Maximum Network Flow

Network: a directed 3r~af/1, with two
distinquished vertites, a source s and
a sink t, and a Po.si-tive ca,oacity u .{,W)
" on each edje (v,W).

A flow on a network: a nohnegative function £
on edqes, bounded abeve b the capacities,
such that the total flow into an/ vertex
other than s and equa/.s the total flow out




Maxfmum flow: qa {flow tlmt maximizes the
net {low into the sink (which equal.s
the net flow out of the sourcc).

Problem: Find a maximum {low in a jiven
nﬁtwo"kj as fast as poss{!sle.

n= ¥ yvertices
MB # ealje_s

M= maxin!um edje cafaci-t/
'([1[ cafac.itie-s are in'te‘jans\



Ford - Fulkerson Method

o R&Sldﬂd/ -edg'je: afaf,-{y/.“/) .YMCA tAa.t
() £ew) < ulyw) * Up(yw) = ufyw) -4 (v, w)
| OI“ |

(i) £(wv) >0 up(yw) = #(wv)
Residual network: the network of residual ea{fes

Thm. A fbw is maximum /ff there is no ‘/oa-tA
from stot in the residual network (.ruc/l
a path is an augmenting pat/)).
. g e =
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Ford- Fulkerson method:

repeat 5'/}I\d an aujmantinj fatlx

aquen“t flow

Time: O(h/m M) | (I\O’t IDo//nomia/) need not
.. terminate £ ca/sacitie.s
are irrational )
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M aximum How ProMem

Ne‘twork G "'(V, EX , Source S}«sink‘t

‘edje capacities ulvw)  for (v,w) € E
,V,'= n ‘ E[= m U = max ]u(v,w)l

Assume hetwork Is Symme‘trfc:

(vyw) € E ff (wyv) €E

Flow £ : £ >R
fluw) £ u(yw)
C Hlg) = Flay)
etz L Flyw) = O Vw ¢ fs5,¢}

Objective: maximize C(t) ('—' - 8(53)



Edmondl.s g/(m-)o: aujmen't. alonj .s/lortes‘t (fcwest
edges) paths : O (nm")

Dinits : build shortest path subnetwark of residual
network find all au mentinj paths of a
given /cnj't/; at once: O(n‘m)

An edge (\CW) is saturated if £(yw)=u(vw)

A 6100(4'1:] f/ow 5 Qa -f/ow such that eVEr-y
path from s to t contains a Saturated edje

Dinits reduced the maximum fhw /om[/em to
n b/oc./(inj Low }pmélemsj each on an ac)/c/fc
n etwork.

Findinj a Abcbly Llow s easier than fmd:r:j o

maximu m f/ow) at least on an acrc/ic network.




Edviands g Knvy 2! AY. AU jmez:ﬁ alahj a shorteld
[ fewest f’yfgt" li PAJ:A :
U /;}) Hime per Pcatls X Q{ m) paééf per i&f,,;:,f-fvz

X.O(ﬂ) ow;ls ’and\ls O(hml) +imé,

Dinie : Find all Apg e, . -’fz? /MM.;’ of a4 giren
Y <
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/e»yt!\ at Once, in A phase
@/}:) +ime per /';a‘ﬁﬂ X O(/Nﬂ) Pﬁé‘i‘f

4 O(ﬁ\) ‘hﬂ\& W Plas‘ng(AB PL‘”@? =
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 Preflow Push Approach (6old bery )

Tw l'dcd.f:.') ‘

Mah‘tk Aa; ic‘ $fc/o! ;u tht Co.t;'\. Pu‘taflon :mall&n -

Use a less global, more distri bnted appres:

ase




Preffow (Karzanov): like a flow except that the
total flw inte a vertex can exceed the tota!
‘f/cw out.

Avertex ¥t with extra l'nczomiv flow s active. The
het l'naum'nj o w e(vy (s the excess of vertex v.

Idea: move f/ow exce:: -/ﬂowarp( .sl'n/( alonj e:tima‘fea(
shortest paths. Move @xcess that cannot reach

the sink back to the source, also 41@’:} estimated
shortest ’pa;t/u‘.

To estimate /Ja‘tlw /an'U\S-' a g_g_[[l( ;/,gmég_/{r_‘ajq S an

/ptejer function o on vertices such that:

() dt)=o
(i d@s) = '
(ia'«) xd(V)-‘o{(w);*l £ L{([g{'w) >0

ﬂl(v) 15 Qa bower bound on t/)e minimum 01[
distance to t n+ distance to S



A{jori‘tﬁm

1. Saturate all edjas /eaw'.nj S. (horse® initial A.

2. Re./:cxt /ousA and relab el Ste/o.s n any order
uhfl'/ ne vertex (s 4ctive,‘

push (v,w)
1{fvis aehve, “, (vw) >0, and A (v)= A(w)+1
then move  omin {e{yj, u{ [»yv)j unts of

f/ow")c‘om y To w(t/le Pus/s s M‘L\j o

a{(y w) units are moved)

l"e/a‘z/ (y) :
f vis active and for ol (v, “ (ww) =0 or Al)s olfw)

then [et AW) = min [d(“')‘-l/ u,('c“’) >°}






e Bounds

,Every achve. Ver'tex /\as a /alus/ of d‘t maft Zm—

555555'{591-“& e alwa):s a reswluaf pag\

=> O[n) re/a O(nm) 't:me

iﬂkinj‘

bclinjs,

Tween Sat wura mJ Pus es,v

of edye musf be rglg&zlcl

9 O(nm):;atur%ﬁnj- fufl.es

The heart of the analysis is in bows







F IFo Method o

ueue o{ ac:l:lve, vertices

VMam‘ﬁam a

;,»;Always })usl\ {}cm t‘\c vcrtex .h ‘tlne /:‘r'ont o(t queue. , 

Anal)lsts

/’/ms es: PAase 1 /oro a:sm:’ of

phase 1= process ny °f m}




Define §-— max J/v) s 05_@52;'» |
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Ahafysis

c’l‘ r\onsalzu

A/Z wnttg o( fLw ‘
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Practice

APPn,fyriﬂf.C- V@f‘fi‘ons 0‘{ f/ld Ff‘ef/ow f)w;”}g
me{/\op{ Are ea,/ ‘fﬁ lﬂ\plemenf ano{ V&t‘} 14:2 /o pfz/“@;@

lf IL!' times /a’t-‘-" ‘ﬁA“ﬂ DIAIC on reafanaA,n f/ﬁiﬂiix @

jralo/\s .

j/rybcrian‘f Aewvﬂl/ Perao/aly COm]ovae. f_yl\# d, 20 LA /mé&/
u;»',j érea;l't}\’ f»'rft {earé/w.( U'LAef‘“wise. $he. f’@v”wé@ji{w?

4ime I teo /):71\ >

The FIFO ﬂjjar;t/m can be ,Omle/»ze/ : puih oo Al podio.
vertizes at onze. Tt seems 4o jwc draztic gredig s v,

I@fﬂ!.“ﬁ.:,d;.

Whether dy'\@mfc trees AC/F on W!r]- /%/,e ’fﬁf&i’ag Aﬁ? >

yet been g{:ug(ig,g(.



