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1 Introduction

The goal of this paper is to give average case analyses of a randomized
version of Newton’s method. For a function f: C — C we define Newton’s

map
f(2)
Ti(z) =2~ —+.
2= )
z € C is said to be an approzimate zero of f (for Newton’s method) if the
iterates of z, zg = 2z, 23 = T§(20), 22 = T¢(21),... converge to a root of f, (,

and converge quickly enough so that

1

2k—1-1
|2k — 21| < (5) |21 — 2o .

It is easy to see that the above condition implies

zk—l

a-d<2(3) lo=dl.

The following a-test was proven in was proven independently in [Kim85]
and [Sma86a]

Lemma 1.1 For some constant ap > 0, a(f,z) < ao implies that z is an
approximate zero of f, where

el
(h:2) = 1)) e

-
=1

F9(2)
Ff(2)

Following [Sma86b], we consider the following randomized version of
Newton’s method. For f € Py(1) = {f(z) = 2%+ a1z '+ -+aq | |as] < 1}
choose z with |z| < 3 at random and see if a(f,2) < ap. If not, repeat the
random choice until we find a z with a(f,2) < ao. Then apply Newton’s
method, which is known to converge very quickly, some small number of
times. Since Newton’s method converges quickly there, the main cost of
the algorithm will be the number of times needed to pick 2’s until we find
one with a(f, z) < ao (times the cost of verifying this condition). Let

As={z€ C|a(f,z) < ap},
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and let
|As N Bs(0)]

A(f) = Bs0)]

the density of Ay in B3(0) with respect to Lebesgue measure. If z is chosen
uniformly in Bj(0), then the expected time to a z with a(f,z) < ag is
1/A(F).

Let Q(e) be the set of polynomials in Py(1) with A(f) < e. View Py(1)
as a probability space with uniform distribution as a bounded subset of C?.
In [Sma86a] Smale proves

Pr{Q(e)} < cd’¢ (1.1)

for some absolute constant ¢. In this paper we use a different approach
to estimate Pr{Q(e)}, which gives estimates for various distributions of
random polynomials. For uniform on P,(1) we prove that for any integer
N we have a ¢ such that

Pr{Q(e)} <c (62d3+ (elog %)-}%—ld’v) .

This shows that Pr{Q(e)} decays like €* rather than ¢, and that with arbi-
trarily high probability a function will have an approximate zero region of
area > cd~2~" for any # > 0 (as opposed to > e¢d~° given by equation 1.1).
For polynomials with roots chosen independently and uniformly in B;(0)
we get

Pr{Q(e)} < (ced)?.

The term approzimate zero first appeared in [Sma81]. There Smale
defined a weaker notion of approximate zero (exponential as opposed to
doubly exponential convergence) and proved that an iterate of 0 under
a relaxation of Newton’s method! is an approximate zero (with bounds
on how large an iterate). Related papers include [SS85] and [SS86]. Before
that, double exponential convergence of Newton’s method was proven under
conditions on the values of f and f’ at a point and of f” in a region;
this was done by Kantorovich in [Kan52]; see also [KA70] and [GT74].
Independently, Kim in [Kim85] and Smale in [Sma86b] discovered the a-
test. Kim used Schlicht function theory and obtained ay = 1/54. Smale

!Namely, Ty p = z — h%f% with 0 < h < 1.
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proved the a-test in the more general Banach space setting (e.g. Newton’s
method for maps : C" — C") and obtained ay = .1307.... Royden, in
[Roy86], has recently improved the best known aq value to .15767... for
maps C — C.

Our method of proof obtains an estime of Pr{Q(e)} in terms of the
distribution of the roots, which is proven in §2%. In §3 we apply this to the
distribution on f where we take the roots to be chosen independently with
uniform distribution.

In §4-7 we estimate Pr{Q(e)} for f with coefficients chosen indepen-
dently. This leads us to the problem of determining the distribution of the
roots given independently chosen coefficients. This problem has received a
lot of attention(see [BS86]), but most of it is concentrated on estimating the
density function of one randomly chosen root of the polynomial (i.e. “the
condensed distribution”). We are interested in the joint density of two or
more roots. To do this we use a generalized formula of Hammersly (see
[Ham60]) for the joint density of two or more roots. In §4 we calculate the
joint density of two roots assuming the coefficients are distributed normally,
and then prove a theorem about the density of approximate zeros. In §5 we
show that if the coefficients are distributed uniformly similar results hold
for the joint density of two roots and thus about the density of approximate
zeros. These results also hold for a wider class of bounded distributions.
In §6 we refine our estimate of Pr{Q(e)} in §4-5 by estimating the joint
density of three or more roots. In §7 we use an estimate of Erdos and Turan
on the distribution of the roots to improve our Pr {Q(¢€)} estimates further.

2 Distances of Roots

Lemma 2.1 Let zy,...,z4 be the roots of f. Let

1
r= —_E' gt
3>1 |gj—az1

Then |z — z1| < er implies a(f,z) < ag for some absolute constant c.
Furthermore, Newton’s method starting at such a z converges to z;.

%Independently, Rengar (see [Ren87]) has discovered such an estimate, though his is
weaker by a factor of anywhere from d? to d*



Proof Consider g(y) = f(y — 2) = ©%, biy:, which has roots z; — 2. We
wish to bound

by [T
af,z) = b1 A |
Consider h(y) = 2%y bs—iy’. Since h(y) = y%g(1/y), h has roots m‘,l_z and
thus
bt =he) =8 [T (- —25).
i=0 i=1
Thus 1 1
i = (=1)’boo; e
4 ( )boa (3’51—2 .’L'd_'—Z)
where o} is the kth symmetric polynomial,
op(wy,...,wg) = Z Wi Wiy +ve Wiy
i <ol

Now

1 1 1 1
ak( i ) — ak( ik )—i—
T1— 2 Tg— 2 To— 2 T4— 2

1 ( 1 | )
Tk-1 § vy .
ry —z To—Z Trg—2

c >Z 1

|z1 — 2| e |z — 2|

Since z € B,,(z,) we have

Thus

IA



On the other hand

1 1 1 1
|O’1( yaeey )‘ = + -4
T, — 2 Tqg— 2 Ty — 2 Ty— 2
1 g 1
|21 — 2] 1,=22|w,-—z|
1—c¢
|21 — 2|
Hence
b &% gl 1
b1 - l1—-c¢ |371—Z|m'—1
and
bo| < lma=2|
bl - l-c
Thus

1
|z1 — 2| c* + cF1\ 7T 1

l-c l—c |zy — z|

1 (1+c)rl?_ c f+e
o I—CIEEfw 1-—¢ T 1—cV1-=¢

And hence a(f,z) < ag for appropriate choice of c.

3 The Uniform Root Distribution

We can use lemma 2.1 to estimate the measure of Q(¢) for various distribu-
tions on the set of degree d polynomials. In this section we illustrate this
by carrying out such an estimate in a case where the roots are distributed
independently. In this case we can apply lemma 2.1 without much difficulty.

Consider the distribution on polynomials

f2)=(z—z1)...(z —zy)

with z4,...,z4 chosen independently, uniform in B,(0) C C. We begin by
proving Pr{Q(e)} < cde for some ¢, and then we refine the argument to

get Pr{Q(e)} < (cde)? for some c.



Theorem 3.1 Pr{Q(e)} < cde for all € for some absolute constant c.

Proof Viewing z, as fixed, we have for any fixed j

B,(0) N B:(0)] _
B0)

Pr{lz; — 21| <p} =

Thus, for any 2, < --- < i}, we have
Pr{|z;, — zi,..., |z; — z1| are < p} < p%*.

