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ABSTRACT

Categories and Subject Descriptors

We present a probabilistic analysis for a large class of combinatorial optimization problems containing, e.g., all binary optimization problems defined by linear constraints and a linear objective
function over {0, 1}n . By parameterizing which constraints are of
stochastic and which are of adversarial nature, we obtain a semirandom input model that enables us to do a general average-case
analysis for a large class of optimization problems while at the
same time taking care for the combinatorial structure of individual
problems. Our analysis covers various probability distributions for
the choice of the stochastic numbers and includes smoothed analysis with Gaussian and other kinds of perturbation models as a special case. In fact, we can exactly characterize the smoothed complexity of optimization problems in terms of their random worstcase complexity.

F.2.0 [Analysis of Algorithms and Problem Complexity]: Miscellaneous

A binary optimization problem has a polynomial smoothed
complexity if and only if it has a pseudopolynomial complexity.
Our analysis is centered around structural properties of binary optimization problems, called winner, loser, and feasibility gaps. We
show, when the coefficients of the objective function and/or some
of the constraints are stochastic, then there usually exist a polynomial n−Ω(1) gap between the best and the second best solution as
well as a polynomial slack to the boundary of the constraints. Similar to the condition number for linear programming, these gaps
describe the sensitivity of the optimal solution to slight perturbations of the input and can be used to bound the necessary accuracy
as well as the complexity for solving an instance. We exploit the
gaps in form of an adaptive rounding scheme increasing the accuracy of calculation until the optimal solution is found. The strength
of our techniques is illustrated by applications to various NP-hard
optimization problems from mathematical programming, network
design, and scheduling for which we obtain the the first algorithms
with polynomial average-case/smoothed complexity.
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1. INTRODUCTION
Many combinatorial optimization problems have an objective
function or constraints specified in terms of real numbers representing natural quantities like time, weight, distance, or utility. This
includes some well-studied optimization problems like, e.g., traveling salesperson, shortest path, minimum spanning tree as well
as various scheduling and packing problems. When analyzing the
complexity of algorithms for such problems, we usually assume
that these numbers are integers or rational numbers with a finite
length representation. The hope is that it suffices to measure and
compute with some bounded precision in order to identify an optimal or close to optimal solution. In fact, if real numbers occur only in the objective function and if this objective function is
well-behaved (e.g., a linear function) then calculating with reasonable approximations of the input numbers yields a feasible solution whose objective value is at least close to the optimal objective
value. More problematically, however, if the constraints are defined by real numbers, then calculating with rounded input numbers
might miss all interesting solutions or might even produce infeasible solutions.
How can one solve optimization problems (efficiently) on a computer when not even the input numbers can be specified exactly? –
In practice, optimization problems in which real numbers occur in
the input are solved by simply rounding the real numbers more
or less carefully. Fortunately, this approach seems to yield reasonable results. We seek for a theoretically founded explanation
why this rounding approach usually works. Studying this issue under worst case assumptions does not make very much sense as, in
the worst case, the smallest inaccuracy might lead to an infeasible
or utterly sub-optimal solution. This question needs to be studied
in a stochastic model. In the following probabilistic analysis, we
will show that, under some reasonable and quite general stochastic assumptions, one can usually round real-valued input numbers
after only a logarithmic number of bits without changing the optimal solution. In fact, our probabilistic analysis goes far beyond
the point of explaining phenomena occurring in practice. We are

able to provide algorithms with polynomial average-case complexity (more precisely, polynomial smoothed complexity) for a quite
general class of discrete optimization problems. Our analysis covers various well-studied NP-hard discrete optimization problems
from mathematical programming, network design, and scheduling
like, e.g., multi-dimensional knapsack, constrained spanning tree,
or scheduling to minimize the weighted number of tardy jobs.

1.1 A semi-random input model for discrete
optimization problems
A discrete optimization problem is specified in terms of an objective function and a feasible region over a set of discrete variables.
Usually the variables are binary, the objective function is linear, and
the feasible region is defined by a set of linear constraints. Suppose
an optimization problem Π is defined by a set of n binary variables
x1 , . . . , xn , an objective function of the form minimize (or maximize) cT x, and a finite set of constraints wTj x ≤ t j or wTj x ≥ t j . In
the following, we use the phrase expression as a generic term for the
linear expressions cT x and wTj x occurring in the objective function
and the constraints, respectively. We explicitly distinguish between
those expressions that shall be of stochastic nature and those that
shall be of adversarial nature. In particular, we assume that there is
a set of stochastic expressions whose coefficients shall be random
or randomly perturbed real numbers and a set of adversarial expressions in the sense that we treat the numbers in these expressions like
rational or integer numbers in a usual worst-case analysis. The reason for distinguishing stochastic and adversarial expressions is that
we do not want that the randomization destroys the combinatorial
structure of the underlying optimization problems. At this point, let
us remark that we can slightly relax the assumptions made above.
In fact, the linearity assumption for adversarial expressions can be
dropped, that is, objective function and constraints only need to be
specified by linear expressions if they are stochastic.
Let us make the above explanations more concise. The number of stochastic expressions is denoted by k ≥ 1 and the number of
stochastic constraints by k0 ∈ {k − 1, k}. A stochastic instance of an
optimization problem Π is described in terms of a possibly stochastic (and in this case linear) objective function and a feasible region
that is defined by the intersection of an arbitrary subset S ⊆ {0, 1}n
with k0 subsets B1 , . . . , Bk0 ⊆ {0, 1}n each of which is defined by a
stochastic, linear constraint. The coefficients in the stochastic expressions are specified by independent continuous probability distributions with domain . Different coefficients might be drawn
according to different distributions. The only restriction on these
distributions is that their density function is piecewise continuous
and bounded. Assuming bounded densities is necessary as otherwise worst-case instances could be approximated arbitrarily well
by specifying distributions with very high density. For a given distribution, the supremum of its density function is called its density parameter. We will see that the maximum density parameter
over all distributions plays an important role in our analysis. This
parameter is denoted by φ. Intuitively, φ can be seen as a measure specifying of how close the instances might be to the worst
case. A worst-case instance can be interpreted as a stochastic instance in which the probability measure for each stochastic number
is mapped to a single point. Thus, the larger φ, the closer we are to
a worst-case analysis.
In our probabilistic analysis, we assume that the objective function defines a unique ranking among all solutions in {0, 1}n . Observe, if the objective function is stochastic then the coefficients are
continuous random variables so that the probability that there exist
solutions with same objective value is 0. In other words, a unique
ranking is given with probability 1. Recall that the objective func-

