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Two classic sorting algorithms

Critical components in the world's computational infrastructure.
* Full scientific understanding of their properties has enabled us
to develop them into practical system sorts.

* Quicksort honored as one of top 10 algorithms of 20™ century
in science and engineering.

Mergesort. S ey
* Java sort for objects.
* Perl, Python stable sort.

QUiCkSOI"T. <«——— next lecture
 Java sort for primitive types.
* Cgsort, Unix, g++, Visual C++, Python.

Mergesort

Basic plan.

+ Divide array into two halves.
* Recursively sort each half.

* Merge two halves.

impt M E R G E S O R TE X A M P L E
sortlefthaf E E G M O R R S

sort right half A E E L M P T X

mergeresults A E E E E G L M M O P R R S T X

Mergesort overview

First Draft
ofa

Report on the
EDVAC

John von Neumann




Mergesort trace Merging

Goal. Combine two sorted subarrays into a sorted whole.

Q. How fo merge efficiently?

al] ong
To hi 0 1 2 3 4 5 6 7 8 910111213 14 15 A. Use an auxiliary array.
\ M ERGTEST SO ORTTEIXAMTPLE
merge(a, 0, 0, 1) EMRGESORTEIXAMPTLE
merge(a, 2, 2, 3) £ M G R £ S 0O R T E X A M P L E all aux[]
merge(a, 0, 1, 3) EGMR G S 0O R T B X A M P LoE kK 012 3 456789 i3 01234586789
merge(a, 4, 4, 5) £ G M R E S O R T E X A M P L E ) R E—
mergea, 6, 6, 70 © C M R L S 0 R T L X A M P oL © nput EECMRIACERT
merge(a, 4, 5, 7) EGMRETORTSTTENXAMPLE copy EEGMRIJACERT EEGMRIACERT
merge(a, 0, 3, 7) EEGMORI RS T £ X A M P L & 05
merge(a, 8, 8 9 £ £ . M O R R S E T X A M P L & 0 A 0 6 E E C M R|JA C E R T
merge(a, 10, 10, 11) = = ¢ M O R R S £ T A X M P oL & 1 A C 07 E [ 0 v on CERT
merge(a, 8, 9, 11) e Mo R RS AETX MP LB
merge(a, 12, 12, 13) £ t C M O R R S A £ T X M P L 2 A E L7 B omn B
merge(a, 14, 14, 15) £ £ G M O R R S A E T X M P E L 3 ACEE 27 EC MR ERT
merge(a, 12, 13, 15) FEGCMORRSAETXETLMEP 4 A C EEE 2 8 [ E R T
merge(a, 8, 11, 15) FF G MO0 R RS AEELMPTX 5 ACETETESG 38 G MR R T
merge(a, 0, 7, 15) AEEETEGLMMOTPR RE RSTX 6 ACEETECGM 4 8 MR R T
Trace of merge results for top-down mergesort \ 7 A CEETEGMR R 5 8 R R T
8 ACEETEGMR RR R 59 R T
ot e call 9 A C F EE G MR R T 610 T
result atfer recursive ca merged result A CEEEGMRR RT
Abstract in-place merge trace
5
Merging: Java implementation Mergesort: Java implementation

for (int k = lo; k < hi; k++)
aux[k] = a[k];

int i = lo, j = mid;

for (int k = lo; k < hi; k++)
if (i == mid) = aux[j++];
else if (j hi ) aux[i++];
else if (less(aux[j], aux[i])) aux[j++];
else = aux[i++];

if (hi <= lo) return;
int mid = lo + (hi - lo) / 2;

sort(a, lo, mid);
sort(a, mid+1l, hi);
merge (a, lo, mid, hi);

lo i m 3 hi
-~ [ESIEH I Y N
k
S

m hi

11 12 13 14 15 16 17 18 19

lo
10



Mergesort animation

Mergesort visualization
done untouched merge in progress input

first subfile |||||||“||"

second subfile u||||||""
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u

il _;: eags
|
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Visual trace of top-down mergesort with cutoff for small subfiles merge in progress output auxiliary array
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Mergesort animation Mergesort: empirical analysis

Running time estimates:

» Home pc executes 108 comparisons/second.