Hence

- F it
Pr{k of |z — 21|, |23 — z1|,...,|2a — 71| are < p} < (d b 1)19% = (%) p**,

(where (dzl) < (g) < (ed/k)* was used) which is < n/2* if p < |/5n/?%.
So if a; < ... < a4_y are the |3 — z4|,...,|zq — 71| arranged in increasing
order, we have

/ 1 f 2 d-1
Pr {al 3 ﬁ,71/2 or a; < ﬁnlh or ...orayq4< = 7?1/2(a!—1)}

L
2d—-1

ST+t <n

Hence with probability > 1 — n we have

d—1 1 1)1/2 1 1)1/4 1 1 1/2(d-1)
—<V2ed|[=] +—=(= +---—(—) . (31
.-; ai ‘ ((n V2 (n d—1\n 3.1

Lemma 3.2 N + 715N1/2 S 71;N1/m < 2N +4/m for N > 4.

Proof Let ¢t > 1 be the first integer for which N 1/t < 9 Thent—1 <log, N
and so

1 1
N+—2N1"2+---+

7 V=T

Nl/(t—l) < N+ (t _ 2)N1f2

< N + (log, N)NY2 < 2N




since logy, N < N2 for N > 4. Furthermore
_let e 1 2 _lem ( . )
m ]
< — <
= 2/1 ﬁdw < 4+/m

and the lemma follows.
Applying lemma 3.2 to equation 3.1 yields that with probability < 1—n,

o1

—<

=g V2rd(2y/1/n + 4Vd)
(for /1/n > 4), and if 1/n > d this gives

T = < Vard2y/1n +2/1/n) < VErdfn
Elizc\/n/_d

for some constant c. Hence, by lemma 2.1, a(f,2) < ao in a ball about z;
of area

MFL

..
Il
b

t-—l

and hence

el
d

Applying the arguments with z, replaced by an arbitrary root, it follows
that with probability > 1 — dn, each root has a(f,z) < ag in a ball about

it of area cn/d, for a total area of cn.

Lemma 3.3 The probability that there are d/2 roots each having k other
roots within a distance § 1s

< (52d1+%/k) %(1_16?) .

Proof If there are d/2 roots each having k other roots within a distance
6, then for some distinct integers

. .1 .2 -k. . .1 .k. A .1 .k
OPUTE PRI LR T TS P DU FIE I ¥



with § = d/2(k + 1) we have

Tim € BS(I:‘,,)- (3.2)
For any fixed set of integers this happens with probability

S ( 52)k2 k+1 .

The number of ways of choosing a distinguished ¢; and distinct set of size

kit g s 20 ia
dw 1 ed\*
<5 o |,
o(*3") <o(%)

The total number of ways of choosing j such sets of integers is
d/2(k+1)

£ [d (—k‘-’) ] = d?/*(e/k)? T

Thus the probability that for some set of integers equation 3.2 holds is

4.8k
< (52) 2R+ d“/z(e/k)%%

= (sar+he/n) ),

Corollary 3.4 For any 61,...,64-1 we have that with probability > 1 —
M — -+ — N4_1 the region of approzimate zeros is

d i Af
Z3° (zl/ak)

A 4(1— e
- AL

where

Proof This follows from lemma 2.1.
Take nx = n/(d — 1) in corollary 3.4 so that

P B
5 — k d(1-F_|_L1)
E = g Mk

IA
O
-
%
2l
ol
B |
En
%]



Lemma 3.5 \/d + \/d1/2/2 4 \/d1/3/3 4+ 4 /dé-D/(d-1)=0 (\/E) i

Proof Since /d'/#/z is monotone decreasing in z, we can estimate

d
/d1/2/2 ks \/dll(d—l)/(d_ 1< / d\/z [z dx

2

¢ 1 Lk
< — e dr
2 /T

< V=0 (va)

This gives us that with probablity > 1 —  we have an area of

2

d L
S g A= S
—62(d ﬂ)

= cnd.

Taking € = cnp'/?/d, i.e. n = (ed/c)? yields

Pr{Q(e)} < (d)

4 Normally Distributed Coefficients

In the next sections we will estimate Pr{Q (€)} for distributions in which
the coefficients a; of

f(z)=asz*+---+ag (4.1)

are chosed independently with fixed distributions. In this section we con-
sider the case in which the a;’s are distibuted normally, i.e. ®(a;) and S(a;)
are independent random variables on R with density

L com

#(t) = w ol

Here we have the problem that for any fixed value of d, there is some small
probability that all the coefficients are large enough to enable B3(0) to lie
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completely within a sink of period 2. Hence Pr{Q4(0)} > 0 for each d; we
cannot hope to prove Pr{Q (¢)} < ed®®). Instead, we shall prove

Pr{Qu(€)} < c1%d" + 272¢, (4.2)

the 2724 term taking Pr{Q4(0))} > 0 into account.
We begin by noting that for d large the roots tend to be located on the
circle of radius 1.

Lemma 4.1 (Specht) Let zy,...,z2, be roots of 2" + a,_12""1 + - + a,.
Then

|21+« Zm| < 1+ |ag_1|? + |aa—s|? + - - + |ao|?.

Proof See [Mar66].

Corollary 4.2 If less that d/2 of the roots of f(z) = aqz? + --+ + ag have
absolute value between 1/2 and 2 then either

|
raVlaalt + - - lagl? 2 2 (43)

or

1
a0l -+ ladl? 2 (1/2) 4 = 291, (44)

Proof Either d/4 roots have absolute value > 2 or < 1/2. Apply lemma 4.1
to either -f(2) or o-f(1/2)2%.

Corollary 4.3 With probability > 1 — 2°¢ there are at least d/2 roots z in
the range 1/2 < |z| < 2 for some constant ¢ > 0.

Proof For equation 4.3 of equation 4.4 to hold, one of the a;’s must be
exponentially large or exponentially small (i.e. > 2% or < 27%). For
standard normal random variables, this occurs with probability < 2-°¢ for
some ¢ > 0.

Next we deive a bound of the form Pr {|z; — 23| < €} < O(e?) (O(€?) for
fixed d) where z;, z; are randomly chosen roots of f(z) = @qz% + -+ + ao.
Constrasting this to Pr{|z; — 22| < €} = O(€?) when z;, 2, are disributed

11



independently and uniformly explains why in equation 4.2 we estimate
Pr{Q(e)} quadratically in e rather than linearly (i.e. equation (3.1)).

In [Ham60], Hammersly gives a formula for the density function, ® P(z,),
of a randomly chosen root, z1, of f(z) = agz?+-- -+ ao. Viewing f(z;) and
f'(z1), for 2 fixed, as sums of independent random variables (z{)as+- - -+ao
and (dz{"')ay + - -+ + a4, the formula for P can be written as

P(21) = 5 B{|f/(z1)]* subject to f(z1) = 0},

where by
E{|f'(z1)] s.t. f(z1) =0},

the expected value of |f'(z1)|* subject to f(z;) = 0, we mean

]C $(0,)|t]? dt

where % is the joint density function of f(z1) and f'(2;). One can generalize
this formula to the joint density of k¥ randomly chosen roots

P(Zl,...,zi)z

see appendix B for the derivation. In particular
1 ’
P(z1,22) = qd-D E{|f'(z)PIf (z2)? st. f(z1) = (22) =0}.  (4.5)

We will estimate this expression for Az = z; — z; with |Az| < 1/d5%/*
(actually < ¢/d for some constant ¢ would give the same estimates) and
% < |Z,| <2,

For constants by,...,b; we can write the random variable ¥ b;a; as
(b, &), where b = (by,...,b3) € C¥, & = (do,...,a4) € C¥, ~ denoting
complex conjugation, and (, ) denotes the usual inner product on C9+!,
Analogous to sums of real normal random variables, one can easily verify
that (b, a) and (b’,a) are independent random variables if ® (b, b’) = 0.

