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SECTIONS 4.4–4.6

Divide-and-conquer recurrences

Goal.  Recipe for solving common divide-and-conquer recurrences:  
 
 
 
with T(0) = 0 and T(1) = Θ(1). 

Terms. 

独a ≥ 1 is the number of subproblems. 

独b ≥ 2 is the factor by which the subproblem size decreases. 

独f (n) ≥ 0 is the work to divide and combine subproblems. 

 
Recursion tree.  [ assuming n is a power of b ] 

独a = branching factor. 

独ai = number of subproblems at level i. 

独1 + logb n levels. 

独n / bi = size of subproblem at level i.
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T (n) = a T
�n

b

�
+ f(n)

T (n)

T (n / b) T (n / b) T (n / b)...

.........

Fact 1.  If r ≠ 1, then 

 
Fact 2.  If r = 1, then 

 
Fact 3.  If ⎥ r⎥ < 1, then 1 + r + r2 + r3 + . . . =

1

1 � r

Geometric series

4

1 + r + r2 + r3 + . . . + rk�1 = k

1 + r + r2 + r3 + . . . + rk�1 =
1 � rk

1 � r

1

1/2

1/4

1/8

1/16
1/32

1 + 1/2  +1/4 + 1/8 + … = 2



Case 1:  total cost dominated by cost of leaves

Ex 1.  If T (n) satisfies T (n) = 3 T (n / 2) + n, with T (1) = 1, then T (n) =                . 
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1 + log2 n

n

3 (n / 2)

3i
 (n / 2i)

⋮

32
 (n / 22)

          

T (n)

T (n / 2) T (n / 2) T (n / 2)

T (n / 4)T (n / 4) T (n / 4) T (n / 4)T (n / 4) T (n / 4) T (n / 4)T (n / 4) T (n / 4)

⋮

T (1) T (1)T (1) T (1) T (1) T (1) T (1) T (1)T (1) T (1) T (1) ... T (1)T (1)

r = 3 / 2  > 1 

3log2 n = nlog2 3

r1+log2 n � 1

r � 1
n = 3nlog2 3 � 2n

3log2 n(n / 2log2 n)

T (n) = (1 + r + r2 + r3 + . . . + rlog2 n) n =

�(nlog2 3)

Case 2:  total cost evenly distributed among levels

Ex 2.  If T (n) satisfies T (n) = 2 T (n / 2) + n, with T (1) = 1, then T (n) = Θ(n log n).
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1 + log2 n

n

2 (n / 2)

23 (n / 23)

⋮

22 (n / 22)

T (n)

T (n / 2) T (n / 2)

T (n / 8) T (n / 8)T (n / 8) T (n / 8) T (n / 8) T (n / 8)T (n / 8) T (n / 8)

T (n / 4) T (n / 4) T (n / 4) T (n / 4)

⋮

T (1) T (1)T (1) T (1) T (1) T (1) T (1) T (1)T (1) T (1) T (1) ... T (1)T (1)

 

n (1)

=  n (log2 n + 1)r = 1

2log2 n = n

T (n) = (1 + r + r2 + r3 + . . . + rlog2 n) n

Case 3:  total cost dominated by cost of root

Ex 3.  If T (n) satisfies T (n) = 3 T (n / 4) + n5
, with T (1) = 1, then T (n) = Θ(n5). 

7

1 + log4 n

n5

3 (n / 4)5

3i
 (n / 4i)5

⋮

32
 (n / 42)5

  

T (n)

T (n / 4) T (n / 4) T (n / 4)

T (n / 16)T (n / 16) T (n / 16) T (n / 16)T (n / 16) T (n / 16) T (n / 16)T (n / 16) T (n / 16)

⋮

T (1) T (1)T (1) T (1) T (1) T (1) T (1) T (1)T (1) T (1) T (1) ... T (1)T (1)

n5  ≤  T (n)  ≤  (1 + r + r 2 + r 3 + … ) n5   ≤r = 3 / 45 < 1  1  –  r
1

n 5

3log4 n = nlog4 3

3log4 n(n/4log4 n)5

Master theorem (divide-and-conquer)

Master theorem.  Suppose that T (n) is a function on the non-negative 

integers that satisfies the recurrence  
 
 
with T(0) = 0 and T(1) = Θ(1), where n / b means either ⎣n / b⎦ or ⎡n / b⎤. Then, 

 
Case 1.  If f (n) = O(nlogba−ε) for some constant ε > 0, then T (n) = Θ(nlogba). 
 
 
 
Ex.  T (n) = 3 T(n / 2) + 5 n. 

独a = 3,  b = 2,  logb a = 1.58…,  f (n) = 5 n, ε = 0.58. 
独T(n) = Θ(nlogba) = Θ(nlog23).
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Master theorem (divide-and-conquer)

Master theorem.  Suppose that T (n) is a function on the non-negative 

integers that satisfies the recurrence  
 
 
with T(0) = 0 and T(1) = Θ(1), where n / b means either ⎣n / b⎦ or ⎡n / b⎤. Then, 

 
Case 2.  If f (n) = Θ(nlogba), then T (n) = Θ(nlogba log n). 
 
 
 
Ex.  T (n) = 2 T(⎡n / 2⎤) + 17 n. 

独a = 2,  b = 2,  logb a = 1,  f (n) = 17 n.

独T (n) = Θ(n log n).
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Master theorem (divide-and-conquer)

Master theorem.  Suppose that T (n) is a function on the non-negative 

integers that satisfies the recurrence  
 
 
with T(0) = 0 and T(1) = Θ(1), where n / b means either ⎣n / b⎦ or ⎡n / b⎤. Then, 

 
Case 3.  If f (n) = Ω(nlogba+ε) for some constant ε > 0, and if a f (n / b)  ≤  c f (n) for 

some constant c < 1 and all sufficiently large n, then T (n) = Θ ( f (n)). 
 
 
Ex.  T (n) = 3 T(n / 4) + n5

. 

独a = 3,  b = 4,  logb a = 0.7924…,  f (n) = n5.

独Regularity condition: 3(n / 4)5  ≤  c n5
 for c = 3/45 < 1.

独T (n) = Θ ( f (n)) = Θ(n5).
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T (n) = a T
�n

b

�
+ f(n)

“regularity condition” 

holds if f(n) = Θ(nk) 

Master theorem (divide-and-conquer)

Master theorem.  Suppose that T (n) is a function on the non-negative 

integers that satisfies the recurrence  
 
 
with T(0) = 0 and T(1) = Θ(1), where n / b means either ⎣n / b⎦ or ⎡n / b⎤. Then, 

Case 1.  If f (n) = O(nlogba−ε) for some constant ε > 0, then T (n) = Θ(nlogba). 
 
Case 2.  If f (n) = Θ(nlogba), then T (n) = Θ(nlogba log n). 

Case 3.  If f (n) = Ω(nlogba+ε) for some constant ε > 0, and if  a f (n / b)  ≤ c f (n)  
for some constant c < 1 and all sufficiently large n, then T (n) = Θ ( f (n)). 

Pf sketch. 

独Use recursion tree to sum up terms (assuming n is an exact power of b). 

独Three cases for geometric series.  

独Deal with floors and ceilings.
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T (n) = a T
�n

b

�
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at most 2 extra levels in recursion tree

Consider the following recurrence. Which case of the master theorem?  
 
 
 
 

A. Case 1:  T(n) = Θ(nlog23) = O(n1.585).

B. Case 2:  T(n) = Θ(n log n).

C. Case 3:  T(n) = Θ(n).

D. Master theorem not applicable.
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Divide-and-conquer II:  quiz 1

T (n) =

�
�
�

�(1) B7 n = 1

3T (�n/2�) + �(n) B7 n > 1
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Consider the following recurrence. Which case of the master theorem?  
 
 
 
 

A. Case 1:  T(n) = Θ(n).

B. Case 2:  T(n) = Θ(n log n).

C. Case 3:  T(n) = Θ(n).

D. Master theorem not applicable.
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Divide-and-conquer II:  quiz 2

C(n) =

�
�
�

0 B7 n � 1

C(�n/5�) + C(n � 3�n/10�) + 11
5 n B7 n > 1

<latexit sha1_base64="Y96HaCEvN4aOrD6hbv5tphcOY0Y="></latexit><latexit sha1_base64="Y96HaCEvN4aOrD6hbv5tphcOY0Y="></latexit><latexit sha1_base64="Y96HaCEvN4aOrD6hbv5tphcOY0Y="></latexit><latexit sha1_base64="Y96HaCEvN4aOrD6hbv5tphcOY0Y="></latexit>

Master theorem need not apply

Gaps in master theorem. 

