M

I

NIM UM

S

P

ANNIN

G

T

R

EE

VERI

FI

CA TION

, F AST PRIORITY

QUEUES,

AND MASSIVEL Y P ARALLEL F ACTORINGB r

a n d on D

i

xon A

D

I

SS E

R

T A TIO

N

PRESENTED

TO THE

F AC

U

L TY

OF PRINCETON UNIVERSITY

IN CANDIDACY FOR THE DEGREE

OF DOCTOR OF PHILOSOPHY

RECO

MMENDED FOR ACCEPT ANCEBY

THE DEP AR TMENT OF

COMPUTER SCIENCEO c

to b

er 1

99 3

c C o p y r i g h t by Br a n don Di xon 1 99 3

A ll Right s R eser ved

W e p re se n t a l g or it h ms for pro blems from three di �erent areas of resear ch on parallel

comp utation . The �rst problem that we consider is verif ying minimum spanning trees.

Given a weighted , undirected graph G and a spanning tree T of G, our algorithms

determine whether T is a minimum spanning tree. W e present the �rst linear time

algorithm for this problem, that is, if G has n vertices and m edges, our algorithm runs

in O (m + n ) time given a unit cost random access machine ( R A M) with O(log n) word

si ze. Along with the spanning tree veri�cation problem, we consider the spanning

tree sensitivity analysis problem. This problem is to determine the ma ximum possible

change for each individual edge cost that does not destroy the minimality of the given

spanning tree. W e give two algorithms for this problem : the �rst runs in O(m + n)

expected time and the second runs in optimal deterministic time, but the exact time

bound is not known.

W e additionally present optimal parallel algorithms for the minimum spanning

tree veri�cation and sensitivity analysis problems. The parallel algorithms share top

level ideas with the above se quential algorithms, but their implementations require

di�erent techniques. The parallel veri�cation algorithm runs in O(log n) time using

�((m + n) = log n) processors in the concurrent read, exclusiv e write ( CR EW) PRAM

model. The parallel sensitivity analysis algorithms are the parallel equivalents of the

sequential sensitivity analysis algorithms ; we give an algorithm that runs in O(log n)

ex pec te d ti me u si n g �

(( m

+ n

) = l og n)C

R

E

W processorsand a deterministic algorithm that run is optimalbut unkno

wn time using �((m + n)= log n) processors as well.

The second problem that we consider is that of allowing concurrent operations on a priority queue over some bounded universe.Given a bounded universe, say[

0 : : :N

], we give algorithms for performing insertions, deletions and�nd minimum operations on a set of elements from the universe. Each operation completes inO(log log N ) time.Our algorithms are unique because the operations can be pipelined in such a way that a new operation can always begin on the set in a constant amount of time. This allows concurrent operations on the set and gives a way to increase the throughput of the data structure without increasing the latency of any single operation. W e give an application of this data structure to the longest increasing subsequence problem, giving an optimal linear time algorithm using �(log log N ) processors.

The last problem we consider is that of factoring integers. Our contribution to this widely studied problem is to give e�cient factoring algorithms for massively parallel single instruction, multiple data (S

I M D) machines. The algorithms presented here have been implemented on a1

6 K processor MasPar SIMD machine. W e present both special purpose factoring algorithms (where the running time depends strongly on the size of the smallest factor) and general purpose methods (where the running time depends solely on the size of the integer to be factored).Additionally we present fast algorithms for the multiplication of large integers modulo a �xed integer, a problem useful for many applications in the area of computational number theory and cryptography . iv

M a n y p e op le ha ve helped to ma kew r itin g this thesis possible

.

Firstly

I would like to thank my advisorBob

T arjan for his support and guidance over the last years.His knowledge and intuition have been invaluable, I am grateful to have been his student.

I want to thankArjen

Lenstra for sharing both his work on challenging problems and his sense of humor with me. I have enjoyed our time working together greatly . I also thank both Bob, Arjen, andJoel F riedman for their time reading my thesis.

I have enjoyed my time atPrinceton due to the pleasant working environment at the department and my friendly o�cemates

: Heather Booth, Leonidas Palios, MonikaRauch,

Andrew T olmach, and ArthurW atson. I thank RebecaDavies for her help me with all of my T eX

questions over the years.

Financial support for my work at Princeton has come from aNational

Science

F oundation

Graduate F ellowship and from DIMACS

(Center for Discrete Mathematics and Theoretical Computer Science), a National Science F oundation Science and

T echnology Center, Grant No. NSF-STC88-

0

9 6 48. I especially want to thank my parents for instilling in me the values which I hold so dear and for giving me the con�dence and the drive to achieve my goals.

