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3D Object Representations

* Points « Solids
o Range image o Voxels
o Point cloud o BSP tree
o CSG
+ Surfaces ° Sweep
o Polygonal mesh
> Parametric * High-level structures
o Subdivision o Scene graph

o Implicit o Application specific




Parametric Surfaces

* Applications
o Design of smooth surfaces in cars, ships, etc.

Visualization

{\ AUTODESK.
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Parametric Surfaces

* Applications
o Partitioning into surface patches.

{\ AUTODESK.
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Parametric Surfaces

* Applications
o Design of smooth surfaces in cars, ships, etc.
o Creating characters or scenes for movies
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Parametric Curves

* Applications
o Defining motion trajectories for objects or cameras

AutoDesk
Y,




Parametric Curves

* Applications
o Defining motion trajectories for objects or cameras
o Defining smooth interpolations of sparse data




-

Outline

« Parametric curves
o Cubic B-Spline
o Cubic Bézier

« Parametric surfaces
o Bi-cubic B-Spline
o Bi-cubic Bézier
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Outline

» Parametric curves
o Cubic B-Spline
o Cubic Bézier

« Parametric surfaces
o Bi-cubic B-Spline
o Bi-cubic Bézier
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Parametric Curves

« Defined by parametric functions:

o x =1,(u)
oy =1,(u)
’ (%1,Y1)
« Example: line segment u/
(%0,Y0)

H&B Figure 10.10
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Parametric Curves

« Defined by parametric functions:

o X =1,(u)
oy =1,(u)
’ (x1,Y1)
« Example: line segment u/
f.(u)=(@0-u)x, +ux,
f,(u)=01-u)y, +uy, (x0,50)
u<[0..1]

H&B Figure 10.10
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Parametric Curves

« Defined by parametric functions:
o x =1,(u)
oy =1,(u)

« Example: circle
f.(u) =r cos(2pu)
/,(u) =r sin(2pu)
u 1[0..1]

H&B Figure 10.10
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Parametric Curves

« Defined by parametric functions:
o x =1,(u)
oy =1,(u)

« Example: ellipse
£,() = r, cos(2pu)
/., (u) =r,sin(2pu)
u 1[0..1]

ry
U =

H&B Figure 10.10
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Parametric curves

How to easily define arbitrary curves?

x = 1,(u)
y =1y(u)




-
Parametric curves

How to easily define arbitrary curves?

X = f,(u) Vi

y =1y(u) v

VO




-

Parametric curves

How to easily define arbitrary curves?

X = f,(u) Vi

y =1y(u) v

VO

Slightly different notation than before:

u

VO/

(VO,,VO,)

(V1,,V1,)
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Parametric curves

How to easily define arbitrary curves?

V1
x = f (u) (V1,,V1)
y = f,(u) U

VO

(VO,,V0,)

Use functions that “blend” control points

X =f,(u) =VO0*1-u)+VL*u
y =f,(u) =V0*1 -u) + VL *u

N

Simple functions of u
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Parametric curves

More generally:
K(u) =Y B (W) *Vi,

V) =Y B (W)*Viy

XYW v,
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Parametric curves

More generally:
K(u) =Y B (W) *Vi,

V) =Y B (W)*Viy

X(u), y(u)

May use all points!

\Z:
&
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Parametric curves

What B(u) functions should we use?
K(u) =Y B (W) *Vi,
=0

V) =Y B (W)*Viy
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Parametric curves

What B(u) functions should we use?

X(U) = Z B (U)*Vi. Vi

y(u) =Y B W)V, Vo
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Parametric curves

What B(u) functions should we use?

X(U) = Z B (U)*Vi. Vi

y(u) =Y B W)V, Vo




-
Parametric curves

What B(u) functions should we use?

X(U) = Z B (U)*Vi. Vi

Y=Y BWWVI, g »
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Parametric curves

What B(u) functions should we use?

