COS 423


Problem Set No. 2

Due Wednesday 3/5

Spring 2003


(re-revised)

1. Given a collection of n axis-aligned rectangles in the plane (axis-aligned means that their sides are parallel to the x- and y- axes), give an O(nlogn)-time algorithm to test whether the collection contains two rectangles whose intersection has positive area. (Prove correctness and running time bound.)

2. Given a collection of n axis-aligned rectangles in the plane, we say the rectangles are nested if each pair is either disjoint or one completely contains the other. A nested collection has a nesting-forest, each node of which is a rectangle.  The parent of a rectangle is the smallest rectangle (if any) containing it.  Give the fastest algorithm you can to test a collection of n rectangles for the nesting property and construct its nesting forest if it is nested. (Prove correctness and running time bounds.)

3. A thin heap is a collection of heap-ordered trees, each node having a non-negative integer rank, such that a node of rank k has either k-1 or k children, of ranks k-2,k-3,…,0 or k-1,k-2,…,0, respectively. Describe how to implement heaps using thin heaps so that the various heap operations have the following amortized time bounds:

make heap, insert, decrease key, meld: O(1)

delete min: O(logn)

(Prove correctness and running time bounds.)

Hint:
Observe that two thin heaps consisting of single trees, each of whose roots is of rank k and has k children, can be linked in O(1) time. Thus all the operations except decrease key can be implemented as in Fibonacci heaps.

To perform a decrease key at a node x, delete x, and repair the tree by moving back through previous siblings and up to parents of first children, doing appropriate repairs and occasionally producing new trees, according to the following cases. In general there will be a hole that needs to be filled by a node of rank k.

1. If the hole has a previous sibling x, which must be of rank k+1:

1a. If the first child of x, say y, has rank k: remove y as a child of x and use it to fill the hole (terminating case)

1b. Otherwise decrease the rank of x by one. (non-terminating case: x fills the hole; now there is a hole of rank k+1)

2. If the hole has no previous sibling, let its parent be x.

2a. If x has rank k+1, do nothing (terminating case).

2b. If x has rank k+2, cut x, leaving a hole in its place, and reduce the rank of x by 2 (non-terminating case).

Call a node marked if its rank is k and it has k-1 children. Analyse thin heaps using the same potential function as Fibonacci heaps. Show that a node of rank k in a thin heap has at least fk+1 descendants, where f0=0, f1=1, fk+2, = fk+1+fk are the Fibonacci numbers.

4
A combination lock with master combination consists of n dials, each of which can be set in one of k positions. Each lock can be opened in (at least) two ways: setting each dial to the correct setting of the individual combination (different for each lock) or setting each dial to the correct setting of the master combination (the same for each lock). For example, suppose there are 3 dials, each with 10 positions (0 through 9), five locks with the following individual combinations:

lock A:
 9,5,8

lock B: 6,5,7

lock C: 5,9,3

lock D: 4,8,6

lock E: 3,9,2

and all also open with the master combination 8,4,5. Now suppose there is a “flaw” in the lock design, so that a given lock will open if each individual dial is set either to the individual combination setting or to the master combination setting e.g., lock D will open on setting 4,4,5. Describe how, given one lock and only the individual combination to that lock, one can rapidly determine (in O(nk) time rather than O(nk/2)time) the master combination, and hence the way to open any lock.

5.
Show that the worst-case time of a decrease key operation on a Fibonacci heap can be 
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but on a thin heap it is O(logn).
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