tion does not have to be linear if it is adversarial, but if it is linear,
i.e., of the form cT x, c ∈  n , then a unique ranking can always
be enforced by encoding the lexicographical order among the solutions into the less significant bits of the objective function without
changing the computational complexity of the underlying optimization problem by more than a polynomial factor. In fact, most of the
algorithmic problems that we will study have algorithms that implicitly realize a unique ranking. In this case, one does not even
need an explicit encoding. Given a unique ranking, we seek to find
the winner, i.e., the highest ranked solution in S ∩ B1 ∩ . . . ∩ Bk0 . In
the following, optimization problems satisfying all the conditions
above are called binary optimization problems with stochastic expressions or, for short, binary optimization problems.
Smoothed Analysis. The framework of smoothed analysis was
introduced by Spielman and Teng in [24]. Essentially, they show
that the Simplex algorithm has polynomial smoothed complexity
when input numbers are slightly perturbed using a Gaussian distribution with small standard deviation. It is assumed that first an
adversary specifies all coefficients in the constraint matrix such that
||w|| ≤ 1, for every coefficient w, and then these adversarial numbers are slightly perturbed by adding to each of them a random
numbers drawn according to a Gaussian distribution with mean 0
and a specified standard deviation σ > 0. Spielman and Teng prove
a running time for the Simplex algorithm under the shadow vertex pivot rule that is polynomial in the number of variables and
constraints as well as in σ1 . Similar results have been obtained for
other variants of the Simplex algorithm as well as for a few other
problems [1, 3, 5, 8, 25]. Our probabilistic analysis is not restricted
to the model of smoothed analysis, but we use this nice framework
to illustrate our results.
We generalize smoothed analysis as follows. At first, we do not
necessarily perturb all coefficients in the constraint matrix, but only
the coefficients in the stochastic expressions. Initially, an adversary
chooses all input numbers. The domain of the coefficients in those
constraints that shall be stochastic is restricted to [0, 1] or [−1, 1],
depending on whether the domain should be non-negative or also
include negative numbers. Then a random perturbation slightly
changes the coefficients in the stochastic constraints by adding an
independent random number to each of them. These random numbers are drawn according to a specified family of probability distributions satisfying the following conditions. Let f : → ≥0 be
any piecewise
continuous density function such that sups ( f (s)) = 1
R
and |s| f (s)ds is finite, that is, the random variable described by
f has a finite expected absolute value. Function f is called the
perturbation model. For φ ≥ 1, we define fφ by scaling f , that is,
fφ (s) = φ f (sφ), for every s ∈ . This way, the density parameter
of fφ is φ. We obtain φ-perturbations according to the perturbation
model f by adding an independent random variable with density
function fφ to each stochastic input number. For example, one obtains the Gaussian perturbation model from [24] by choosing f to
be the Gaussian density with standard deviation (2π)−1/2 . A nonnegative domain can be obtained, e.g., by choosing f to be the density of the uniform distribution over [0, 1]. In [24] the running time
is described in terms of the standard deviation σ. In contrast, we
describe the running time in terms of the density parameter φ. For
the Gaussian and the uniform distribution these two parameters are
closely related; in both cases, φ is proportional to σ1 .
Let us illustrate our semi-random input model by an example. In
the single-pair shortest path problem one seeks for the shortest path
in a graph G = (V, E) between a given source s ∈ V and a given target t ∈ V . In the binary program formulation of this problem there
is a variable xe for each edge e ∈ E. Thus, n corresponds to the
number of edges. A solution x is feasible if the edges in the set

{e ∈ E | xe = 1} form a path from s to t. Let S denote the set of all
solutions satisfying this condition. The combinatorial structure described by S should not be touched by our randomization. It makes
sense, however, to assume that the objective function is stochastic
as its coefficients describe measured quantities. So we may assume
that these coefficients are perturbed with uniform φ-perturbations,
that is, each of these coefficients corresponds to the sum of an adversarial number from [0, 1] and an independent random number
drawn uniformly from [0, φ−1 ]. In the constrained shortest path
problem (see, e.g., [11]), edges do not only have lengths but additionally each edge comes with a latency parameter `e . Now one
seeks for the shortest path satisfying an additionally specified linear
time constraint ∑e `e x ≤ T . This additional constraint corresponds
to a subset B1 ⊆ {0, 1}|E| so that now B1 ∩ S is the set of feasible
solutions. Due to the additional constraint, the problem becomes
NP-hard. We will see, however, that there is an algorithm with
“polynomial smoothed complexity” if either the objective function
or the additional latency constraint is stochastic.

1.2 How accurately do we need to calculate?
More precisely, we ask how many bits of each stochastic input
number do we need to reveal in order to determine the winner? –
We say that the winner is determined after revealing some number
of the bits, when there is only one possible candidate for the winner,
regardless of the outcomes of the unrevealed bits.
T HEOREM 1. Consider any instance of a binary optimization
problem Π. Let n ≥ 1 denote the number of binary variables and
k ≥ 1 the number of stochastic expressions.
a) Suppose the expected absolute value E [|w|] of every stochastic coefficient w is bounded from above by µ > 0. Then the
number of bits in front of the floating point of any stochastic
number is bounded by O(log(1 + µnk)), whp1 .
b) Let φ > 0 denote the maximum density parameter, that is, all
density functions are upper-bounded by φ. Then the winner
is uniquely determined when revealing O(log(1 + φnk)) bits
after the binary point of each stochastic coefficient, whp.
One can always scale the input of a linear optimization problem
by multiplying all input numbers with a factor γ > 0. Obviously,
the parameters µ and φ must be adapted to this scaling, that is, µ
needs to be multiplied with γ and φ with 1γ . Observe that this kind
of scaling does not change the overall number of bits that need to be
revealed as log(µnk) + log(φnk) = log(γµnk) + log( 1γ φnk). In case
of a smoothed analysis, the right way to scale the input numbers
is already build into the model. According to our definitions, the
density function f specifying the perturbation model has to have a
finite
expected absolute value. For any fixed model of perturbation,
R
|s| f (s)ds = O(1). In particular, the expected absolute value of the
density function fφ is O(φ−1 ). Taking into account that the domain
of the initial adversarial choices for the stochastic coefficients is
[−1, 1] or [0, 1], we observe that φ-perturbations yield coefficients
with an expected absolute value of at most µ = O(1+ φ1 ). In order to
simplify the notation, our model of smoothed analysis is restricted
to density parameters φ ≥ 1. This leads to the following result on
the overall number of bits that need to be revealed per stochastic
input number.
C OROLLARY 2. For any fixed perturbation model f , the winner is uniquely determined when revealing O(log(φnk)) bits of each
stochastic coefficient, whp.
1 with high probability, with probability 1 − (nk)−α , for every fixed
α>0

Let us explain the concepts and ideas behind the analysis for
Theorem 1. Part a) of the theorem follows simply by applying the
Markov inequality to the expected absolute values of the individual coefficients. The interesting part of the theorem is stated in
b). In order to identify the winner one needs to isolate the winner from other feasible solutions having a worse objective value.
Furthermore, one needs to separate the winner from those infeasible solutions that have a better objective value than the winner.
Our analysis is based on a generalized Isolating Lemma – i.e., a
generalization of the well-known Isolating Lemma by Mulmuley,
Vazirani and Vazirani [18] – and a novel Separating Lemma.
The Isolating Lemma was originally presented in an article about
RNC algorithms for perfect matchings [18]. It is known, however,
that the lemma does not only apply to the matching problem but
to to general binary optimization problems with a linear objective
function. The lemma states that the optimal solution of a binary
optimization problem is unique with probability at least 12 when
choosing the coefficients of the objective function independently,
uniformly at random from the set {1, 2, . . . , 2n}. This is a very surprising and counterintuitive result as there might be an exponential
number of feasible solutions whose objective values fall all into a
polynomially large set, namely the set {1, 2, . . . , 2n2 }, so that one
can expect that an exponential number of solutions are mapped to
the same objective value. The reason why the winner nevertheless
is isolated is that the objective values of different solutions are not
independent but the solutions represent subsets over a ground set
of only n random numbers. We adapt the Isolating Lemma towards
our continuous setting and generalize it towards piecewise continuous probability distributions as described in Section 1.1. In particular, different coefficients may follow different continuous probability distributions. Suppose only the objective function is stochastic, and the feasible region is fixed arbitrarily. Let φ denote the
maximum density parameter over all coefficients in the objective
functions. Define the winner gap to be the difference between the
objective value of the winner and the second-best feasible solution,
provided there are at least two feasible solutions. The generalized
Isolating Lemma states that the winner gap is a continuous random
variable whose density function is bounded from above by 2φn,
and this bound is tight. From this result one can immediately derive the following lower bound on the size of the winner gap. For
ε with probevery ε ∈ [0, 1], the winner gap is lower-bounded by 2φn
ability at least 1 − ε. As a consequence, it suffices to reveal only
O(log(φn)) bits of each coefficient of the objective function in order to identify the winner, whp.
We accompany the Isolating Lemma with a novel Separating
Lemma, enabling us to separate the winner from infeasible solutions with better objective value than the winner. For the time being, consider any binary optimization problem in which a single
constraint is stochastic. The difficulty in checking the feasibility
with respect to this constraint is that it might be likely that there are
many solutions that are exponentially close to the constraint hyperplane. Nevertheless, we will see that the optimal solution can be
identified by inspecting only a logarithmic number of bits per input
number, whp. The reason is that we do not need to check the feasibility of all solutions but only of some particular solutions. The
losers are those solutions that have a rank higher than the winner
but they are infeasible because of the considered constraint. The
loser gap is defined to be the minimal amount by which a loser
(except for the solution 0n ) exceeds the constraint threshold. The
Separating Lemma shows that the supremum of the density function of the loser gap is at most φn2 . Hence, for every ε > 0, the
loser gap is at least φnε 2 with probability at least 1 − ε. Let us try
to give some intuition about this result. If there are only a few

