1

1

G e ne r a l Parallel C o m p u tat ion wit hout CP U s :

V L S I Reali zation o f a Parti cle Machine

R i c h a r d K . S q ui er , Ke n S tei g lit z, Mariu sz H. Ja ku b o wski

F ebruar y 6, 1 99 5

A b s t r a ct

W e de s c r i be a n a ppr oac h to para llel co mp utation usin g particle

propagation and collisions in a one -dimensional cellular automaton us-

ing a particle model | a P a r t i c l e Mac hi ne ( P M ) . Such a machine

has the parallelism , structural regularit y, and local connecti vity o f sys-

tolic arrays, but is general and programmable. It contains no e xplicit

multipliers, adders, or other �xed arithmetic operations ; these are im-

plemented using �ne-grain interactions of logical particles which are

in jected into the medium of the cellular automaton, and which repre-

sent both data and processors. We s ketch a V LSI implementation of a

PM, and estimate its speed and si ze. We next discuss the problem of

determining whether a rule set for a PM is free of con icts. In general,

the question is undecidable, but enough side information is usually

available in practice to answer the question in polynomial time. We

then show how to implement division in time linear in the number of

signi�cant bits of the result, using an algorithm of Leighton. This com-

plements similar previous results for �xed-point addition /subtraction

and multiplication. The precision of the arithmetic is arbitrary, being

determined by the particle groups used as input.

1 I n t r o d u ct ion

T h e g o a l o f th i s pape r is to use Parti cle Machi nes (PMs ) to incorporate the

parallelis m of s ystolic arrays [ 3 ] in har d ware that is not application -speci �c

� R i c h a r d S q ui er i s wi th the C o m puter Scie nce Department at Geor getown Uni versit y ,

Washington DC 2 00 5 7 . Ken Steig lit z and Mariusz Ja ku bowski are with the Computer

Science Department at Princeton University, Princeton NJ 0 85 44.

a n d i s eas y t o fa b ri cate . T he P M mode l , introd uced in [ 8, 6, 7 ], uses collidin g

particles to encode computation. A PM can be reali zed in V L S I as a Cellular

Automaton (CA ), and the resultant chips are locally connected, very regular

(being CA), and can be concatenated with a minimum of glue logic. Thus,

many VLSI chips can be strung together to provide a very long PM, which

can then support many computations in parallel. What computation ta kes

place is determined entirely by the stream of in jected particles : there are no

multipliers or other � xed calculating units in the machine ; the logic supports

only particle propagation and collisions. So, while many algorithms for a

PM mimic systolic arrays and achieve their parallelism, these algorithms are

not hard -wired but are \soft " in the sense that they do not use any �xed

hardware structures.

An interesting conse quence of this exibility is that the precision of �xed-

point arithmetic is completely arbitrary and determined at run time by the

user. The recent paper [7] shows that FI R �ltering of a continuous input

stream, and arbitrarily nested combinations of �xed-point addition, subtrac-

tion, and multiplication, can all be performed in one �xed CA-based PM

in time linear in the number of input bits, all with arbitrary precision. In

Section 6 of this paper we complete this suite of parallel arithmetic opera-

tions with an implementation of division that exploits the PM ’s exibility

by changing precision during computation.

The description of a particular PM includes its collision rule set, which

determines the results of collisions of particles. Because these rules only

partially specify their input, there are rule sets whose rules con ict on the

outcome of some collisions: that is, one rule states that some particle is

present in the outcome, and another rule states that it is not. If, given a

particular set of inputs to the PM, one of these con icting collisions occurs,

we say the rule set is not c o m p a t i b l e with respect to that set of inputs.

The PM model is T uring equivalent, as we show later in this paper, so

the general question of compatibility is undecidable. However, if the set of

inputs is su �ciently constrained, as is usually the case, the constraints can

be used to test compatibility in time polynomial in the number of particles

and rules.

The next section gives a description of the PM model. This is followed

by an outline of an implementation of the model in VLSI and an estimate

of its performance. W e then discuss the issue of rule con ict. Finally , we

give a detailed description of an implementation of Leighton’s Newtonian

division algorithm in the model.

to infinity particles injected

F

i g u r e 1

: T h e b a s i c co nce p tion of a partic le machine

2

P a r t i c l e mac hi ne s Figure 1s

h o ws the gener a l arrangement of aP

M . Particles are injecte d at one end of the one-dimensional

C

A

, and theseparticles move through the medium provided

b y the cells.When two or more particles collide, new particles may be created, e xisting particles may be annihilated, or no interaction may occur, depending on the types of particles involved in the collision.

