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Analysis and Transformation

e Analysis:
— Control Flow Analysis
— Dataflow Analysis

e Transformation:

— Register Allocation
— Optimization

+ Machine dependent/independent

« Local/Global/Interprocedural
\

analysis spans multiple procedures

« Acyclic/Cyclic

— Scheduling single-procedure-analysis: intra-procedural



Dataflow Analysis Motivation

Constant Propagation and Dead Code Elimination:

rl =4

l .

r2=rl+5

(B
< 1
\O

Needs dominator, liveness, and reaching definition information.



Dataflow Analysis Motivation

Register Allocation:

e Infinite number of registers (virtual registers) must be mapped to a limited number
of real registers.

e Pseudo-assembly must be examined by /ive variable analysis to determine which
virtual registers contain values which may be used later.

e Virtual registers which are not simultaneously /ive may be mapped onto the same
real register.

r2
1 r2 =1rl + 1
r3
2 r3 = M[xr2]
3 r4 = r3 + 4 | r4
4 LOAD r5 = M[xr2 + r4] |

Assuming only r5 is live-out at instruction 4...



Dataflow Analysis

Three types we will cover:
e [Live Vanable

— Live range for register allocation
— Scheduling

— Dead code elimination
e Reaching Definitions

— Constant propagation
— Constant folding

— Copy propagation
e Available expressions

— Common subexpression elimination



Iterative Dataflow Analysis Framework

e These datatlow analyses are all very similar — define a framework.
e Specity:

— Two set definitions - Aln| and B|n|

— A transfer function - f (A, B, IN/OUT)

— A confluence operator - V.

— A direction - FORWARD or REVERSE.

e For forward analyses:
IN [7 2.] — \/pE PRE DI[n] @, (rT[p]

OUT[n] = f (A, B,IN)

e For reverse analyses:
OU'T [72.] — \/_qE 5‘(__?(10[”:1 :\T[S]

IN[n| = f(A.B.OUT)



Definitions

Control Flow Definitions:
e CFG node has out-edges leading to successor nodes.
e CFG node has in-edges coming from predecessor nodes.
e For each CFG node n, PRE D|n| = set of all predecessors of 7.

e For each CFG node n, SUC'C|n| = set of all successors of n.



Iterative Dataflow Analysis Framework

e [terative dataflow analysis equations are applied in an iterative fashion until /N and
QU1 sets do not change.

e Typically done in (FORWARD or REVERSE) topological sort order of CFG for
etficiency.

e /N and OUT sets initialized to ().

For each node n {
IN[n] = OUT[n] = {};
}

Repeat
For each node n in forward/reverse topological order {
IN’' [n] = IN[n];
OUT’ [n] = OUT [n];
IN[n], OUT[n] = (Equations);

}

} until IN’ [n] = IN[n] and OUT’ [n] = OUT[n] for all n.



Definitions for Liveness Analysis

Liveness Definitions:
e A source (RHS) register 7 1s a use of £.
e A destination (LHS) register ¢ 1s a definition ot t.

e A register 7 1s /ive on edge e if there exists a path from e to a use of 7 that does not
go through a definition of ¢.

e Register 7 1s /ive-in at CFG node n 1f ¢ 1s live on any in-edge of n.

e Register 7 1s /ive-out at CFG node n 1f ¢ 1s live on any out-edge of n.



Definitions for Liveness Analysis

Live Variable Analysis Equation:
e Set definition (A[n|): USE|n| - the set of registers that n uses.
e Set definition (B|n|): DEF|n| - the set of registers that n defines.
e Transfer function (f(A, B.OUT)): USE|n| U (OUT |n| — DEF|n|)
e Confluence operator (V): U

e Direction: REVERSE

OU'T ['72] — UsES’(.-"C’C’[-n:[ N [5}
IN[n| = USE[n| U (OUT[n] — DEF[n))

()(Tr[w[n] — \/SES(?("C"[”'[;\T[S]
Remember generic equations: | o
INn|=f(A,B,OUT)



Live Variable Analysis Example

l: r1=0
L
2: r2=rl+1
v
3: 13=r3+12
v
4: rl=12%2
v
5:] branchrl <10, L1
6: 1‘et11:;1 r3
Node |USE |DEF | OUT IN OuUT IN OouUT IN
|

N D B W




Live Variable Analysis Example

l: r1=0
L
2: r2=rl+1
v
3: 13=r3+12
v
4: rl=12%2
v
5:] branchrl <10, L1
6: l‘em;n r3
Node |USE |DEF| OUT IN OuUT IN OUT IN
1 - r1
h r1 r2
4 r2 r1
5 r1 -
6 r3

Smart ordering: visit nodes in reverse order of execution.



Live Variable Analysis Example

l: r1=0
v
2: r2=rl+1
v
3: 13=r3+12
v
4: rl=12%2
v
5:] branchrl <10, L1
6: l‘em;n r3
Node |USE |DEF| OUT IN OuUT IN OUT IN
1 - r1
h r1 r2
4 r2 1 | 13,1 &—> ?
s M| - | B=>mn
\
6 | 3 | - - r3

Smart ordering: visit nodes in reverse order of execution.