3Equivalently the chance of finding at least one root in B,(z;) is dP(z;) - me* +
(lower order terms).

12



For: = 1’21 let uj denote (1: Ziyeeny z:i) € Cd+1 and Vi denote
vi =(0,1,22;,...,d251) e ¢4,

Let ¥; be the projection of v; onto (Cuy + Cuz)?, i.e

We have

Pl 2) = éE{l(vl,E) 2 (v2,8) [2 5. (u1,8) = (uz,a) =0}
- %E{I(\H,ﬁ) | (¥2,8) ? sit. (u1,5) = (uz, &) = 0}
(since <v_],a> <VJ, >1f (u;,a) =0)
= éEﬂ (91,8) [ (¥2,8) [2} $(0,0) (4.6)

by independence, where 1 is the joint density of (uy,a), (uz,a). Similar to
the case of real normal random variables,

$(0,0) = (%)2 det ( {ug,ur) (ug,uz) )

(uz,u1) (uz,uz)
Add a note here giving a reference or explain real isomorphs of complex
matrices. Letting Au = uz — u;, we have

-1

Au = (22— 2)(0,1,21 4 z,...,28 4 28 2z ... 4 2871
= Az(0,1,2z,...,dz47) (14 O(d™/*)

= Azvy (1 + O(d_1/4))

and so

cer (o) o) ) =i () 2 )

13



= |Az]2(|u1|2|v1|2(1 e O(d_1/4)) — | {uy,v1) |2(1 + O(d‘1/4))),
We have
lw1]? = 14|z 4+ |a|®,
vil? = 144|124+« + d¥z|?2,
(up,v1) = z:(1+20z)2 43|zl + - + d|z|2?),
| {(u1,vi) |2 = 21|21 + 2]z1)® + 3|za|* + - - - + d|2|*4 )2,
Proposition 4.4 |u;|?|v1|?, | (ug,v1) |% and |ug|?|ve|? — | (g, v1) |? are

each O(d*) for 1 — (1/d) < |z| £ 1 and O((1 — |2|)™?) for |2| <1 —(1/d).
(For f to be ©(g) means c1g < f < cag for some constants ¢, and cy.)

Proof Let y = |z|2. We have

|111|2|V1|2 =t (1 +y+---+ yd)(l +4y+ -+ di’yd-—l),
| (uls vl) |2 = y(]_ +2y+---+ dyd—1)2’

and upon substraction

4 ) d+2\ ,_
wPival = o) P = 1 (G)ue (5ot (3ot +

d+1 A

d 2d-2
cqy + Cdy1y ce o+ Cad—2Y ;

where ¢q, ... ., c24-2 are positive integers. If 1—(1/d) < |z| < 1, then we have
e ?<|z)? <1lforany j=1,...,2d — 1 and the aforementioned estimates
easily follow. If |z| < 1 — (1/d), then the proposition follows using

d o) n
Zi”r‘ and Zi”ri are both =0 (1 L )

=0 =0 e

for any n and any r < 1 — ¢/d for any fixed ¢ (this latter condition ensures
that the former sum has enough terms to approximate its limiting infinite
sum).

Corollary 4.5

c dt z'fl—l<|z1|<1
0,0) < —— : . =
’l‘b( ) )_ |AZ|2{ _(l—fiilz)* 3f%§]zl|51_'}2

14



To estimate

E{|(¥1,8) || (¥2,8) |}

note that 9
uz = uy + (Az)vy + (Azz) w1 (1 + O(d_1/4))
where
w1 = (0,0,2,6z,...,d(d — 1)z¢-2).
Hence

Uz — up . Az,, -1/4
Az ) =S ¥i(1+0@™)

(where ~ denotes the projection onto (Cuj + Cuz)?t). Similarly we have

{'fl = (Vl -

Vo = %ﬁrl@ +0(d™).

So we estimate
E{|(#1,8) [’| (V2,8) [} < o(A2)*E{| (W1,8) [*| (¥2,3) |*}
(where c is an absolute constant replacing (1 4+ O(d~*/4))

< o(A2)! (B{| (%2,8) [} + E{) (71,3 '})

by Schwartz’ inequality. To simplify estimating these fourth moments we
use

Proposition 4.6 Let a, 3, and v be independent complez valued random
variables with E {a'a’} = 0 for i # j and similary for B and v. Then

E{Ial“} < E{|a + ﬂ+7l4}.

Proof _
E{la+B+7"} =E{(a+B+7)*a+p+7)7}

which, when expanded as sum of expectations of products has terms which

are of the form E {66 } > 0 or which drop out. One of these terms is

E {a*a*}.

15



Since (wy,a) is the sum of the three independent, radially symmetric
random variables (W1, &), a; (uy,a), and a; (up,a) for appropriate a;, as,

we have

E{|(%1,8) '} < E{|(w1,a)['}.
Now
E{l(wy,8) 1} = E{gﬂF4V”m}

= Y i(i—1)j(G — Dk(k — DI(I — 1)z H8E fa.aaa} .

Ryl

The only terms not vanishing in the latter sum are those for which either
t =k jg=1ort=1,j =k By the symmetry of these conditions, and
since the E {a;a;axa;} are bounded, we can estimate the above sum by

2d
S czi4j4|zlz(£+j)—8 < Z m9[z|2m—s (4.7)
1] m=0

where we have set m = ¢+j. If |2| < 1—(1/d), we can estimate equation 4.7

by using
00 10
Zigri <ec ( ! )
=0 1

Gl s

to get

1 10
= 4
E{|(%1,8) '} <¢ (1_—12|2)
which gives O(d'?) or better for |z| in this range. For 1 — (1/d) < |2| < 1

we simply use |z|™ < 1 in equation 4.7 to get

2d
E{|(W1,8)|*} <c Y m® < .

m=0
Summing up, we have

Lemma 4.7

B d° if 13 <l
2 2 4 d
Bl @val (5w P dael'| (0 F32 17 51
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Combining lemma 4.7, corollary 4.5, and equation 4.6 yields
Theorem 4.8

, if1- |
Pla1, ) < «d ﬁAﬂ){(l z1*)7¢ if 3 <l <1

Corollary 4.9 For 1 < |z| < 2, the same estimates, as in theorem 4.8,
hold (with slightly different ¢ and 6).

Proof Let y; = 1/2, y; = 1/2;. Let P(, ) be the density of two random
roots of

aoy® + a1y*™ + - + a4 = 0. (4.8)
On the one hand, clearly P = P. On the other hand, y satisfied equation 4.8
iff x = 1/y satisfies
g 35 s o ag =0,

Thus

P(s,t) = ﬁ(

Il
el
A~
w
[
~
Y
B
'Y

Thus, since 1 < |z4], |22] < 2, we have

1
P(Z]_,Zz) S P(y1:y2)a

Since |y; — y2| < ¢/d can be ensured by requiring |z; — 23| < ¢'d, we can
apply theorem 4.8 in this case to obtain the desired estimate (note that
(1 — |21])* and (1 — |y4])? differ from each other by some multiple in a
bounded, positive range).

