Min}mum - (ost Net work Flow

Thn additisn to. a Cafmci‘fy, each Edjc Aas a
real- valued cost per unit of flow.

A min;mum-—con‘. (maxirnum) f/o‘w IS A makimum //ow
whose total cost ‘(mm of e’a‘lfc Flows Fimes fﬂ!ye CoSt.S)

/S minimum.

Pro blem: /;'no( a minimum- cest f/ow rn ajivan network

n = #yertices

m = # edJe.s-
U= me x Caf’Pacft (I‘F ;n‘te.J:er-5> |
C = max (oSt (;f fn'l’.‘ejer's) |




Twe  Naive A/Df:reac/ifes

(1) Repeat : au]mcnt nl'cnj a cAea/oes'i /omiA In
the residual network.

Each aujmen‘f.atian takes a shortest ,oat/.
mm/ou'tafiun.

SAor'fejt /oafA.f can be -/éomo( uSir:j }0’,{;1-,43
a{?orit/lm // Costs are kcf't non-~ /u‘vaft'\le
aﬂ'nJ /om'cﬁ trans formation [Pfl'mdl— HAua l
methoo( 01( linear ,of‘vr‘amminj).

Time: O/A U.(m+n/ojn)) é\c{. pe()u\emia/)

(2) | In networkof zero-cost residual edpes
F &P eat /:’m( a maximuw £bw.
Av:j ment the flow and a,pab.z’:c’- he prces.
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Time: QO (n C (h m /ej ésl/m‘))) (_/Mrﬁ /Deif r.en\fa/)
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TI«cOV‘em (Bu\sacker and 5@01:)', Wl.’i)-’ A Cl'rculat/'on 1[' l'£

mihimum- cost H(F there is ne nejative residual cyc/e.'

Allor'l‘t;\m (K,ea'n , |767)

0. Find Any circulationd /Ay a max {low comPu‘ﬁat}on)

1. While 3 nﬁat{ve c}/c/eTj cancel T A)z incrca;frj 1[‘01\ all
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Our Re,su/ts

MiniMum-mean c):c/e ’cance/[yy: /”wa)/s Cance/ a C)IC/C
of minimum mean ceost.

Theorem: # canc.C/Iat[oni = O(hmz/ojn). If costs are /'nfe!Cr:”
of maximum mvuiiudﬂo C #cancellations> o[""'éj(" C)).

Tim‘ iO f/)\nal A A/n;n;mum mean C)/C/C'—‘ D[am) (KGY‘P) ’778)

A variant of this a,n/ar'aack ves a ';oractica/ ”a&oritAm
fj O(hm ]f]" min[/?jézsc))m /yn]).

with a runnif] time o



Pr[c'- ;’hhcﬁ@ﬂ ()MA’ yarfa."/ef)
P V- R reduced ar¢ cost cp(v)v/)-:c((,w)*p(»’) 'F(u)
_,ﬂ‘e’_i':-g'-’!‘v (/‘:fd and F;/l'&f‘jonj /76'2) A circulation ff-'f MmInipmam-Ccost
{4 :7,9 such that V[\,Jw)é £

up (v, W) >0 ;mf;[ffd CP (v, W) 2 0.

£ - c)n’u’mals-e.)/

For €>0 a C;’rcM/af./'on £is é—opfima/ with rE5/D€c‘t £0

A Pr'fce fanction P l'ffj V(v,w) €L,

%(YJW)>‘O )'mﬂ/)‘ﬂjl CP(V)W>2 -£.

é(F)"‘ Mmr>himum €20 ,[or wﬂfcl\ *fﬂ/'f [’O/Of)'ma/ Wi‘évé
/’fodc"‘- to Somé P

TAe orem (Be.ri’feka;)/?c%)'- I{ costs are /'n‘zf?ra I and € 4 I/n)
ﬂny é—Opffma/ cirenlation 1€ minimum - Gost.



Tdea: minimum mean Cyclle. Canc&/;n reduces f(f) A)v
A m&asamﬁ/a am:mr\‘f:-J ﬂf{er‘ enouy/x Canc&//aiions..

Note: The cost of @ c)lclc. ic the ame as its reduced cost.
Kc’_y Zu&{ﬁi‘ol\: WAQ{ 12 fa’/f/)?

Let M(f) Ae. U\c hean Co{'t 01/ a mfnimum mean
)"afr'dual cyclc wiﬁfa l‘tf,olcl éo circu/aﬁfon /
Thearem: é(f) 3 hax iOJ -M (f)}

Prm{: M:e /am,,e,r-&{&r 07[ shortest ,Daf./‘fa cj. shortest /DatA{
exist //f there gre no /)ejative c/c/u.



Ahalyfi; of Minimum Mean Cyele &nce-/fn]
Lemma: [an;e/{v 4 minimum mean c/vc/c Carrot Increast & ( £),

lemma: After m cancellations, €(¢) fas Aecreased by a

1&41“01’ of (h—-l)/h or éetter
Thearem: # Cance.//m‘.f“an: =0 (hm %] (r\C)).

ch.n\a-' I[ /And [/ are A‘tfa E- Off)'ma} anp(/t;‘o (.gw)/>2n£j

wA&Q,f/ff 5--0Pifmal with rar/ae.ci o P, +hen /(v)w)=f/{vga

#

7260"25'- Cdna!//aﬁfoh; = 0(/’! mz /?]n)-
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A Pracf.ica;/ Var;'anﬁ

Maintain a /)rfce. ﬁ,{hcfl.on P 459:7 ‘with @ circulation £
(all an arc (v, w) e/i; 1dle ¥ 4 (v,w)>0 and ‘ (v,w) <O.

Let €(fp)- —m;n([cp (v, )] Uy (vw)>0 v {o}).

A{]oriﬁﬁm
0. LC‘L[‘C any Ciremlation and Jet P=0.
1. Rcf&“£ am‘.f/ € ({;Ip) ‘1/:\:
Q. End an e/yi&k. Cyc/e, and CAAC“/ L.
b- I[ H\G— Yul‘)]ra,»/\ 01[6/:'];3/6 arcl 1 & acyc/icj

Mco(r-’(} /D te reduce 5({'0) .57 a faaﬁor o([
at least [n-D/n.



Ana/y; 1S

There are at most m iterations of la detween
/'écra'ﬁ)'or‘; o‘[ lé

All iterations of la between two jteratiorns of 14 take
a total o[ O(mba) fime ug/':\/ ﬂlynamic trees.

One iteration of 1l takes O(n\) time.
O(n) iterations of 14 reduce £(4p) by o Constant facter.
" D(nmlcyn /UZAC)) total time.

¥ &Va—7 H' /teration o[ 1b rednces é(f’ ) as much
as possidle, then the amorﬁn zed 4ime per /fefatlon 0/16
s still O(m) /eva; 2t takes O(nm)).

O(nmz(/c:].n>) 10tal Zime.
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