Last, but certainly not least, I thank Monika Rauch for her professional and personal companionship, which has made the last four years so enjoyable. v

4. 5.4 P r a c t ica l re mar k s : : : : : : : : : : : : : : : : : : : : : : : : :95

4.5.5 E

xam ple : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 97

B

i b li o g r a p h y 9

8 viii

1

T h e m i c r o tree str ucture

.

: : : : : : : : : : : : : : : : : : : : : : : : :9

2

E d ge ( u ; v ) is rep l aced b y (u;r

2 ), (r 2 ; r3

), and (r 3 ; v ). : : : : : : : : : 10

3

Sensiti vity analysis of the nontree edges:

c(v ;w) can decrease to the minimum cost on the tree path from v to w. : : : : : : : : : : : : : : 14

4 Sensitivity analysis of the tree edges: c(v ; w) can increase to the max

- imum cost nontree edge that covers the tree edgefv ; wg. : : : : : : : 145

A treewith indicated heavy edges and its corresponding compressed tree. : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 216

The treeT t o p and lower tree structure. : : : : : : : : : : : : : : : : : 357

A lower tree and its split value pointer. : : : : : : : : : : : : : : : : : 398

The recursive tree structure. : : : : : : : : : : : : : : : : : : : : : : : 45 ix

T h i s th esis c o ntains res u lts fro m twodistinct areas of research in algorithms

.

Cha pters

2 and3 present sequential and parallel random access machine(

R A

M

) algorithms.W e analy

ze the running times of these algorithms, and for each of the problems considered, we give the�rst algorithms whose running time is provably optimal. Chapter4 presents applied work in the area of parallel computing. W e describe algorithms developed for factoring integers using a real world single instruction multiple data (S

IM D) parallel computer. These algorithms and their implementations are designed to be as fast as possible in practice.Because of the di�erence in the design goals of the algorithms given in the thesis, the presentation varies somewhat between chapters, and each chapter is self contained.

In Chapter 2 we consider the minimum spanning tree veri�cation and sensitivity analysis problems. T o verify a minimum spanning tree we must determine whether a given spanning tree of a weighted graph has minimum cost. The sensitivity analysis problem is to determine for every individual edge of the graph, the maximum change in cost for that edge that preserves the minimality of a given spanning tree. In this chapter, we present both sequential and parallel algorithms for these problems.

The veri�cation result is intriguing due to the fact that minimum spanning trees can1

CH

A

P

T

E

R

1

. I

NTR O

D

UCTION

2 c

u rr e n t l y beveri

�e d f a ster than they can be found

.

This lends some hope to the idea that spanning trees can be found faster.

The sequential veri�cation algorithm runs in linear time, and the sequential sensitivity analysis algorithm runs in linear expected time and optimal deterministic time.

These results arejointwork withMonikaRauch andBob T arjan and appear in[

1 8 ]. The parallel veri�cation algorithm runs inO

(log n

) time using�((n

+ m)

= log n) processors, where n is the number of vertices and m is the number of edges in the given graph. The parallel sensitivity analysis algorithm has time bounds similar to those of the sequential version, O(log n) expected time and optimal deterministic time, using

�((n + m)= log n) processors. The parallel results share top{level algorithmic ideas with the sequential algorithms, but the actual data structures and implemen tations are quite di�erent. The parallel algorithms are joint work with Bob T arjan.In

Chapter

3 we present a pipelined data structure for maintaining a priority queue.

A priority queue is a data structure that supports insertion, deletion, and

�nd minimum operations on elements from some ordered universe. If the range of the elements can be bounded by some range, say [0

: : :N ], then the running time of the priority queue operations is O(log log N ) using the data structure due to vanEmde

Boas [20]. The algorithms in this chapter support priority queue operations on elements from a bounded universe in O(log log N ) time as well, but they additionally allow the priority queue operations to be pipelined in such a way that a new operation can begin every O(1) time steps. In this way multiple processors can operate concurrently on the queue. A version using simple, easy to implement data structures gives an amortized running time of O(log log N ) per operation, and a version with worst case O(log log N ) time per operation is presented as well.

The focus shifts in Chapter4 to the e�cient implementation of massively parallel algorithms for integer factoring. The algorithms presented are for single instruction

CH

A

P

T

E

R

1

. I

NTR O

D

UCTION

3 m

u l t i pl e d ata (

S I M D

) parallel c omputer s

, and all of the algorithms havebeen implemented on the MasPar SIMD machine. W e present both special purpose factoring algorithms (where the running time depends strongly on the size of the smallest factor) and general purpose methods (where the running time depends solely on the size of the integer to be factored).Additionally we present fast algorithms for the multiplication of large integers modulo a� xed integer.This multiplication algorithm is useful for many applications in the area of computational number theory and cryptography . The results of this chapter arejoint work with ArjenLenstra and appear in[

1 5, 16, 17

].