* Supercomputer executes 10'2 comparisons/second.

T
‘I-I*# ‘

[
e " =
LI e ma [}
n r ,7
-y .' i e billion
Oy = B
7 am AR ) ) .
.'I‘. I I home instant 2.8 hours 317 years instant 1 second 18 min
LS R
. o ] | S super instant 1 second 1 week instant instant instant
-l i | !:
ey W L ST
e

Bottom line. Good algorithms are better than supercomputers.



Mergesort: mathematical analysis
Proposition. Mergesort uses ~ N lg N compares to sort any array of size N.

Def. T(N) = number of compares to mergesort an array of size N.
=T(N/2) + TWN/2) + N
1 i i

left half right half merge

Mergesort recurrence. T(N)=2T(N/2)+N for N> 1, with T(1)=0.
* Not quite right for odd N.
» Same recurrence holds for many divide-and-conquer algorithms.

Solution. T(N) ~Nlg N.
* For simplicity, we'll prove when N is a power of 2.
e True forall N. [see COS 340]

Mergesort recurrence: proof 2
Mergesort recurrence. T(N)=2T(N/2)+N for N>1,with T(1)=0.

Proposition. If N is a power of 2, then T(W) =NIg N.
Pf.

TIN) = 2T(N/2) + N given
TN)/N = 2T(N/2) /N + 1 divide both sides by N

T(N/2) / (N/2) + 1 algebra

apply to first term

T(N/4)/ (N/4) + 1 + 1

apply to first term again

T(N/8)/(N/8) + 1 + 1 + 1

TIN/N)/ (N/N)+ 1 +1 + .+ 1 stop applying, T(1) = 0

= IgN

Mergesort recurrence: proof 1
Mergesort recurrence. T(N)=2T(N/2)+N for N>1,with T(1)=0.

Proposition. If N is a power of 2, then T(W) =NIgN.

Pf.
T(N) N =N
T(N/2) T(N/2) 2 (N/2) =N
T(N/4) T(N/4) T(N/4) T(N/4) 4 (N/4) =N
2K(N/2% =N
T(2) T(2) T(2) T(2) T(2) T(2) T(2) T(2) N/2 (2) =N
NigN

Mergesort recurrence: proof 3
Mergesort recurrence. T(N)=2T(N/2)+N for N>1,with T(1)=0.

Proposition. If N is a power of 2, then T(W) =NIgN.
Pf. [by induction on N]

* Base case: N=1.

* Inductive hypothesis: T(N)=NIgN.

e Goal: show that T(2N) = 2N 1g (2N).

T(2N) = 2 T(N) + 2N given
= 2NIgN+2N inductive hypothesis
= 2N(lg(2N) - 1) +2N algebra
= 2Nlg (2N) QED




Mergesort analysis: memory

Proposition 6. Mergesort uses extra space proportional to N.
Pf. The array aux[] heeds to be of size N for the last merge.

two sorted subarrays

A C D G HIMNUV B EVF J O P QO R S T

A B C D E F G H I JMNUOU PO OTZ RSTUV
T

merged result

Def. A sorting algorithm is in-place if it uses O(log N) extra memory.
Ex. Insertion sort, selection sort, shellsort.

Challenge for the bored. In-place merge. [Kronrud, 1969]

» bottom-up mergesort

Mergesort: practical improvements

Use insertion sort for small subarrays.
* Mergesort has too much overhead for tiny subarrays.
* Cutoff fo insertion sort for # 7 elements.

Stop if already sorted.
* Is biggest element in first half < smallest element in second half?
* Helps for nearly ordered lists.

A B C D E F G H I J M N O P Q R S T U V

A B C D EF GHI JMNUOUPIGOQOT RSTUUV

Eliminate the copy fo the auxiliary array. Save time (but not space) by
switching the role of the input and auxiliary array in each recursive call.

Ex. See Arrays.sort().

Bottom-up mergesort

Basic plan.
* Pass through array, merging subarrays of size 1.
* Repeat for subarrays of size 2, 4, 8, 16, ....