losers then one can imagine that neither of them comes very close
to a random or randomly perturbed hyperplane. However, there
might be an exponential number of losers. In this case, however,
the winner has a relatively low rank as there is an exponential number of solutions better than the winner; but this is very unlikely if
the constraint hyperplane is likely to come very close to the good
solutions which correspond to the losers. Seeing it the other way
around, if there are many losers then the hyperplane is likely to be
relatively far away from the losers, which might intuitively explain
the phenomenon described by the Separating Lemma. Besides the
loser gap, we study the so-called feasibility gap corresponding to
the slack of the optimal solution with respect to the stochastic constraint. Essentially, we prove that the density functions of loser
and feasibility gaps have the same maximum supremum so that the
density of the feasibility gap is lower-bounded by φnε 2 as well. In
fact, our analysis for loser and feasibility gaps is heavily based on
symmetry properties between them.
Let us remark that, when analyzing the winner gap, it is assumed
a random objective function and a fixed feasible region. In contrast,
when analyzing loser and feasibility gaps, it is assumed a random
constraint or a set of random constraints instead of a random objective function. In other words, the random expressions defining the
objective function and the constraints are assumed to be stochastically independent. In fact, if the feasible region and the objective
function are correlated, then winner, loser, and feasibility can not
be lower-bounded by a polynomial. The optimization variant of the
subset-sum problem (i.e., knapsack with profits equal to weights) is
a simple counterexample. Lueker [16] proved exponentially small
gaps for this problem.

1.3 Characterizing polynomial smoothed
complexity
Based on the gap properties, we aim at characterizing which discrete optimization problems have polynomial time algorithms under random perturbations. We formalize this as follows. Fix any
binary optimization problem Π and any perturbation model f . Let
IN denote the set of all unperturbed instances of length N that the
adversary may specify. The definition of the input length N needs
some clarification as the coefficients in the stochastic expressions
are assumed to be real numbers. We define that each of these numbers has a virtual length of one. (This way, we ensure N ≥ kn.) The
bits of the stochastic numbers can be accessed by asking an oracle
in time O(1) per bit. The bits after the binary point of each coefficient are revealed one by one from left to right. The deterministic
part of the input does not contain real numbers and can be encoded
in an arbitrary fashion. For an instance I ∈ IN , let I + fφ denote the
random instance that is obtained by a φ-perturbation of I. We say
that Π has smoothed polynomial complexity if and only if it admits
an algorithm A whose running time T satisfies
h
α i
∃α, β > 0 : ∀φ ≥ 1 : ∀N ∈ : max E T (I + fφ )
≤ β φN .

should have been placed outside instead of inside the expectation.
The reason for not defining polynomial complexity based on the
expected running time is that this is not a sufficiently robust notion.
For example, an algorithm with expected polynomial running time
on one machine model might have expected exponential running
time on another machine model. In contrast, the above definition
yields a notion of polynomial smoothed complexity that does not
vary among classes of machines admitting polynomial time simulations among each other. Although polynomial smoothed complexity does not always imply polynomial bounds on the expected
running time, we will show that several of our algorithmic results
yield expected polynomial running time on a RAM.
We show that the smoothed complexity of a binary optimization problem can be characterized in terms of its worst-case complexity. Theorem 1 shows that one usually only needs to reveal a
logarithmic number of bits per real-valued input number. This suggests that there should be a connection between pseudopolynomial
worst-case running time and polynomial average-case complexity.
For a binary optimization problem Π, let Πu denote the corresponding optimization problem in which all numbers in the stochastic expression are assumed to be integers in unary representation instead
of randomly chosen real-valued numbers. The following theorem
holds for any fixed perturbation model f .
T HEOREM 3. A binary optimization problem Π has polynomial
smoothed complexity if and only if Πu ∈ ZPP.
In other words, Π has polynomial smoothed complexity if it
admits a (possibly randomized) algorithm with (expected) pseudopolynomial worst-case running time. This characterization immediately shows that strongly NP-hard optimization problems do
not have polynomial smoothed complexity, unless ZPP= NP. This
result might not sound very surprising as the hardness of strongly
NP-hard problems does not rely on large or precisely specified input numbers. Observe, however, that the strong NP-hardness of a
problem does not immediately rule out the possibility of a polynomial average-case complexity. For example, the TSP problem
with edge lengths drawn uniformly at random from [0, 1] might
have a polynomial average-case complexity. Our theorem, however, shows that it does not have a polynomial smoothed complexity, unless P = NP. The more sophisticated part of the theorem
is the other direction stating that every binary problem admitting a
pseudopolynomial time algorithm has a polynomial smoothed complexity. This result is based on the generalized Isolating Lemma
and the Separating Lemma. The idea is as follows. We design efficient verifiers checking whether a solution computed with a certain
precision is actually the optimal solution of Π. The success probability of these verifiers is analyzed with the help of the gap properties. In an adaptive rounding procedure we increase the precision
until the optimal solution is found. The overall running time of this
meta-algorithm is polynomial if the algorithm computing the solutions with bounded precision has pseudopolynomial running time.