独Number of subproblems is not a constant. 
 

独Number of subproblems is less than 1. 
 

独No  polynomial separation between f(n) and nlogba
. 

 

独f(n) is not positive. 
 

独Regularity condition does not hold.
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T (n) = nT (n/2) + n2

T (n) =
1

2
T (n/2) + n2

T (n) = 2 T (n/2) � n2

T (n) = T (n/2) + n(2 � cos n)

T (n) = 2 T (n/2) + n log n
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Akra–Bazzi theorem

Theorem. [Akra–Bazzi 1998]  Given constants ai > 0 and 0 < bi < 1, 
functions ⎜hi (n)⎜ = O(n / log2 n) and g(n) = O(nc). If T(n) satisfies the recurrence:  
 
 
 
 
 
 
then, T(n) =                                                , where p satisfies                   . 
 
 
 
Ex.  T(n)  =  T(⎣n / 5⎦)  +  T(n – 3⎣n / 10⎦)  +  11/5 n, with T(0) = 0 and T(1) = 0. 

独a1 = 1,  b1 = 1/5,  a2 = 1,  b2 = 7/10  ⇒   p = 0.83978…  < 1.

独h1(n) =  ⎣n / 5⎦ –  n / 5,  h2(n) =  3/10 n  –  3⎣n / 10⎦. 

独g(n) = 11/5 n  ⇒  T(n) =  Θ(n).
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T (n) =

k�

i=1

ai T (bin + hi(n)) + g(n)

k�

i=1

ai bp
i = 1�

�
np

�
1 +

� n

1

g(u)

up+1
du

��

ai subproblems 

of size bi n
small perturbation to handle 

floors and ceilings
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SECTION 5.5



Integer addition and subtraction

Addition.  Given two n-bit integers a and b, compute a + b. 

Subtraction.  Given two n-bit integers a and b, compute a – b. 

 
Grade-school algorithm.  Θ(n) bit operations. 

 
 
 
 
 
 
 
 
 
 
Remark.  Grade-school addition and subtraction algorithms are optimal.
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1 1 1 1 1 1 0 1

1 1 0 1 0 1 0 1

+ 0 1 1 1 1 1 0 1

1 0 1 0 1 0 0 1 0

“bit complexity” 

(instead of word RAM)

Integer multiplication

Multiplication. Given two n-bit integers a and b, compute a × b. 

Grade-school algorithm (long multiplication).  Θ(n2) bit operations. 

 
 
 
 
 
 
 
 
 
 
 
 
 
Conjecture.  [Kolmogorov 1956]  Grade-school algorithm is optimal. 

Theorem.  [Karatsuba 1960]  Conjecture is false.
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1 1 0 1 0 1 0 1

× 0 1 1 1 1 1 0 1

1 1 0 1 0 1 0 1

0 0 0 0 0 0 0 0

1 1 0 1 0 1 0 1

1 1 0 1 0 1 0 1

1 1 0 1 0 1 0 1

1 1 0 1 0 1 0 1

1 1 0 1 0 1 0 1

0 0 0 0 0 0 0 0

0 1 1 0 1 0 0 0 0 0 0 0 0 0 0 1

Divide-and-conquer multiplication

To multiply two n-bit integers x and y: 

独Divide x and y into low- and high-order bits. 

独Multiply four ½n-bit integers, recursively. 

独Add and shift to obtain result.
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1

x y  =  (2m a + b) (2m c + d)  =  22m ac  + 2m (bc + ad)  +  bd
2 3 4

c = ⎣ y / 2m ⎦    d = y mod 2m

m = ⎡ n / 2 ⎤

Ex.  x  = 1 0 0 0 1 1 0 1     y  = 1 1 1 0 0 0 0 1

a b c d

use bit shifting 

to compute 4 terms

a = ⎣ x / 2m ⎦    b = x mod 2m

Divide-and-conquer multiplication
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MULTIPLY(x, y, n)  
_______________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________

IF  (n = 1)
RETURN  x ! y.

ELSE

m ← ⎡ n / 2 ⎤.
a ← ⎣ x / 2m ⎦;   b ← x mod 2m.
c ← ⎣ y / 2m ⎦;   d ← y mod 2m.
e ← MULTIPLY(a, c, m).
f  ← MULTIPLY(b, d, m).
g ← MULTIPLY(b, c, m).
h ← MULTIPLY(a, d, m).
RETURN 22m e + 2m (g + h) + f.

_______________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________

Θ(n)

4 T(⎡n / 2⎤)

Θ(n)



How many bit operations to multiply two n-bit integers using the 
divide-and-conquer multiplication algorithm?  
 
 
 
 

A. T(n) = Θ(n1/2).

B. T(n) = Θ(n log n).

C. T(n) = Θ(nlog23) = O(n1.585).

D. T(n) = Θ(n2).
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Divide-and-conquer II:  quiz 3

T (n) =

�
�
�

�(1) B7 n = 1

4T (�n/2�) + �(n) B7 n > 1
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Case 1 of master theorem

Karatsuba trick

To multiply two n-bit integers x and y: 

独Divide x and y into low- and high-order bits. 

独To compute middle term bc + ad, use identity: 
 
 

独Multiply only three ½n-bit integers, recursively.

22

bc + ad  =  ac + bd  –  (a – b) (c – d)

a = ⎣ x / 2m ⎦    b = x mod 2m

c = ⎣ y / 2m ⎦    d = y mod 2m

m = ⎡ n / 2 ⎤

1 231 3

x y  =  (2m a + b) (2m c + d)  =  22m ac + 2m (bc + ad )  +  bd

x  = 1 0 0 0 1 1 0 1

a b

y  = 1 1 1 0 0 0 0 1

c d

middle term

 =  22m ac + 2m (ac + bd  –  (a – b)(c – d)) + bd

Karatsuba multiplication
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KARATSUBA-MULTIPLY(x, y, n)  
_______________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________

IF  (n = 1)
RETURN  x ! y.

ELSE

m ← ⎡ n / 2 ⎤.
a ← ⎣ x / 2m ⎦;   b ← x mod 2m.
c ← ⎣ y / 2m ⎦;   d ← y mod 2m.
e ← KARATSUBA-MULTIPLY(a, c, m).
f  ← KARATSUBA-MULTIPLY(b, d, m).
g ← KARATSUBA-MULTIPLY(⎢a – b ⎢, ⎢c – d ⎢, m).
Flip sign of g if needed.
RETURN  22m e + 2m (e + f – g) + f.

_________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________

Θ(n)

3 T(⎡n / 2⎤)

Θ(n)

Karatsuba analysis

Proposition.  Karatsuba’s algorithm requires O(n1.585) bit operations to  

multiply two n-bit integers. 

 
Pf.  Apply Case 1 of the master theorem to the recurrence: 

 
 
 
 
 
 
 
 
Practice. 

独Use base 32 or 64 (instead of base 2). 

独Faster than grade-school algorithm for about 320–640 bits.

24

T (n) = 3T (n/2) + �(n) =� T (n) = �(nlog2 3) = O(n1.585)
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T (n) =

�
�
�

�(1) B7 n = 1

3T (�n/2�) + �(n) B7 n > 1
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Integer arithmetic reductions

Integer multiplication.  Given two n-bit integers, compute their product.