X(U) = Z B (U)*Vi. Vi

Y=Y BWWVI, g »
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Blending Functions B

* Polynomial blending functions:

K(u) =3 By (1)*Vi,

) =Y B )V,

VO

V1

V2
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Blending Functions B

* Polynomial blending functions:

B,(u) = Zm:ajuj

A =0
N
X(U) =" B,(u)*Vi,

oD
y(W) =B (u)*Vi,

VO

V1

V2
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Blending Functions B

* Polynomial blending functions:

B,(u) = Zm:ajuj

R_ Jj=0
~~ VO
X(u) =" By (u)*Vi,
-~

y(u) =3 B, (1) *Vi,

« Advantages of polynomials
o Easy to compute
o Easy to derive curve properties

V1

V2
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Parametric Polynomial Curves

* Polynomial blending functions:
V1

B,(u) = Zajuj
j=0

VO

V1

« What degree polynomial?
o Easy to compute VO
o Easy to control
o EXxpressive

V2

V2
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PlecewIse Parametric Polynomial Curves

» Splines:
o Split curve into segments V,

o Each segment defined by low-order polynomial
blending subset of control vertices
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PlecewIse Parametric Polynomial Curves

» Splines:

o Split curve into segments V,
o Each segment defined by low-order polynomial

blending subset of control vertices

* Motivation:
o Same blending functions for every segment V,
o Prove properties from blending functions
o Provides local control & efficiency

« Challenges
o How choose blending functions?

o How determine properties? V5‘\.
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Cubic Splines

e Some properties we might like to have:
o Local control

o Continuity j
o Interpolation? B;(u) = Z a;u
o Convex hull?

Blending functions determine properties I
‘ Properties determine blending functions I
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Outline

« Parametric curves
» Cubic B-Spline
o Cubic Bézier

« Parametric surfaces
o Bi-cubic B-Spline
o Bi-cubic Bézier
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Cubic B-Splines

* Properties:
o Local control
o C? continuity at joints
(infinitely continuous within each piece)
o Approximating
o Convex hull
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Cubic B-Splines

Notes on continuity Beowetric Contimuily .

G ‘ M tonnected
F\‘ Samwmée r(awny ehé

G- NO CONTINUITY &

G*
GO TOUCHING \_/;/:,) Jomgent

e iw-,nh'es ol Lowey &1 avd Curvainre
G1 TANGENT Fovometc Comtinorty
G2 V' CURVATURE cee {/“ + connected

; C' z - T same velcn'fy vector

G3 " ACCELERATION (e

C"' Sow€ Vdocr'l-y and
u acceleyation vector

c” imphies all lower c’

[from Robert Duvall] [from Carlo Séequin] )
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Cubic B-Splines

Notes on local control:

and convex hull property:

o B e

[from Steve Marschner]




4 )

Cubic B-Spline Blending Functions

Cubic B-Spline Curve Formation:

x(u) = > B, (U)*Vi, \{1 -V,
i=0 e S
(ORILTORY Vo .V,
B;(u) = Z a juj !
=0
0 I
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Cubic B-Spline Blending Functions

~

In plot form backwards (start at 3):

B;(u) = Zajuj
j=0

Yo() = D BLi(w) * Vi,
i=0

xp(u) = Z B_;(u) * Vo-i,,
i=0

J
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Cubic B-Spline Blending Functions

A single blending function V,
®
* Local support Vv
o 'l
* Approximating
p=3
. V3. o\,
by b,
b b5 V4.
St
VO Vl V2 V3 V4 V5 u
V. ®
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Cubic B-Spline Blending Functions

* Replicate blending functions V,
®
 Still local support Vv
oVl
p=3
B Vs, L AVA
®
=5
V, ® ( "
0 | | |
| | | | |
V, VA Vv, V, Vv, Vs
V. ®
Try online at http://bl.ocks.org/mbostock/4342190 I
/
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~
Cubic B-Spline Blending Functions

* How derive blending functions? V,
o Cubic polynomials ®
o Local control o V1

o C? continuity
o Convex hull
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~
Cubic B-Spline Blending Functions

* How derive blending functions? V,
o Cubic polynomials ®
o Local control o V1

o C? continuity
o Convex hull
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~
Cubic B-Spline Blending Functions

» Four cubic polynomials for four vertices v,
o 16 variables (degrees of freedom) ®
o Variables are a, b;, c;, d; for o V1
four blending functions

b (U) = au® +byu? +cut + d. Va, ) oV2
b ,(u)=au’+bu’+cu+d, (
b ,(u) =a,u® +b,u? +c,u’ +d, Vie
b ,(u) =a,u’+bu’+cu'+d,
VA
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~
Cubic B-Spline Blending Functions

« CZ? continuity implies 15 constraints V,
o Position of two curves same ®
o Derivative of two curves same o V1

o Second derivatives same
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Cubic B-Spline Blending Functions

~

0 =0_4(0)
b (1) =1b,(0)
b, (1) =b,(0)
b,(1)=b5(0)
b-3(1) =0

Fifteen continuity constraints:

