of �ve segments).3

R e s u l ts 3

. 1 T e m p o r a l Re q u ireme n t s b y Cur veSe gmentIn the �rst experiment, sub jects were instructed to produce the �ve curves at

maximum accuracy.We measured the average velocity throughout each hand-

writing session. We observed that the writers required increasing amounts of

time to perform the loop chain, cusp chain, ramphoid chain, and S chain.Our

results are exempli�ed by �gure2 below. In no case did we observe a meaningful

di�erence between the left- and right-handed writers.

The one apparent exception related to the in ection chain, which was per-

formed with higher average velocity than the allegedly less complex ramphoid

chain. A closer look at the handwriting produced by the sub jects revealed that

no writer was able to create a smooth in ection point.Rather, the in ection

chains appeared as as ramphoid chains with lessened angular change at the geo-

metric singularity. This subtlety may not be obvious in the �gure below, due to

the low resolution of the word processing software. (The output of the digitizer

tablet at 1000 pts/inch was converted toPostScript via x�g at80 pts/inch.)

3.2 T ransformations under TimePressure

In the second experiment, sub jects were instructed to produce the �ve geomet-

ric curves under increasing time pressure. In each case, we observed that their

handwriting degraded exactly in accordance with our complexity hypothesis:

in ections became ramphoids, ramphoids became cusps, cusps became loops,

and loops became arcs. This behavior is exempli�ed by the handwriting dis-

played in �gure3 below, which contains all the world’ss’s.

Figure

4 plots the

frequency of geometric singularities as a function of average writing velocity.

There was no meaningful di�erence between the left- and right-handed writers. 4

6.8 mm/sec:

15.0 mm/sec:

6.6 mm/sec:

16.8 mm/sec:

8.9 mm/sec (unable to achieve smoothness):

5.2 mm/sec:

32.0 mm/sec:

38.5 mm/sec:

58.9 mm/sec:

F i g u r e 3

: T he num bero f geome tri c singu l arities in a geometricpath changes

under increasing time pressure.

In ections are replacedwith ramphoids, ram-

phoids are replaced with cusps, cusps are replaced with loops, and loops are

replaced with arcs.All the world’s s’s may be found in this writer’s handwrit-

ing. 6

-5

 0

 5

10

15

20

25

30

35

40

45

  0 10 20 30 40 50 60
count
velocity (mm/sec)

                                 loops
                                 cusps
                              rampoids
                           inflections

17.8 mm/sec:

8.4 mm/sec:

22.4 mm/sec:

25.7 mm/sec:

-5

0

5

10

15

20

25

30

35

40

45

8 10 12 14 16 18 20 22 24 26
count
velocity (mm/sec)
loops
cusps
rampoids
inflections

5.9 mm/sec:

15.0 mm/sec:

24.6 mm/sec:

39.0 mm/sec:

-5

 0

 5

10

15

20

25

30

35

40

45

    5 10 15 20 25 30 35 40
count

                                                   velocity (mm/sec)

                                                                                    loops
                                                                                    cusps
                                                                                 rampoids
                                                                              inflections

13.3 mm/sec:

56.6 mm/sec:

59.5 mm/sec:

59.0 mm/sec:

                     -5

                      0

                      5

                     10

                     15

                     20

                     25

                     30

                     35

                     40

                     45

                       10 20 30 40 50 60
count
velocity (mm/sec)

                                 loops
                                 cusps
                              rampoids
                           inflections