) afi]
Tooom hi 9 1 2 3 4 5 6 7 8 9101112131415
\, i ,/ M E R GE S ORTENXAMPLE
merge(a, 0, 0, 1) E M
merge(a, 2, 2, 3) G R
merge(a, 4, 4, 5) E S
merge(a, 6, 6, 7) 0 R
merge(a, 8, 8, 9) E T
merge(a, 10, 10, 11) A X
merge(a, 12, 12, 13) M P
merge(a, 14, 14, 15) E L
merge(a, 0, 1, 3) E G MR
merge(a, 4, 5, 7) E O R S
merge(a, 8, 9, 11) A E T X
merge(a, 12, 13, 15) E L M P
merge(a, 0, 3, 7) E EGMORR S
merge(a, 8, 11, 15) A EELMUPTX
merge(a, 0, 7, 15) A EEEEGLMMOPRIRSTX
Trace of merge results for bottom-up mergesort

Bottom line. No recursion needed!



Bottom-up mergesort: Java implementation

public class MergeBU
{

private static Comparable[] aux;

private static void merge (Comparable[] a, int lo, int m, int hi)

{ /* as before */ }

public static void sort(Comparable[] a)

{
int N = a.length;
aux = new Comparable[N];
for (int m = 1; m < N; m = m+m)
for (int i = 0; i < N-m; i += m+m)
merge(a, i, i+m, Math.min(i+m+m, N));

Bottom line. Concise industrial-strength code, if you have the space.

Botom-up mergesort animation

this pass last pass
merge in progress input
y ¥
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merge in progress output
auxiliary array
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Bottom-up mergesort: visual trace
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Visual trace of bottom-up mergesort

Botom-up mergesort animation

il i

H [
;gi! il
fii; il
' : | E ”'r:i. ' iy
fif';i,:gh? et
Pieigme




» sorting complexity

Decision tree (for 3 distinct elements)

worst-case number

no of compares

code between comparisons
(e.g., sequence of exchanges)

yes

abc

no

achb cab bca cba

Complexity of sorting

Computational complexity. Framework to study efficiency of algorithms for
solving a particular problem X.

Machine model. Focus on fundamental operations.

Upper bound. Cost guarantee provided by some algorithm for X.
Lower bound. Proven limit on cost guarantee of all algorithms for X.
Optimal algorithm. Algorithm with best cost guarantee for X.

\

lower bound ~ upper bound

access information only through compares

Example: sorting.

* Machine model = # compares.
* Upper bound = ~ N Ig N from mergesort.
* Lower bound = ~NIgN?

» Optimal algorithm = mergesort ?

Compare-based lower bound for sorting

Proposition. Any compare-based sorting algorithm must use more than
Nlg N - 1.44 N comparisons in the worst-case.

Pf.

* Assume input consists of N distinct values ai through an.
» Worst case dictated by height 4 of decision tree.

* Binary tree of height / has at most 2" leaves.

+ N!different orderings = at least N! leaves.

at least N! leaves

no more than 2! leaves




Compare-based lower bound for sorting

Proposition. Any compare-based sorting algorithm must use more than
Nlg N - 1.44 N comparisons in the worst-case.

Pf.

* Assume input consists of N distinct values a1 through aw.
» Worst case dictated by height 4 of decision tree.

* Binary tree of height / has at most 2 # leaves.

* N!different orderings = at least N! leaves.

20> NI
h>1gN!

v

v

Ig(N/eyN <«—f—— stirling's formula
=NIgN-Nlge
>NIgN-144N

Complexity results in context

Other operations? Mergesort optimality is only about humber of compares.
Space?

* Mergesort is not optimal with respect to space usage.

* Insertion sort, selection sort, and shellsort are space-optimal.

Challenge. Find an algorithm that is both time- and space-optimal.

Lessons. Use theory as a guide.
Ex. Don't try to designh sorting algorithm that uses s Nlg N compares.

31

Complexity of sorting

Machine model. Focus on fundamental operations.

Upper bound. Cost guarantee provided by some algorithm for X.
Lower bound. Proven limit on cost guarantee of all algorithms for X.
Optimal algorithm. Algorithm with best cost guarantee for X.

Example: sorting.

* Machine model = # compares.