0=Db,"(0)
b, (1) =b,(0)
b.,"(1) = b,"(0)
b, (1) = by"(0)
b;(1)=0

One more convenient constraint:

0=Db,"(0)
by (1) =b.,"(0)
b, (1) = b,"(0)
b, (1) = by"(0)
b’ (1)=0

b_4(0) +b_,(0) +b_,(0) + b 5(0) =1
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Cubic B-Spline Blending Functions

« Solving the system of equations yields:

b (u)= U + Hut— Su+
b_ (u)—//u —u/+/ / /
b_ (u)= %u —I—/u +/u+/

b_y(u)=

b b. b.
0,

11&
1
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Cubic B-Spline Blending Functions

 In matrix form:

QM) = Xlo Biw +V;  Bw)=Y au’

\ )
Y
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Cubic B-Spline Blending Functions

~N

 In matrix form:

QM) = Xlo Biw +V;  Bw)=Y au’

\ )

(-1 3 =3 1)V,
113 -6 3 0|V,
6{-3 0 3 0|V,
1 4 1 o)lv,,
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Outline

« Parametric curves
o Cubic B-Spline
» Cubic Bézier

« Parametric surfaces
o Bi-cubic B-Spline
o Bi-cubic Bézier
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Bézier Curves

* Developed around 1960 by both
o Pierre Bezier (Renault)
o Paul de Casteljau (Citroen)

« Today: graphic design (e.g. FONTYS)

* Properties:
o Local control
o Continuity depends on control points
o Interpolating (every third for cubic)

Blending functions determine properties I

Ve

J
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Cubic Beézier Curves

Blending functions:

Q(w) =XizoBi(W) *V;  B.(u)= Zm:ajuj

B-3A B-ZA
°0 %
1 1
B-lﬂ B-OA
| | /
0 N— 0 —
0 1 0 1




Basic properties of Bézier Curves

« Endpoint interpolation:
Q(0) =V,
Q@) =V,
« Convex hull:

o Curve Is contained within convex hull of control polygon

* Symmetry
Q(u) defined by{V,,....V.} = Q(1—u)defined by{V ...,V .}
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Cubic Beézier Curves

Bézier curves in matrix form:

Qu) = va ' (1—uy™

=(1-u)’V, +3u(l-u)?V, +3u*(1-u)V, +uV,
(-1 3 -3 1)(V,
3 -6 3 0]V,
3 3 0 0]V,
1 0 0 0V,

/

I\/IBézier

= v u 1)
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Bézier Curves

 Curve Q(U) can also be defined by

nested interpolation:

V; are control points
{Vo, V4, ..., V,} Is control polygon

QW)
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Bézier Curves

 Curve Q(U) can also be defined by
nested interpolation:

V; are control points
{Vo, V4, ..., V,} Is control polygon
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Bézier Curves

 Curve Q(U) can also be defined by
nested interpolation:

V; are control points
{Vo, V4, ..., V,} Is control polygon
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Bézier Curves

 Curve Q(U) can also be defined by
nested interpolation:

V; are control points
{Vo, V4, ..., V,} Is control polygon




-

Bézier Curves

 Curve Q(U) can also be defined by
nested interpolation:

V; are control points
{Vo, V4, ..., V,} Is control polygon
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Bézier Curves

 Curve Q(U) can also be defined by
nested interpolation:

V; are control points
{Vo, V4, ..., V,} Is control polygon
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~N

Enforcing Bézier Curve Continuity

» C V3=V,
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Outline

« Parametric curves
o Cubic B-Spline
o Cubic Bézier

» Parametric surfaces
o Bi-cubic B-Spline
o Bi-cubic Bézier




-

Parametric Surfaces

« Defined by parametric functions:

o X =1(u,v)
oy =1,(u,v)
o z=1,(u,v)
s Parametric functions
v define mapping from
(u,v) to (x,y,2):
—

f

FVDFH Figure 11.42
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Parametric Surfaces

« Defined by parametric functions:

o X =f(u,v)

oy =1,(u,v)
o z=1,(u,v)

« Example: quadrilateral

f (u,v) =(1-v)((L—u)x, +ux,)

f, (u,v) =(1-v)(L-u)y, +uy,)
f,(u,v) =(1-v)((1-u)z, +uz,)

V(- U)X, +Ux,)
HV((L-u)y, +uy,)

+v((1-u)z, +uz,)
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Parametric Surfaces