Lemma 4.10

Pr{|z1 — 23| <6 and % < lod € 2} < cb*d®

17



Proof We have

/ / P(s,t) ds dt
t€B2(0)— By /2(0) /s€B5(t)

c d® fl-1<|g <1
= v PRt LR Y R
~ JieBa(0)-B, 2 (0) d? { 1-|»* ifi<ft|<1-1 (4.9)

The integral in equation 4.9, over the range 1 — X < || <1+ 1is

c
= E‘Yida |Bl+{;(0) - Bl—-}(o)‘

_ CoandT _ ,up
= 56 d ? = 66 d F

Over the range 1/2 < |t| < 1 — 1, setting r = |¢| the integral of equa-
tion 4.9 becomes

6 1 6
C .4 1 /1—¢ & . ( 1 )
—_ dt = —6
t d26 (1 — ]t|2) r=1/2d? \1—1r2 Zxri

oy o\ —5|1"F
= 55 (1—r?) |1/2

2 CROY
d? d d? 4
Corollary 4.11 The probability that there is a oot |z;| with 1/2 < |z;| < 2

for which there is some other root, |z;| with |z; — z;| < 8, is no more that
c6*d® for some constant c.

< "6*d?

Proof For § > d~5/ the statement holds with ¢ = 1. For § < d=%/* we

apply lemma 4.10 to each of the d(d—1) pairs of roots, z;, z;, 7 # j; the total

probability is no more than the sum of the d(d — 1) probabilities ¢/64d®.
Finally we arrive at our main theorem:

Theorem 4.12 For a;’s distributed as independent standard normals,
Pr{Qu(e)} < ee’d” + 274

for some constants c,c’ > 0.

18



Proof By corollary 4.11 and corollary 4.3 we have that with probability
> 1— c6*d® — 279! we have at least d/2 of the roots z lying in the range
1/2 < |z| £ 2 and each such root is separated from the others by a distance
6. By lemma 2.1 this guarentees for each of these d/2 roots an approximate
zero region of area > cé*/(d —1)?, for a total of > c62/d. Setting e = c§2/d
we get §%d® = ce?d” and the theorem follows.

5 Uniform and Some Other Distributions

In this section we obtain estimates like those of the previous section for
coefficients distributed independently according to some other distribution.
We will assume the distribution is the uniform distribution in B4(0) for a;
with ¢ < d and ag = 1. In fact, one can do the same estimates verbatum
with ag = 1 and for i < d taking a; according to any distribution supported
in By(0), possibly different for different i’s, which satisfy equation 5.3 for
¢ = 14 with uniform bounds on the m!s.

In Smale’s works, [Sma81] and [Sma86b], the polynomials azz%+- - - +ay
are considered with a; = 1 and a; distributed uniformly in B;(0) for i # d.
This has the advantage of guarenteeing that the roots lie in the ball of
radius 2 (if |2| > 2, then clearly |2¢| > ¥;.4a:2%| if |a;| < 1 and so such a z
cannot be a root of the polynomial). In contrast to the distribution of the
previous section, (almost all) such polynomials have regions of approximate
zeros in Bj3(0), and we will obtain estimates of the form

Pr{Q(e)} < cd’é. (5.1)

We begin by considering the probability measure on polynomials in
which a4 = 1 and the remaining coefficients distributed uniformly in the
unit ball, B;(0); i.e. with density

_J 1/m for z € By4(0)
)= { 0  otherwise

For the density 1, we have its characteristic function, 1])\, satisfies
k

(€] < ]

Vé e C (5.2)
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for some k, and
B(€) =1—myl€]? — mal€|* —--- —mle[* + O (JE**?)  (5.3)

for any £ (see appendix A).
It will be easier to have all the a;’s radially symmetric, so we will take
a4 to be distributed as

621”,9

with 8 uniform random variable in [0,1]. We denote its characteristic func-

tion by A |
(€)= E {em«e.ad))}_
For 7,/;1 we also have an expansion
$1(6) =1~ Mle* ~ Mae]* ~ ... — Ml + 0 (je+?)..

We begin by estimating P(zq, z3) for |21 — 23| small. As in the previous
section, by |z, — 25| small it suffices to take |z; — 22| < ¢|z1|/d for some
constant ¢, but we will only be applying the estimate when |z; — 2| <
c|z1|d5/%; we will assume the latter for notational convenience.

To estimate P(zy,z3), from equation 4.5 we see that it suffices to esti-
mate

E{|f(z1)|* s.t. f(z1) = f(z2) = 0}. (5.4)
We can estimate it as
c|Az|? %
< mjc 1£[*7(0, 0, ¢) dt (5.5)

where T is the joint density of

Za;u; ; Za,—v; y Za,-w,; (5.6)
with
wi=z}, v =iz (1+ 0(d™) , wi=i(i — 1)2i2 (1+ O(d™/4)).

Let a; be distributed as 1/2m, times the standard normal distribution,
and = the distribution of

Z&;u; , Z&,—v,— ; Z&,-w,—. (57)

The main task of this section is to prove:
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Theorem 5.1 There exist constants ¢ and dy independent of d, t, z,
and z such that the following hold. For all zy and z; with |z; — 25| <

|21 (1 + O(d‘5/4)), we have if d < dg or |z| < % then
jc I[47(0,0, 1) dt < «, (5.8)

ifd>doand1— 3 <|z| <1+ 2% then
T(0,0,t) < ¢=(0,0,t) + ¢=(0,0,t/2) + cd™'%, (5.9)
and if d > dy and -;- <|zn|<1- ;1; then

Y(0,0,t) < ¢E(0,0,t) + cE(0,0,%/2) + (1 — |2,|?)2. (5.10)

This will give estimates on equation 5.5 and thus on equation 5.4 similar
to those in §4.

For equation 5.8, notice that for any dy there is a ¢ such that for and
d < dg or if |z| < 1 we have

/|t|4T(0,0,t) di = E{|Z a.-w,-|4 s.t. Zaiu; = Zaw; = 0}

< max |Z a,-w;-l4 T(0,0) <c

where T(0,0) is the joint density of 3 a;u;, 3" a;v; at (0,0), since

2 laillvil < 37 lwil

which is bounded uniformly for such |z;|, and
Zﬂiui = @+ 20+
Ea,-u,- = a1+

so that

Pr {Z a;u; € Be(O) . Za,—v,— € BE(O)}

Pr{ao € B.(lp) , a; € B(;)}

&b,

IA
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where ly, l; are linear combinations of a,,... a4, and so

1(0,0) < (1)2.

T
Next we estimate Y(0,0,) for 1 < |z, <1+ 3.
It will be convenient to rescale u, v, and w via
w;

2
U=, e y T ey,
¢ A d(d —1)z{2

z3 dzg
and set

i~afq 3
KE(UiquiaWi)z‘zl 1)27@ .

Note that |Y;| < ¢ for some constant ¢ independent of i and d. We will
obtain estimates as in equation 5.9, with ¥ being the density of

Za,:U,-, Zaﬁ/} ; Za,-T/V,- (5.11)

and ® the density of equation 5.11 with a; replaced by ;.
Consider, for each j, (a;U;,a;V;,a;W;) € C® ~ RE. Since the charac-
teristic function of a; for j > d is

#(©) = B{een),
the characteristic function of (a;U;, a;V;,a;W;) is

X(n,0,7) =
e B {ei&[(ngj+ai{f+7Wj)Ej]}

E {eiﬂ(naquj+aajP3+fajIﬂ;}

= ¢ (InT; + oV + rWj) .

It follows that the characteristic function of the joint density of equation 5.6

18
d-1

Y = g1 (InU; + oV; + 7W;l) [T 9 (InT; + oV + 7Wj) ,

§=0

and its density is

6 —~
¥(q,s,t) = (%) ./(33 e_m(”ﬁ""’&"'t’_')lp(n, o,7)dndo dr.

Y
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Let £ = (n,0,7). Then

d-1
T(&) = 1 (|{&, Ya) |) gﬁ(l(e,n) ).