25

arithmetic problem formula bit complexity

integer multiplication a × b M(n)

integer square a2 Θ(M(n))

integer division ⎣a / b⎦,  a mod b Θ(M(n))

integer square root ⎣√a ⎦ Θ(M(n))

integer arithmetic problems with the same bit complexity M(n) as integer multiplication

ab =
(a + b)2 � a2 � b2

2<latexit sha1_base64="vEhGWAG7lUjl6rsRHboNGxBfdYk="></latexit><latexit sha1_base64="vEhGWAG7lUjl6rsRHboNGxBfdYk="></latexit><latexit sha1_base64="vEhGWAG7lUjl6rsRHboNGxBfdYk="></latexit><latexit sha1_base64="vEhGWAG7lUjl6rsRHboNGxBfdYk="></latexit>

History of asymptotic complexity of integer multiplication

Remark.  GNU Multiple Precision library uses one of first 

five algorithms depending on n.
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year algorithm bit operations

12xx grade school O (n2)

1962 Karatsuba–Ofman O(n1.585)

1963 Toom-3, Toom-4 O (n1.465),  O (n1.404)

1966 Toom–Cook O (n1 + ε)

1971 Schönhage–Strassen O (n log n ⋅ log log n)

2007 Fürer n log n 2O(log*n)

2018 Harvey–van der Hoeven O(n log n ⋅ 22 lg* n )

O(n)

number of bit operations to multiply two n-bit integers

used in Maple, Mathematica, gcc, cryptography, ...

DIVIDE AND CONQUER II

‣ master theorem 

‣ integer multiplication 

‣ matrix multiplication 

‣ convolution and FFT

SECTION 4.2

Dot product

Dot product.  Given two length-n vectors a and b, compute c = a ⋅ b. 

Grade-school.   Θ(n) arithmetic operations. 

 
 
 
 
 
 
 
 
 
 
 
 
Remark.  “Grade-school” dot product algorithm is asymptotically optimal.
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€ 

a  = .70 .20 .10[ ]
b  = .30 .40 .30[ ]
a  ⋅  b  =  (.70 × .30)  +  (.20 × .40)  +  (.10 × .30)  =  .32

a · b =

n�

i=1

ai bi



Matrix multiplication

Matrix multiplication.  Given two n-by-n matrices A and B, compute C = AB. 

Grade-school.   Θ(n3) arithmetic operations. 
 
 
 
 
 
 
 
 
 
 
 

 
Q.  Is “grade-school” matrix multiplication algorithm asymptotically optimal?
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€ 

c11 c12 ! c1n

c21 c22 ! c2n

" " # "
cn1 cn2 ! cnn

" 

# 

$ 
$ 
$ 
$ 

% 

& 

' 
' 
' 
' 

=

a11 a12 ! a1n

a21 a22 ! a2n

" " # "
an1 an2 ! ann

" 

# 

$ 
$ 
$ 
$ 

% 

& 

' 
' 
' 
' 

×

b11 b12 ! b1n

b21 b22 ! b2n

" " # "
bn1 bn2 ! bnn

" 

# 

$ 
$ 
$ 
$ 

% 

& 

' 
' 
' 
' 

€ 

.59 .32 .41

.31 .36 .25

.45 .31 .42

" 

# 

$ 
$ 
$ 

% 

& 

' 
' 
' 

=

.70 .20 .10

.30 .60 .10

.50 .10 .40

" 

# 

$ 
$ 
$ 

% 

& 

' 
' 
' 

  ×     
.80 .30 .50
.10 .40 .10
.10 .30 .40

" 

# 

$ 
$ 
$ 

% 

& 

' 
' 
' 

cij =

n�

k=1

aik bkj

Block matrix multiplication
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€ 

C
11

 =   A11 ×B11  +  A12 ×B21  =   
0 1
4 5
# 

$ 
% 

& 

' 
(  ×  

16 17
20 21
# 

$ 
% 

& 

' 
(   +   

2 3
6 7
# 

$ 
% 

& 

' 
(  ×  

24 25
28 29
# 

$ 
% 

& 

' 
(   =   

152 158
504 526
# 

$ 
% 

& 

' 
( 

€ 

152 158 164 170
504 526 548 570
856 894 932 970

1208 1262 1316 1370

" 

# 

$ 
$ 
$ 
$ 

% 

& 

' 
' 
' 
' 

 =  

0 1 2 3
4 5 6 7
8 9 10 11

12 13 14 15

" 

# 

$ 
$ 
$ 
$ 

% 

& 

' 
' 
' 
' 

 ×  

16 17 18 19
20 21 22 23
24 25 26 27
28 29 30 31

" 

# 

$ 
$ 
$ 
$ 

% 

& 

' 
' 
' 
' 

C11
A11 A12 B11

B21

Block matrix multiplication:  warmup

To multiply two n-by-n matrices A and B: 

独Divide:      partition A and B into ½n-by-½n blocks. 

独Conquer:    multiply 8 pairs of ½n-by-½n matrices, recursively. 

独Combine:  add appropriate products using 4 matrix additions. 

 
 
 
 
 
 
 
 
 
 
Running time.  Apply Case 1 of the master theorem.
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€ 

C11 = A11 × B11( )  +  A12 × B21( )
C12 = A11 × B12( )  +  A12 × B22( )
C21 = A21 × B11( )  +  A22 × B21( )
C22 = A21 × B12( )  +  A22 × B22( )

  

€ 

T (n) = 8T n /2( )
recursive calls
! " # $ # 

 +  Θ(n2 )
add, form submatrices
! " # # $ # # ⇒ T (n) =Θ(n3)
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½n-by-½n matrices

C = A � B

n-by-n matrices
8 matrix multiplications
(of ½n-by-½n matrices)

4 matrix additions
(of ½n-by-½n matrices)

Strassen’s trick

Key idea.  Can multiply two 2-by-2 matrices via 7 scalar multiplications  
(plus 11 additions and 7 subtractions). 

 
 
 
 
 
 
 
 
 
 
 
 
Pf.   C12  = P1 + P2

                = A11 ! (B12 – B22) + (A11 + A12) ! B22

                = A11 ! B12 + A12 ! B22.  ✔
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C11 C12

C21 C22
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A11 A12

A21 A22
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'  ×  

B11 B12

B21 B22
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P1 ←  A11 ! (B12 – B22)

P2 ←  (A11 + A12) ! B22

P3 ←  (A21 + A22) ! B11

P4 ←  A22 ! (B21 – B11)

P5 ←  (A11 + A22) ! (B11 + B22)

P6 ←  (A12 – A22) ! (B21 + B22)

P7 ←  (A11 – A21) ! (B11 + B12)

C11  =   P5 + P4 – P2 + P6

C12  =   P1 + P2

C21  =   P3 + P4

C22  =   P1 + P5 – P3 – P7

7 scalar multiplications

scalars



Strassen’s trick

Key idea.  Can multiply two 2-by-2 matrices via 7 scalar multiplications  
(plus 11 additions and 7 subtractions). 

 
 
 
 
 
 
 
 
 
 
 
 
Pf.   C12  = P1 + P2

                = A11 ! (B12 – B22) + (A11 + A12) ! B22

                = A11 ! B12 + A12 ! B22.  ✔
33

  

€ 

C11 C12

C21 C22
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'  =  

A11 A12

A21 A22

" 

# 
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'  ×  

B11 B12

B21 B22

" 

# 
$ 
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& 
' 

P1 ←  A11 ! (B12 – B22)

P2 ←  (A11 + A12) ! B22

P3 ←  (A21 + A22) ! B11

P4 ←  A22 ! (B21 – B11)

P5 ←  (A11 + A22) ! (B11 + B22)

P6 ←  (A12 – A22) ! (B21 + B22)

P7 ←  (A11 – A21) ! (B11 + B12)

C11  =   P5 + P4 – P2 + P6

C12  =   P1 + P2

C21  =   P3 + P4

C22  =   P1 + P5 – P3 – P7

7 matrix multiplications
(of ½n-by-½n matrices)

½n-by-½n matrices

n-by-n ½n-by-½n matrix

Strassen’s algorithm
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STRASSEN(n, A, B)                          
______________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________

IF  (n = 1) RETURN  A ! B.
Partition A and B into ½n-by-½n blocks.
P1 ← STRASSEN(n / 2, A11, (B12 – B22)).
P2 ← STRASSEN(n / 2, (A11 + A12), B22).
P3 ← STRASSEN(n / 2, (A21 + A22), B11).