Live Variable Analysis Example

l: r1=0
v
2: r2=rl+1
¥
3: 13=r3+12
v
4: rl=12%2
v
5:] branchrl <10, L1
6: l‘em;n r3
Node |USE |DEF| OUT IN OuUT IN OUT IN
1 -~ 1 3,11 —>
2 1 2 | r3,r2 S’: r3 r1
3 (3| 3 |32 —_ 3
4 r2 r1 r3, r1 3, 12
5 r1 -- r3 r3, r1
6 r3 r3

Smart ordering: visit nodes in reverse order of execution.



Live Variable Analysis Example

l: r1=0
v
2: 2=rl+1
¥
3: 13=r3+12
v
4: rl=r12%2
v
5:] branchrl <10, L1
6: l‘em;n r3
Node |USE |DEF| OUT IN OuUT IN OUT IN
1 -~ 1 3,11 —>
2 1 2 | r3,r2 S’: r3 r1
3 (3| 3 |32 —_ 3
4 r2 r1 r3, r1 3, 12
5 r1 -- r3 r3, r1 r3, r1
6 | 3 r3 - r3

Smart ordering: visit nodes in reverse order of execution.



Live Variable Application 1: Register Allocation

Register Allocation:
]. Perform live variable analysis.
2. Build interference graph.

3. Color interference graph with real registers.



Interference Graph

e Node ¢ corresponds to virtual register ¢.
e Edge (t;,.1;) exists 1f registers ?;, ; have overlapping live ranges.

e For some node n, if DEF|n| = {a} and OUT'|n| = {by, ba, ...b }, then add interfer-
ence edges: (a,by), (a,bs), (a,by)

Interference Graph For Example:
Node | DEF |OUT IN

| rl |rl,r3 13
2 12,03 rl.r3 @ @
r3 |r2.03 12.13 2

rl |(rlr3 r2.13

- (rl, 3 rl.r3

@ IRV B T W



Interference Graph

e Node ¢ corresponds to virtual register ¢.
e Edge (t;,.1;) exists 1f registers ?;, ; have overlapping live ranges.

e For some node n, if DEF|n| = {a} and OUT'|n| = {by, ba, ...b }, then add interfer-
ence edges: (a,by), (a,bs), (a,by)

Interference Graph For Example:
Node | DEF [OUT IN

| rl [rl.r3] 13
12 | 1213 rl. 13 a r3
13 |12.13] r2.13

rl rl.r3| 2,13
- (rl, 3 rl.r3

L o

Virtual registers rl and r2 may be mapped to same real registers.

@ IRV B T W



Live Variable Application 2: Dead Code Elimination

e (G1ven statement s of the form
rl = r2 + r3, rl = M[r2], or rl = r2

If rl 1s not live at the end of s, then s 18 dead
e Dead statements can be deleted.

e (G1ven statement s of the form
rl = call FUN_NAME, M[rl] = r2

Even 1f rl 1s not live at the end of s, 1t 1s not dead.
Example:

rl = r2 + 1
r2 = r2 + 2
rl = r2 + 3
M[rl] = r2



Live Variable Application 2: Dead Code Elimination

e (G1ven statement s of the form
rl = r2 + r3, rl = M[r2], or rl = r2

If rl 1s not live at the end of s, then s 18 dead

e Dead statements can be deleted. This may lead to further optimization
opportunities, as uses of variables in s

e (Given statement s of the form disappear. =» repeat all / some

analysis / optimization passes!
rl = call FUN NAME, M[rl] = r2

Even 1f rl 1s not live at the end of s, 1t 1s not dead.

Example:
rl = 1r2 + 1 2 = 12 4+ 2
P2 = X2 4 2y Y1 = Y2 4+ 3

M[rl] = r2



Reaching Definition Analysis

Determines whether definition of register ¢ directly atfects use of ¢ at some point in pro-
gram.

Reaching Definition Definitions:
e unambiguous - instruction explicitly defines register 7.
e ambiguous - instruction may or may not define register 7.

— Global variables 1n a function call.

— No ambiguous definitions 1n tiger since all globals are stored 1n memory.

e Definition of d (of 1) reaches statement u 1f a path of CFG edges exists from d tou
that does not pass through an unambiguous definition of 7.

e One unambiguous and many ambiguous definitions of # may reach =« on a single
path.



Reaching Definition Analysis

Reaching Definition Analysis Equation:
e Set definition (A[n|): GEN|n| - the set of definition id’s that n creates.
e Set definition (B|n|): KILL|n| - the set of definition id’s thatwkills.
—defs(t) - set of all definition id’s of register t. 4 (details on next slide)
e Transfer function (f(A, B, IN)): GEN|[n|U(IN[n| — KILL|n|)
e Confluence operator (V): U

e Direction: FORWARD

[AT[TZ] = U])EPRED[J?: ()(TT[])]
OUT|n| = GEN[n| U (IN|n| — KILL|n|)



Reaching definitions: definition-ID’s

1. give each definition point a label (“definition ID”) d:
d:te bopcC d:t«M[b] d:t* f(a_l, ..., a_n)

2. associate each variable t with a set of labels:
defs(t) = the labels d associated with a def of t