From equation 5.3 it follows that
P(€) = emmEP+m el Htmiziilt 4 (| 5|16)

and T 2 4 14
P1(€) = e~ MEP+MAER++M'1E | ) (|§|16)

for |£| small for some constants m'y,...,m'; and M'y,..., M';. Let § be a
small positive number with 226 < 1. Let

B = Bda—uz(O).
Let & be defined by
o©) = {

and let &; be defined by replacing the m’s by M’s. Let  be given by

e~mEP+m ¢l +tmir e g0 . e B

0 otherwise ’

0(€) = @1 (1 (6, Y2) |) _I:ID&‘:(I (€,YD)]).

Henceforth we will replace ¢; and w, by 3 and w when we write our

equations. It makes no difference in the analysis.
We reduce the study of ¥ to that of .

Lemma 5.2 For some constant ¢ we have for any zy with 1 < |z;| <143,

1%(0,0,%) — (0,0,#)| < ed=® Vt € C.

Proof By the Fourier inversion formula,

|(0,0,%) — £(0,0,t)] < ( : )6fc

o
6
5 50
o, 2T Cs3
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< () [ 0@l + [ 1#© -aoi]. G

To estimate the second integral of equation 5.12, we have

-

T (6,7 - Ha(@,m)} ¢

1=0

which, by lemma A.1, is

< [ S[Rce v - ate vn| de < e [ I, v d

which, by Cauchy-Schwartz and since the |¥;| are bounded independent of
¢ and d,

w 184¢ < o|Bld (a5 o g6-1/2 22d
<o [ Ylde < cBld (@*1/7)" = c (177

= ¢d??-10 < ¢d~? (5.13)
since 226 < 1, where we have used the fact that |B,(0)| = ¢r® for balls in

3L
To estimate the first integral of equation 5.12, let

Do

{ieZ : gd—25i<d},

D,

3 4
1 e€Z  =d—1<i< =
{ze 6d 1_3_603},
1 2
= ) : =d— <'<—d}.
D, {GGZ ﬁd 1...9_6

Note that for d sufficiently large the D;’s are disjoint and each D; contains
> d/6 integers. Let dy be an integer such that this is the case for d > d,.
This will be our dg in theorem 5.1. We will use

Sublemma 5.3 Leti € Dy, j € Dy, k € Dy. Then for each £ € C3, either

|(£:K)l ’ I(&Yr)l: or [(gsyk)l i8 > C2|§|

for some absolute constant c; (independent of § and zy with 1 < |z| < 1+3).
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Proof This is an easy calulation. For d small one can use compactness in
2 € BH%(O) — B4(0). For d large we have

Y; ~ 274(1,0,6?)

with 2 — 1 < ¢ < 2; note that 2{™* € B;(0) — By/(0) since |z|~¢ >

(1 + %)_d > 1/e. Similar estimates hold for Y; and Y} in which 6 takes on
a different range of values, leading to the desired estimate.

Let A = Bk, (0) where c; is the constant in lemma 5.3 and k is the
constant in lemma 5.2. We write

L lB©]de= [ 8] de+ [ )] ae. (5.14)

In C3 — A we use

d d/6
18(6)] = TT 19 ¥)] < (—’“—) ,

i=0 CZ|E|

which follows from equation 5.2 and lemma 5.3, to obtain

PRGN (ﬁﬂ)m dt < G)dls. (5.15)

In A — B, we take a constant k” with the property that
[B(E)] < e Ve € 4,

and estimate
d
B(6)] < [[e ¥ 1W< -F4IePG — omcdk
=0

so that
\’I} R —cd!EF ] {3 —cd‘zd- ]
JE©des [ e ag < (5.16)

Combining equations 5.12, 5.13, 5.14, 5.15, and 5.16 yields lemma, 5.2.
To deal with 2, note that for £ € B,

Q(¢) = e~ O--Qu(®,
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where the Q; are homogeneous polynomials of degree i in £ = (n, 0, 7) given
by

d
Qar(&) = S_m/ (€, V2)|*,

1=0

where m'y = mq. Note that

d
Qa(€) 2 mieylél* 2 edll’

and that s
|Q21()] < D m/ i€ |Yi|?* < edl€]*.

i=0
Expanding by power series we get

Q(tf) _ e—Qz(E)—--'—Qn(E)
= 900 1+ Ry +---+ R4(€))+ 0O (I‘ﬂls) )

where Rj({) are homogeneous polynomials of degree 2k in £. Since

|Qai(6)] < ed*2I€]

for 2k > 4, we have

|Rak(€)] < c'd*2|¢ ™ (5.17)

for some ¢/, and hence
| Rai(€)| < cd®|€|* (5.18)
for k =2,...,7 (in equation 5.17, we can replace fractional powers of d by

the nearest lower integral power of d).
Let © be given by

0(6) = e 2O (1 + Ry(§) + -+ + Ruu(§)).
We finish the proof of lemma 5.2 with:

Lemma 5.4

1€2(0,0,t) — ©(0,0,%)| < cd™®.
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Lemma 5.5

1©(0,0, )] < c&(0,0,).

The proof of lemma 5.4 is the same as the proof of lemma 5.2. Note

| 1e-0lda= [ |8]de+ [ |2-8|ade.

Similar to the proof of lemma 5.2, we can estimate
f @ - 6| dt < ca?
B

and estimate

Joral®le < [ [,
< 3[ 1\%¢ —c'd?8
< o|(3) +e l

the d® coming from equation 5.18.
The proof of lemma 5.5 is a straightforward calculation. We have

d
B(6) = [JemIeXF = 000,
1=0

It follows that

O(z) = (1 %8, (ia%) e i (z%)) B(z).

Sublemma 5.6 Let B be an n x n, complex Hermitian matriz, and let

g(z) = e (F722),

Then for any muti-index o we have

0%

axa(t)

< ”B_IH i cg(t/2) Vi

for some constant ¢ = ¢(a,n) independent of B.
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Proof Since B is Hermitian, it suffices to prove it assuming B is diagonal.
To prove it for B diagonal it suffices to prove it for the one variable case.

In the one variable case,
gt) =e "/

SH0- (" ()

where P, is a polynomial of degree . We have

P, (%) e < o(a)

for some constant ¢(a) for each @, and thus the sublemma follows.
Taking B to be the matrix given by

(BE,€) = Qa(8)
we get that since Q2(¢) > cd|€|? that ||B~Y|| < ¢/d and thus

9\ %
for k > 2 and lemma 5.5 follows.
Combining lemmas 5.4, 5.5, and 5.2 we get

and

B (ii) &(z) < cd*’?

< k/2 1—k
% < cd*?d™"®(z/2)

¥(0,0,t) < ¢®(0,0,t) + c®(0,0,t/2) + cd™®

for all ¢ for some cfor 1 < |z| <1 +%. Changing from U;, V;, W; to u;, v;, w;
sums yields the desired estimate.

The same estimates hold for 1 — %d < |z1] £ 1. One can see this directly,
or by using the same trick as in corollary 4.9.

Next we estimate for 1 <|z| <1—1. Let m be the largest integer such
that

1
|z1|™ > >
We remark that

m = 0(—log|z|) = 6(1 — |z]) = 6(1 — |=|?)
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where f = 6 means c¢;g < f < cog for some positive constants ¢; and
g g p
¢2). We claim that

T(0,0,t) < ¢=(0,0,t) + ¢=(0,0,t/2) + cm™"?

which is the same as equation 5.10. To see this we go through estimates
similar to those for 1 < |z;| <1+ 3. We rescale

210; ziw;

Uizwu;,V; = y Wi=

m m?2

and let
Y:' = (U'ij I/ia VV:)-

Then we have ‘
|Y;| < ce~¢C/m)

for positive constants ¢ and ¢’ independent of i and z;. We define ¥ and &
as before. Set

B = B, ,5-1/2(0)
and define w and (2 as before. As before we get

|¥(0,0,t) — 2(0,0,t)| < em™®

using
d d 00
Z|Yi|16 S Czlzlll&' S Czlzlllei S cm.
1=0 =0 =0
Next let
Do = {1€Z : m<i<2m},
D, = {t€Z :3m<i<4m},

D, = {i€eZ : 5m<i<6m}.