P4 ← STRASSEN(n / 2,  A22, (B21 – B11)).
P5 ← STRASSEN(n / 2, (A11 + A22), (B11 + B22)).
P6 ← STRASSEN(n / 2, (A12 – A22), (B21 + B22)).
P7 ← STRASSEN(n / 2, (A11 – A21), (B11 + B12)).
C11  =   P5 + P4 – P2 + P6.
C12  =   P1 + P2.
C21  =   P3 + P4.
C22  =   P1 + P5 – P3 – P7.
RETURN  C.   
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C11 C12

C21 C22
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'  =  

A11 A12

A21 A22
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'  ×  

B11 B12

B21 B22

" 

# 
$ 

% 

& 
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7 T(n / 2) + Θ(n2)

Θ(n2)

assume n is a power of 2

Analysis of Strassen’s algorithm

Theorem.  Strassen’s algorithm requires O(n2.81) arithmetic operations to 

multiply two n-by-n matrices. 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Gaussian Elimination is not Optimal 
VOLKER ~TRASSEN * 

Received December 12, t 968 

t. Below we will give an algorithm which computes  the coefficients of the 
product  of two square matrices A and B of order n from the coefficients of A 
and B with tess than  4 . 7 - n  l°g7 arithmetical operations (all logarithms in this 
paper  are for base 2, thus tog 7 ~ 2.8; the usual method requires approximately  
2n 3 arithmetical operations). The algorithm induces algorithms for invert ing a 
matr ix  of order n, solving a system of n linear equations in n unknowns,  com- 
put ing a determinant  of order n etc. all requiring less than const n l°g 7 arithmetical 
operations. 

This fact  should be compared with the result of KLYUYEV and KOKOVKIN- 
SHCHERBAK [1 ] tha t  Gaussian elimination for solving a system of l inearequations 
is optimal if one restricts oneself to operations upon rows and columns as a 
whole. We also note tha t  WlNOGRAD [21 modifies the usual algorithms for matr ix 
multiplication and inversion and for solving systems of linear equations, trading 
roughly half of the multiplications for additions and subtractions. 

I t  is a pleasure to thank D. BRILLINGER for inspiring discussions about the present 
subject and ST. COOK and B. PARLETT for encouraging me to write this paper. 

2. We define algorithms e~, ~ which mult iply matrices of order m2  ~, by  in- 
duction on k: ~ , 0  is the usual algorithm, for matr ix multiplication (requiring 
m a multiplications and m 2 ( m -  t) additions), e~,k already being known, define 
~ ,  ~ +t as follows: 

If  A, B are matrices of order m 2 k ~ to be multiplied, write 

(All  A~2 t (B~I B12~ (Cll C1~ 
A = \A21 A~2], B --- \B.21 B2~], A B = \C21 C22], 

where the Ai~ ,, Bik, Cik are matrices of order m2  ~. Then compute  

I = (All  + A ~ )  (Bit  + Be2 ) , 
I I  = ( A ~ I + A ~ 2  )Bl I ,  
I I I  = A l l  (Bt~ - -  B~.~), 
IV = A ~  ( - -  Bl l  + B21 ), 
V = (Alx+AI~)B~2,  
VI = (--Ax~ + A~) (Bll + B~2 ), 
VII  = (AI~--A~2 ) (B21 + B22 ), 

* The results have been found while the author was at the Department of Statistics 
of the University of California, Berkeley. The author wishes to thank the National 
Science Foundation for their support (NSF GP-7454). 

Analysis of Strassen’s algorithm

Theorem.  Strassen’s algorithm requires O(n2.81) arithmetic operations to 

multiply two n-by-n matrices. 

Pf.  

独When n is a power of 2, apply Case 1 of the master theorem: 
 
 
 

独When n is not a power of 2, pad matrices with zeros to be nʹ-by-nʹ, 
where n ≤ nʹ < 2n and nʹ is a power of 2.
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T (n) = 7T n /2( )
recursive calls
! " # $ # 

+ Θ(n2 )
add, subtract
! " # $ # ⇒ T (n) =Θ(n log2 7 ) =O(n2.81)
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1 2 3 0
4 5 6 0
7 8 9 0
0 0 0 0

�
����

�
���

10 11 12 0
13 14 15 0
16 17 18 0
0 0 0 0

�
��� =

�
���

84 90 96 0
201 216 231 0
318 342 366 0
0 0 0 0

�
���



Strassen’s algorithm:  practice

Implementation issues. 

独Sparsity. 

独Caching. 

独n not a power of 2. 

独Numerical stability. 

独Non-square matrices. 

独Storage for intermediate submatrices. 

独Crossover to classical algorithm when n is “small.”  

独Parallelism for multi-core and many-core architectures. 

 
Common misperception.  “Strassen’s algorithm is only a theoretical curiosity.”
独Apple reports 8x speedup when n ≈ 2,048. 

独Range of instances where it’s useful is a subject of controversy.
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Abstract—We dispel with “street wisdom” regarding the
practical implementation of Strassen’s algorithm for matrix-
matrix multiplication (DGEMM). Conventional wisdom: it is only
practical for very large matrices. Our implementation is practical
for small matrices. Conventional wisdom: the matrices being
multiplied should be relatively square. Our implementation is
practical for rank-k updates, where k is relatively small (a shape
of importance for libraries like LAPACK). Conventional wisdom:
it inherently requires substantial workspace. Our implementation
requires no workspace beyond buffers already incorporated
into conventional high-performance DGEMM implementations.
Conventional wisdom: a Strassen DGEMM interface must pass
in workspace. Our implementation requires no such workspace
and can be plug-compatible with the standard DGEMM inter-
face. Conventional wisdom: it is hard to demonstrate speedup
on multi-core architectures. Our implementation demonstrates
speedup over conventional DGEMM even on an Intel R� Xeon
PhiTM coprocessor1 utilizing 240 threads. We show how a dis-
tributed memory matrix-matrix multiplication also benefits from
these advances.

Index Terms—Strassen, numerical algorithm, performance
model, matrix multiplication, linear algebra library, BLAS.

I. INTRODUCTION

Strassen’s algorithm (STRASSEN) [1] for matrix-matrix
multiplication (DGEMM) has fascinated theoreticians and prac-
titioners alike since it was first published, in 1969. That paper
demonstrated that multiplication of n ⇥ n matrices can be
achieved in less than the O(n3) arithmetic operations required
by a conventional formulation. It has led to many variants that
improve upon this result [2], [3], [4], [5] as well as practical
implementations [6], [7], [8], [9]. The method can yield a
shorter execution time than the best conventional algorithm
with a modest degradation in numerical stability [10], [11],
[12] by only incorporating a few levels of recursion.

From 30,000 feet the algorithm can be described as shifting
computation with submatrices from multiplications to addi-
tions, reducing the O(n3) term at the expense of adding O(n2)
complexity. For current architectures, of greater consequence
is the additional memory movements that are incurred when
the algorithm is implemented in terms of a conventional
DGEMM provided by a high-performance implementation
through the Basic Linear Algebra Subprograms (BLAS) [13]
interface. A secondary concern has been the extra workspace
that is required. This simultaneously limits the size of problem

1Intel, Xeon, and Intel Xeon Phi are trademarks of Intel Corporation in the
U.S. and/or other countries.

that can be computed and makes it so an implementation is not
plug-compatible with the standard calling sequence supported
by the BLAS.

An important recent advance in the high-performance imple-
mentation of DGEMM is the BLAS-like Library Instantiation
Software (BLIS framework) [14], a careful refactoring of the
best-known approach to implementing conventional DGEMM
introduced by Goto [15]. Of importance to the present paper
are the building blocks that BLIS exposes, minor modifica-
tions of which support a new approach to implementating
STRASSEN. This approach changes data movement between
memory layers and can thus mitigate the negative impact of
the additional lower order terms incurred by STRASSEN. These
building blocks have similarly been exploited to improve upon
the performance of, for example, the computation of the
K-Nearest Neighbor [16] and Tensor Contraction [17], [18]
problem. The result is a family of STRASSEN implementations,
members of which attain superior performance depending on
the sizes of the matrices.

The resulting family improves upon prior implementations
of STRASSEN in a number of surprising ways:

• It can outperform classical DGEMM even for small square
matrices.

• It can achieve high performance for rank-k updates
(DGEMM with a small “inner matrix size”), a case of
DGEMM frequently encountered in the implementation of
libraries like LAPACK [19].

• It needs not require additional workspace.
• It can incorporate directly the multi-threading in tradi-

tional DGEMM implementations.
• It can be plug-compatible with the standard DGEMM

interface supported by the BLAS.
• It can be incorporated into practical distributed memory

implementations of DGEMM.
Most of these advances run counter to conventional wisdom
and are backed up by theoretical analysis and practical imple-
mentation.