The state of cell i of a 1-d CA at time t + 1 is determined by the states of cells in the nei

ghborhoo d of cell i at time t, the neighborhood being de

�ned to be those cells at a distance, or radi

us, r or less of cell i. Thus, the neighborhood of a CA with radius r contains k

=

2r + 1 cells and includes cell i itself.

W e thin

k of a cell

’s n-bit state vector as a binary occupanc y vector, each bit representing the presence or absence of one of n particle types

(the same idea is used in lattice gasses

; see, for example,

[2

] ). The operation of the

CA is determined by a rule, called the update rule, which maps states of the cells in the neighborhood of cell i at time t to the state of cell i at time t + 1.

Figure 2 illustrates some typical collisions when binary addition is implemented by particle collisions. This particular method of addition will be one of two described later when we develop arithmetic algorithms. The basic idea is that each addend is represented by a stream of particles containing one particle for each bit in the addend, one stream moving left and the other moving right. The two addend streams collide with a ripple-carry adder particle where the addition operation takes place. The ripple-carry particle keeps track of the current value of the carry between collisions of subse

quent addend-bit particles as the streams collide least-signi�cant-bit

�rst. As each collision occurs, a new rightmoving result-bit particle is created and the two addend particles are annihilated. Finally , a trailing

\reset

" particle moving right resets the ripple-carry to

zero and creates an additional result-bit particle moving right.

W e need to be careful to avoid confusion between the bits of the arith-

3

= 0 1 1 1

= 0 1 1 1 0+

= 0 1

= 0 +1 0 1

= 0

+1 0

=

+1 0

0 0 +1

0 0

1 0 0

0+

+1 =

0+

F i g u r e 4 : A p o ss i b l e l a yo u t pla n fo r a P M .

Figure 5: T he general layout of cells in the CA for a PM. The bits in the state vector are sho wn as sha ded registers. Each such register supplies data to the update logic for its own cell

, and those of its nearest neighbor cells.

Connections to right neighbors are shown as dashed lines.

e le me n t s uses a r oug h a ppro ximation to the spa ce re quire d to route a single signal wire in modern V L S I [ 9 ]: a bout � = 6 � , where � = 0 : 2 � . Thus, a wiring channel containing n wires we estimate to be n6� across. W e allow four times as much space per signal wire for PL A signal wires, or � = 24� per PLA wire.

As laid out in Fig. 5, a cell requires vertical space for two wiring channels.

In addition, we must

�t in the larger of either a ban k of p ip - ops or the vertical span of the PLA. Since we assume a simple la yout, the PLA is the larger structure and we ignore the ip- ops. The PLA contains p input wires, p

= 3 from the cell ’s own ip- ops and p=3 each from the two neighbor cells, and p output wires, giving 2p total PLA wires, counting vertically .

The total height of a cell is then

(2=3 )p� + 2p�.

7

H o r i zo n t a ll y , a c ell m u st accommo date t he P L A, t wo wirin g channels, and the i p - ops . The PLA re quires roughly as many wires as minterms.

Estimating an a verage o f four minterms per output wire, we get 4 p horizontal

PLA wires. The width of the ip- ops is a bout 1 0 PLA wires. A cell ’s width is then

( 2 = 3 )p � + 4p � + 10�.

Let’s establish the number of particles required, p, for a general P M. Consider a single trac k of data. In general for a single track we need data bits that travel in either direction or remain stationary . This requires si x particles

: 0 and 1 moving left, 0 and 1 moving right, and stationary 0 and

1. Three data tracks su

�ce for all applications we have tried. F or each data track we assume about six operator particles are needed. This gives us p = 3 6 total operator and data particles. Using the above area estimates and given a chip 1 centimeter on a side, we

�nd there is room for about 300 cells on a single chip for a PM supporting 36 particles.

Now let’s estimate the potential parallel performance. Using the multiplication scheme shown later in Fig.

8 we need about 2 n cells to hold a single n-bit operand moving either left or right. The processor particles need 2n cells. This gives 6n total cells between the beginning of one multiply and the beginning of the next multiply .

Supposing we have 16-bit operands, this means we can �t three 16-bit multiplies operating concurrently on a single chip. The cell logic is very simple, so a conservative estimate of clock speed is 100 Mhz. A multiply completes in 2n ticks. This gives us about 3 million 16-bit integer multiplies per second per chip. Using logic optimization and other layout and performance re�nements in the chip design, we might expect to get a factor of

5 to 10 improvement over this estimate.