3. Consider the effects of instruction forms on gen/kill

d:t<-bopc {d} defs(t) — {d}
d: t <- M[b] {d} defs(t) — {d}
Mla] <-b { {

if a relop b goto |1 else {} {}

goto L2

Goto L { {}

L: {3 {

f(a_1, ..., a_n) {} {}

d:t<-f(a_1, ..., a_n) {d} defs(t)-{d}



Reaching Defs: Exampl

R Stotements | Genls] [Killls]

d}
{d}
{
{1

{
{
{
{d}

IN

defs(t) — {d}
defs(t) — {d}
{
1

{
{

{
defs(t)-{d}

OUT

d:t<-bopc
1"a<-5 d: t <- M[b]
> y 1 M[a] <- b
. C <- if a relop b goto I1 else
.\. goto L2
3. L1:ifc>agoto L2 |\ cotoL
e \ L:
6: L2; a<-c-a 4:c<-ctc f(a_1,..,a_n)
L d: t—<- f(a_l .y @_n)
7:c<-0 5: goto L1 -
Node |GEN |KILL IN OuUT IN OuUT
|
2
3
4
5
6
7

defs(a) = ?

defs(c) = ?




d}
{d}
{
{1

{
{
{
{d}

IN

defs(t) — {d}
defs(t) — {d}
{
1

{
{

{
defs(t)-{d}

OUT

Reaching Defs: Example
d:t<-bopc
13 <-5 d: t <- M[b]
y M[a] <- b
2: C <¥ g(ior?_lgp b goto I1 else
3:L1:ifc>agoto L2 |\ cotoL
PR \ L:

6:L2: a<-c-a 4: ¢ <-ctC f(a_1,..,a_n)

L ST R
7:c<-0 5: goto L1 Tl
Node |GEN|KILL| 1IN OUT IN OUT

|
2
3
41
5 [}
6
7

defs(a) = {1, 6}

defs(c) = {2, 4, 7}




d}
{d}
{
{1

{
{
{
{d}

IN

defs(t) — {d}
defs(t) — {d}
{
1

{
{

{
defs(t)-{d}

OUT

Reaching Defs: Example
d:t<-bopc
1-a<-5 d: t <- M[b]
y M[a] <- b
2: C <¥ g(ior?_lgp b goto I1 else
3:L1:ifc>agoto L2 |\ cotoL
PR \ L:

6:L2: a<-c-a 4: ¢ <-ctC f(a_1,..,a_n)

L d: t - f( _1 )
7:c<-0 5: goto L1 Tl
Node |GEN|KILL| 1IN OUT IN OUT

l 1

2 2

3

40 4 | 9
5 ]
6 6

7 7

defs(a) = {1, 6}

defs(c) = {2, 4, 7}




Reaching Defs: Example Eaai SN CIEEE
d:t<-bopc {d} defs(t) — {d}
1:a<-5 d: t <- M[b] {d} defs(t) — {d}
_ y M[a] <- b {3 {
2:C <;.1\. g :tgilgp bgotollelse  {} O
3:L1:ifc>agoto L2 Goto L 0 0O
—_— — N\ L: 0 O
6:L2: a<-c-a 4: ¢ <-ctC fa_1,..,a_n) {3 {
L d: t—<- f(a_l ...,a_n) {d} defs(t)-{d}
7:c<-0 5: goto L1 - -
Node |GEN | KILL IN OuUT IN OuUT IN OuUT
I 1 6 «— defs(a)-{1}
2 2 4,7 «+ defs(c)-{2}
3
4 4 2, 7+ defs(c)-{4}
5
6 6 1« defs(a)-{6}
7 7 2,4 <+~ defs(c)-{7}

defs(a) = {1, 6}

defs(c) = {2, 4, 7}




Reaching Defs: Example EESEEN EEEREIERTE
d:t<-bopc {d} defs(t) —{d} -
1:a<-9 d: t <- M[b] {dy defs(t) — {d}
g ; ; M[a] <- b O O
. - if a relop b goto |1 else {3 {3
— goto L2
3: L1 :n‘)c>\a goto L2 Goto L 0 0O
— L: {} {
6: L2/a <-C-a 4: ¢ <-ctC fa_1,..,a_n) {3 {
d:t<-f(a_1, ..., a_n) {d} defs(t)-{d}
7.¢c<-0 5: goto L1
Node | GEN | KILL IN OuUT IN OuUT IN OuUT
I 1 6
2 2 4,7
3
4 | 4 | 27 )
5 | |
6 6 1
7 { 2,4 ) -
Direction: FORWARD, INlr] = Uperrenm OUTIH

INJOUT Inltlally {} OUTn| = GEN[n| U (IN[n| — KILL[n])



Reaching Defs: Example EESEEN EEEREIERTE
d:t<-bopc {d} defs(t) —{d} -
1:a<-9 d: t <- M[b] {dy defs(t) — {d}
g : ; M[a] <- b O O
. - if a relop b goto |1 else {3 {3
l\r goto L2
3:L1:ifc>agoto L2 Goto L 0 0O
P — N L: & {
6:L2: a<-c-a 4: ¢ <-ctC fa_1,..,a_n) {3 {
L d: t—<- f(a_l ...,a_n) {d} defs(t)-{d}
7.¢c<-0 5: goto L1 -