* Upper bound = ~ N Ig N from mergesort.
* Lower bound = ~ N Ig N.

 Optimal algorithm = mergesort.

First goal of algorithm design: optimal algorithms.

Complexity results in context (continued)

Lower bound may not hold if the algorithm has information about:
* The key values.
* Their initial arrangement.

Partially ordered arrays. Depending on the initial order of the input,

we may not need N Ig N compares. ™\\ insertion sort requires O(N) compares on

an already sorted array

Duplicate keys. Depending on the input distribution of duplicates,

we may not need N Ig N compares. \ stay tuned for 3-way quicksort

Digital properties of keys. We can use digit/character compares instead of

key compares for humbers and strings.
stay tuned for radix sorts



» comparators

Generalized compare
Comparable interface: sort uses type's natural order.

Problem 1. May want to use a non-natural order.
Problem 2. Desired data type may not come with a “natural” order.

Ex. Sort strings by:
pre-1994 order for digraphs

* Natural order. Now is the time prtylirrnd
e Case insensitive. is Now the time l
O Sparﬁsh. café cafetero cuarto churro nube fiofio
* British phone book. McKinley Mackintosh
String[] a;

Arrays.sort(a) ;
Arrays.sort(a, String.CASE INSENSITIVE ORDER) ;
Arrays.sort(a, Collator.getInstance (Locale.SPANISH)) ;

|

import java.text.Collator;

Natural order
Comparable interface: sort uses type's natural order.

public class Date implements Comparable<Date>
{

private final int month, day, year;

public Date(int m, int d, int y)
{

month = m;
day = d;
year =y;

}

public int compareTo (Date that)
{
if (this.year < that.year ) return -1;
if (this.year > that.year ) return +1;
if (this.month < that.month) return -1; — naticallonden
if (this.month > that.month) return +1;
if (this.day < that.day ) return -1;
if (this.day > that.day ) return +1;
return 0;

Comparators

Solution. Use Java's comparator interface.

public interface Comparator<Key>

{
public int compare (Key v, Key w);

Remark. The compare () method implements a total order like compareTo ().

Advantages. Decouples the definition of the data type from the
definition of what it means to compare two objects of that type.
* Can add any number of new orders to a data type.

* Can add an order to a library data type with no natural order.



Comparator example Sort implementation with comparators

Reverse order. Sort an array of strings in reverse order. To support comparators in our sort implementations:
* Pass Comparator 0 sort() and less ().
* Useitinless().

public class ReverseOrder implements Comparator<String>
{
public int compare(String a, String b) Ex. Insertion sort. pedantic Java code (see book for simpler version)
return b.compareTo(a) ;
} public static <Key> void sort(Key[] a, Comparator<Key> comparator)
{
} int N = a.length;

for (int i = 0; i < N; i++)
for (int j =i; j > 0; j--)
if (less(comparator, a[j]l, a[j-1]))
exch(a, j, j-1);
else break;

comparator implementation

private static <Key> boolean less(Comparator<Key> c, Key v, Key w)

Arrays.sort(a, new ReverseOrder()); I )

private static <Key> void exch(Key[] a, int i, int j)

client { Key swap = alil; a[il = alj]; alj] = swap; }
37
Generalized compare Generalized compare
Comparators enable multiple sorts of a single file (by different keys). Ex. Enable sorting students by name or by section.

Ex. Sort students by name or by section.
public class Student
Arrays.sort(students, Student.BY NAME) ; {

ublic static final Comparator<Student> BY NAME = new ByName () ;
Arrays.sort (students, Student.BY SECT); P e = FEE()

public static final Comparator<Student> BY SECT = new BySect();

private final String name;
sort by name then sort by section private final int section;

l l private static class ByName implements Comparator<Student>
A 664-480-0023 097 Little Fox - A 884-232-5341 11 Dickinson {
public int compare (Student a, Student b)
Battle @ 874-088-1212 121 Whitman Chen A 991-878-4944 308 Blair { return a.name.compareTo(b.name); }
A 991-878-4944 308 Blair Andrews A 664-480-0023 097 Little }
884-232-5341 11 Dickif i - 766-093-9873 101 B q q q
A exinsen (R S o roun private static class BySect implements Comparator<Student>
A 766-093-9873 101 Brown Kanaga B 898-122-9643 22 Brown {
B 665-303-0266 22 Brown Rohde A 232-343-5555 343 Forbes public int compare(Student a, Student b)
{ return a.section - b.section; }
B 898-122-9643 22 Brown Battle - @ 874-088-1212 121 Whitman } \
only use this frick if no danger of overflow
A 232-343-5555 343 Forbes Gazsi B 665-303-0266 22 Brown } 4 g 9 & g