4 C o m p a t i b l e colli sio n r ules

4 . 1 C o ll i sio n r ul es

A set of rules in a PM is a relation between p r e c o n d i tion s that determine the rule’s applicability to collisions and e

�ects that give the outcome of collisions. The domain is a set of pairs of the form (

P D ; AD), where PD is a set of particles that must be present in the neighborhood in order for the rule to apply , and AD is a set of particles that must be a bsent. W e refer to particles in AD as partic le ne gations, and we consider particle negations to collide, even though the actual particles are not present. The range is a set of pairs (P

R; AR), where the sets PR and AR give the particles that are created and destroyed, respectively .

8

particle

processor addend 2 addend 1

particle

processor addend 2

addend 1

F i g u r e 7 : A n a l t e rnate a dd iti on s c he me , in which a processor tra vels thro u gh the addends

.

particles

processor right multiplicand left multiplicand

Figure 8: Multiplication scheme, based on a s ystolic array. The processor particles are stationary and the data particles collide.

Product bits are stored in the identity o f the processor particles, and carry bits are stored in the identity of the data particles, and thereby transported to neighbor bits.

Figure 7 a l s o illus trates t he use o f \tra c ks " . I n this case t wo di �erent kinds of particles are used to store data at the sa me cell position , at the cost of enlarging the particle set.

This turns out to be a ver y useful idea for implementing multiply

-accumulators for FI R �ltering, and feedback for IIR

�ltering

[7 ]. The idea is used in the ne xt section for implementing division.

Figure 8 shows the particle arrangement for �xed-point multiplication.

This mirrors the well known systolic array for the same purpose, but of course the structure is \soft" in the sense that it represents only the input stream of the

P M which accomplishes the operation.

The reader is referred to [

6, 7] for more detailed descriptions and a discussion of nested operations and digital �ltering.

6 L i n e a r - ti me di vi si on

Although division is much more complicated than the other elementary arithmetic operations, a linear-time, arbitrary-precision algorithm is possible using the particle model. The algorithm we present here, based on

Newtonian iteration and described by Leighton [ 4]

1, calculates the reciprocal of a number x. W e assume for simplicity that x is scaled so that

1

T h e a l g o r i th m de s cri bed here is act uall y slightly di �ere nt in some details , but it is not hard to veri fy its com ple xity and correctness .

1 2

0 1 1 0 0 0 0 0 0 0 0 0 0 0

0 1 1 1 0 0 0 0 0 0 0 0 0

SL SR bits of y

path of x ’s bits bits of x path of y ’s bits

0

0

0

F i g u r e 9 : I n i ti a l c on � g u ration for di vi sion .

1

2 � x < 1 . F or a n ar bi trar y di vi sion prob le m , we res cale t he divisor by shi

fting its binary point left or right, calculate its reciprocal, multiply by the dividend, and

�nally scale the result bac k. Since each of these steps takes only linear time, the entire division uses only linear time.

The algorithm works as follows. Let N denote the number of bits desired in the reciprocal. F or simplicity , assume N is a power of

2. Let x i represent the

i -th appro ximation of the reciprocal and yi the divisor, both rounded down to 2i

+1 + 4 places. Beginning with x 0 = 1.1 in binary , the method iterates using xi+1 = xi

(2 � yixi ), for 0 � i < lg N . At the end of the i-th iteration, the error is less than 2

�2 i + 1 .

The particle implementation of this algorithm carefully coordinates stationary and moving particles to create a loop. The i-th iteration of the loop performs linear-time, �xed-point additions and multiplications using

2i+1 + 4 bits of precision.

M a r k er particles delimit the input number and indicate the bit positions that de�ne the successive precisions re

quired by the algorithm.

Figure 9 illustrates this setup, giving the initial template for calculating the reciprocal of the number

7 to 8 bits of precision, that is, with error less than 1

2 5 6 . The outer markers enclose the binary numbers y0 = 0

:111, which is 7 rescaled to �t the algorithm, and x0 = 1.1, the �rst approximation to the reciprocal. Additional markers are at bit places

6, 8, and 12 after the binary point, indicating that three iterations are required, at precisions of

6, 8, and 12 bits. Two consecutive markers terminate the number.