Then sublemma 5.3 holds for these Dy, D4, D,. Defining © and Q; and R;

as before we have
Q2(€) > em¢|?

and

|Qar(&)] < em|é]*
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and all the estimates go through as before to yield
v(0,0,t) < c¥(0,0,t) + c¥(0,0,t/2) + cm™?

Upon rescaling to get T and = we get the desired result.

Corollary 5.7 If |21 — 23| < |1|O (d‘5/4), then we have

fl—=2<|n|<1+13
P(Z],Zg) < d(d )(Az) { (1 |z |2)—6 fO'J" other |21| “ [0 2] ’
(5.19)

Proof If 1 — 3 <|z| <1+ then

|Ea,-w,-| < cZIw,-| < ed®
so that Y(0,0,t) = 0 for |t| > ¢d® and so

f T(0,0,8)[t|*dt = /B o YO0 dt

cdd

& =(0,0,¢) + Z(0,0,t/2) + d~12) |¢|* dt
< e f o (B0.0,0) +5(0,0,4/2) +d7%) |t

cd3

< o [ (2(0,0,8)+5(0,0,t/2)) ] dt + cd°
and using the estimates on = in §4 the above is
< ed®.
For % <|n|<1- % we have
> |wil < em?®

and the same estimates as before yield the theorem. For 1 + %J < |zl <2
we use the same trick as in corollary 4.9 and note that the same estimates
hold for 1/z, and the equation

d
Z ad_,-z" =0

1=0
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(note that the fact that a; = 1 doesn’t affect the estimates since Dy, D,
D, never contain ag or ag). For 0 < |z| < % we use theorem 5.1 to get the
desired result.

We can finally prove

Theorem 5.8

Pr{Qu(e)} < ced".

Proof By integrating corollary 5.7 as in §4 we get that for any constant k
there is a constant ¢ such that

Pr{|z; — 20| < 6 and k8d%/* < || < 2} < cbd®.

We need |z,| > kéd°/* to apply corollary 5.7. By lemma 4.1 we see that for
f(2) to have > d/2 roots of absolute value < ké§d*/* would imply

1 d+1
k8d5/)4? < —\flagl2 + -+ + |ag|? < ——
(RS20 < oo 194 < T

so that

d+1
|ao| < (Rod5 YTz
which happens with probabilty
cd?

F T ..
= (kéds/4)d

which is dominated by §%d® if § < d~*/* and if we take, say, k = 1. Thus
the probability that some root in By(0) — Bjsgs/4(0) is within é of another
or that there are less that d/2 roots in By(0) — Bjszs/4(0) is < ¢§*d®. When
this is not the case then lemma 2.1 guarentees a total approximate zero
region of area > c'§%d. Setting € = ¢"6?/d yields the theorem.
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6 A Refined Estimate

In this section improve the estimates of the previous two sections by con-
sidering the joint density of three or more roots, similar to the latter part

of §3.

Theorem 6.1 Let zy,...,2; € C satisfy |z; — z1| = |21|0(d~7P) for some
fized 3. Then

c
< - 1.2
P(Zla ,Zk) - d(d“l)(dmk*{—])];[]lzJ z|
k(k+1) Ff1 4 > 1
d —k(k+1) yl-gslal<1ig . (6.1)
(1= |z1]) for other |z € [0,2]

Proof The calculations are similar to the ones done in §4 and §5. We wish
to estimate

E{|f'Gz)l...If (z) s.t. f(z1) = ... = f(z) = 0}.

As in theorem 5.1, it suffices to prove the theorem for 7 < |z| < 1 and d
sufficiently large; for 0 < |z| < 1 and small d the theorem will be clear
from the estimates used elsewhere and the bounded sums of the linear
combinations of the a;’s involved, and for 1 < |z;| < 2 we have that the
1/z;’s satisfy the equation with coefficients reversed and the % <l|n| L1
estimates can be invoked.

For convenience, let

o _fd L O L PP
T L-logglal] i 3<fml<1-3

where |a| denotes the largest integer < a.
We first deal with the case of a; being distributed normally. It suffices

to estimate
E{|F(z0)...|F(z)*}

and

$(0,...,0)
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where 1t is the density of f(z,),..., f(zx) and where F\(z;) is the random
variable f'(2;)’s projection in (Cf(z) 4+ -+ Cf(zx))" .
For the latter, note that setting

—(1 2 2 ;a :z:,'i)

we have, first of all,
uy =(1,2,...,2%).
Secondly, if we set u’ = Z== for j > 1, then we have

Zj=2

= (0,1,2z1,...,d28"Y) (1 4+ O(d~#)).
Next, if we set uff = %—5— for 7 > 2, then we have

uj = (0,0,2,621,...,d(d — 1)z{?) (1+ 0(d™7)) .

Continuing in this fashion, we see that

(ug,ug) - (ug,ug)
det $ .
g« i)
(uy,uy) (ug,uf) .- Euh ult- 1);
= JI(zj — z)* det <“5’_“1) (u’l,.UQ) ul, ufe-D
i>i ; : ) :
(ugk—l), u1> (ugk—l), u;) o <u§k—-1), u&"‘”)

where
=(0,--,0,3%.,d(d=1)...(d = j +1)z17) (1+ 0(d77)).

We claim that

(u1,u1) (u1,uf) éubugk Y
wh,u uh, uf U ,u(k 1)
det ( 1’_ 1) ( 1_ 1 L > em”. (6.2)

<u£k-:1)7u1> (ugk ;) > _ < (k- 1)’ (k— 1)>

33



If we expand the above determinant into a sum of products of the entries
of the matrix, each entry has size proportional to m* . Tt suffices to show
that equaiton 6.2 with the ug"') replaced by

i = (0,00.50,3h . cyd(d = 1) (d= 4 1))
(i.e. the old ugj)’s without the error term (1 + O(d‘ﬁ))). Next note that

(vo,vo)  (vo,01) -+ (vo,¥g—1)
v v i e e o
ek (’an- 0) ( 0) ".)k 1) i ('Ul,'UO) (Ulsvl) (vlgvk—l)
€ : : = de . . .
Vk—1,Vo) *°** -1, Vk— e - - R
( = 0) (Uk 1 %% 1) (Uk—h'vo) (Uk-l,ih) (Uk—lavk—1>

= (vo, Vo) (¥1,01) - - - {Dk—1, Tk—1)
where ?; is the projection of v; onto (Cvg+ -+ + Cv;_;)t, i.e.
5 vy, 3)
~ Jr Y
U, =v; — Y ——u;.
? § g (’U;,'U.i)
Lemma 6.2 For any n there exist c,dy > 0 such that for any d > dy and
ai,...,0, we have

[t" — aqt™ ™t — s — | > cd™ (6.3)
for at least d/4 of the integers t =1,2,...,d.
Proof We can write
" —ot" — e —a = (t—n).. ()
for some 4; € C. For each ¢ we have
6=l > [R(t = 20)] > 5-d

for all integers t, % —1 <t <d, except for possibly %d + 1 values of t. If d
is sufficiently large we have

2 |
= < —d
9nd+1 ~d4n
and thus for d/4 values of ¢, 4 — 1 < t < d, we have
[t" — ayt™ ! — - — | > ed™

where ¢ = 1/(9n)".
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Corollary 6.3 For any k there is a ¢ > 0 such that