CH

A

P

T

E

R

2

. VER

I

FICA TIO

N OFMINIM

UM

SP ANNING TREES6

P

r e v i o u s l y , t he veri� c atio n pro ble m was considered byT arjan

[6

0

] and subsequently byKoml

� os [3

5]. T arjan proposed an algorithm that runs inO

( m �(m

;

n )) time, where � is afunctional inverse ofAc

kermann

’s function. Koml� os showed that a minimum spanning tree can be veri�ed in O(m) binary comparisons between edge costs.

Unfortunately , his method requires nonlinear time to determine which comparisons to make. An unpublished paper of Alon andSchieber [4] gives an algorithm for verifying minimum spanning trees in O(log n) time using�((n

+ m)�(m; n)= log n) processors.

Our model of computation allows edge costs to be compared, added, or subtracted in unit time, and side computations to be performed on a uniform-cost random-access machine (RA

M) with word size

(log n) bits. The sequential algorithm uses the comparison bound of Koml� os [35] for the subproblems and T arjan’s O(m�(m; n)) algorithm [60] for the reduced problem.F or the parallel algorithms, our model is a concurrent read, exclusive write (CR

E

W) parallel random-access machine (PRAM).It is important to note that our computational model allows only very simple operations on the edge costs, namely binary comparison, addition, and subtraction.

In a more powerful model in which bit manipulation of the edge costs is possible, better results can be obtained using table lookup and other ideas. In particular,Harel

[30] showed that if the edge costs are integers polynomially bounded in n , then on a unit-cost random-access machine the minimum spanning tree veri�cation and sensitivity analysis problems can be solved deterministically in linear time. More recently F redman and Willard [23] showed that if the edge costs are single-precision integers, then a minimum spanning tree can be computed deterministically in linear time on a unit-cost random access machine. These results are incomparable with ours because of the stronger computation model used.

CH

A

P

T

E

R

2

. VER

I

FICA TIO

N OFMINIM

UM

SP ANNING TREES7 L

e t G

=

(

V ; E ) bea c o nnecte d

, und i rected gra p h with vertex set V of size n and edge set E of sizem

.

Suppose every edgef v ;w g

2 E has a real

-valued c o s t c(v ; w).A m

i nim um sp annin g tr ee of G is a spanning tree whose total edge cost isminimum.The minimum spanning treeveri

�cation prob lem is that of determining whether a speci�c spanning treeT is a minimum spanning tree. Since G is connected, m� n�

1. T o simplify time bounds, we assume that m � n; otherwise, G itself is a tree.

Let T be a spanning tree whose minimalit y we wish to test.F or any pair of vertices v ; w, we denote by T (v ; w) the path in T from v to w. The spanning tree T is minimum if and only if, for every nontree edge fv ; wg, c(v ; w) � maxfc(x;

y )j fx; y g 2 T (v ; w)g.In order to e�ciently verify this condition, we replace each nontree edge fv ; wg by a set of up to six replacement edges, each of cost c(v ; w). This replacement leaves invariant the minimalit y of T .Edge replacement is a two-stage process. T o begin the �rst stage, we choose an arbitrary vertexr and root T at r.W e denote byp(v ) the parent of vertex v in the rooted version of T . F or each nontree edge fv ; wg, we compute the nearest common ancestor of v and w in T , sayu. If v and w are unrelated in T

(i.e., u is not either v or w), we replace fv ; wg by the pair of edges fu; v g ; fu; wg, each with cost c(v ; w). Such replacement leaves invariant the minimality of T , at most doubles the number of nontree edges, and results in a graph such that every nontree edgejoins two related vertices in T . The time to perform this replacement isO(m) using either of theknown linear-time algorithms for computing nearest common ancestors [

31 ],[

5

6]. W e can now assume that each nontree edge fu; v g is such that vertex u is an ancestor of vertex v . In the second stage, we replace each such edge by a set of up to three edges. In order to determine the edge replacements, we partition T into a collection of edge-disjoint subtrees. Letg � 1 be an integer parameter, whose value

CH

A

P

T

E

R

2

. VER

I

FICA TIO

N OFMINIM

UM

SP ANNING TREES8 w

e s h a ll spec i f y late r

. The su btrees have two properties:

(i

) there are atmost (n

�

1)

= g + 1 subtrees; an d (ii) deletion from any subtree of its root and all edges incident to the root leaves a collection of smaller subtrees, calledm

i c r o tr ees, each containing at most g vertices.