I∈IN

This definition of polynomial smoothed complexity follows more
or less the way how polynomial complexity is defined in averagecase complexity theory, adding the requirement that the running
time should be polynomially bounded not only in N but also in φ. It
is not difficult to show that the assumption on the running time of A
is equivalent to requiring that there exists a polynomial P(N, φ, 1ε )
such that for every N ∈ , φ ≥ 1, ε ∈ [0, 1], the probability that the
running time of A exceeds P(N, φ, 1ε ) is at most ε. Observe that
this does not imply that the expected running time is polynomially bounded. To enforce expected polynomial running time, the
exponent α in the definition of polynomial smoothed complexity

Algorithmic Applications. Let us illustrate the strength of Theorem 3 by giving some algorithmic applications to some well-known
optimization problems and comparing these results with previous
work on the probabilistic analysis of optimization problems. There
has been substantial effort to analyze random instances of the knapsack problem, see, e.g., [5, 6, 12, 14, 15]. The knapsack problem
can be seen as the simplest non-trivial binary optimization problem as its feasible region is described by only one single linear
constraint. The problem belongs to the class of packing problems,
that is, the constraint is of the form wT x ≤ t and the coefficients
are assumed to be non-negative. To our knowledge, the knapsack

problem is the only NP-hard optimization problem that was previously known to have polynomial smoothed complexity [5]. The
multi-dimensional knapsack problem is a natural generalization in
which there are multiple packing constraints instead of only one.
Dyer and Frieze [9] proved that, with constant probability, this
problem can be solved in polynomial time if the number of constraints is constant and the coefficients in the constraints as well
as in the objective function are chosen uniformly at random from
[0, 1]. Their result, however, does not yield polynomial averagecase complexity as the dependence of the running time on the failure probability is not bounded by a polynomial. The multiple knapsack problem with a constant number of constraints admits a pseudopolynomial algorithm. Hence, Theorem 3 implies a polynomial
smoothed and, hence, also a polynomial average-case complexity
for this problem. Moreover, the pseudopolynomial algorithm also
works for general 0/1 integer programming with any fixed number of constraints. Therefore, this class of problems has polynomial smoothed complexity when assuming that the objective function and all constraints are stochastic. Furthermore, the theorem
shows that general 0/1 integer programming with an unbounded
number of constraints has no polynomial smoothed complexity as
it is strongly NP-hard.
The problem of scheduling to minimize the weighted number of
tardy jobs is defined by n jobs each of which coming with a processing time pi , a due date di , and a penalty ci that has to be paid if
job i is not finished in time. The jobs shall be scheduled on a single
machine such that the sum of the penalties is minimized. In terms
of n binary variables x1 , . . . , xn , the objective is to minimize cT x
where xi = 1 if job i cannot be finished in time. Observe that the
problem is essentially solved once these binary variables are determined as we can assume w.l.o.g. that an optimal schedule executes
the selected jobs in the order of non-decreasing deadlines. The exact formulation of the feasible region in terms of a binary program
is not of interest to us. The input of the problem consists only of 3n
numbers, the processing times, the due dates, and the penalties. As
the scheduling problem admits an algorithm whose running time
is pseudopolynomial with respect to the penalties, the problem has
polynomial smoothed complexity for stochastic penalties.
Next we come to multicriteria optimization problems. If several
criteria shall be optimized simultaneously then usually one of them
is declared to be the objective function, and the others are formulated in form of a constraint with a given threshold. Often when
a single-criteria optimization problem is polynomial, the problem
becomes NP-hard when adding another criteria in form of a linear
constraint. Examples for such problems are shortest path, spanning tree, or matching [17, 11, 19]. Theorem 3 enables us to prove
polynomial smoothed complexity for such multicriteria problems
as follows. The problems listed above have exact algorithms with
pseudopolynomial running time [19, 4, 18], that is, given an integer k and an instance of these problems one can compute a solution
with objective value exactly k in pseudopolynomial time. Using
standard coding techniques (see, e.g., [23]) a pseudopolynomial
algorithm for the exact single-criteria decision problem implies a
pseudopolynomial algorithm for its multicriteria optimization variant. Combining this observation with Theorem 3 yields the following result.
C OROLLARY 4. Let Π be a (single objective) binary optimization problem. Suppose the exact version of Π admits an algorithm
with pseudopolynomial running time. Then any multicriteria variant of Π with stochastic coefficients with respect to all criteria has
a polynomial smoothed complexity.
A similar approach was used in [19] to derive approximation

schemes for multiobjective optimizations problems. The corollary
implies polynomial smoothed complexity for the multicriteria variants of shortest path, spanning tree, and matching. One does not
always need to assume that all criteria are of stochastic nature. For
example, the bicriteria variant of the shortest path problem, i.e.,
the constrained shortest path problem, has an algorithm whose running time is pseudopolynomial with respect to the objective function and another algorithm that is pseudopolynomial with respect
to the additional constraint. Applying Theorem 3 directly to these
algorithms yields that the constrained shortest path problem has
polynomial smoothed complexity even when either only the objective function or the additional constraint are stochastic.

1.4 Other aspects
In order to obtain expected polynomial running time under random perturbations one needs an algorithm with “pseudolinear” instead of pseudopolynomial running time. Such pseudolinear algorithms exist on a uniform RAM, e.g., for the knapsack problem, the
problem of scheduling to minimize weighted tardiness or the constraint shortest path problem. Hence, assuming the uniform RAM
model, all these problems admit algorithms with expected polynomial running time under random perturbations. With some more
effort the same result can also be obtained on a log-RAM. More
details are given in a full version of this paper.
On a first view, the Euclidean variants of TSP and Steiner
tree might look like interesting candidates for problems with polynomial smoothed complexity. Using the same techniques as in the
proof of Theorem 3 one can easily prove, however, that polynomial
smoothed complexity for these problem would imply an randomized fully polynomial time approximation scheme. Thus, aiming
at smoothed analysis for Euclidean TSP or Steiner tree only makes
sense if one believes that these problems might admit an FPAS.
One criticism of the smoothed analysis of the Simplex algorithm
is that the additive perturbations destroy the zero-structure of an
optimization problem as it replaces zeros with small values. See
also the discussion in [24]. The same criticism applies to the zerostructure in binary programs. It turns out, however, that our probabilistic analysis in Section 2 is robust enough to deal with zeropreserving perturbations. In particular, we can extend our input
model by allowing the adversary to declare some of the coefficients
in the stochastic constraints to be fixed to zero. This way, we can
extend our results to further algorithmic applications, e.g., we obtain polynomial smoothed complexity for the general assignment
problem (GAP) with any fixed number of bins.

2. ANALYSIS OF THE GAP PROPERTIES
In this section, we will formally define winner, loser, and feasibility gaps and prove upper bounds on the density functions of
these random variables. Before going into the details of the analysis, the term ”upper bound on the density” needs some clarification as the density of a continuous variable is not uniquely defined. A continuous random variable X is defined by its distribution FX (t) = Pr [X ≤ t]. In general,
R t the density f X is any nonnegative function satisfying FX (t) = −∞
fX (s)ds. Observe that the
integrand is not uniquely determined. It might be redefined on any
set of points of measure 0 without affecting the integral. We say
that a continuous random variable X is well-behaved if its distribution function FX is piecewise differentiable. In this case, X admits
a piecewise continuous density function fX which at all of its continuous points corresponds to the derivative of FX . As usual, we
ignore the trifling indeterminacy in the definition of fX and refer to
fX as the density of X. In particular, the supremum of the density
of X refers solely to the supremum over the points at which fX is