(B;,9;) > em*! (6.4)
for 3 =0,1,...,k—1.
Proof We have
d
(33,55) = Y19 — o™ =+ = a2 16

i=j
for some ay, ..., a;. For sufficiently large d we can estimate this sum as

> Z (cz'j)2|z1|2"" > !'m¥H,

2 -1<i<m

Corollary 6.3 establishes equation 6.2, and thus
-1

1,b(0, i 50) S C H(ZJ — z‘-)z d1+3+"‘+(2k+1)

i>i

-1

= ¢ H(Zj - z;)2 dk2

>t

To estimate
E{|F(z1)...|F(z1) |}

we notice that the equations

(25 —2z1)*?

fz) —flz) _ Zi — 21 gy (k1)
Py = fi(=) + 5 e GF—17 F(z)
(z; — z1)F ! B
F e film) (1 -+ O )
enables us to write
|f'(z1) —L| < ¢ (H |2; — 21|) TAR(EN]
i>1
where L is a linear combination of f(z),..., f(z,). This is true because

the linear combination of the above k — 1 equations which eliminates the
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f"(z1), .., f®I(z) terms and gives an f/(z;) term with coefficient 1 on
the right hand side is the linear combination gotten by taking a; times the
z; equation and adding them, where the a;’s satisfy

1 . i dig 1

22 —2] 2&—21 O

2 o 2 @[ 1o
(=)t~ (4 =2)4~2 :
z?(kill)! o zk(k-lm Qk 0

Using Kramer’s rule and solving van der Monde determinants yields
Z ¢ —
a; = [ =2

j#i1 i T &

The f*)(2;) term in the linear combination therefore has coefficient

1 k-1 &—"
k! E(zi z1) H Z

i>1 i1 % T F

- 4 (- =) S22

1 igia(zi — =)

i>1
1
= y H(z,; — 21) 1
*\i>1
since
(z: — 21)’:_2 o 2i>1 [(—l)iﬂ(zi . Zl)k_2 [li<n<, n.l;&i(zl - zn)]
51 igia(zi — 2) icn<i(21 — 2a)

= 1 since the numerator is a polynomial, with the same 22 [Ti<n<t, nizi(z1—
zy) coefficient as in [];<n«(21 — 2,), and the numerator vanishes whenever
z; = 2, for some [ # n.

Hence we may write

E{|F(z1)...|F(z)I’} < (H |2 — |) E{|f®(z)?...|f P’}

J>i
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where the analogue of proposition 4.6 for 2kth powers was used, and by
Minkowski’s inequality the above is

< ¢ (H |z — z.'I‘*) ;E{U(k)(zi”%}

>

< ¢ (H |ZJ- . z£|4) mk+2k2,

i>i

the bound on E {| f (’“)(z,-)|2k} coming from expanding the expression as in
equation 4.7 and the preceding equation. Combining the above and the
estimate on ¥(0,...,0) yields

E{|f (). If @) st f(z2) = ... = f(z) = 0} < e [] |zjmaal? m0+D)

i>i

which gives the desired result.
For the a;’s distributed uniformly, we do the same estimates as in §5.
From the above discussion we see that it suffices to estimate

/ t2*1(0, . .. ,0,t) dt
C
where T is the joint density of 3 a;u;, 3 av;, ..., 3 a;s; with

- H
U; = Zl,

v = iz (1+0(d)),

si = i(i—1)...G-k+1)*(1+0d™?)).
From here the arguments are just like those in §5.

Corollary 6.4 The probability that there are k roots within distance § <
d='=P of each other in By(0) — Bsy-1-5(0) is

S Cékz +k—2dk2+k—1.
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Proof By integrating theorem 6.1
Applying corollary 6.4 to the case of ¥k = 1 and to some other value of
k yields that each root in By(0) — Bpax(s, 5,)a-1-5(0) has no roots within a
distance 6; and at most k — 1 roots within a distance §; with probability
> 1— 7y + 73, where
cbid® =m

and

Cf6§2+k—2dk2+k—l = To.

If we have at least d/2 such roots we get an approximate zero region of area

2
1 o 82
ch W ZCdImn((S]_,E .
1 b2
Setting € = d6? = 62/d yields
24k
1 = Cﬁzds, To = Cd(fds)k_-’-:_z.

The probability of having < d/2 roots in B3(0) — Bax(s, 5)a-1-#(0) can be
estimated as in the proof of theorem 5.8 and is dominated by 7; +75. Hence
we can replace the

e2d’
term in equations 4.2 and 5.1 by

E24k—2 3k243k—4
P 4e g T

We summarize the improved results:

that /

if the a;’s are normally distributed, and
Pr{Qu(e)} < c(e2d® + eVd*N+1)

if the a;’s are uniform.
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7 Consequences of the Erdos-Turan Estimate

In this section we give two types of improvements of the previous estimates
using the following theorem of Erdés and Turan:

Lemma 7.1 Let N(a, ) be the number of roots of Y0 a;2° = 0 of the
form re* with r,6 real and « <0 < B (and f — a < 2r). Then

(B—a)d
2w

N(a,B) - —| < 16\jd1 P il

Proof See [ET50].

We will now argue assuming the a;’s are distributed uniformly in B,(0).
The same estimates hold for the a;’s distributed normally, with minor mod-
ifications in the arguments. From the above it follows that with probability
> 1 — 7 we have |ao| is > ¢/7 and thus

N(e, B) — (B “)d‘<c1/dlog%.

This implies that the k-th closest root to a given root, z, has distance

k—c:\/dlo
> g | |

By lemma 4.1 we have that more than d/ 2 of the roots lying in B,(0) implies

lao| < p*?

- T)l/d
2 ("

If follows that with probability > 1 — 7 — 73 — 73 we have a region of
approxiamte zeros of size

£ Jdlog % d ~1/d
> ed| Pt V5 L 5 2 (1) ]
™

& 5 “~

so that

=2

L

v

i 2
cd |min (61,62/ dlog %,Tlld/(dlogd))]
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where

nn = céid°

s = "6 dV, N=k+k-1

Setting
d

e=db = 63/10gﬁ

we get
N=1
2

d
1 = ce’d®, To=c (elog E) dv.

Choosing 7 = €2d? and assuming € < 1/d? we get that with probability

N—1
>1l-c (e2d3 + (e log %) dN)

we have an approximate zero region of area > c'e since §; = 1/¢/d is smaller
than 7'//(dlog d) > ce??/(dlog d).
Hence we can replace the
ed
terms in equations 4.2 and 5.1 by

N=1

e2d® + (elog 1) LN
€

for any fixed N.

Second, we claim that the €?d® term can be replaced by (e2d®)™ for
any fixed integer M for all € > e~°¢, ¢ depending on M. This is because
lemma 7.1 gives that with probability > 1 — e~°¢ we have

N(0,7/M),N(2n/M,3x[M),...,N((2M — 2)x/M,(2M — 1) /M)
each contain ¢'d/M roots. Fori=1,...,M,

zh,...,25 € N((2i — 2)7/M,(2i — 1)7 /M) N (B5(0) — B,174(0))
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with |z} — 2{| < c|z}|/d we have that
2 M M d ] :
Plttio s sty Bpgens s 81 5o ous2g )08 T P(3hns 080, (7.1)
i=1

i.e. the events of finding roots at zi,...,z} for i = 1,..., M are approxi-
mately independent. This can be seen by considering for

vi=(0,...,0,5),...,d(d—1)...(d — j + 1)(zi)47)

the matrix

(vé,vé) (vl:l)v'u%) T Uéavﬁl
(vi,ve)  (vi,v1) v, vpL,
<Ui1£1: Ué) <”I}c‘{17 ”11> P (vl]:{n ka—1>
and noting that its determinant is approximately
” (whvh) -+ (vhviy)
H det : ' : = cdM¥ (7.2)
i=1 ] i i 3
('U;c—n Uo) BEE ('”k—u 'Uk-1>

since for ¢ # j the term
(vh i) = 0 (")

instead of proportional to d'*™*+!. Hence any term in the expansion of the
determinant involving at least one and therefore at least two such terms
has size O(1/d?) times the term in equation 7.2.