II. STANDARD MATRIX-MATRIX MULTIPLICATION

We start by discussing naive computation of matrix-matrix
multiplication (DGEMM), how it is supported as a library rou-
tine by the Basic Linear Algebra Subprograms (BLAS) [13],
how modern implementations block for caches, and how that
implementation supports multi-threaded parallelization.

Suppose that you could multiply two 3-by-3 matrices with 21 scalar 
multiplications. How fast could you multiply two n-by-n matrices?  

A. Θ(n log321)

B. Θ(n log221)

C. Θ(n log921)

D. Θ(n 2)
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Divide-and-conquer II:  quiz 4

  

€ 

Θ (n log3 21) = O(n 2.77 )

Is it possible to multiply two 3-by-3 matrices using only 21 scalar 
multiplications? 

A. Yes.

B. No.

C. Unknown.
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Divide-and-conquer II:  quiz 5 Fast matrix multiplication:  theory

Q.  Multiply two 2-by-2 matrices with 7 scalar multiplications? 

A.  Yes!  [Strassen 1969]            Θ(nlog27 ) = O(n2.81) 
 
Q.  Multiply two 2-by-2 matrices with 6 scalar multiplications? 

A.  Impossible.  [Hopcroft–Kerr, Winograd 1971]    Θ(nlog26 ) = O(n2.59) 
 
 
 
Begun, the decimal wars have.  [Pan 1978, Bini et al., Schönhage, …] 

独Two 70-by-70 matrices with 143,640 scalar multiplications.  O(n2.7962) 

独Two 48-by-48 matrices with 47,217 scalar multiplications.   O(n2.7801) 

独A year later.                  O(n2.7799) 

独December 1979.                 O(n2.521813) 

独January 1980.                 O(n2.521801)
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History of arithmetic complexity of matrix multiplication
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year algorithm arithmetic operations

1858 “grade school” O (n3 )

1969 Strassen O (n2.808 )

1978 Pan O (n2.796 )

1979 Bini O (n2.780 )

1981 Schönhage O (n2.522 )

1982 Romani O (n2.517 )

1982 Coppersmith–Winograd O (n2.496 )

1986 Strassen O (n2.479 )

1989 Coppersmith–Winograd O (n2.3755 )

2010 Strother O (n2.3737 )

2011 Williams O (n2.372873 )

2014 Le Gall O (n2.372864 )

O (n2 + ε )

number of arithmetic operations to multiply two n-by-n matrices

galactic 

algorithms

Numeric linear algebra reductions

Matrix multiplication.  Given two n-by-n matrices, compute their product.
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linear algebra problem expression arithmetic complexity

matrix multiplication A × B MM(n)

matrix squaring A2 Θ(MM(n))

matrix inversion A–1 Θ(MM(n))

determinant ⎢A ⎢ Θ(MM(n))

rank rank(A) Θ(MM(n))

system of linear equations Ax = b Θ(MM(n))

LU decomposition A = L U Θ(MM(n))

least squares min ⎢⎢Ax – b ⎢⎢2 Θ(MM(n))

numerical linear algebra problems with the same
arithmetic complexity MM(n) as matrix multiplication

DIVIDE AND CONQUER II

‣ master theorem 

‣ integer multiplication 

‣ matrix multiplication 

‣ convolution and FFT

SECTION 5.6

Fourier theorem.  [Fourier, Dirichlet, Riemann]  Any (sufficiently smooth) 

periodic function can be expressed as the sum of a series of sinusoids. 

n = 1n = 5n = 10n = 100

Fourier analysis
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t

y(t) =
2
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n�

k=1

sin kt

k
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Euler’s identity

Euler’s identity.  e ix = cos x + i sin x. 
 
Sinusoids.  Sum of sine and cosines = sum of complex exponentials.
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Time domain vs. frequency domain

Signal.  [touch tone button 1] 

 
 
Time domain. 

 
 
 
 
 
Frequency domain.
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y(t)  =  1
2 sin(2π ⋅ 697 t)  +  1

2 sin(2π ⋅ 1209 t)

Reference:  Cleve Moler, Numerical Computing with MATLAB

sound
pressure

0.5

amplitude

Time domain vs. frequency domain

Signal.  [recording, 8192 samples per second] 

 
 
 
 
 
 
 
Magnitude of discrete Fourier transform.
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Reference:  Cleve Moler, Numerical Computing with MATLAB

Fast Fourier transform

FFT.  Fast way to convert between time domain and frequency domain. 

 
Alternate viewpoint.  Fast way to multiply and evaluate polynomials.
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we take this approach

“ If you speed up any nontrivial algorithm by a factor of a  
    million or so the world will beat a path towards finding  
    useful applications for it. ”    — Numerical Recipes



Fast Fourier transform:  applications

Applications. 

独Optics, acoustics, quantum physics, telecommunications, radar, 
control systems, signal processing, speech recognition, data 

compression, image processing, seismology, mass spectrometry, … 

独Digital media.  [DVD, JPEG, MP3, H.264] 

独Medical diagnostics.  [MRI, CT, PET scans, ultrasound] 

独Numerical solutions to Poisson’s equation. 

独Integer and polynomial multiplication.  

独Shor’s quantum factoring algorithm. 

独…
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“ The FFT is one of the truly great computational developments  
   of [the 20th] century.  It has changed the face of science and  
   engineering so much that it is not an exaggeration to say that  
   life as we know it would be very different without the FFT. ”  
          — Charles van Loan

Fast Fourier transform:  brief history

Gauss (1805, 1866).  Analyzed periodic motion of asteroid Ceres. 

 
Runge–König (1924).  Laid theoretical groundwork. 

 
Danielson–Lanczos (1942).  Efficient algorithm, x-ray crystallography. 

 
Cooley–Tukey (1965).  Detect nuclear tests in Soviet Union and track 

submarines.  Rediscovered and popularized FFT. 
 
 

 
 
 
 
 
Importance not fully realized until emergence of digital computers.
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Polynomials:  coefficient representation

Univariate polynomial.  [ coefficient representation ] 

 
 
 
Addition.  O(n) arithmetic operations. 

 
 
Evaluation.  O(n) using Horner’s method. 

 
 
 
 
 
Multiplication (linear convolution).  O(n2) using brute force.
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A(x) + B(x) = (a0 + b0) + (a1 + b1)x + . . . + (an�1 + bn�1)x
n�1
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A(x) = a0 + (x(a1 + x(a2 + . . . + x(an�2 + x(an�1)) . . .))
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A(x) � B(x) =

2n�2�

i=0

cix
i r?2`2 ci =

i�

j=0

ajbi�j
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A(x) = a0 + a1x + a2x
2 + . . . + an�1x

n�1

B(x) = b0 + b1x + b2x
2 + . . . + bn�1x

n�1
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double val = 0.0; 
for (int j = n-1; j >= 0; j--) 
    val = a[j] + (x * val);

What was the subject of Gauss’ Ph.D thesis?  

A. Gaussian elimination.

B. Fast Fourier transform.

C. Prime number theorem.

D. Cauchy integral theorem.

E. Fundamental theorem of algebra.

F. Angle-preserving maps.

G. Method of least squares.

H. Non-Euclidean geometry.

I. Constructing a regular heptadecagon with straightedge and compass. 
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Divide-and-conquer II:  quiz 6



A modest Ph.D. dissertation title
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DEMONSTRATIO NOVA
THEOREMATIS

OMNEM FVNCTIONEM ALGEBRAICAM
RATIONALEM INTEGRAM

VNIVS VARIABILIS
IN FACTORES REALES PRIMI VEL SECUNDI GRADVS

RESOLVI POSSE 

AVCTORE
CAROLO FRIDERICO GAVSS

HELMSTADII
APVD C. G. FLECKEISEN. 1799

1.

Quaelibet aequatio algebraica determinata reduci potest ad

formam xm+Axm-1+Bxm-2+ etc. +M=0, ita vt m sit numerus
integer positiuus. Si partem primam huius aequationis per X
denotamus, aequationique X=0 per plures valores inaequales
ipsius x satisfieri supponimus, puta ponendo x=α, x=β, x=γ etc.
functio X per productum e factoribus x-α, x-β, x-γ etc. diuisibilis
erit. Vice versa, si productum e pluribus factoribus simplicibus x-
α, x-β, x-γ etc. functionem X metitur: aequationi X=0 satisfiet,
aequando ipsam x cuicunque quantitatum α, β, γ etc. Denique si
X producto ex m factoribus talibus simplicibus aequalis est (siue
omnes diuersi sint, siue quidam ex ipsis identici): alii factores
simplices praeter hos functionem X metiri non poterunt.