Node|GEN|KILL| IN  OUT | IN OUT | IN  OUT
1 1 6 {} {1}

2 2 4,7 {1 1,2
3

4 4 2,7

5

6 6 1

7 7 2,4

L\"Y[n] = UpEPRED[n} ()(TT[p]
OUTn| = GEN[n| U (IN[n| — KILL[n])



Reaching Defs: Example EESEEN EEEREIERTE
d:t<-bopc {d} defs(t) —{d} -
1:a<-9 d: t <- M[b] {dy defs(t) — {d}
g : ; M[a] <- b O O
. - if a relop b goto |1 else {3 {3
l\r goto L2
3:L1:ifc>agoto L2 Goto L 0 0O
P — N L: & {
6:L2: a<-c-a 4: ¢ <-ctC fa_1,..,a_n) {3 {
L d: t—<- f(a_l ...,a_n) {d} defs(t)-{d}
7.¢c<-0 5: goto L1 -

Node|GEN|KILL| IN  OUT | IN OUT | IN  OUT
1 1 6 {} {1}

2 2 4,7 {1} {1, 2}
3 12 {12
4 4 2,7 {1,2} {1, 4}
5

6 6 1

7 7 2,4

I;’T\T[N] = UpEPRED[r{()(-’rT[M
OUT[n] = GEN[n] U(IN[n] — KILL|n])



Reaching Defs: Example EESEEN EEEREIERTE
d:t<-bopc {d} defs(t) —{d} -
1:a<-9 d: t <- M[b] {dy defs(t) — {d}
g : ; M[a] <- b O O
. - if a relop b goto |1 else {3 {3
l\r goto L2
3:L1:ifc>agoto L2 Goto L 0 0O
P — — L: & {
6:L2: a<-c-a 4: ¢ <-ctC fa_1,..,a_n) {3 {
L d: t—<- f(a_l ...,a_n) {d} defs(t)-{d}
7.¢c<-0 5: goto L1 -

Node |GEN | KILL IN OouUT IN OUT IN OUT

1 1 6 {} {1}
2 | 47| M {12
{1,2}

{1}
4 | 2.7 {1,2}/{1,4}
aa/ 4
6 T Y

7 2,4 {2,6} {6,7}

~N N D = W

I;’T\T[N] = UpEPRED[r{()(-’rT[M
OUT[n] = GEN[n] U(IN[n] — KILL|n])



Reaching Defs: Example etemant I (Cenre 1N KT
d:t<-bopc {d} defs(t) — {d}
1:a<-5 d: t <- M[b] {d} defs(t) — {d}
_ y M[a] <- b {3 {
2. C <¥ g(ior?_lgp b goto I1 else {3 {3
3:L1:if c >agoto L2 Goto L 0 0O
— — N\ L: o O
6:L2: a<-c-a 4: ¢ <-ctC fa_1,..,a_n) {3 {
L dit <-f _1 d defs(t)-{d
7:¢c<-0 5: goto L1 SalteSnie) - —
Node |GEN | KILL IN OuUT IN ouT IN OuT
I 1 6 {} {1} {} {1}
2 2 4,7 {1} 1.2~ B {1,2}
3 {1,2 {1 2} S 24y {1,24)
4 4 2,7 {1,2) / {124} 1,4} No change
5 {1,4} {1 4} {1,4} {1, 4}
6 | 6 1 120 26 | (124 {246}
7 7 24 | {26 {67 046} {67}

I;’T\T[N] = UpEP}?ED[r{()(-’rT[p]

OU'T [n]

— GEN[n]

U(IN[n] = KILL[n])




Reaching Definition Application 1: Constant Propagation

e (Given Statement d: a

e Given Statement u: t

= ¢ where C 1s constant

= a op b

e [f statement d reach u and no other definition of a reaches w, then replace u b

c op b.
6 -n;m—
R 4N
. 1.1:,‘{_1.\_“|u
v H
8 M[r3] =N\

o

B = e

v
13=1
v

<

D
3:| branch 13 1\\ 6:

!

13=13+1

{

goto 3:

Statements 1 and 6 are dead.

Similarly: copy propagation,
replace eg
M=r2:r3&<r1+5
withrd € r2+395
But often register allocation can
already coalesce r1 and r2.



Reaching Definition Application 2: Constant Folding

e Given Statement d: t a op b

e If a and b are constant, compute c asa op b, replace dbyt = c

2: 13=1
_ \ 3:| branchr13 > 5. 6:
P | v
==t 4: 13=13+1

15 ¢
M[r3] = 1’1\ 5 goto 3:




Common Subexpression Elimination

If x op v 1s computed multiple times, common subexpression elimination (CSE) at-
tempts to eliminate some of the duplicate computations.

N\
I rl £ M[A))
D

2: 2=rl+10

e

3: 13 {M[A])
v

4: 4=13+1
v

5: =14 +12

CSE

Need to track expression propagation — available expression analysis



Common Subexpression Elimination

If x op v 1s computed multiple times, common subexpression elimination (CSE) at-
tempts to eliminate some of the duplicate computations.