« Defined by parametric functions:

o X =1(u,v)
oy = (V)
o z=1,(u,v)
o
« Example: quadrilateral Py —— Py

f,(u,v) =1-V)((L—u)x, +ux

) +V(
fy (U, V) =(1-v)(@-u) Yo +uy; ) +v(L-u)y, +uy,)
f,(u,v) =1-v)((1-u)z, +uz,) +v(1-u)z, +uz,)

v((L—u)x, +ux, )
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Parametric Surfaces

« Defined by parametric functions:

o X =f(u,v)

oy =1,(u,v)
o z=1,(u,v)

 Example: ellipsoid
f.(u,v)=r_cosvcosu
f,(u,v) =r,cosvsinu
f(u,v)=rsiny

-_. L
=

H&B Figure 10.10
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Parametric Surfaces

To model arbitrary shapes, surface is partitioned
Into parametric patches

Catnullj



http://upload.wikimedia.org/wikipedia/commons/6/6c/Bicubic_Patches.png
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Parametric Patches

~

3.‘2
(Berp " et

TR

« Each patch is defined by blending control points

FVDFH Figure 11.44
J
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Parametric Patches

~N

3.‘2
(Berp " et

e W

« Each patch is defined by blending control points

Same ideas as parametric curves! _
FVDFH Figure 11.44
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Parametric Patches

e W

* Point Q(u,v) on the patch is the tensor product of
parametric curves defined by the control points

Watt Figure 6.21
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Parametric Patches

e W

* Point Q(u,v) on the patch is the tensor product of
parametric curves defined by the control points

Watt Figure 6.21
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Parametric Patches

e W

« Point Q(u,v) on the patch is the tensor product of
parametric curves defined by the control points

Watt Figure 6.21
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Parametric Patches

e W

« Point Q(u,v) on the patch is the tensor product of
parametric curves defined by the control points

Watt Figure 6.21
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Parametric Patches

e W

« Point Q(u,v) on the patch is the tensor product of
parametric curves defined by the control points

Watt Figure 6.21




Parametric Bicubic Patches

Point Q(u,v) on any patch is defined by combining
control points with polynomial blending functions:

—B,l P1,2 1’13 P1’4 ]
P P, P. P
Q(H,V) = UM 2,1 2,2 2,3 2,4 MTVT
}33,1 P3,2 P353 B”,4
_P"U B2 Ls B _

U=[u® u* u 1 V= v v 1]

Where M Is a matrix describing the blending functions
for a parametric cubic curve (e.g., Bézier, B-spline, etc.)
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B-Spline Patches

IS)

PR
.I:U n:U th '—tU

b2

('S

N
w

B

B,

Q(H,V) = UMB—Spline P,
3

P,

W

B-Spline —

s
Mo |2
g
6

wNO .I—a[\k

NSNS
ICDCDCDRP_‘I

Watt Figure 6.28

J
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Bézier Patches

* Properties:
o Interpolates four corner points
o Convex hull
o Local control

Watt Figure 6.22

J




Bézier Patches

\%

T
Bezier

_4 <+ < =
AT RS AT AT
3., 3: 3.,3
Sl Al

q o o

— - — —i
QL Al AT P4.

Q(M, V) = UMBezier

FvVDFH Figure 11.42
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Piecewise Polynomial Parametric Surfaces ;

Surface Is composition of many parametric patches

Catnullj



http://upload.wikimedia.org/wikipedia/commons/6/6c/Bicubic_Patches.png

4 )

Piecewise Polynomial Parametric Surfaces ;

Must maintain continuity across seams

u=1

Patch R

I
[W—

Patch Q 7

y=10

Same ideas as parametric splines!

Watt Figure 6.25
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Bézier Surfaces

« Continuity constraints are similar to the ones for
Bézier splines

FvDFH Figure 11.43

J
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Bézier Surfaces

Patches

Watt Figure 6.26

a

J
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Bézier Surfaces

« C1 continuity requires aligning boundary curves
and derivatives

Four sets of three control points must be collinear

Boundary

Control point polyhedra

Boundary

Patches H
Watt Figure 6.26b
/
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Parametric Surfaces

* Properties
? Natural parameterization
? Guaranteed smoothness
? Intuitive editing
? Concise
? Accurate
? Efficient display
? Easy acquisition
? Efficient intersections
? Guaranteed validity
? Arbitrary topology
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Parametric Surfaces

* Properties
© Natural parameterization
© Guaranteed smoothness
© Intuitive editing
© Concise
© Accurate
o Efficient display
® Easy acquisition
® Efficient intersections
® Guaranteed validity
@ Arbitrary topology