We compute the collection of subtrees inO(n) time, as follows. W e process all the vertices except

r in postorder[

6 2 ]. (This order guarantees that a parent is processed after all of its children.) When processing a vertexv , we compute an integer values(v ) for it; and, in addition, we may mark it as a subtree root. The computed value of s(v ) is the number of descendants of v inT (including v itself ) that are in the same microtree as v .Initially all vertices are unmarked. The vertex processing step is as follows:process(v ):Compute

h

= 1 +P fs( w)j w is a child of vg.

If h� g then let s(v ) = h ;

otherwise, mark v as a subtree root and let s(v ) = 1.Once the vertex processing is completed we mark r, the root of T , as a subtree root.See

Figure

1 for an example of the microtree structure. Condition (ii) is immediate from the de�nition of the vertex processing. Condition (i) is also immediate: each subtree, except possibly the one rooted at r, contains more than g vertices and hence contains at least g edges, which means that there are at most (n � 1)=g + 1 subtrees.Let T0 be the tree whose vertices are the marked vertices of T , with v the parent of w in T 0 if v is the deepest marked proper ancestor of w in T (i.e., the �rst marked vertex encountered on the path from w to r in T ). W e call T 0 the macrotree.By (i), T 0 has O(n=g ) vertices. T ree T 0 can be computed in O(n) time by doing a depth-�rst

CH

A

P

T

E

R

2

. VER

I

FICA TIO

N OFMINIM

UM

SP ANNING TREES9

- microtrees

- subtree roots r

tra

versa l of

T an d maintaining the set of marked proper ancestors of the currentl y

visited vertex on a stack;

when the search visits a vertex v, the deepest marked proper ancestor of v, which we denote

by p 0(v ), is on top of the stack. (W e adopt the convention that p0(

r) is unde

�ned.)

W e use the macrotree to de�ne the replacement edges for each nontree edge.

Let

f u; vg be such a nontree edge, with u an ancestor of v. Let r

1

= p0(u) if u is unmarked or u if u is marked.

Similarly , let r

3 = p0(v) if v is unmarked or v if v is marked.

If

r1 = r3, we do not replace fu; vg. If r1

6= r3, let r

2 be the child of r1 in T 0 that is an ancestor of r3 ; replace fu; vg by fu; r2g ; fr2; r3g ; fr3; vg, deleting any of these edges

that is a loop (an edge of the form f

x; xg for some x). See Figure

2.

Each new edge has a cost of

c(u; v). This replacement leaves invariant the minimality of T and at most triples the number of nontree edges.

W e can compute the replacement edges for every nontree edge in a total of

O( m)

time, as follows.

A depth

-�rst traversal of T as described above allows us to compute p0(v) for each vertex v 6= r. This gives r1 and r3 in the construction. It remains to

C H A P T E R 2 . VER I FICA TI O N OF MINIM UM SP ANNIN G TREES 1 0

..._{(u,v)} u r

v

r

2

1

3r

C H A P T E R 2 . VER I FICA TI O N OF MINIM UM SP ANNIN G TREES 1 2 v e r t i ce s c o nsec utive l y fro m 1 , enco din g e ac h edge by the pair of numbers of its end vertices, and concatenating the encodings of the edges, listing the spanning tree edges

�rst . ( It does not matter that this encoding is not uni que. ) The encoding for a graph - tree pair contains at most dlog g eg 2 =2 bits, since there are fe wer than g2=2 edges. The total number of possible code strings (not all of which are legal encodings of graphs) is not more than 2

d l o g g eg 2 =2. W e will choose g such that each graph encoding �ts into one computer word and such that there are at most

p n possible code strings.

Choosing g � c2(log n)

1= 3 for a suitably small value of c2 more than su

�ces for this purpose.

Consider a connected graph with at most g vertices and e < g2=2 edges and having a speci�ed spanning tree T

�. The result of

Koml �os [ 3 5 ] implies that there is a decision tree D whose nodes represent binary comparisons of edge costs that will verify the minimality of T � and has a depth of at most c1e, for some su�ciently large c1. The number of nodes in D is at most 2

c 1 e +1.

F urthermore, an inspection of the construction of Koml� os shows that D can easily be constructed in O(g2) time per node, for a total of O(g22c1g2=2) time.

Choosing g � c2(log n)1=3 for a suitably small value of c2 guarantees that the construction time for one decision tree is O(p

n), and the total time required to construct decision trees for all possible graphs with at most g vertices is O(n). F urthermore, the space needed to store all the decision trees is O(n).

W e construct one decision tree for each possible graph with at most g vertices and then build a table that maps code strings for graphs to the corresponding decision trees. Then we use the table to verify the minimality of the microtrees T i in the respective graphs Gi, by computing a code string for each Gi ; Ti pair, accessing the decision tree corresponding to the code string, and following the path through the decision tree determined by the edge costs of Gi. The total time to perform all the veri�cations is O( m). This completes the veri�cation of T .