Quamobrem aequatio mti gradus plures quam m radices habere

nequit; simul vero patet, aequationem mti gradus pauciores
radices habere posse, etsi X in m factores simplices resolubilis sit:

“  New proof of the theorem that every algebraic rational integral function in one 
    variable can be resolved into real factors of the first or the second degree. ”

Polynomials:  point-value representation

Fundamental theorem of algebra.  A degree n univariate polynomial with 

complex coefficients has exactly n complex roots. 

Corollary.  A degree n – 1 univariate polynomial A(x) is uniquely specified by 

its evaluation at n distinct values of x.
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x

y

xj

yj = A(xj )

Polynomials:  point-value representation

Univariate polynomial.  [ point-value representation ] 

 
 
 
Addition.  O(n) arithmetic operations. 

 
 
 
Multiplication.  O(n), but represent A(x) and B(x) using 2n points. 

 
 
 
Evaluation.  O(n2) using Lagrange’s formula.
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A(x):  (x0, y0), …, (xn−1, yn−1)
B(x):  (x0, z0), …, (xn−1, zn−1)

A(x) + B(x):  (x0, y0 + z0), …, (xn−1, yn−1 + zn−1)

A(x) ! B(x):  (x0, y0 ! z0), …, (x2n−1, y2n−1 ! z2n−1)

A(x) =

n�1�

k=0

yk

�
j �=k(x � xj)�
j �=k(xk � xj)
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not used

Converting between two representations

Tradeoff.  Either fast evaluation or fast multiplication. We want both! 

 
 
 
 
 
 
 
 
 
Goal.  Efficient conversion between two representations  ⇒ all ops fast. 
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representation multiply evaluate

coefficient O(n2) O(n)

point-value O(n) O(n2)

point-value representationcoefficient representation

a0, a1, . . . , an�1

b0, b1, . . . , bn�1
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Converting between two representations

Application.  Polynomial multiplication (coefficient representation).
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coefficient representation

a0, a1, . . . , an�1

b0, b1, . . . , bn�1
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point-value 
multiplication

O(n)

coefficient representation

c0, c1, . . . , c2n�2
<latexit sha1_base64="aF3CWRb6xDS5I1NCeso8q/oCVe8="></latexit><latexit sha1_base64="aF3CWRb6xDS5I1NCeso8q/oCVe8="></latexit><latexit sha1_base64="aF3CWRb6xDS5I1NCeso8q/oCVe8="></latexit><latexit sha1_base64="aF3CWRb6xDS5I1NCeso8q/oCVe8="></latexit>
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(x0, y0), . . . , (x2n�1, y2n�1)

(x0, z0), . . . , (x2n�1, z2n�1)
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point value representation

(x0, y0 � z0), . . . , (x2n�1, y2n�1 � z2n�1)
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FFT
O(n log n)

inverse 
FFT

O(n log n)

Converting between two representations:  brute force

Coefficient ⇒ point-value.  Given a polynomial A(x) = a0 + a1 x + ... + an–1 xn–1
, 

evaluate it at n distinct points x0 , ...,  xn–1. 

 
 
 
 
 
 
 
 
 
 
 
Running time.  O(n2) via matrix–vector multiply (or n Horner’s).
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Converting between two representations:  brute force

Point-value ⇒ coefficient.  Given n distinct points x0, ... , xn–1 and values  
y0, ... , yn–1, find unique polynomial A(x) = a0 + a1 x + ... + an–1 xn–1

, that has 
given values at given points. 

 
 
 
 
 
 
 
 
 
 
Running time.  O(n3) via Gaussian elimination.
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Vandermonde matrix is invertible iff xi distinct

or O(n2.38) via fast matrix multiplication

Which divide-and-conquer approach to use to multiply polynomials?
 

A. Divide polynomial into low- and high-degree terms.  
 
 

B. Divide polynomial into even- and odd-degree terms.  
 
 

C. Either A or B.

D. Neither A nor B.
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Divide-and-conquer II:  quiz 7

A(x)   =  a0 + a1 x + a2 x2 + a3 x3 + a4 x4  + a5 x5  + a6 x6  + a7 x7.

Alow(x)    =  a0 + a1 x + a2 x2 + a3 x3.
Ahigh (x)  =  a4 + a5 x + a6 x2 + a7 x3.

Aeven(x)  =  a0 + a2 x + a4 x2 + a6 x3.
Aodd (x)  =  a1 + a3 x + a5 x2 + a7 x3.



Divide-and-conquer

 
Decimation in time.  Divide into even- and odd- degree terms. 

独A(x)       =  a0 + a1 x + a2 x2 + a3 x3 + a4 x4  + a5 x5  + a6 x6  + a7 x7.

独Aeven(x)  =  a0 + a2 x + a4 x2 + a6 x3.

独Aodd (x)  =  a1 + a3 x + a5 x2 + a7 x3.

独A(x) = Aeven(x2) + x Aodd(x2). 

 
 
 
Decimation in frequency.  Divide into low- and high-degree terms. 

独A(x)        =  a0 + a1 x + a2 x2 + a3 x3 + a4 x4  + a5 x5  + a6 x6  + a7 x7.

独Alow(x)    =  a0 + a1 x + a2 x2 + a3 x3.

独Ahigh (x)  =  a4 + a5 x + a6 x2 + a7 x3.

独A(x) = Alow(x) + x4 Ahigh(x).
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Sande–Tukey radix 2 FFT

Cooley–Tukey radix 2 FFT

Coefficient to point-value representation:  intuition

Coefficient ⇒ point-value.  Given a polynomial A(x) = a0 + a1 x + ... + an–1 xn–1
, 

evaluate it at n distinct points x0 , ..., xn–1. 

 
 
Divide.  Break up polynomial into even- and odd-degree terms. 

独A(x) =  a0 + a1 x + a2 x2 + a3 x3 + a4 x4  + a5 x5  + a6 x6  + a7 x7.

独Aeven(x) =  a0 + a2 x + a4 x2 + a6 x3.

独Aodd (x) =  a1 + a3 x + a5 x2 + a7 x3.

独A(x) = Aeven(x2)  +  x Aodd(x2).

独A(−x) = Aeven(x2)  –  x Aodd(x2).
 
Intuition.  Choose two points to be ±1. 

独A( 1) = Aeven(1) +  1 Aodd(1). 

独A(−1) = Aeven(1) –  1 Aodd(1).
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Can evaluate polynomial of degree n-1 
at 2 points by evaluating two polynomials 
of degree ½n - 1 at only 1 point.

we get to choose which ones!

Coefficient to point-value representation:  intuition

Coefficient ⇒ point-value.  Given a polynomial A(x) = a0 + a1 x + ... + an–1 xn–1
,  

evaluate it at n distinct points x0 , ..., xn–1. 

 

Divide.  Break up polynomial into even- and odd-degree terms. 

独A(x) =  a0 + a1 x + a2 x2 + a3 x3 + a4 x4  + a5 x5  + a6 x6  + a7 x7.

独Aeven(x) =  a0 + a2 x + a4 x2 + a6 x3.

独Aodd (x) =  a1 + a3 x + a5 x2 + a7 x3.

独A(x) = Aeven(x2)  +  x Aodd(x2).

独A(−x) = Aeven(x2)  –  x Aodd(x2).
 
Intuition.  Choose four complex points to be ±1, ±i. 

独A( 1) =  Aeven(1)   +  1 Aodd(1). 

独A(−1) =  Aeven(1)   –  1 Aodd(1).

独A( i ) =  Aeven(−1) +  i Aodd(−1). 

独A( −i ) =  Aeven(−1) –  i Aodd(−1).
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Can evaluate polynomial of degree n-1 
at 4 points by evaluating two polynomials 
of degree ½n - 1 at only 2 points.

we get to choose which ones!

Discrete Fourier transform

Coefficient ⇒ point-value.  Given a polynomial A(x) = a0 + a1 x + ... + an–1 xn–1
, 

evaluate it at n distinct points x0 , ..., xn–1. 