From here on, calculations similar to those done previously yield equa-
tion 7.1 and thus the ability to replace €2d® by (e2d3)M.

A Complex Random Variables

In this appendix we give some basic facts about complex random variables
and their Fourier transforms.
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The real isomorph of a m X n complex matrix M = U + iV, with U,V
real, is the real 2m x 2n matrix given in block form as

—~ . _[U =V
Mor M —(V U )

It is easy to see that (M + M) = M, + IL’I;, (M1 M) = EM’;, MT =
M* where M7 denotes the transpose of M and M* denotes the complex
conjugate transpose of M, and

det M = | det M|2.
For v = (vy,...,v,) € C", let
¥ = (R(v1)y. .., R(vs), H(v1)s...,¥(v,)) € R

One can check that v7 = AuT & 7 = Aa", and that R (u,v) = (&,9),
where (, ) and ( , ) denote the usual inner products on C" and R?*"
respectively.

We say that u is a normally distributed complex random variable if
R(u) and I(u) are independent, identically and normally distributed, real
random variables. The standard complex normal u has distribution

1 2
#(z) = 5 e .

If wq,...,w, are independently, normally distributed real random vari-
ables with mean 0, and vy, ..., v; are linear combinations of them, then the
v1,...,v; have distribution ¢: R¥ —» R

1 1 e—(C_l.‘L‘,.'L')

Al 2752 \/det C ’

where C is the variance-covariance matrix for the v’s. If v; = Y aijw;, then

(a,a1) (ai,a2) --- (a1,ax)
" (arz,.a1) (aza_az) (azﬂ.ak)
(Gk;al) (ak,az) --- (ak,'ak)
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where a; = (ay;,...,a,;). Writing w = Au, we have C = AAT.
If w= (uy,...,un) are standard complex normals, and w = Au, then
one has o7 = A@T. Thus §7 are real normals with distribution

k
(_1_) _1 0o
2r/) /detC

with C = AAT. Hence C = f?, where
(ala al) o (0‘17 ak)
B=AA"~= :
(ak, 01) e (aka Gk)
Also C~' = B-1, and so (C~'z,7) = R(B~z,2), where z = 7. Since

B! = (AA*)™ = (A™1)*A71, we have (B~1z,2) = (A~'z, A~'z), which is
real, and so R (B~ 'z,2) = (B~'z,z). Thus w has the distribution

1 1 e
e 6_(G lz,x)/2

¢(z) = (g)km

k
— (i) 1 6-—(3_12,;:)/2.
2m/ | det B|

In particular, v; and v; are independent iff (ay,as) = 0.

Next we recall some facts about the characteristic functions (Fourier
transform) of complex random variables. For an R" valued random vari-
able, u, with density ¢, its characteristic function ¢: R® — R is

) = B{e} = [ eEy(z)ds.

By the Fourier inversion formula,

8@ = (55) [ de) de.

For a complex valued random variable u with density ¢: C — R, we can
view u as two real random variables and define its characteristic function

&(51752) s E{ei[ﬁxﬂ(u)ﬁzﬁ(u)l} A4 /C eiR(E,w)qg(x) dx
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where £ = £, + 1€,. 3 i
If ¢ is radially symmetric, i.e. ¢(z) = ¢(|z|), then we claim that ¢ is
radially symmetric. To see this, note

qﬂﬁ(f) _ '[Rz gﬁ(m,y)e'i(”ﬁﬁy&)dﬂ? dy

_ o /921r qs(r)e_gr(gl cos f+¢2 sin ) do r dr.

r=0J6=0

Writing £ = |£|e¥ and substituting we get

HO) = [ Brsere=o-9 do i

which is independent of 1.
Assuming that the fourth moments of u are finite we have

$(&) = //Gg(?") (1+(ir[£|cos€)+@|£—159-s-?)—2+...) dé v dr

= 1—milé]* + O(I¢]")

since the integrals involving odd powers of cos # vanish. Furthermore, if the
2¢ + 2-th moments of u are finite, we have

() = 1 —maé[* — - — melé[* + O(l¢[*+?).

Furthermore, for any a € C, it is easy to see that the characteristic function

of ua is $(fa§|2)

The characteristic function of the standard normal v, with density
1 2
= g2
U(e) = 5e
18 1
() =2 =1 [ + 0 (I€]%)

for € small.

In §5 we will need to make estimates similar to those used in proving
the central limit theorem. For these estimates, we recall the following facts.
If u is a complex random variable with density ¢ then

() <1 V¢
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If ¢ is bounded, of bounded support, and, say, has ¢(z,y) for fixed y of
bounded total variation in z, then

16(6)] < 7=

V¢ for some a.

|§ |
To see this, given ¢ is supported in [—B, B]* we estimate
B = |[[, s netidady
=B B
[ #le,y)e=lde

< 2B max
v

LY el
= 2)5’11'13«x ¢($ay) iél | /B%( ) |§|
» %H@uwwmn+/l—*mwd4

<

T [maxlé(e, )l + TV.rd(z,0)].

One can calculate the density of v = uy + --- + u,, by taking the char-
acteristic functions and using

#(&) = BE{e™C} = HE{WMG I14:0).

J=1
Finally, the following lemma is useful

Lemma A.1 If z,...,2,4,2'1,...,2', € B1(0) C C, then

n
|21 20— 2"y 20| €D |z — 2.

Proof See [Bil79].
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B Hammersley’s Formula

In [H], Hammersley gives the formula

[f'z)? . 1 F ()P

de,...d 2.1
(z1)=-=f(2r)=0 HlSP(q(r |zp _ quZ U-J(C) c Cd ( )

P(zl,...,zr):/f

where P(z,...,2,)dz;...dz, is the probability of finding a root in the
region of volume dz; ...dz, at (z,...,2,),

d
o
1=0

and w(c¢) is the density function of the coefficients. Note that this P differs
from the P defined in §4 by a factor of
dd—-1)...(d—r+1)

since in §4 we first choose r roots at random to calculate P. Then he claims
that

P(z) = [ ItPy(0,t)dt
where 1 is the joint density of f and f’. More generally we have

P(z1,...,2) = E{|f (2. |f(z) st f(z1) =+ = f(z) =0}

where by the right hand side of the above we mean
fcr 12 %0, .., 0,0, . .. 8) dty ... dt,

where 1 is the joint density of f(z1),..., f(2r), f'(z1),---, f'(2-). This can
be derived from equation 2.1 by setting

d .
8; = Z: c;z}
i=0

(= f(z)) and writing

r ’ 2 I 2
Plaiss -« p) = ( - ) / F =) 1)l w(c)dey...degdsy ... ds,
siEBC(O)l'—

e—0 \ re? =1,...,7 H15p<q<r |Zp Gy zqP
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and noting that

and so

P(Zl,...,

3(31,...,37.,6”...6,1)_ 6(311"‘157) - H(Z-—z.)
= ] 5

d(coy- .., ¢Ca) ~ O(coy..nyCri1) s

1

%) = litg (—2) /%BE(O)MM|f'(zl)|2...|f'(z,.)|2w(c)dc0...dcd

e—0

TE

_ /C (a2 6200, ..., 0, 8,) dby . dt,

where 1 is the joint density of f(z1),..., f(zr), f'(21),---, f'(2).
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