N\

I r1 { M[A]) I rl = M[A]
e
v Y

2: 2=rl+10 2- 2=r]1+10

P v
3| 134M[A)) 3] 3 =aapall

Y \

4: 4=1r3+1 4: 4=r3+1
Y ]

5: =14 +12 5: 5=14+12

CSE

Need to track expression propagation — available expression analysis



Common Subexpression Elimination

If x op v 1s computed multiple times, common subexpression elimination (CSE) at-
tempts to eliminate some of the duplicate computations.

7 N\

L: rl £ M[A)) I rl = M[A] rl = M[A]
jy P
v v v

2| 2=r1+10 22| 2=r11+10 2 =11 + 10
=~ v ) v

3| 134M[A)) [ 3 syl BESRVEIE
Y v V 4

4] ra=13+1 4] ra=r3+1 4 =N+ |
v v v

5: 15 =r4 +12 5: 15=r14+12 15 =14 +12

CSE

Copy Prop.

Need to track expression propagation — available expression analysis




Definitions

e Expression x op v 1s available at CFG node n 1f, on every path from CFG entry
node to n, X op v 1s computed at least once, and neither x nor y are defined since
last occurrence of X op vy on path.

entry e must be
computed at

7 1 \ least once on

7 1
ey \\ any path
1=opy) ! N/
1 \
\

\ r2=xopy

no defs of registers /1,
used by e here! )

Generally, many expressions are available at any program point e available here!



Definitions

e Expression x op v 1s available at CFG node n if, on every path from CFG entry
node to n, x op v 1s computed at least once, and neither x nor v are defined since
last occurrence of x op vy on path.

e Can compute set of expressions available at each statement using system of dataflow
equations. (ie statements generate/kill availability)

entry e must be
computed at

\ least once on

1
7 1
ey \\ any path
=gy VN /
1 \
\

\ r2=xopy

no defs of registers /1,
used by e here! )

Generally, many expressions are available at any program point e available here!



Definitions

e Expression x op v 1s available at CFG node n 1if, on every path from CFG entry
node to n, x op v 1s computed at least once, and neither x nor y are defined since
last occurrence of x op vy on path.

e Can compute set of expressions available at each statement using system of dataflow
equations. (ie statements generate/kill availability)

e must be
e Statement r1 = M[r2]: Entry computed at
277N
— generates expression M[r2]. 7 “ N least once on
. : - Z e N any path
— kills all expressions containing rl. ” _ |‘ \\ /
e Statementrl = r2 + r3: ! \\
\ —
— generates expression r2 + r3. \ r2=X opy
: : . \ / !
— kills all expressions containing rl. % / ,I
« Statement M[r2] = e / \ /] ,/
- generates no expression (we do \‘ II R4
availability in register here) no de:;sbof rer?iSte;rS \ Re
- kills any M[ .. ] expression, ie loads used by € here: _
3=XO0PY e

Generally, many expressions are available at any program point e available here!



lterative Dataflow Analysis Framework (forward)

— Two set definitions - An| and B|n]
— A transfer function - f (A, B,IN/OUT)

— A confluence operator -\ .

I i?\"r[n] — vaPRED[n}OLrT[p]
OUT[n| = f (A, B)

statements _cens) /Kl i

t & bopc {bopc exp(t) containing t



Iterative Dataflow Analysis Framework (forward)

— Two set definitions - Aln| and B|n|
— A transfer function - f (A, B,IN/OUT)

— A confluence operator - V.

IN ['H] — vpePRE Din] @ L"TT[])]
OUTn| = f (A, B)

Stataments —Jents) 7

t<bopc
t € M[b]
M[a] € b

if a rop b goto L1
else goto L2

Goto L

L:

f(ay,..a,)

t < f(ay, ., Q)

{b op c}
{M[b]} - kill(s)
{}

{3

1
{

?

?

M expressions
containing t

exp(t)
exp(t) expressions of

“fetches”/ the form M[ _]
{

{
{

?

?



Iterative Dataflow Analysis Framework (forward)

— Two set definitions - Aln| and B|n|
— A transfer function - f (A, B, IN/OUT)

— A confluence operator - \/ .

IN ['H] — vpePRE Din] @ L"TT[])]
OUTn| = f (A, B)

Stataments —Jents) 7

t<bopc
t € M[b]
M[a] € b

if a rop b goto L1
else goto L2

Goto L

L:

f(ay,..a,)

t < f(ay, ., Q)

{b op c}
{M[b]} - kill(s)
{}

{3

1
{
{
U

M expressions
containing t

exp(t)
exp(t) expressions of

“fetches”/ the form M[ _ ]
{

{
{

“fetches”

exp(t) U “fetches”



Avallable Expression Analysis

e cxp(t) - set of all expressions containing 7.

e Set definition (A[n|): GEN|n| - the set of all expressions generated by 7.
e Set definition (B|n|): KILL|n| - the set of all expressions that n kills - exp(n).
e Transfer function (f(A, B, IN/OUT)): GEN|n| U (IN|n| — KILL|n|)
e Confluence operator (V): M

 only expressions that are out-available at all predecessors of n are in-available at n
« fact that sets shrink triggers initialization of all sets to U (set of all expressions),
except for IN[entry] = {}

e Direction: FORWARD

[;\’v[l?] — mj,epRED[,,:()(»‘TT[[,)]
OUTn| = GEN[n|U (IN|n| — KILL|n|)