Key idea.  Choose xk = ωk  where ω is principal nth root of unity.
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DFT Fourier matrix Fn

yk = A(ωk)

we get to choose which ones!



Roots of unity

Def.  An nth root of unity is a complex number x such that xn
 = 1. 

 
Fact.  The nth roots of unity are: ω0, ω1, …, ωn–1

 where ω = e2π i / n
. 

Pf.  (ωk) n  = (e2π i k / n) n  = (eπ i ) 2k  =  (−1)2k  =  1. 

 
Fact.  The ½nth roots of unity are: ν0, ν1, …, νn/2–1

 where ν = ω2 = e4π i / n
.
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ω0
 = ν0 = 1

ω1

ω2
 = ν1

 = i

ω3

ω4
 = ν2 = −1

ω5
 

ω6
 = ν3 = −i

ω7
 

n = 8

Fast Fourier transform

Goal.  Evaluate a degree n – 1 polynomial A(x) = a0 + ... + an–1 xn–1
 at its  

nth roots of unity: ω0, ω1, …, ω n–1
. 

 
Divide.  Break up polynomial into even- and odd-degree terms. 

独Aeven(x)  =  a0 + a2 x + a4 x2 + … + an−2 x n/2–1.

独Aodd (x)  =  a1 + a3 x + a5 x2 + … + an−1 x n/2–1.

独A(x)  = Aeven(x2) + x Aodd(x2).
 
Conquer.  Evaluate Aeven(x) and Aodd(x) at the ½nth roots of unity: ν0, ν1, …, νn/2–1

. 

 
 
Combine.   

独yk =  A(ω k)       = Aeven(ν k)  +  ω k Aodd (ν k),   0 ≤ k < n/2.

独yk+ ½n =  A(ω k+ ½n) = Aeven(ν k)  –   ω k Aodd (ν k),   0 ≤ k < n/2.
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ωk+ ½n
 = −ωk

νk = (ωk)2

νk = (ωk + ½n)2

FFT:  implementation

Goal.  Evaluate a degree n – 1 polynomial A(x) = a0 + ... + an–1 xn–1
 at its 

nth roots of unity: ω0, ω1, …, ω n–1
. 

独yk =  A(ω k)       = Aeven(ν k)  +  ω k Aodd (ν k),   0 ≤ k < n/2.

独yk+ ½n =  A(ω k+ ½n) = Aeven(ν k)  –   ω k Aodd (ν k),   0 ≤ k < n/2.
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FFT(n, a0, a1, a2, …, an–1)                          
____________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________

IF  (n = 1) RETURN  a0.

 
(e0, e1, …, en/2–1) ← FFT(n / 2, a0, a2, a4, …, an–2).

(d0, d1, …, dn/2–1) ← FFT(n / 2, a1, a3, a5, …, an–1).                        

FOR  k = 0  TO  n / 2 – 1.

     ωk ← e2π i k /n.
       yk        ← ek   + ωk dk.

     yk + n/2   ← ek  – ωk dk .

RETURN (y0, y1, y2, …, yn–1).
_________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________

2 T(n / 2)

Θ(n)

FFT:  summary

Theorem.  The FFT algorithm evaluates a degree n – 1 polynomial at each of 

the nth roots of unity in O(n log n) arithmetic operations and O(n) extra space. 

 
Pf. 
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assumes n is a power of 2

T (n) =

�
�
�

�(1) B7 n = 1

2T (n/2) + �(n) B7 n > 1
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point-value representationcoefficient representation
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b0, b1, . . . , bn�1
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O(n log n)
FFT

???
(x0, y0), . . . , (xn�1, yn�1)
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When computing the FFT of (a0, a1, a2, …, a7), which are the first two 
coefficients involved in an arithmetic operation?  

A. a0 and a1.

B. a0 and a2.

C. a0 and a4.

D. a0 and a7.

E. None of the above.
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Divide-and-conquer II:  quiz 8 FFT:  recursion tree
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a0, a1, a2, a3, a4, a5, a6, a7

a1, a3, a5, a7a0, a2, a4, a6

a3, a7a1, a5a0, a4 a2, a6

a0 a4 a2 a6 a1 a5 a3 a7

“bit-reversed” order

000 100 010 110 001 101 011 111

inverse
perfect shuffle

FFT:  Fourier matrix decomposition

Alternative viewpoint.  FFT is a recursive decomposition of Fourier matrix.
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Inverse discrete Fourier transform

Point-value ⇒ coefficient.  Given n distinct points x0, ... , xn–1 and  
values y0, ... , yn–1, find unique polynomial a0 + a1x + ... + an–1 xn–1

, 
that has given values at given points.
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Inverse DFT
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Fourier matrix inverse (Fn)−1



Inverse discrete Fourier transform

Claim.  Inverse of Fourier matrix Fn is given by following formula: 

 
 
 
 
 
 
 
 
 
 
 
 
Consequence.  To compute the inverse FFT, apply the same algorithm 
but use ω–1

 = e –2π i / n
 as principal nth root of unity (and divide the result by n).
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Fn / √n is a unitary matrix

Inverse FFT:  proof of correctness

Claim.  Fn and Gn are inverses. 

Pf.   

 
 
 
 
 
 
Summation lemma.  Let ω be a principal nth root of unity. Then 

 
 
 
Pf. 

独If k is a multiple of n, then ωk
 = 1  ⇒  series sums to n. 

独Each nth root of unity ωk
 is a root of xn – 1 = (x – 1) (1 + x + x2 + ... + xn−1). 

独if ωk
 ≠ 1, then 1 + ωk + ωk(2) + … + ωk(n−1) = 0  ⇒  series sums to 0.  ▪
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summation lemma (below)
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Inverse FFT:  implementation

Note.  Need to divide result by n.
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INVERSE-FFT(n, y0, y1, y2, …, yn–1)                          
__________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________

IF (n = 1) RETURN y0. 

(e0, e1, …, en/2–1)  ← INVERSE-FFT(n / 2, y0, y2, y4, …, yn–2).                        

(d0, d1, …, dn/2–1) ← INVERSE-FFT(n / 2, y1, y3, y5, …, yn–1).                          

FOR  k = 0  TO  n / 2 – 1.

     ωk ← e–2π i k / n.

     ak         ← ek + ωk dk.

     ak + n/2   ← ek  – ωk dk.

RETURN (a0, a1, a2, …, an–1).
_______________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________

switch roles of ai and yi

Inverse FFT:  summary

Theorem.  The inverse FFT algorithm interpolates a degree n – 1 polynomial 

at each of the nth roots of unity in O(n log n) arithmetic operations. 

 
 
 
 
 
Corollary.  Can convert between coefficient and point-value representations 

in O(n log n) arithmetic operations.

76

assumes n is a power of 2

point-value representationcoefficient representation

a0, a1, . . . , an�1

b0, b1, . . . , bn�1
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O(n log n)
FFT

inverse FFT
O(n log n)

(x0, y0), . . . , (xn�1, yn�1)
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Theorem.  Given two polynomials A(x) = a0 + a1 x + … + an−1 xn−1 

and B(x) = b0 + b1 x + … + bn−1 bn−1
  of degree n – 1, can multiply 

them in O(n log n) arithmetic operations. 

Pf.

Polynomial multiplication
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pad with 0s to make 

n a power of 2

inverse FFT
O(n log n)

coefficient representation

a0, a1, . . . , an�1

b0, b1, . . . , bn�1
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coefficient representation

two FFTs
O(n log n)

point-value 
multiplication

O(n)

A(�0), . . . , A(�2n�1)

B(�0), . . . , B(�2n�1)

C(�0), . . . , C(�2n�1)
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c0, c1, . . . , c2n�2
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point-value representation

point-value representation

FFT in practice ?
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Fastest Fourier transform in the West.  [Frigo–Johnson] 

独Optimized C library. 

独Features:  DFT, DCT, real, complex, any size, any dimension. 

独Won 1999 Wilkinson Prize for Numerical Software. 

独Portable, competitive with vendor-tuned code. 

 
Implementation details. 

独Core algorithm is an in-place, nonrecursive version of Cooley–Tukey. 

独Instead of executing a fixed algorithm, it evaluates the hardware  
and uses a special-purpose compiler to generate an optimized 
algorithm catered to “shape” of the problem. 

独Runs in O(n log n) time, even when n is prime. 

