Min}mum» Lost Network Flow

In addition to a capaci{y, each edjc has a
real- valued cost per unit of flow.

A minimum- cost (maxirnum) flew is a4 maximum £ low
whose 'fota/ cost (mm o-f eo!fc flows Fimes f{yeﬁ @St;? ‘

/S minimum.

Pr'oucm‘ /;no( a minimam- cost f/ow Ih a jiven network

n = #yertices

m = *‘e{yeﬁs
U= max capacity (if integers)
L= max cost(if l'n‘tejer'.s)
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Two /Vaivc A/o/ofcaches

{1) Repeat-‘ aujmcnt a/onj a cAea/oes‘t IOa't/; In
| the residual network.

Each aujmen‘tatioh takes a shortest f)af/i
aomfa‘tafiors. |

Shortest Ioaf‘.f can be found usirU -D{jb'/’ra.ls
a{]oﬂ't‘;m /'1[ CostS arce "Cf‘t non~ ncdaffve
aﬂ'nj Pl‘ice trans formation (’oﬂ'mol‘— Aual
method of linear projrmnminj).

Time: O[l\ U(m-fn/o.jn)) [nct pe()momial)

(2.) - I networkof zers- Cost residuel 609&{)
Fep eat find a maximum fbw.
Auy ment e f/ow and afala.te. fAe Pn’ceg_
(«q’no( all Pad-ks of a 9\ven (o5t aﬁomﬂ,\)

Time: O (h C (h m /ej é\"/m») {nc‘f /ool ﬁ,eml‘g/)




6= (V)  symmetric directed graph
lvw) €€ i fwe)e€
WVien, JEl=m  mea22 &()= fwliw<e]
arc capacities u(v,w): (vw) €€

Aarc COS't.S C(KW)'(V)W)é-E

Cojt fl'\dl'O'\ I'S aht;s‘ymm et‘f,'c ‘ C;/!/; w) s -~ ¢ {W V\;

Cirewlation £: £~ R
’ 'f/v; w) £a ,(Va“’) 72‘3 w)€E Capac?‘t/ constraint’
f("z w) = - -f(w) ") V(", '”) € E» flow anti sym metey

24-‘ /(V;“’) =0 VveV flow oonservaticon
weEE(y) _

(yWeg




Rlyngonig] = Tine. Ahpocithms.
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of mi R mam cos-t aml a rc‘tur’n arc

from ;tatqf infinite cafmuty a;nd

nidal oy o # (""/”°) yek of renduxf arcs

of c)/cle mmlcr of arc 5 1 (
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SRR “.,( r 1,7 min fu. ,,)_A,Vtw)_,ﬁzr’}




Frivey Neawelk Wkﬁ ,Aldnnﬂ.n ! ,Mm’“ans

AN NIV VY

Lipdis tstdnad L U [y0) an A fud oce residusd

L ) ¢ é‘—r_c ¥4 th st of fetl dned @4 fu_&mr a doretd

fle “{,fm' oo wadotida s 4 MMMMW_

rMm%a%Lﬂy e

- ;
J ,AA/V Nopfrae _Arc (I/Iw) etinet 4 Am’c f‘[«w) mrl/h,. a[

L/,_/,w) o )L& i{),l,l“/_lt&b.ﬂ#! fren w40 v

[W& ’.0/4".'1 eAIL ""&& Qé!e- as Lo, ﬁfi}ij? el £ QAJC g/ JfLG- #‘;.)

An ot (VWD 17 g“@éggéé 38 e rociduad gr o het gee.
4

d ‘C/""/LLL*MM 1/;‘} wardetd c,\/} o/FMLLgdAA‘ﬂ ortt.




Our Re.su/ts

M;nimum~mean C)rc/l’- cancelir:j-‘ A/wa)/s cance/ a C)/cé

of minimum mean ceost.

Theorem: F cancellgtions < O(hmlloj;\). I¥ costs are /.néefdrf
| of maximum mvni-&ud@ ¢ # cancellations > O[nm/:,(n C)j

Tfm‘ 'tO ‘/)‘l\ﬂl a M;A;mlm mean ()'6/5’: Dém) (KG‘Y‘P) lq?tg\)

A variant of this aﬂorwck j}ve: a ';oraciica/ ”a{foz-i't/,m
with a r“hni:-f time of O(hm log m;n[/v(;\c))m/ynf).