Generalized compare problem

A typical application. First, sort by name; then sort by section.

Arrays.sort(students, Student.BY NAME) ;

Arrays.sort(students, Student.BY_SECT) ;

A 664-480-0023 097 Little A 884-232-5341 11 Dickinson
© 874-088-1212 121 Whitman A 991-878-4944 308 Blair
A 991-878-4944 308 Blair B 898-122-9643 22 Brown
A 884-232-5341 11 Dickinson A 664-480-0023 097 Little
Fui A 766-093-9873 101 Brown A 766-093-9873 101 Brown
Gazsi B 665-303-0266 22 Brown A 232-343-5555 343 Forbes
B 898-122-9643 22 Brown Battle © 874-088-1212 121 Whitman
A 232-343-5555 343 Forbes Gazsi B 665-303-0266 22 Brown
@#%&@!l. Students in section 3 ho longer in order by hame.
A stable sort preserves the relative order of records with equal keys.
Sorting challenge BA
Is insertion sort stable ?
public class Insertion
{
public static void sort(Comparable[] a)
{
int N = a.length;
for (int i = 0; i < N; i++)
for (int j =1i; j > 0; j--)
if (less(al[jl, alj-11))
exch(a, j, j-1);
(a, 3, 3-1) aml
else break; )
: i j 012 3 456 7 8 910
} 0O RTEXAMPLE
1 0 0S
2 1 RS
3 3
4 0 E O R S T
505 X
6 0 AE OR S T X
7 2 M 0 R S T X
8 4 P R S T X
/
9 2 L MO PR STX
10 2 ELMOPRSTX
AEELMOZPRSTX

41

43

Sorting challenge 5

Which sorts are stable ?

* Insertion sort ?
* Selection sort ?
 Shellsort ?

* Mergesort ?

sorted by time sorted by location (not stable)

sorted by location (stable)

Chicago 09:00:00 Chicago Chicago 09:00:00
Phoenix 09:00:03 Chicago Chicago 09:00:59
Houston 09:00:13 Chicago Chicago 09:03:13
Chicago 09:00:59 Chicago Chicago 09:19:32
Houston 09:01:10 Chicago Chicago 09:19:46
Chicago 09:03:13 Chicago Chicago 09:21:05
Seattle 09:10:11 Chicago Chicago 09:25:52
Seattle 09:10:25 Chicago Chicago 09:35:21
Phoenix 09:14:25 Houston no Houston 09:00:13 i
Chicago 09:19:32  Houston longer Houston 09:01:10 e
Chicago 09:19:46 Phoenix I"‘/’i’."‘lv Phoenix 09:00:03 by time
Chicago 09:21:05 Phoenix VI phoenix 09:14:25|
Seattle 09:22:43 Phoenix Phoenix 09:37:44
Seattle 09:22:54 Seattle Seattle 09:10:11
Chicago 09:25:52 Seattle Seattle 09:10:25
Chicago 09:35:21 Seattle Seattle 09:22:43
Seattle 09:36:14 Seattle Seattle 09:22:54
Phoenix 09:37:44 Seattle Seattle 09:36:14
Stability when sorting on a second key
Sorting challenge 5B
Ts selection sort stable ?
public class Selection
{
public static void sort(Comparable[] a)
{
int N = a.length; all
for (int i =10; i <N; i+4) imn 0 123 456 7 8 910
{ S ORTEXAMPLE
intmin = 317 0 6 SORTEXAMPLE’
for (int j = i+l; j < N; j++)
if (less(a[j], a[min])) 1 4 O RTEX SMPLE
X 2Ll 2 10 RTOXSMPLE"
min = j;
h( : in); 3 9 T OX SMP L R
exchla, 1, minls 4 7 0 X S MPTR
} 5 7 XS 0 P TR
} 6 8 S X P TR
} 7 10 X S T R
8 8 S T X
9 9 T
x
10 10 X
A EELMOPRSTX