独Multidimensional FFTs. 

独Parallelism.

FFT in practice
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http://www.fftw.org

Top 10 algorithms of the 20th century
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methods for this problem.
Introducing the decompositional approach to ma-

trix computations revolutionized the field. G.W. Stew-
art describes the history leading up to the decomposi-
tional approach and presents a brief tour of the six
central decompositions that have evolved and are in
use today in many areas of scientific computation.

David Padua argues that the Fortran I compiler,
with its parsing, analysis, and code-optimization tech-
niques, qualifies as one of the top 10 “algorithms.” The
article describes the language, compiler, and opti-
mization techniques that the first compiler had.

The QR Algorithm for computing eigenvalues of a
matrix has transformed the approach to computing the
spectrum of a matrix. Beresford Parlett takes us
through the history of early eigenvalue computations
and the discovery of the family of algorithms referred
to as the QR Algorithm.

Sorting is a central problem in many areas of com-
puting so it is no surprise to see an approach to solving
the problem as one of the top 10. Joseph JaJa describes
Quicksort as one of the best practical sorting algorithm
for general inputs. In addition, its complexity analysis
and its structure have been a rich source of inspiration
for developing general algorithm techniques for vari-
ous applications.

Daniel Rockmore describes the FFT as an algo-
rithm “the whole family can use.” The FFT is per-
haps the most ubiquitous algorithm in use today to
analyze and manipulate digital or discrete data. The
FFT takes the operation count for discrete Fourier
transform from O(N2) to O(N log N).

Some recently discovered integer relation detection
algorithms have become a centerpiece of the emerg-
ing discipline of “experimental mathematics”—the use
of modern computer technology as an exploratory tool
in mathematical research. David Bailey describes the

integer relation problem: given n real numbers x1, …,
xn, find the n integers a1, … , an (if they exist) such that
a1x1 + … + anxn = 0. Originally, the algorithm was used
to find the coefficients of the minimal integer polyno-
mial an algebraic number satisfied. However, more re-
cently, researchers have used them to discover un-
known mathematical identities, as well as to identify
some constants that arise in quantum field theory in
terms of mathematical constants. 

The Fast Multipole Algorithm was developed orig-
inally to calculate gravitational and electrostatic po-
tentials. The method utilizes techniques to quickly
compute and combine the pair-wise approximation
in O(N) operations. This has led to a significant re-
duction in the computational complexity from O(N2)
to O(N log N) to O(N) in certain important cases.
John Board and Klaus Schulten describe the ap-
proach and its importance in the field.

Your thoughts?
We have had fun putting together this issue, and we

assume that some of you will have strong feelings
about our selection. Please let us know what you think.

Jack Dongarra is a professor of computer science in the
Computer Science Department at the University of Ten-
nessee and a scientist in the mathematical science section
of Oak Ridge National Lab. He received his BS in mathe-
matics from Chicago State University, his MS in computer
science from the Illinois Institute of Technology, and his
PhD in applied mathematics from the University of New
Mexico. Contact him at  dongarra@cs.utk.edu; www.cs.
utk.edu/~dongarra.

Francis Sullivan’s biography appears in his article on
page 69.

2 COMPUTING IN SCIENCE&  ENGINEERING

Computational algorithms are probably as old as civilization.
Sumerian cuneiform, one of the most ancient written records,
consists partly of algorithm descriptions for reckoning in base
60. And I suppose we could claim that the Druid algorithm for
estimating the start of summer is embodied in Stonehenge.
(That’s really hard hardware!)

Like so many other things that technology affects, algo-
rithms have advanced in startling and unexpected ways in the
20th century—at least it looks that way to us now. The algo-
rithms we chose for this issue have been essential for progress
in communications, health care, manufacturing, economics,
weather prediction, defense, and fundamental science. Con-
versely, progress in these areas has stimulated the search for
ever-better algorithms. I recall one late-night bull session on
the Maryland Shore when someone asked, “Who first ate a
crab? After all, they don’t look very appetizing.’’ After the usual
speculations about the observed behavior of sea gulls, someone
gave what must be the right answer—namely, “A very hungry
person first ate a crab.”

The flip side to “necessity is the mother of invention’’ is “in-
vention creates its own necessity.’’ Our need for powerful ma-
chines always exceeds their availability. Each significant com-
putation brings insights that suggest the next, usually much
larger, computation to be done. New algorithms are an attempt
to bridge the gap between the demand for cycles and the avail-
able supply of them. We’ve become accustomed to gaining the
Moore’s Law factor of two every 18 months. In effect, Moore’s
Law changes the constant in front of the estimate of running
time as a function of problem size. Important new algorithms
do not come along every 1.5 years, but when they do, they can
change the exponent of the complexity!

For me, great algorithms are the poetry of computation.
Just like verse, they can be terse, allusive, dense, and even

mysterious. But once unlocked, they cast a brilliant new light
on some aspect of computing. A colleague recently claimed
that he’d done only 15 minutes of productive work in his
whole life. He wasn’t joking, because he was referring to the
15 minutes during which he’d sketched out a fundamental op-
timization algorithm. He regarded the previous years of
thought and investigation as a sunk cost that might or might
not have paid off.

Researchers have cracked many hard problems since 1 Jan-
uary 1900, but we are passing some even harder ones on to the
next century. In spite of a lot of good work, the question of
how to extract information from extremely large masses of
data is still almost untouched. There are still very big chal-
lenges coming from more “traditional” tasks, too. For exam-
ple, we need efficient methods to tell when the result of a large
floating-point calculation is likely to be correct. Think of the
way that check sums function. The added computational cost
is very small, but the added confidence in the answer is large.
Is there an analog for things such as huge, multidisciplinary
optimizations? At an even deeper level is the issue of reason-
able methods for solving specific cases of “impossible’’ prob-
lems. Instances of NP-complete problems crop up in at-
tempting to answer many practical questions. Are there
efficient ways to attack them?

I suspect that in the 21st century, things will be ripe for an-
other revolution in our understanding of the foundations of
computational theory. Questions already arising from quan-
tum computing and problems associated with the generation
of random numbers seem to require that we somehow tie to-
gether theories of computing, logic, and the nature of the
physical world.

The new century is not going to be very restful for us, but it
is not going to be dull either!

THEJOY OF ALGORITHMS

Francis Sullivan, Associate Editor-in-Chief

THE THEME OF THIS FIRST-OF-THE-CENTURY ISSUE OF COMPUTING IN 

SCIENCE & ENGINEERING IS ALGORITHMS. IN FACT, WE WERE BOLD

ENOUGH—AND PERHAPS FOOLISH ENOUGH—TO CALL THE 10 EXAMPLES WE’VE SE-

LECTED “THE TOP 10 ALGORITHMS OF THE CENTURY.”

F R O M  T H E
ED I T O R S



Integer multiplication, redux

Integer multiplication.  Given two n-bit integers a = an–1 … a1a0 and  
b = bn–1 … b1b0, compute their product a ⋅ b. 

 
Convolution algorithm. 

独Form two polynomials. 

独Note:  a = A(2), b = B(2).

独Compute C(x) = A(x) ⋅ B(x). 

独Evaluate C(2) = a ⋅ b. 

独Running time:  O(n log n) floating-point operations. 

 
Theory.  [Schönhage–Strassen 1971] 

独O(n log2 n) bit operations. 

独O(n log n ⋅ log log n) bit operations. 

 
Practice.  [GNU Multiple Precision Arithmetic Library] 
Switches to FFT-based algorithm when n is large (≥ 5–10K).
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A(x) = a0 + a1x + a2x
2 + . . . + an�1x

n�1

B(x) = b0 + b1x + b2x
2 + . . . + bn�1x

n�1
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FFT over complex numbers; need O(log n) bits of precision

FFT over ring of integers (modulo a Fermat number)

3-SUM (REVISITED)

3-SUM.  Given three sets X, Y, and Z of n integers each, determine whether 

there is a triple i ∈ X, j ∈ Y, k ∈ Z such that i + j = k. 
 
Assumption.  All integers are between 0 and m. 

 
Goal.  O(m log m + n log n) time.
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a yes instance
(4 + 15 = 19)

m = 19,  n = 3
X = { 4, 7, 10 }
Y = { 5, 8, 15 }
Z = { 4, 13, 19 }