Pm'cf- Funcfion (:DM\’ ydurfac‘/ef)

I3 V>R reduced arg cost Cp(v)w)': c(ow)*plv) -p(v)

__77‘@_,':—6-5 (/“:fd and F:/ésr_«mj /76’2) ' A circulation fiﬁ MR- et
74 Jf such that V(vlvv)él'; |

U (v, W) >0 fm/:[p'&é CP (v, W) 2 0.

€ - O]D{fma{}'i.)/

For £€>0, a circulation £is é-gpfirm! with Fﬁﬁf?ﬁg‘f £

a price fanction p iff, V(sw) €E,

U (v, w)>0 implies ¢, (hw)2 - €.

éf((f)= mihimum € 20 /;P which f/’f[ £- O/of;ma/ with
/‘Bfloec:f- to Some P

Tl{eof&m (ge-ftfeka{)/786): If costs are /:nf('jml ana( € < "/f, )
any .G—Opfima/ circnlation 1€ minimum- Gost.



Ahaly;i; 0[ Minimum Mcan [}a/c ane./{,:]
L&mmai [angc/f:] A minmum mean C)'G/c Carrot /'ncr&d:fe, c’(f)g

lemma: After m cance llations, é'((') as Aecreased é}/ @

/;41“0" of /h*l)/n or setter.
Theorem: # canceflations = O(hm%; ('\C)).

Zcmn\a-' If/ fAnd[I are A‘tl\ E- Offr‘ma} ﬂhl{/cp CV)I”)/>ZA£)

, /
her £ is € optimal with regpect bo p, then Hyw)f (44

Theerem: #CAnce//ab'on; = O[nh\z/cyr\)-



Idea: minimum megn Cycl'e, conceling reduces 5(f) ﬁly
A mCaSaVaH& amounf-) af{er‘ enol:,/s canc&//ations.

Note: The cost of 4 c)zc/c. Is the same as its reduced cost.

>

I L , N

L&‘f. M{f) Ac f/rc mean cost o/d mr‘nimum mean
r&ft'dual Cyc/c Wl'f;\ )"65105[,1 éu Cl'rcu/aﬁl’on /

Theorem: é(ff) z /h~ax iOJ -H /f)f

Pr'odf:. Mr.e /orofe,rff&r of ,{Aorﬁe—rt ,Dm‘_Ag 3;7. shortest /oatzf
exist //7 there are no /)ejative c/c/e{.



A Practfcal Varianf’

Maintain a ,Drl'ce. /;Mcb'on P a/or:j with a circulation /‘
(all an arc (v, w) 8/;" 1dle £ 4 (v,w)>0 and CP (,,),,) <0,

Zet €(/;P)= —m;n([c’) (y)w)/ “,[(";";')\'Oj U{o]).

AIJOf;tAm
0. let { be ary Cirenlation and Jet /o:D.
L Rc,oem‘. ant’] € ([)/,) <Jn:
a. Find an e/:‘,iéle_ Cyc/c ard cancel it.
b If the fué]ra,;/\ of eligible arcs ic acyclic,

M°0('.y /9 te reduce .{(f;p) A, a /;aﬁar o.[
at least [n-Dh.



Ana "y; 1s

There are at most m iterations of la detween
iterationg 01[ 14.

All iterations of da between tywo jteratiors of 14 take

F oo
AR

a total of = O(mbgn) time uging Aynami=
One iteration of 1} Z.#er O(m) time.
O(n iterations of 18 reduce £(£p) by a Constant factor.
" O(nm/éjh/:][nc)) total time.

¥ dl/&r7 ‘“ jtergtion o[ 15 rednces 5([ ) a; much
as Foml/ﬁ H\e.n ﬁ/x‘: ﬂmarévzﬁl 4ime /oer /fe.f‘aﬁlon 04'/16
s still O(m /cvu; Y, tak&s 0(:\»\))

O(nmlzlczjn‘)&) total Lime.



\Sca/inj Af,,proac/\

Add a bit of /)reci.SiOh (to capacities or costs) at
a time. Start with exact solution fto Approximate
problcm Use it as an alplproximate .S'Olutl.on Zo 4
more exact Pr'o“em, Imlorovc the solution to an
exact Solution. |

-Scalinj caloacities (/Eo(monols £ ka"f?; Rcc.k)
For each Lit of Cafacit/ ,or'ecl'sion, mast find
O(m) c/;ea/:e.st /mt/l.s.

Find a cheapest path u:inj .Da;jk.stra‘s shortest
path a{jorithm; use price transform.

Time : Q(m /03 U [m-r h/oj n))

Sca/ir:j costs (Rock; Bland £ Jensen)

For each bit of cost precision, must find
O(n) maximum {lows.

Time : O(n IOJ € (nm /"j (”Z/m)))