C H A P T E R 2 . VER I FICA TI O N OF MINIM UM SP ANNIN G TREES 1 3

T h e o n l y con s t r a ints i m pose d on the choice o f g in this constr uction are g =

(lo g

( i ) n ) for some � xed positi ve integer i and g � c

3(log n)

1 =3 for c3 = min fc 0 ; c 2 g .

Thus it su �ces to choose g = c3(log n)1=3.

An extension of the minimum spanning tree veri�cation pro blem is the sensitivity analysis problem. Let G be an undirected graph with edge costs and let T be a minimum spanning tree of G. The s e ns i ti vit y ana lysis p r o ble m is to compute , for each edge f v; wg of G, by how much c(v; w) can change without a �ecting the minimalit y of G. T ar jan [ 61 ] has extended his veri�cation algorithm to an algorithm that solves the sensitivity analysis problem in O( m �(m; n)) time. F or the special case of planar graphs, Booth and W estbroo k [ 8] have given an algorithm running in O(m) time.

W e shall describe a randomi zed O(m) -time algorithm and a deterministic algorithm that runs in time minimum to within a constant factor, although all that we can say for sure about the running time of the latter algorithm is that it is O(m�(m; n)) and (m). Our techni que is the same as that of Section 2.2 ; namely , we reduce the original problem in O(m) time to a collection of subproblems, each of which is small enough to solve by using a decision tree selected from a precomputed set of such trees. F or the randomized algorithm, we solve the subproblems using a result of

Goddard, King, and Schulman [28], and we enumerate of all possible algorithms in the deterministic case. In both cases T arjan ’s O(m�(m; n))-time sensitivity analysis algorithm [61] processes the reduced problem.

Let fv; wg be a nontree edge. Let a(v; w) = maxfc( x; y) j fx; yg 2 T (v; w)g.

Then T remains minimum until the edge cost of fv; wg decreases by more than c(v; w) � a(v; w) (See Figure 3). Similarly , let fv; wg be a tree edge. Let b(v; w) = min fc(x; y) j fx; yg is a nontree edge such that fv; wg 2 T (x; y) g. Then T remains

v w c(v,w)

C H A P T E R 2 . VER I FICA TI O N OF MINIM UM SP ANNIN G TREES 1 5 t h at c ( v ; w ) � a(v; w) , w e c o m p ute a(v; w) e xp l icitl y . Explicit computatio n o f the a(v; w) value s can be done by computin g, fo r each of the six replacement edges for an original edge fv; w g, the maximum -cost tree edge on the path in T joining the endpoints of the edge. These maxima can be computed by slightly modifying the algorithm of Section 2.2 ; the algorithm of Koml �os actually computes the maxima along tree paths needed to handle the replacement edges within the microtrees.

Computing b(v; w) for every tree edge fv; wg is harder. W e �rst replace the nontree edges exactly as in Section 2.2 : each nontree edge f x; yg is replaced by a set of up to six nontree edges, each of cost e qual to that of fx; yg, in a way that preserves b(v; w) for every tree edge fv; wg. In the process of performing this replacement, we choose a root r of T and compute subtree roots, subtrees, and microtrees exactly as in Section 2.2. After the replacement, each nontree edge fx; yg is such that x and y are related in T , say x is an ancestor of y. In addition, such an edge is of exactly one of three types:

Type 1: x is a subtree root, y is not a subtree root, and x = p

0(y), where p0 is de�ned as in Section 2.2: p0(y) is the deepest ancestor of y that is a subtree root.

Type 2: x and y are subtree roots.

Type 3: x and y are in the same microtree.

W e compute each value b(v; w) using the equation b(v; w) = minfb

1(v; w); b 2(v; w); b 3(v; w)g ;

where b i for i = 1; 2; 3 is de�ned exactly li ke b(v; w) but with the minimum taken only over nontree edges of type i.

T o compute the b1-values, we begin by computing, for each vertex v 6= r, the value m i n1(v) = min fc(x; y) j fx; yg is a type-1 edge such that x = p0(y) is a proper

C H A P T E R 3 . C O NC URRENC Y IN AN O ( L O G LOG N ) PRIORITY QUEUE 4 7

v e r s i o n , an d o ur mode l o f concurrenc y is iden tical to t he one used for the amorti zed

version . W e use synchronization to hel p achieve concurrency , and we a gain de �ne

operations in terms of a time step. The duration of the time step is determined by

the longest set of operations that we wish to perform in one time step, and will, as

in the amortized version, be some constant amount of time.

The predecessor search operations proceed as in the se quential version. During

each time step, the search determines the proper sub {structure to recursively search

in, and ma kes e xactly one recursive call. When the search procedure begins to return

from the recursive calls, it returns from exactly one call per time step. Note that it

is only when the search returns that the predecessor at that sub{structure is known.