Statements —Gens) e

Step 1: fill in Kill[n]

_t<&bopc {bopc}—Kkill(s) exp(t)
t €< M[b] {MIbT} - kill(s)  exp(t) Noden Gen[n] Kill[n]
M[a] € b { “fetches”
ifaropbgotolLl {} { 1
else goto L2 )
Goto L {} {}
L: o & 3
f(ay,..,a,) {} “fetches” 4
t < f(ay, ., Q) {3 exp(t) U “fetches” 5
1: rl = M[A]
T 6
2: 12 = M[B] 7
: 8
3: r3=rl+r2
v 9
4: 4=13+rl
v no singleton registers (r4 etc)
5:|  branchr3 >r2 no Boolean exprs (r3>r2)
B Universe U of EXpressions:
I exp(r5) — M[r5], M[A], M[B], <o,
e T r1+r2, r1+ 12, r3+r1  “fetches”
8: rS=rl+12 \ \ / \
N SR exp(rl)  exp(rd)




Statements —Gens) e

Step 2: fill in Gen[n]

_t<&bopc {bopc}—Kkill(s) exp(t)
M[a] € b { “fetches”
faropbgotoll {3 o 1 ri+r2,ri+ 12, r3+rl
else goto L2 )
Goto L { {
L: 0 0 3 r3+rl
f(ay,..,a,) {} “fetches” 4 -
t < f(ay, ., Q) {3 exp(t) U “fetches” 5
B i\{m 6 ri+r2, ri+ 12, r3+rl
2: 12 = M[B] 7 -
v
3: r3=rl+r2 8 M[I"S]
o 9 M[r5], M[A], M[B]
v no singleton registers (r4 etc)
5¢|_ branch 13 > 12 . no Boolean exprs (r3>r2)
T Universe U of expressions:
; exp(r5) — M[r3], M[A], M[B], e,
rLontnre R r1+r2, r1+ 12, r3+r1 ‘“fetches”
8: S —1‘5 +12 \ ‘ / \
9: M[r5] =14 exp(r1 ) exp(rs)




EE=E EE e Example
_t<&bopc {bopc}—Kkill(s) exp(t)
t < M[o] (MIb} — Kil(s)  exp(t) Noden Gen[n] Kill[n]
M[a] € b { “fetches”
faropbgotoll {3 o 1 M[A] ri+r2, ri+ 12, r3+rl
else goto L2 ) M[B]
Goto L { {
L: o o 3 ri+r2 r3+ril
f(ay,...an) { “fetches” 4 r3+rl _
t < f(ay, ., Q) {3 exp(t) U “fetches” 5
. :i\M] 6 - ri+r2, ri+ 12, r3+rl
2: 2 = M[B] 7 ri+r2 -
3: 1‘321'\1(1—1‘2 8 ri+r2 M[I‘5]
o 9 - M[r5], M[A], M[B]
v no singleton registers (r4 etc)
5¢|_ branch 13 > 12 . no Boolean exprs (r3>r2)
T Universe U of expressions:
; exp(r5) —— M[ro], M[A], M[B], g
7: 14 = 1'1_“— 12 N r1 +r2’ r1 + 12, r3+r’| “fetches!!
8: S —1‘5 +12 \ ‘ / \
9: M[r5] =14 exp(r1 ) exp(rs)




Example: hash expressions

1 M[A] ri+r2, r1+ 12, r3+rl

2 M[B]

3 ri+r2 r3+rl

4 r3+rl -

5 - -

6 - ri1+r2, r1+ 12, r3+rl

7 ri+r2 -

s e M) n Gen[n] Killjn]

9 - M[r5], M[A], M[B] 1 >

2 6

ri+r2 |1 2 1
r1+12 |2 3
r3+rl1 |3 Z
M[r5] 4 5 1
M[A] |5 s 1
M[B] 6 9 _




IN[n] = NyepreppOU T Step 3: DF Iteration

OUTn| = GEN|n|U(IN|n| — KILL|n]) FORWARD

1 5 1,2,3 U U R
2 6 U U : : 12-31[13]7 |
3 1 3 U U — 3-[ IJ:lJ—r-
4 3 - U U : "“ b_ra_ch\lfrf% > ‘
5 - - U U . j 1= li +12 :

n : 14 = 1‘1; 12
6 ) 1r 2r 3 U U 8| 1-5:1;-1-3 |
7 1 - U U / of  Mus)=r4 |
8 1 4 U U
9 - 4] 5’ 6 U U |




IN[n] = NyeprepuOU T Example

OUT[n] = GEN[n] U (IN[n] — KILL[n]). FORWARD

1 5 1,2,3 U U & 5 P
5 6 U U 5 5,6 .| i[] |
3 1 3 U U 56 1,5,6 [ -
4 3 i U U 1,56 1,3,56 s ]
5 - - U U 1356 13560 10