continuous, and we say that the density is bounded if there exists
b ∈ such that fX (s) ≤ b, for every point s ∈ at which fX is
continuous. Throughout the analysis [n] denotes {1, . . . , n}.
The winner gap. We consider an instance of a discrete optimization problem whose solutions are described by n binary variables
x1 , . . . , xn . The set of feasible solution is denoted by S ⊆ {0, 1}n .
We assume that there are at least two feasible solutions, but otherwise S can be specified arbitrarily. The objective function is denoted by cT x. The numbers ci ∈ , i = 1, . . . , n, are assumed to be
stochastic, that is, they are treated as independent random variables
following possibly different, well-behaved continuous probability
distributions with bounded density. W.l.o.g., we consider a maximization problem. Let x∗ = argmax{cT x | x ∈ S} denote the winner
and x∗∗ = argmax{cT x | x ∈ S \ {x∗ }} the second best solution. The
winner gap ∆ is defined to be the difference between the objective
values of a best and a second best solution, that is,
∆ = cT x∗ − cT x∗∗ .
The random variable ∆ is well-behaved, i.e., ∆ admits a piecewise continuous density function. This can be seen as follows.
The probability space of ∆ is (c1 × . . . × cn ) ⊆ n . Each pair
of solutions defines a hyperplane in n , consisting of all points
where the two solutions have equal objective function. These hyperplanes partition n into a finite number of polyhedral cells. Fix
any cell C ⊆ n . In this cell, x∗ and x∗∗ are uniquely determined.
In particular, (∆|C) = cT x∗ − cT x∗∗ . Thus, the random variable
∆|C is a linear functional of the well-behaved continuous variables
c1 , . . . , cn . Thus the density of ∆|C corresponds to the convolution
of piecewise-continuous variables, and hence it is piecewise continuous, too. Consequently, f∆ = ∑ C Pr [C] f∆|C is piecewise continuous as well, so that ∆ is well-behaved. The same kind of argument
applies to other gap variables that we will define in the following.
L EMMA 5 (G ENERALIZED I SOLATING L EMMA ). Let φi denote the density parameter of ci , 1 ≤ i ≤ n, and φ = maxi φi . For
every choice of the feasible region S and every choice of the probability distributions of c1 , . . . , cn , the density function of ∆ is bounded
from above by 2 ∑i∈[n] φi ≤ 2φn.
P ROOF. At first, we observe, if there is a variable xi that takes
the same value in all feasible solutions, then this variable does not
affect the winner gap and it can be ignored. Thus, w.l.o.g., for
every i ∈ [n], there are at least two feasible solutions whose vectors
differ in the i-th bit, i.e., with respect to the i-th variable. Under
this assumption, we can define the winner gap with respect to bit
position i ∈ [n] by
∆i
x∗

argmax{cT x | x

=

cT x∗ − cT y
argmax{cT x | x

(1)

with
=
∈ S } and y =
∈ S , xi 6=
x∗i }. In words, ∆i is the difference between the objective value of
the winner x∗ and the value of a solution y that is best among those
solutions that differ in the i-th bit from x∗ , i.e., the best solution in
{x ∈ S | xi 6= x∗i }.
Clearly, the best solution, x∗ = (x∗1 , . . . , x∗n ), and the second best
∗∗
solution, x∗∗ = (x∗∗
1 , . . . , xn ), differ in at least one bit, that is, there
exists i ∈ [n] such that x∗i 6= x∗∗
i . If the best and the second best solution differ in the i-th bit then ∆ = ∆i . Thus, ∆ is guaranteed to take
a value also taken by at least one of the variables ∆1 , . . . , ∆n . We
will prove upper bounds on the density functions of the variables
∆1 , . . . , ∆n and use these bounds and the following lemma to obtain
an upper bound on the density of the random variable ∆. Observe
that the random variables ∆1 , . . . , ∆n are well-behaved continuous,
but there might be various kinds of dependencies among these variables.

L EMMA 6. Let X1 , . . . , Xn and X denote well-behaved continuous random variables. Suppose X always takes a value equal to
one of the values of the variables X1 , . . . , Xn . Then for all t ∈ ,
fX (t) ≤ ∑i∈[n] fXi (t).
The lemma follows directly from elementary probability theory.
Therefore, we skip the proof. In the following, we will prove an
upper bound of 2φi on the density function for the random variable
∆i , for every i ∈ [n]. Combining this bound with Lemma 6 immediately yields that the density function of ∆ is bounded from above
by 2 ∑i∈[n] φi , so that the theorem is shown.
Let us fix an index i ∈ [n]. It only remains to be shown that the
density of ∆i is bounded from above by 2φi . We partition S , the
set of feasible solutions, into two disjoint subsets S0 = {x ∈ S | xi =
0} and S1 = {x ∈ S | xi = 1}. Now suppose all random variables
ck , k 6= i are fixed arbitrarily. Obviously, under this assumption,
the winner among the solutions in S0 and its objective value are
uniquely determined as the objective values of the solutions in S0
do not depend on ci . Although the objective values of the solutions in S1 are not fixed, the winner of S1 is uniquely determined
as well because the unknown outcome of the random variable ci
does not affect the order among the solutions in S1 . For j ∈ {0, 1},
let x( j) denote the winner among the solutions in S j . We observe
∆i = |cT x(1) − cT x(0) | because the solutions x∗ and y as defined
in Equation (1) cannot be contained in the same set S j , j ∈ {0, 1}.
Hence, ∆i takes either the value of cT x(1) − cT x(0) or the value of
cT x(0) − cT x(1) . Observe that the random variable ci appears as a
simple additive term in both of these expressions, and the density
of ci is at most φi . Therefore, both expressions describe random
variables with density at most φi as well. (Observe that this holds,
regardless of whether we assume that the other variables are fixed
or random numbers.) Consequently, Lemma 6 yields that the density of ∆i is at most 2φi . This completes the proof of Lemma 5.
2
Loser and feasibility gaps for a single constraint. We consider an instance of an optimization problem over n binary variables. The objective function can be fixed arbitrarily; we rank all
solutions (feasible and infeasible) according to their objective value
in non-increasing order. Solutions with the same objective values
are ranked in an arbitrary but fixed fashion. The feasible region is
described by a subset S ⊆ {0, 1}n intersected with the half-space B
described by an additional linear constraint. W.l.o.g. the constraint
is of the form wT x ≤ t. The set S and the threshold t are assumed
to be fixed. The coefficients w1 , . . . , wn correspond to independent
random variables following possibly different, well-behaved continuous probability distributions with bounded density. The winner, denoted by x∗ , is the solution with highest rank in S ∩ B . The
feasibility gap is defined by

/ and
t − wT x∗ if S ∩ B 6= 0,
Γ =
⊥
otherwise.
In words, Γ corresponds to the slack of the winner with respect
to the threshold t. Observe that x∗ might be undefined as there is
no feasible solution. In this case, the random variable Γ takes the
value ⊥ (undefined). The domain of Γ is ≥0 ∪ {⊥}. The density
function fΓ over ≥0 is well-behaved continuous. The function fΓ
does not necessarily integrate to 1 but only to 1 − Pr [Γ =⊥]. In the
following, when talking about the density of Γ, we solely refer to
the function fΓ over ≥0 , that is, we ignore the probability of the
event {Γ =⊥} as it is of no relevance to us.
A solution is called a loser if it is contained in S and has a higher
rank than x∗ , that is, the losers are those solutions from S that are

better than the winner (w.r.t. the ranking), but they are cut off by
the constraint wT x ≤ t. The set of losers is denoted by L . If there
is no winner, as there is no feasible solution, then we define L = S .
The loser gap is defined by