Sorting challenge 5C

Is shellsort stable ?

int h = 1;
while (h < N/3) h = 3*h + 1; // 1, 4, 13, 40, 121, 364, 1093, ...

for (int i = h; i < N; i++)
{ // Insert a[i] among a[i-h], a[i-2*h], a[i-3*h]...
for (int j = i; j > 0 && less(a[j]l, al[j-hl); j -= h)
exch(a, j, j-h);

}
h = h/3;

Sorting challenge 5D (continued)

Is merge stable ?

for (int k = lo; k < hi; k++)
aux[k] = al[k];

int i = lo, j = mid;

for (int k = lo; k < hi; k++)
if (i == mid) aux[j++]1;
else if (j == hi ) aux[i++];
else if (less(aux[j], aux[i])) aux[j++];
else aux[i++];

Sorting challenge 5D

Is mergesort stable ?

if (hi <= lo) return;
int mid = lo + (hi - lo) / 2;
sort(a, lo, mid);

sort(a, mid+l, hi);
merge(a, lo, mid, hi);

45 46

Postscript: Optimizing mergesort (a short history)

Goal: remove instructions from the inner loop.

for (int k = lo; k < hi; k++)
aux[k] = a[k];

int i = lo, j = mid;
for (int k = lo; k < hi; k++)
if (i == mid)
else if (j == hi )
else if (less(aux[j], aux[i]))
else

aux[j++];
aux[i++];
aux[j++];
aux[i++];

lo i om 3 hi

el A el [ sz [ [ |
k

woA e BT 1w

47 48



Postscript: Optimizing mergesort (a short history)

Idea 1 (1960s): Use sentinels

a[M] := maxint; b[N] := maxint;
for (int i = 0, j =0, k = 0; k < M+l; k++)
if (less(aux[j], aux[i])) aux[k] = a[i++];
aux[k] = b[j++];

all o R o0 bl]

aux[] A G H I L M

Problem 1: Still need copy
Problem 2: No good place to put sentinels

ALGORITHMS

Problem 3: Complicates data-type interface (what is infinity for your type?)

Postscript: Optimizing mergesort (a short history)

Idea 3 (1990s): Eliminate copy with recursive argument switch

int m = (r+l)/2;

mergesortABr(b, a, 1, m);
mergesortABr (b, a, m+l, r);
mergeAB(a, 1, b, 1, m, b, m+l, r);

Problem: Complex interactions with reverse copy
Solution: Go back to sentinels).

( Algorithms
( INJava

Java |

Arrays.sort()

49

Algorithms
IN C
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Postscript: Optimizing mergesort (a short history)

Idea 2 (1980s): Reverse copy

public static void merge (Comparable[] a, int lo, int m, int hi)
{

for (int i = lo; i <= m; i++)

aux[i] = a[i]; copy

for (int j = m+l; j <= hi; j++)
N o reverse copy
aux[j] = a[hi-j+m+1];
int i = 1o, j = hi;
for (int k = lo; k <= hi; k++)

if (less(aux[j], aux[i])) al[k] = aux[j--]; merge
else al[k] = aux[i++];
}
1o i m 3 hi
aux[] A G L (o} R T S M I H
k
all A G H I L M

Problem: Copy still in inner loop.

Sorting challenge 6

Problem: Choose mergesort for Algs 4th edition.
Recursive argument switch is out (recommended only for pros)

Q. Why not use reverse array copy?

public static void merge (Comparable[] a, int lo, int m, int hi)

{
for (int i = lo; i <=m; i++)
aux[i] = a[i];

for (int j = m+l; j <= hi; j++)
aux[j] = a[hi-j+m+1];

int i = lo, j = hi;

for (int k = lo; k <= hi; k++)
if (less(aux[j], aux[i])) al[k] = aux[j--];
else al[k] = aux[i++];