A predecessor search can take log log N time steps to recurse to the bottom of the

structure and another log log N time steps to return to the top level. W e further

synchronize the operations by requiring all operations to take 2 log log N time steps

as follows. W e say that a sub{queue is at depth d if it can be reached after d recursive

steps, i.e. the top level queue is at depth 0 and its T t o p and T bot structures are at

depth 1, and so on. Operations that complete their recursion at a depth d < log log N

wait 2(log log N � d) time steps to begin returning from their recursive calls so that

operations that began before them can be sure to complete before them. Thus all

operations take exactly 2 log log N time steps.

The insertion and deletion procedures are synchronized in much the same manner.

The insertion cannot �rst �nd its predecessor and then insert the item, because other

insertion operations might cause the predecessor to change before the insertion takes

place. The predecessor is, therefore, found while inserting the element from the top{

down. Except for the list L, all other data structures at the current level can be

updated in constant time without knowing the predecessor. This means that at each

time step, an insert x operation can update the size of the sub -structure, change the

value V [x ] in the bit vector, and determine the proper sub-structure for the recursive

C H A P T E R 3 . C O NC URRENC Y IN AN O ( L O G LOG N ) PRIORITY QUEUE 4 8

i n s e r ti on . I f a one e le ment tree is create d , t hen this is also accom plished d urin g the

single time step. Ho we ver, it remains to insert x into the list L. This can onl y be

accomplished once the predecessor of x in the sub {structure is known.

It is possible that the predecessor search must recurse into a di �erent sub{structure

than the insertion (when x is a new smallest element of its sub{structure). In this

case, x is the smallest element of its sub{structure and thus no further predecessors

are re quired. The predecessor search and the insertion take place simultaneously .

Because of the imposed synchroni zation, the insertion and the predecessor query

both return at the same time step, and thus the insertion can continue with adding

x to L. In all other cases, the predecessor is computed in the same sub{structure as

the insertion and thus is known when the insertion returns from its recursion.

T o be able to decide whether the predecessor search is in the same sub{structure

as the insertion, we must be able to determine the smallest element in a sub{structure.

However it is possible that there may be elements which are waiting to be inserted

into L, and thus we cannot simply use L to determine the smallest element. Therefore

we introduce an additional data structure stored at each sub{structure to help answer

�nd min queries. W e store the items waiting to be inserted into L using the result

of A jtai, F redman, and Koml �os [ 3 ]. They give a solution to the bounded universe

priority queue problem where insert, delete, and �nd min operations take constant

time if the queue size is limited to O((log N ) c) for any constant

c. Their technique

involves O(N

�) storage and preprocessing time to build a look{up table. They store

an encoding of the set using O(log N ) bits, which we call the AFK{encoding, used

to inde x the look{up table. W e keep an AFK{encoding at each sub{structure to

store the items that have not yet been inserted into L. W e insert the element x into

the AFK{encoding at a sub{structure when the insert x operation reaches the sub{

structure. T o determine the smallest elemen t in a sub{structure we check both its list

L and its AFK{encoding. When the insert x operation returns from its recursion, we

C H A P T E R 3 . C O NC URRENC Y IN AN O ( L O G LOG N ) PRIORITY QUEUE 4 9

d e le te x f r o m t he A F K {e n cod in g and in sert x into L . This use of the AFK{encoding

guarantees that a �nd min o peration returns the proper value.

The delete operation is not an e xact inverse of the insert operation. A delete x

operation ma kes one recursive call per time step , decrementing the si ze of the su b{

structure, and unmarking the bit V [x ] before making the recursive call. Because the

sub{structure must support �nd min and �nd max operations in constant time, the

element x must be removed from L or the AFK{encoding, depending on where it is

stored. Removing x from the AFK{encoding is a simple constant time operation. The

insert x operation which has not yet completed can detect that x has been deleted by

examining the bit V [x]. Removing x from L presents the following problem. Suppose

that an insert y operation just returns from its recursive call and thinks that x is

its predecessor. This is possible because x has not been removed from lower sub{

structures. The insert y operation will try to insert y following x in L (y becomes the

successor of x), but x has been removed.

T o �x this problem, we remove x from L, but we retain the node x and its pointer

to its successor. Using the successor pointer from x, an insert y operation can �nd

its proper location in L in constant time. When the insert y operation changes the

successor of x, it updates the pointer from x. Note that the successor of x cannot

change unless x is found as the predecessor. When the deletion of x returns from

its recursive call, the node x can be removed entirely . If a delete operation deletes

the largest or the smallest elements of the list L, then the largest or smallest element

pointers must be updated appropriately .