/ and
min{wT x − t | x ∈ L } if L 6= 0,
Λ =
⊥
otherwise.
As in the case of the feasibility gap, when talking about the density
of the loser gap, we solely refer to the function fΛ over ≥0 and
ignore the probability of the event {Λ =⊥}.
Our goal is to upper-bound the densities of Γ and Λ. Observe that
the solution 0n is different from all other solutions in S as its feasibility does not depend on the outcome of the random coefficients
w1 , . . . , wn . Suppose 0n ∈ S and 0n has the highest rank among all
solutions in S . Then one can enforce Γ = 0 by setting t = 0. Similarly, one can enforce Λ → 0 for t → 0. For this reason, we need
to exclude the solution 0n from our analysis. Assuming 0n 6∈ S , the
following theorem shows that both the loser and the feasibility gap
are likely to have polynomial size.
L EMMA 7 (S EPARATING L EMMA ). Let φi denote the density
parameter of wi , and φ = maxi∈[n] φi . Suppose 0n 6∈ S . Then the
densities of Γ and Λ are bounded from above by n ∑ni=1 φi ≤ φn2 .
P ROOF. We will heavily use symmetry properties between the
two gaps. At first, we will prove an upper bound of φn on the
density of the loser gap under the assumption that the ranking satisfies a certain monotonicity property. Next, we will show that the
supremum of the density functions for loser and feasibility gaps are
identical for worst-case choices of the threshold t. This way, the upper bound on the density of the loser gap holds for the feasibility
gap as well. Then we will show that monotonicity assumption for
the feasibility gap can be dropped at the cost of an extra factor n,
thereby achieving an upper bound of φn2 on the density of the feasibility gap. Finally, by applying the symmetry between loser and
feasibility gap again, we obtain the same result for the loser gap.
The ranking among the solutions is called monotone if all pairs of
solutions x, y ∈ S , x having a higher rank than y, satisfy that there
exists i ∈ [n] with xi ≥ yi . When considering the binary solution
vector as subsets of [n], a ranking is monotone if no solution that is
a proper subset of another solution S is ranked lower than S. This
property is naturally satisfied for maximization problems having a
linear objective function with positive coefficients, but also if all
solutions in S have the same number of ones.
L EMMA 8. Suppose 0n 6∈ S and the ranking is monotone. Then
fΛ is bounded from above by ∑i∈[n] φi .
P ROOF. Fix t ∈ arbitrarily. As in the proof for the winner gap,
we define n random variables Λ1 , . . . , Λn with maximum densities
φ1 , . . . , φn such that at least one of them takes the value of Λ. For
i ∈ [n], define Si = {x ∈ S | xi = 1} and S̄i = S \ Si . Let x̄(i) denote
the winner from S̄i , i.e., the solution with highest rank in S̄i ∩ B .
Now let Li denote the set of losers from Si with respect to x̄(i) , that
is, Li = {x ∈ Si | x has a higher rank than x̄(i) }. If x̄i does not exist
(i)
then we set Li = Si . Now define xmin = argmin{wT x | x ∈ Li }, and

(i)
/ and
wT xmin − t if Li 6= 0,
Λi =
⊥
otherwise.
Observe that Li is not necessarily a subset of L as x̄(i) might have
a lower rank than x∗ . In fact, ximin might be feasible so that Λi can
take negative values. The reason for this “wasteful” definition is

that it yields some kind of independence that we will exploit in the
following arguments.
Claim A: The density of Λi is at most φi . This claim can be
seen as follows. The definitions above ensure Li ⊆ Si while x̄(i) ∈
S̄i . Suppose all variables w j , j 6= i are fixed arbitrarily. We prove
that the density of Λi is bounded by φi under this assumption, and
hence the same bound holds for randomly chosen w j , j 6= i as well.
The winner x̄(i) can be determined without knowing the outcome
of wi as x̄(i) ∈ S̄i and for all solutions in S̄i the i-th entry is zero.
(i)
Observe that Li is fixed as soon as x̄(i) is fixed, and so is xmin . As a
(i)

consequence, wi is not affected by the determination of xmin . As the

(i)
i-th bit of xmin is set to one, the random variable Λi can be rewritten
(i)
as Λi = wT xmin − t = κ + wi , where κ denotes a fixed quantity and
wi is a random variable with density at most φi . Consequently, the
density of Λi is bounded from above by φi .

Claim B: If Λ 6=⊥, then there exists i ∈ [n] such that Λ takes the
value of Λi . To show this claim, let us first assume that x∗ exists
/ Let xmin ∈ L denote the minimal loser, i.e., xmin =
and L 6= 0.
argmin{wT x | x ∈ L }. By definition, xmin has a higher rank than
x∗ . Because of the monotonicity of the ranking, there exists i ∈ [n]
such that x∗ ∈ S̄i and xmin ∈ Si . From x∗ ∈ S̄i , we conclude x∗ =
(i)
x̄(i) . Consequently, xmin ∈ L ∩ Si = Li so that xmin = xmin . Hence,
∗
Λ = Λi . Now suppose x does not exist. Then L = S and Li = Si ,
for all
i ∈ [n]. Thus, there exists i ∈ [n] with xmin = ximin because
S
S = i∈[n] Si as 0n 6∈ S . Finally, if L = 0/ then the claim follows
immediately as Λ =⊥.
Now applying Lemma 6 to the Claims A and B immediately
yields the lemma.
2
The following lemma shows that upper bounds on the density
function of the loser gap also hold for the feasibility gap and vice
versa. For a given threshold t, let R(t) ⊆ ≥0 denote the set of
points at which the distribution functions of Λ(t) and Γ(t) are differentiable. As Λ(t) and Γ(t) are well-behaved continuous, the
points in \ R(t) have measure 0 and, hence, can be neglected.
L EMMA 9. Suppose 0n 6∈ S . Then supt∈ sups∈R(t) fΓ(t) (s) =
supt∈ sups∈R(t) fΛ(t) (s).
P ROOF. (Sketch) We take an alternative view on the given optimization problem. We interpret the problem as a bicriteria problem.
The feasible region is defined by the set S . On one hand, we seek
for a solution from S whose rank is as high as possible. On the
other hand, we seek for a solution with small weight, where the
weight of a solution x ∈ S is defined by the linear function wT x. A
solution x ∈ S is called Pareto-optimal if there is no other solution
y ∈ S so that y improves on x in rank and weight simultaneously.
We show that winners and minimal losers of the original optimization problem correspond to Pareto-optimal solutions of the bicriteria problem. Intuitively, we can imagine that all Pareto-optimal
solutions are mapped onto a horizontal line such that a Paretooptimal solution x is mapped to the point wT x. Then Γ(t) is the
distance from the point t on this line to the closest Pareto point
left of t (i.e., less than or equal to t), and Λ(t) is the distance from
t to the closest Pareto point strictly right of t (i.e., larger than t).
Now let f be a measure over describing the density of the Pareto
points on the line. Let t 0 ∈ denote the point maximizing f . Then
f (t 0 ) is the joint supremum of the densities of Γ and Λ when setting
t = t 0 , and this choice of t maximizes the supremum of the density
functions, so that the lemma follows.
2

P ROOF. First we show the bound for the feasibility gap. Suppose Γ ≤ ε, for some ε ∈ ≥0 . Then there exists j ∈ [k] with
t j − wTj x∗ ≤ ε. Thus,
h
i
Pr [Γ ≤ ε] ≤ ∑ Pr t j − wTj x∗ ≤ ε .