6 - 1,2 3 U U 1,3,5,6 5 ssé |
21 _ U U 56 1,5, 6 Lo ]
8 1 4 U U 1,56 1,5,6

9 - 4,56 U U 1,56 1




Example

l: rl =M[A]
v MIA]
ri+r2 |1 2: 12 = M[B]
n ol Outin] EFVTRP Vi e
1 5 r3+rl1 |3 3: 3=rl+r12
) 5 5,6 M[r5] 4 r1+r2,)y M[A], M[B]
3 56 156 M[A] 5 4. 14 =13 +1l
M[B] 6 r1+r2, r3+r1,\ M[A], M[B]
4 1,56 1,3,56 5: branch 13 > 12
5 1,356 1,356 _ M2r3+r1, MIA], M[B]
6 1,3,56 56 6: rl=rl +12
v MIA], M[B]
7 6 1,56 7: 14 =1l +12
8 1,56 1,5, 6 r+r2, M[A], M{B}—___r1+r2,y M[A], M[B]
9 1,56 1 8: r5=rl+12
e r1+r2,\/M[A], M[B]
9: M[r3] =14

r1+r2



Common Subexpression Elimination (CSE)

Given statement s: £ = X op V:
It expression x op v 1s available at beginning of node s then:

1. starting from node s, traverse CFG edges backwards to find last occurrence of
X op Vv on each path from entry node to s. \

) Can be seen as further analysis: “reaching expressions”
2. create new tel“IlpOI'Ell“y W.

3. for each statement s": v = x op vy found i (1), replace s’ by:
W =X Oop V¥
Vo= W

4. replace statement sby: t = w

Note that the same w is used for all occurrences of x op y:

sl:v=xopy S2:u=Xxopy s" =xopy s2: =xopy
*e, y“ V= u=

* *

s:t=xopy




CSE Exam Dle rl + r2innode 8 is a common subexpression.

l: rl =MJ[A]
y MIA]
2: 12 = M[B]
y MIA] M[B]
3: 13=r1l+12
r1+r2,MM[A], M[B]
4: 14=13-+rl
r1+r2, r3+r1,{MM[A], M[B]
5: branch 13 > 12

2,3+, M[A| M[B]

rl =1l + 12

v M[A], M[B]

l: rl = M[A]
\
2: r2 = M[B]
Y
3: W}S\"—" rl +r2;r35
\
4: 4 =13 +rl
v
5: branch r3 > 12
rl=r1+12

[A], M[B]

8: S=rl+12
r1+12,yM[A], M[B]

9: M[r5] =14

r11+r2

— W
8: 5 =1l F12
\
9: M[r5] =r4




Copy Propagation

-1

e Given statement d: a = z (a and z are both register temps) — d 1s a copy state-
ment.
e Given statement u: t = a op b.

e [f d reaches u. no other definition of a reaches ., and no definition of z exists on
any path from d to u. then replace uby: t = z op b.

l: rl = M[A]
!
2: 12 =M[B]
!
3: 199 =rl +12
!
3 13 =199
!
4: 4=13+rl
!
5: branch 13 > 12
rl=rl+12
v N
=r] + 12
99 =rl + 12 8: 15=199
! ;
M= o[ M[S]=r4




Copy Propagation

e Given statement d: a = z (a and z are both register temps) — d 1s a copy state-
ment.
e Given statement u: t = a op b.

e [f d reaches u. no other definition of a reaches ., and no definition of z exists on
any path from d to u. then replace uby: t = z op b.

1: rl =M[A
; Al I rl = M[A]
2: 12 =M[B] !
; 2: 12 =MI[B]
3: 199 =rl +12 _ \}
3: 199 =11 +12
v
3 13 =199
_ V _
4: rd =r99 + r1
5: branch 13 > 12 !
- : 5: branch 13 > 12
rl=rl+12 . <
~. 6: rl=r1+12
99 =rl +12 g: .. Py — Ny
7 ' el 8: 15 =199
r4 =199 o N .4_‘P " v _
- - i 9: M[r99] = rd




Sets

e Sets have been used 1n all the dataflow and control flow analyses presented.
e There are at least 3 representations which can be used:
— Bit-Arrays:
« Each pofential member 1s stored in a bit of some array.

« Insertion, Member 1s O(1).
« Assuming set size of /N and word size of 1V - Union (OR) and Intersection
(AND) 1s O(N/W).
— Sorted Lists/Trees:
+ Each member 1s stored 1n a list element.
« Insertion, Member, Union, Intersection 1s O(size). (Insertion, Member 1s
O(logy size) 1n trees.)
« Better for sparse sets than bit-arrays.
— Hybrids: - Trees with bit-arrays
« Use Tree to hold elements containing bit-arrays.
+ Union, Intersection 1s O(size/W). Insertion, Member 1s O (log, size/W).



Basic Block Level Analysis

e To improve performance of dataflow, process at basic block level.

— Represent the entire basic block by a single super-instruction which has any num-
ber of destinations and sources.

— Run dataflow at basic block level.