Using the above data structures and algorithms we maintain the invariant that

at a sub{ queue T i for some i, an insertion or deletion completes in 2 log i time steps.

Additionally , �nd min or �nd max operations take constant time, re ecting the value

of all insertions or deletions which have reached the sub{queue but possibly have not

yet completed. This invariant guarantees the correctness of our algorithm and shows

C H A P T E R 3 . C O NC URRENC Y IN AN O ( L O G LOG N ) PRIORITY QUEUE 5 0

t h at a � n d m in o r �nd ma x o p eration for the entire q ueue i s ans wered in O( 1) time .

An eas y redu ction in the space used by the data structure comes from app lyin g

the A F K -encoding technique. If we group the elements from the range [0 : : : N ] into

consecuti ve bloc ks containing �((log N ) c) elemen ts for some �xed constant

c , then

each block can be represented by an AFK {encoding. This allows us to reduce the

range for the priority queue to [0 : : : N =(log N )c] and thus the total space used is

O( n + N log log N=(log N )c) where n is the number of elements in the queue.

This section presents an algorithm for performing top{down splits of a 2{ 4 tree.

T echniques required to perform top{down joins are presented as well. This material

is of a technical nature and presented because these top{down operations are needed

by the concurrent amorti zed version of the priority queue. The reader may therefore

elect to skip this section.

Given a split value s, we create two trees, the left tree containing values < s

and the right tree containing values � s. W e assume that some child of the root of

the 2{4 tree belongs in the left tree so that we may view the operation as splitting

subtrees from the right tree and joining subtrees to the left tree otherwise we reverse

the roles of the right and the left trees. This paragraph shows how to maintain

the 2{4 tree structure of the right tree as subtrees are split away , and the following

paragraph shows how to join the split away subtrees to the left tree. Call x the node

of the original 2{4 tree that we are currently splitting. During the split procedure

we maintain the following invariant : the parent of x is not a 2 node. W e show

how this invariant can be maintained and how it allows us to restructure the right

tree after some children of x are split away , and then we show how to initialize the

invariant. Since the parent of x, p(x), has at least 3 children, p(x) must have at least

C H A P T E R 3 . C O NC URRENC Y IN AN O ( L O G LOG N ) PRIORITY QUEUE 5 1

5 g r a n d c h i ldr en a f ter x i s s plit . W e can theref ore restr ucture p(x) and its children so

that x contains at least 3 nodes after x is split. Note that p(x) ma y become a 2 node

in this restructuring , but this is no longer important since we are now splitting the

left child of x. This maintains the in variant, but we have not shown how to initiali ze

it. W e can assume that once the root of the tree is split, 2 children remain since if

more than 2 remain, then the invariant is initialized, and if only one remains then

the root may be deleted and the child considered as the root. Let x be the child of

the root that is being split. Once x is split, we have two cases to consider. Suppose

that the root has only 3 or 4 grandchildren once x is split. W e can delete the root

and merge the remaining part of x with its sibling, which becomes a 3 or a 4 node.

If the root has 5 or more grandchildren after the split, then they can be restructured

so that x becomes at least a 3 node. This initializes the invariant.

In the left tree, we join the split subtrees from the top down as described below.

This ta kes place concurrently with the splitting, and because the height of the subtrees

decreases as we proceed down the right tree, the splitting and joining can proceed

down their respective trees in lockstep. Let y be the rightmost node in the left tree

that is at the same height as the node x in the right tree (x is the node we are splitting

in the right tree). The pieces split from x are added to the node y . This increases the

degree of y by up to 3, and y may now have to be split. W e therefore maintain the

invariant that p(y ) is not a 4 node. Since the degree of y is at most 7 after the new

children are added, we can split y such that the rightmost child of p(y ) has degree at

most 3, thus maintaining the invariant. This invariant is easily initialized by splitting

an initial 4 node if re quired. Thus we have shown how to perform top {down splits

and joins in 2{4 trees. This allows top{down concurrency while performing these

balanced tree operations.

C H A P T E R 3 . C O NC URRENC Y IN AN O ( L O G LOG N ) PRIORITY QUEUE 5 2

T h e d a ta st r u ctures prese nted in this chapter can be used t o so l ve the lon gest increas -

ing (or decreasing) subse quence proble m . Given a sequence o f n integers , x 1 ; x 2 : : : x n ,

each from the range [ 0 : : : N ], the problem is to �nd the longest increasing sequence

of indices j 1 ; j 2 : : : j k such that x j 1 < x j 2 < x j 3 : : : x j k . One solution to this problem

involves maintaining an ordered list of elements such that the i t h element of the list

is the smallest element that can end a list of length i. The list is initiall y empty

and the elements of the sequence are inserted one at a time. T o insert an element e,

we �nd the predecessor of e in the list and insert e after its predecessor. If e has a

successor in the list then the successor is deleted, otherwise e is the last element of

a new longest sequence. If we store the predecessor of e at e when e is inserted into

the list, then the sequence can be reconstructed once the insertions have completed

by wal king backward starting at the last element in the �nal list.