The only moving particles in Fig. 9 are

se n der particles, denoted by

S L and S R, whose job is to travel through the medium and send data bits to the left and right to begin an iteration of the loop. (The SL and SR particles are created by a chain reaction of previous collisions which will not

1 3

1 1 0 0 0 0 0 0 1 1 1 0 0 0

0 1 1 1 0 0 0 0 0 0 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0

F i g u r e 1 0 : C o n � g u r a t ion ju st b e fore t he �rst mu lti pli cation .

C 1 1 0 0 0 0 0 0 0 0 0 0 0

0 1 1 1 0 0 0 0 0 0 0 0 0

1 0 1 0 1 0 0 0 0 0 0 0 0

Figure 11: Con�guration just before subtraction.

be de s cribed here . ) A ls o prese n t in Fig. 9 are m i rr or particles , denoted b y s

quares, which \re ect " mo ving data bits ; that is, a collision o f a moving bit with a mirror generates a bit moving in the opposite direction and destroys the original bit.

An iteration of the loop proceeds as follows. First, the sender particles

S L and S R collide with the two mar kers, as shown in Fig. 9, to generate two mirrors in place of the markers.

Ne xt, SL moves right, sending bits of

y 0 to the left; at the same time, SR moves left, sending bits of x0 to the right.

The moving bits of the two numbers bounce o � the �rst mirrors, pass through the second mirrors, and �nally bounce o� the mirrors represented by squares in Fig. 9. This prepares the medium for the multiplication y0x0.

At this point all four mirrors are transformed to stationary markers. Figure

10 shows the con�guration

just before multiplication occurs. When the last bits of x0 and y0 collide with markers, the multiplication is �nished, as shown in Fig. 11.

The next task is to calculate

2 � y0x0. W e do this simply by taking the 2

’s complement of y0x0, since 0 < y ixi < 2. F or this purpose we generate a special particle

C when the last bit of y0 collides with a marker (see Fig.

Figure 12: Con�guration just before the secon d multiplication.

1 4 i values of y_i mirror values of x space time computation region first iteration second iteration third iteration

p a r t i c l e s . At t his p oi nt we ha ve acc u mulate d tric ks for translatin g s ystolic arrays and other structures into particle streams

, but general problems of programming a

P M, such as designing higher level languages and building compilers, are une

xplored.

The three main advantages of PMs for doing parallel arithmetic are the ease of design and construction, the high degree of parallelism available through simple concatenation, and the

exibility of word length | which depends, of course, only the particle groups entering the machine.

In summary , the particle model gives us a new way to think about parallel computation. The medium that supports the particles need not be a

CA

[ 5 ], and even if it is, the implementation need not be in V L SI.

8 A c k n o w l e d ge men t

This work was supported in part by NS F grant MIP - 9 2 0 1 4 84, and a grant from

Georgetown University .

R e fe re n ce s

1. Cappello, P . R., \T owards an FIR Filter Tissue, " Proc. ICASSP 85, pp. 2

7 6-279, T ampa, FL, Mar. 1985.

2. U. F risch,

D. d ’ Humie’res, B. Hasslacher, P . Lallemand, Y. Pomeau, and

J. P . Rivet, \Lattice gas hydrodynamics in two and three dimensions,"

C o m p l e x S y s tems 1 (1987 ), pp. 649-707.

3. H. T. Kung, \ Why systolic architectures ?" I EEE Comp ut . 1 5 1 (Jan.

1982), pp. 37-46.

4. F. T. Leighton, I

nt ro du ct ion to P arallel Al gorit hms and Architectures,

Morgan Kaufman Publishers, San Mateo, CA, 1992.

5. N. Margolus, \Physics-like models of computations," Physica 1

0 D (1984), pp. 81-95.

6. R. K. S

quier and K. Steiglit z, \Subatomic particle machines : parallel processing in bulk material," submitted to Signal Processing

Letters.

7. R. K. Squier and K. Steiglitz, \Programmable Parallel Arithmetic in Cellular Automata using a Particle Model," submitted to Complex Systems

; T ech. Rept. CS-TR-478-94, Computer Science Dept., Princeton Univ.,

Dec. 1994.

8. K. Steiglitz, I. Kamal, and A. W atson, \

Embedding computation in onedimensional automata by phase coding solitons," IEEE

Trans. on Com - puters

3 7 2 (1988), pp. 138-145.

17

9 . N. W e s te a n d K. Es h ra gh ian , P r i n ci p l e s o f C M O S V LS I Desi gn, Addis on -

W es

le y , Reading, MA, 19 8 5.

18