— Expand result to the instruction level.

e Example:

p: rl = r2 4+ r3 -> rl, r2 = r2, r3

AR

defs uses



Basic Block Level Analysis

e Example:

p: rl
n: r2

r2 + r3 -> rl, r2
rl

r2, r3

e For reaching definitions:

OUTn| = GEN[n] U (IN[n] — KILL[n|)



Basic Block Level Analysis

e Example:
p: rl = 1r2 + r3 -> rl, r2 = r2, r3
n: r2 =rl

e For reaching definitions:
OUT|n| = GEN|n| U (IN[n| — KILL|n|)
But IN[n| = OUT|pl:
OUTn|=GEN|n|U ((GEN|p|U(IN|p| — KILL|p|)) — KILL|n|)
Which (clearly) yields:
OUTn|=GENn|U(GEN|p| — KILL[n|)U I\ lp| = (KILL[p| U KILL|n|))

So; IN[pn]
GEN|[pn| = GEN[n|U(GEN|p| — KILL|n|)

KILLjpn| = KILL[p| U KILL|n|

e Can we do this at the loop or general region level?



Reducible Flow Graphs Revisited

Definition
e A flow graph 1s reducible 1ff each edge exists in exactly one class:

1. Forward edges (forms an acyclic graph where every node 1s reachable from start
node)

2. Back edges (head dominates tail)

Algorithm: ® ®
1. Remove all backedges / \ (/ \
2. Check for cycles: *o—©O ® ®
e Cycles: Irreducible. < > \ / )
e No Cycles: Reducible. | o \
Think:

. Not a backedge - dest
e All loop entry arcs point to header. does not dominate src



Reducible Flow Graphs — Structured Programs

Motivation:
e Structured programs are always reducible programs.
e Reducible programs are not always structured programs.

e Exploit the structured or reducible property in datatlow analysis.

Structures: ;I
e Lists of instructions / ﬁg (tj) Sgaupz Eﬁ;ﬂi’u’iﬁh at EL
e Conditionals/Hammocks « alledgesintoHgotou, |
e While Loops (no breaks) * alledgesoutofHgotov
Method:

e Represent structures by a single super-instruction which has any number of destina-
tions and sources.

e Run dataflow at structure level.

e Expand result to the mstruction level.



Reaching Definitions for Structured Programs

Remember: § e Set definition (A[n)): GEN|n| - the set of definition id’s that n creates.

e Set definition (B|n)): KILL|n| - the set of definition id’s that n kills.
— defs(t) - set of all definition id’s of register t.

e [.1sts of instructions - Basic Blocks!

T GEN[pn] = GEN[n|U (GEN|p] — KILL[n)])
n KILL[pn] = KILL[p| U KILL[n]

e Conditionals/Hammocks
o GEN[lr] = GEN] U GENT/]

\ KILL[lv) = KILL[l| " KILL[r]

e While Loops

KILLloop| = KILLl]

Try this on an irreducible flow graph...



Conservative Approximations

i =1

1: brangh 17

| Pl

rl=11+1

4; bremchrl = 5

TAKENTELE

al e

5:| =rl i =12 |

e Register 2 looks live by our live variable analysis, but 1s nor.
e In general, today’s compilers do not determine exactly how execution will proceed.
o Inaccuracy must lead to conservative approximations.

— Optimizations must only be applhied when proven safe.

— Conservatism may not always compute best results.

o MCTin ML uses the terms statically live and dvnamically live.



Limitation of Dataflow Analysis

There are more sophisticated program analyses that
e can (conservatively) approximate the ranges/sets of “possible values”
« fitinto a general framework of transfer functions and inference by
iterated updates until a fixed point is reached:
e are for eliminating dead branches, showing that
array accesses are always within range,...
But eventually, they run into the same theoretical limitations

\
Other example: l: rl =12 *r2

\
2: r3=rl +12

\
3: branch r3 >=12

4: =rl 5: =13




Implementation issues

Representation of data flow info (sets of variables, expressions, labels, ...)
 linked lists, maybe ordered by variable name
 suitable for sparse analyses (typically, only few variables are live
at a program point ... )
 bit-vectors of length N, if set is of size < 2*N
 union, intersection implemented by bit-wise OR/AND
 suitable for dense analyses
Speeding up iterations: worklist algorithms
* instead of traversing all nodes in each iteration, just revisit those nodes
for which IN/OUT might change
« FORWARD: after visiting a node, if OUT[n] was modified, ensure that
all successors of n are in the queue (insert if necessary)
« BACKWARD: similarly, add predecessors of n if IN[n] has changed
‘ " versus “exhaustive” information:
* “iIs the (costly-to-compute) expression e available here” versus “give me
all available expressions, at all program points”



Use-def chains, def-use chains

* many optimizations exploit def-use relationship
« avoid recalculation by introducing a data structure

Use-def chain: for each Def-use chain: for each
use of a variable store the definition d of a variable
set of reaching definitions ’ store all its uses
X=.. i3
 Var | Use | Defs [ KSR LIS N Var | Def | Uses
X 2 i1 12 7R W X il i2, 4, i5
X 4 il,i3 e =X X x i3 i4,i5
X i5 i1, i3 . o y i5 16
y 16 15 i5y=..x.. .
" 4
| =y

Generalization: static single-assignment (SSA) form — see future lecture.