Clearly if the elements come from the range [0 : : : N ], then the van Emde Boas

data structure can be used to yield an algorithm with running time O(n log log N ).

Using either the worst case or the amorti zed concurrent versions of the van Emde Boas

structure we can get a parallel algorithm that runs in O(n) time using �(log log N )

processors as follows. The insertions into the list are pipelined using the concurrent

data structure. At each of n time steps, a new insertion begins, and after O(n) time

steps the procedure is �nished. The only di �culty lies in the deletion of successor

elements. The sequential algorithm assumes that these deletions take O( 1) time.

In our case, these elements must be removed from the data structure as well. The

solution to this problem is similar to the deletion of a lower tree in the amortized

version. If a list element y is to be deleted, then we remove y from the list ; we

retain the node y and its predecessor pointer, however. The insertion operation that

causes the deletion of y removes y from the predecessor data structure as a normal

C H A P T E R 3 . C O NC URRENC Y IN AN O ( L O G LOG N ) PRIORITY QUEUE 5 3

d e le t i o n , b ut sin ce we kee p t he node y and its p redecessor pointer, the operation also

updates y ’s predecessor pointer at each ti me step . In this wa y , some other insertion

operation which returns y as its predecessor can reach its correct predecessor usin g y ’s

pointer. This completes the description o f the parallel longest increasing subse quence

algorithm.

This chapter has presented two schemes for performing concurrent operations in a

bounded uni verse priority queue. Each priority queue operation requires O(log log N )

time and a new operation can begin every O( 1) time steps. The amorti zed version is

conceptually simpler and is easier to implement, since the worst {case version uses the

A F K{encoding [3 ] to maintain the largest and smallest elements for the sub{queues.

The full power of the AFK result is not needed, however, since only O(log log N )

elements ever need to be stored, so an interesting question is whether the dependence

on their data structure can be eliminated.

The synchronization of the presented algorithms is of a global nature, because

operations must synchronize based on a clock, but less strict synchronization might be

possible. In the worst{case algorithm, an insertion must sometimes wait on the result

of a predecessor query in a di �erent sub -structure. Can the imposed synchronization

be rela xed while maintaining robustness and correctness ?

The space required for our algorithms is O(N =(log N ) c ). This bound could prove

prohibitively expensive in an implemen tation of these algorithms. Willard [ 6 4] has

shown how to reduce the space for the van Emde Boas data structure, but his approach

is much like the amortized version presented earlier. He saves space by only storing the

marked nodes, using a hashing scheme for each level of the �xed tree, for instance.

This causes his running times for insertions and deletions to be expected, because

C H A P T E R 3 . C O NC URRENC Y IN AN O ( L O G LOG N ) PRIORITY QUEUE 5 4

t h e m a r k i n g or unmarking o f a no de ma y re quire some randomi zed ste ps to update

the hashing s cheme . This wi ll not work in the algorithms presented here. Because

operation proceed down the tree in lockstep , the lack of a worst case bound means that

many operations could be forced to wait. This could destroy the order of completion

of the operations and therefore their correctness.

It is not known how to implement the van Emde Boas data structure using both

linear space and having worst case O(log log N ) running times. W e leave this as an

interesting research question. This thesis contains results from two distinct areas

of research in algorithms. Chapters 2 and 3 present sequential and parallel random

access machine ( R A M) algorithms. W e analyze the running times of these algorithms,

and for each of the problems considered, we give the �rst algorithms whose running

time is provably optimal. Chapter 4 presents applied work in the area of parallel

computing. W e describe algorithms developed for factoring integers using a real

world single instruction multiple data ( SIM D) parallel computer. These algorithms

and their implementations are designed to be as fast as possible in practice. Because of

the di �erence in the design goals of the algorithms given in the thesis, the presentation

varies somewhat between chapters, and each chapter is self contained.

In Chapter 2 we consider the minimum spanning tree veri�cation and sensitivity

analysis problems. T o verify a minimum spanning tree we must determine whether a

given spanning tree of a weighted graph has minimum cost. The sensitivity analysis

problem is to determine for every individual edge of the graph, the ma ximum change

in cost for that edge that preserves the minimality of a given spanning tree. In

this chapter, we present both sequential and parallel algorithms for these problems.

The veri�cation result is intriguing due to the fact that minimum spanning trees can

currently be veri�ed faster than they can be found. This lends some hope to the idea

that spanning trees can be found faster.