2

j∈[k]

3

Λ

1

x

Figure 1: The picture shows three constraints of the form
−x1 ≤ t1 , x1 − x2 ≤ t2 , and x1 + x2 ≥ t3 . Suppose x is the
only loser. The loser gap of x is max{t j − wTj x | wTj x ≤ t j } =
t1 − (−1, 0)T x.
Combining the two lemmas, we observe that the density of the
feasibility gap Γ(t) is at most ∑i∈[n] φi , provided that the ranking
is monotone and 0n 6∈ S . Next we extend this result towards general kinds of rankings by breaking the original problem in subproblems. We partition S into the sets S (k) = {x ∈ S | ∑i xi = k}, for
1 ≤ k ≤ n. Observe that each of these sets contains only solutions
with the same number of ones, and hence satisfies the monotonicity
condition. Let Γ(k) (t) denote the feasibility gap over the set S (k) .
By Lemma 8, the density of Γ(k) (t) is at most ∑i∈[n] φi , for every
t ∈ . Furthermore, Γ(t) takes the value of one of the variables
Γ(k) (t), 1 ≤ k ≤ n because the winner of one of the subproblems is
the winner of the original problem. As a consequence of Lemma 6,
the density of Γ(t) is at most n ∑i∈[n] φi , for every continuous point
t ∈ . Let us remark that such a kind of argument cannot directly
be applied to the loser gap. By applying Lemma 9, however, the
bound for the feasibility gap holds for the loser gap as well. Hence,
Lemma 7 is shown.
2
Loser and Feasibility gap for multiple constraints. Assume
there are k ≥ 2 stochastic constraints. W.l.o.g., these constraints
are of the form wTj x ≤ t j , for j ∈ [k], and the sets of points satisfying these constraints are B1 , . . . , Bk , respectively. We generalize
the definition of feasibility and loser gap as follows. Given a set
of solutions S ⊆ {0, 1}n and a ranking, the winner x∗ is the highest
ranked solution in S ∩ B1 ∩ . . .∩ Bk . The feasibility gap for multiple
constraints is the minimal slack of x∗ over all stochastic constraints,
that is, Γ = min j∈[k] {t j − wTj x∗ }, if x∗ exists, and ∆ =⊥, otherwise.
The set of losers L consists of all solutions from S that have a rank
higher than x∗ . Observe that a loser only needs to be infeasible
with respect to one out of the k constraints. In particular, it is not
true that the values of all losers are likely to be far away from all
thresholds t j , j ∈ [k]; not even if we consider only those constraints
for which the respective losers are infeasible. Fortunately, however, we do not need such a property in the application of the loser
gap. For every loser, one only needs a single constraint that renders
the loser infeasible. Therefore, we define the loser gap for multi/ and
ple constraints by Λ = minx∈L max j∈[k] {wTj x − t j }, if L 6= 0,
Λ =⊥, otherwise. Figure 1 illustrates this definition.
L EMMA 10. Let φ denote the maximum density parameter of
all coefficients in the stochastic constraints. Suppose 0n 6∈ S . Then
Pr [Γ < ε] ≤ εkφn2 and Pr [Λ < ε] ≤ εkφn2 , for all ε ∈ ≥0 .

Now, for every individual j ∈ [k], we can apply the Separating
Lemma assuming that the set of feasible solutions with respect to
all other constraints is fixed as the coefficients in this constraint are
stochastically independent from the other constraints. This way, we
obtain Pr [Γ ≤ ε] ≤ k · εφn2 .
Next, we turn our attention to the loser gap. Unfortunately, we
cannot generalize the bound on the loser gap from one to multiple constraints in the same way as we generalized the feasibility
gap as the loser gap for multiple constraints does not correspond
to the minimal loser gap over the individual constraints. Instead
we will make use of the result for the feasibility gap established
above. Assume Λ ≤ ε, for some ε ∈ ≥0 . Then there exists a loser
x satisfying ∀ j ∈ [k] : wTj x − t j ≤ ε. Let xL denote the loser with
this property that is ranked highest. Consider a relaxed variant Π0
of the given optimization problem Π where the thresholds of all
stochastic constraints are increased by ε, i.e., we have constraints
wTj x ≤ t j + ε, j ∈ [k]. Observe that xL is feasible in the relaxed
problem Π0 and, by the definition of xL , no higher ranked solution
is feasible. Thus, xL is the winner of Π0 . Since t j < wTj xL ≤ t j + ε
for some j ∈ [k], the feasibility gap Γ0 of the relaxed problem is
smaller than ε. Hence, Λ ≤ ε implies Γ0 ≤ ε. Finally, applying
the bound Pr [Γ0 ≤ ε] ≤ εkφn2 derived in the first part of the proof
yields Pr [Λ ≤ ε] ≤ εkφn2 .
2

3. PROOF OF THEOREM 1
First, suppose the only stochastic expression is the objective function. We reveal b bits after the binary point of each coefficient ci
(1 ≤ i ≤ n), and assume that all following bits are 0. This corresponds to rounding down all numbers to multiples of 2−b causing
an absolute rounding error of less than 2−b for each number.
L EMMA 11. Let φ denote the maximum density parameter over
all coefficients in the objective function. When revealing b bits after
the binary point of each coefficient in the objective function then the
winner is uniquely determined with probability at least 1 − 2−b n2 φ.
P ROOF. Let bcc be the vector that is obtained by rounding each
entry ci of c down to the next multiple of 2−b . Consider any two
solutions x, x0 ∈ S . We have |(cT x − cT x0 ) − (bccT x − bccT x0 )| =
|(c − bcc)T (x − x0 )| < n2−b . Hence, if the winner gap ∆ (with respect to the exact coefficients c1 , . . . , cn ) is at least n2−b then the
rounding can not affect the optimality of the winner. In this case
the winner is uniquely determined after revealing only b bits of
each coefficient ci . Let φ∆ denote the supremum of the density of
∆. Then Pr [∆ < x] ≤ xφ∆ for all x ∈ ≥0 . Using Lemma 5 and
setting x = n2−b yields Pr ∆ < n2−b ≤ 2−b n2 φ.
2
Next suppose only some of the constraints are stochastic, and
the objective function is adversarial. Let k0 denote the number
of stochastic constraints. W.l.o.g. the constraints are of the form
wTj x ≤ t j , j ∈ [k0 ]. We reveal b bits after the binary point of each
coefficient and round down.

L EMMA 12. Let φ denote the maximum density parameter over
all coefficients in the stochastic constraints. When revealing b bits
after the binary point of each coefficient, then the winner is uniquely
determined with probability at least 1 − 2−b k0 n3 φ.

P ROOF. Observe that, due to rounding, infeasible solutions might
become feasible whereas feasible solutions stay feasible. To ensure
that the winner is uniquely determined it suffices to upper bound
the maximum possible error in each constraint that is caused by the
rounding. If this error is smaller than the loser gap then rounding
cannot change the feasibility status of any loser, i.e., all infeasible
solutions that have rank higher than the winner stay infeasible.
In order to apply the bound on the loser gap given in Lemma 10,
let us first assume 0n 6∈ S . The error for every solution with respect
to any constraint is at most n2−b . The definition of the loser gap
for multiple stochastic constraints states that for every loser x there
is a constraint j ∈ [k0 ] such that wTj x − t j ≥ Γ. Therefore, if Γ ≥
n2−b then every loser stays infeasible after rounding. Applying
Lemma 10, the probability for this event is at least 1 − k0 φn3 /2b .
The solution 0n can influence the loser gap in two ways. At
first, 0n can be a loser and thus decrease the loser gap. However,
rounding the coefficients wi does not change the objective value of
this solution. Thus, 0n stays infeasible under rounding and the loser
gap with respect to all other solutions in unaffected. At second, 0n
might be the winner, which would result in a different loser set
than under the assumption 0n 6∈ S . In this case, however, 0n has a
higher rank than the previous winner so that the set of losers can
only shrink. Therefore, the loser gap cannot decrease because of
0n and, hence, the argument above about the feasibility of the other
solutions remains valid.
2
Now suppose some constraints and the objective function are
stochastic. Let k = k0 + 1 denote the number of stochastic expressions. The probability that winner and loser gap are sufficiently
large, as described in the two lemmas above, is 1 − k0 φn3 /2b −
φn2 /2b ≥ 1 − kφn3 /2b . This implies that the winner is uniquely
determined when revealing O(log(kφn)) bits, whp. This completes
the proof of Theorem 1.
2

4.

PROOF OF THEOREM 3

At first, we prove that a randomized pseudopolynomial algorithm implies polynomial smoothed complexity. We design an algorithm with polynomial smoothed complexity calling the pseudopolynomial algorithm with higher and higher precision until the
optimal solution is found. Due to space limitations, we only present
the core of the algorithm and its analysis, namely we present how
to compute a certified winner when only a bounded number of bits
per input number is available. The algorithm has available b bits
after the binary point of each random coefficient and either outputs
the true winner or, if it cannot compute such a winner as it needs
more bits, it reports a failure.
Certifying optimality. Suppose only the objective function is
stochastic. W.l.o.g., consider a maximization problem with objective function cT x. Let bci c denote the coefficient ci rounded
down to the next smaller multiple of 2−b . At first, we compute
the optimal solution x0 for the problem with the rounded coefficients bc1 c, . . . , bcn c. To check, whether x0 is optimal with respect to the original cost vector c, we generate another vector c̄
of rounded coefficients. This time the rounding depends on x0 . For
all i with x0i = 1, we set c̄i := bci c and for all i with x0i = 0, we set
c̄i := dci e = bci c + 2−b . Observe, the function δ(x) = cT x − c̄T x
is maximal for x = x0 . Next, we compute the optimal solution
x00 for the problem with the vector c̄. If x0 = x00 then x0 simultaneously maximizes δ(x) and c̄T x. Consequently, it maximizes
c̄T x + δ(x) = cT x as well and, hence, x0 corresponds to the true
winner x∗ . Thus, the algorithm outputs x0 as a certified winner if
x0 = x00 and reports a failure, otherwise. Observe, if the winner

gap is large enough so that the winner is uniquely determined in
the sense of Lemma 11, then the algorithm will always compute a
certified winner. Hence, the probability that the algorithm is successful corresponds to the bound given in Lemma 11.
Certifying feasibility. Now we show how to deal with stochastic constraints. W.l.o.g, we assume that all stochastic constraints
are of the form wTj x ≤ t j , 1 ≤ j ≤ k0 . As described in Lemma 12 all
coefficients are rounded down to the next multiple of 2−b , and we
compute a certified winner with respect to the rounded coefficients.
Let x0 denote the winner with respect to the rounded coefficients.
Observe, that we rounded in such a way that feasible solutions stay
feasible. However, we have to detect infeasible solutions that might
become feasible due to the rounding and displace the true winner.
Hence, we need to check whether x0 is indeed feasible with respect
to the original constraints. This would be trivial if the exact values of all constraint vectors w1 , . . . , wk were available. However,
we want to check the feasibility with only knowing b bits after the
binary point of each coefficient. Let bw j c denote the vector that is
obtained by rounding down each entry of w j to the next multiple
of 2−b . Assume solution x is infeasible w.r.t. the j-th constraint
and becomes feasible due to rounding. Then bw j cT x ≤ t j < wTj x
and hence t j − bw j cT x < wTj x − bw j cT x ≤ n2−b , i.e. x has slack
less than n2−b for constraint j. Our verifier will use this property.
It classifies x0 as possibly infeasible if it has slack less than n2−b
for any of the k constraints. There are two reasons why the verifier
may fail. At first, there might be a loser that appears to be feasible because of the rounding. As seen in the proof of Lemma 12,
however, this can happen only if the loser gap is smaller than n2−b .
At second, by mistake the true winner might have been rejected as
its slack is less than n2−b . This can happen only if the feasibility gap is smaller than n2−b . Applying Lemma 10 yields that the
probability that one of these events happen is at most 2k0 2−b φn3 .
Now let us briefly sketch the missing details of the algorithm and
its analysis. Until now we did not specify how the optimal solution
for the rounded coefficient is actually computed. For this purpose,
we use the pseudopolynomial algorithm. The optimal solution is
found when b = O(log(φnk)), whp. Hence, the pseudopolynomial
algorithm has to deal with numbers described by O(log(φnk)) bits
so that its running time is bounded by 2O(log(φnk)) = poly(φnk) =
poly(φN), whp.
Finally, we need to show that polynomial smoothed complexity implies the existence of a randomized pseudopolynomial algorithm. Polynomial smoothed complexity implies that there exists
an algorithm A and a polynomial P(n, φ) such that the probability that the running time of A exceeds P(n, φ) is at most 41 . Since
we are aiming for a pseudopolynomial time algorithm we can assume that all numbers in the stochastic expressions are integers.
Let M denote the largest absolute value of those integers. The idea
is to perturb all numbers only slightly such that the cumulative error in each expression is less than 12 . To adapt the problem to the
smoothed analysis framework we first scale all input numbers in the
stochastic constraints by M −1 . Then we generate a random perturbation and test if any number has changed by more than (2nM)−1 .
In that case we output FAILURE . Otherwise we call the perturbation
proper and run A . If A has not completed after P(n, φ) time steps
we stop A and output FAILURE . Let Q be the event that the perturbation is proper. There is a constant c, depending on perturbation
model f , such that Pr [Q] ≥ 21 when setting φ = 4cn2 kM. Then the
probability of success is
Pr [Q ∧ (T ≤ P(n, φ))] ≥ Pr [Q] − Pr [T > P(n, φ)] ≥

1
.
4

The running time of this algorithm is pseudopolynomial because
φ = O(Mn2 k). Hence, Πu ∈ ZPP. This completes the proof of
Theorem 3.
2

5.

RELATIONSHIP TO CONDITION
NUMBERS

To obtain a finer analysis of algorithms than that provided by
worst-case complexity, one should find a way of distinguishing
hard problem instances from easy ones. A natural approach is to
find a quantity indicating the difficulty of solving a problem instance. In Numerical Analysis and Operations Research it is common to bound the running time of an algorithm in terms of a condition number of its input. The condition number is typically defined to be the sensitivity of the solution for a problem instance to
slight perturbations of the input. For example, Renegar [20, 21, 22]
presents a variant of the primal interior point method and describes
its running time as a function of the condition number. Remarkably,
his running time bound depends only logarithmically on the condition number. Dunagan, Spielman, and Teng [7] study this condition
number in the smoothed analysis framework. Assuming Gaussian
φ-perturbations, the condition number can be bounded by a function that is polynomial in φ. Thus, the running time of Renegar’s
algorithm depends only logarithmically on the density parameter φ.
In contrast, the running time bound of the Simplex algorithm presented by Spielman and Teng in [24] is polynomial in φ.
In [25], Spielman and Teng propose to extend the condition number towards discrete optimization problems in order to assist the
smoothed analysis of such problems. As a natural definition for the
condition number of a discrete function they suggest the reciprocal
of the minimum distance of an input to one on which the function
has a different value. In fact, the minimum of winner, loser, and
feasibility gap is a lower bound on the amount by which the coefficients of a binary optimization problem needs to be altered so that
the winner, i.e., the solution taking the optimal value, changes. Let
us define the reciprocal of this minimum to be the condition number
for binary optimization problems. This allows us to summarize our
analysis in an alternative way. Our probabilistic analysis in Section 2 shows that the condition number is bounded polynomially in
the density parameter φ. Furthermore, in Section 4, we proved that
a problem with pseudopolynomial worst-case complexity admits an
algorithm whose running time is bounded polynomially in the condition number. Combining these results, we obtained algorithms
whose smoothed complexity depends in a polynomial fashion on
the density parameter φ. Let us remark that this kind of dependence
is best possible for NP-hard optimization problems, unless there
is a subexponential time algorithm for NP-complete problems. In
particular a running time bound logarithmic in φ would yield a randomized algorithm with polynomial worst-case complexity.
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