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Course Logistics
• Everyone should be on slack by now! 

• Tentative presentation schedule shared. Let us know if you don’t see your 
name listed. 

• Once guest lectures are confirmed, I will share a google sheet with 
(suggested) papers to finalize the schedule



Next Week
• Guest lecture by Zeming Lin (EvolutionaryScale / Biohub) 

• Class will be on Zoom (link will be posted in Slack).  

• Readings: 

• Attention is all you need 

• Language modeling materializes a world model of protein biology 
(biorXiv Jun 26) 

• Optional Readings: 

• Scaling Laws for Neural Language Models 

• Training Compute-Optimal Large Language Models



Outline for today’s lecture
• Neural Networks 101 

• Generative Modeling 101 

• Autoencoding Variational Bayes (Jack & Sol) 

• CryoDRGN (Philipp & Ariana) 

• Post-lecture feedback (anonymous to the presenters, due at 11:59pm): 
• What worked well? 

• What could be improved? 

• What is one question, idea, or takeaway you had? 

• Feedback is a gift and giving good feedback is a skill! 

• Good feedback is specific, actionable, and constructive. 



This lecture
• Review a few key concepts in neural network training 

• Develop a taxonomy of generative models 

• Curates and adapts material from several excellent teaching resources, 
including: 

• ETH Zürich, AI in the Sciences and Engineering (Fall 2024) 

• MIT 6.7960, Deep Learning (Fall 2024)



Deep learning

Slide credit: AI in the Sciences and Engineering, ETH Zürich (F24)



Popular deep learning tasks

Slide credit: AI in the Sciences and Engineering, ETH Zürich (F24)



    Slide credit: Phillip Isola, MIT 6.7960 (F24)





Challenges of NN function fitting
• Three sources of error when training neural networks 

• Approximation error 

• Estimation error 

• Optimization error



Density Estimation

Slide credit: Mark Goldstein



Density Estimation: failure modes

Slide credit: Mark Goldstein



Density Estimation: failure modes

Overfitting / memorization

Undercutting / oversmoothing

Mode collapse
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Density Estimation: failure modes



Understanding error sources

Slide credit: AI in the Sciences and Engineering, ETH Zürich (F24)
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Slide credit: AI in the Sciences and Engineering, ETH Zürich (F24)



Better initialization 
Vanishing gradients 
Batch normalization 
Resnets 

Stochastic optimizers 
SGD 
Adam



Slide credit: AI in the Sciences and Engineering, ETH Zürich (F24)



Slide credit: AI in the Sciences and Engineering, ETH Zürich (F24)



[Slide Credit: Vahdat, Meng, Song, 2023]



What is a generative model?

    Slide credit: Phillip Isola, MIT 6.7960 (F24)



Generative modeling vs. representation learning

    Slide credit: Phillip Isola, MIT 6.7960 (F24)
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    Slide credit: Phillip Isola, MIT 6.7960 (F24)



What’s the goal of generative modeling?

Make synthetic data that “looks like” real data.

How to measure “looks like”?

The main answer in deep generative models is: “has high 
probability under a density model fit to real data.”
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Density models
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<latexit sha1_base64="q4WCp+vNSk6GA1s6N0x45fCcZO8=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48V7Ac0oWy203TpZhN2N0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZemAqujet+O6WNza3tnfJuZW//4PCoenzS0UmmGLZZIhLVC6lGwSW2DTcCe6lCGocCu+Hkbu53n1BpnshHM00xiGkk+YgzaqzU9Zs8ivx8UK25dXcBsk68gtSgQGtQ/fKHCctilIYJqnXfc1MT5FQZzgTOKn6mMaVsQiPsWyppjDrIF+fOyIVVhmSUKFvSkIX6eyKnsdbTOLSdMTVjverNxf+8fmZGt0HOZZoZlGy5aJQJYhIy/50MuUJmxNQSyhS3txI2pooyYxOq2BC81ZfXSeeq7rl17+G61mgWcZThDM7hEjy4gQbcQwvawGACz/AKb07qvDjvzseyteQUM6fwB87nDyI/j2w=</latexit><latexit sha1_base64="6OZsRXZb9l4oZkzeMOaKbNhciVU=">AAACE3icjVA9SwNBFHwXv2L8ilraLAbBKtyJoGWIjaWCSYTkCHubd5cle3vH7p4QjvwICxv/io2IrY2d/8ZNcoUmFg4sDDPzePsmSAXXxnW/nNLK6tr6RnmzsrW9s7tX3T9o6yRTDFssEYm6D6hGwSW2DDcC71OFNA4EdoLR1dTvPKDSPJF3ZpyiH9NI8pAzaqzU6TV5FPXyfrXm1t0ZyDLxClKDAv+L96ufvUHCshilYYJq3fXc1Pg5VYYzgZNKL9OYUjaiEXYtlTRG7eezmybkxCoDEibKPmnITP05kdNY63Ec2GRMzVAvelPxL6+bmfDSz7lMM4OSzReFmSAmIdOCyIArZEaMLaFMcftXwoZUUWZsjRV7urd46DJpn9U9t+7dntcazaKzMhzBMZyCBxfQgGu4gRYwGMEjPMOr8+S8OG/O+zxacoqZQ/gF5+Mb216W5Q==</latexit><latexit sha1_base64="6OZsRXZb9l4oZkzeMOaKbNhciVU=">AAACE3icjVA9SwNBFHwXv2L8ilraLAbBKtyJoGWIjaWCSYTkCHubd5cle3vH7p4QjvwICxv/io2IrY2d/8ZNcoUmFg4sDDPzePsmSAXXxnW/nNLK6tr6RnmzsrW9s7tX3T9o6yRTDFssEYm6D6hGwSW2DDcC71OFNA4EdoLR1dTvPKDSPJF3ZpyiH9NI8pAzaqzU6TV5FPXyfrXm1t0ZyDLxClKDAv+L96ufvUHCshilYYJq3fXc1Pg5VYYzgZNKL9OYUjaiEXYtlTRG7eezmybkxCoDEibKPmnITP05kdNY63Ec2GRMzVAvelPxL6+bmfDSz7lMM4OSzReFmSAmIdOCyIArZEaMLaFMcftXwoZUUWZsjRV7urd46DJpn9U9t+7dntcazaKzMhzBMZyCBxfQgGu4gRYwGMEjPMOr8+S8OG/O+zxacoqZQ/gF5+Mb216W5Q==</latexit><latexit sha1_base64="6OZsRXZb9l4oZkzeMOaKbNhciVU=">AAACE3icjVA9SwNBFHwXv2L8ilraLAbBKtyJoGWIjaWCSYTkCHubd5cle3vH7p4QjvwICxv/io2IrY2d/8ZNcoUmFg4sDDPzePsmSAXXxnW/nNLK6tr6RnmzsrW9s7tX3T9o6yRTDFssEYm6D6hGwSW2DDcC71OFNA4EdoLR1dTvPKDSPJF3ZpyiH9NI8pAzaqzU6TV5FPXyfrXm1t0ZyDLxClKDAv+L96ufvUHCshilYYJq3fXc1Pg5VYYzgZNKL9OYUjaiEXYtlTRG7eezmybkxCoDEibKPmnITP05kdNY63Ec2GRMzVAvelPxL6+bmfDSz7lMM4OSzReFmSAmIdOCyIArZEaMLaFMcftXwoZUUWZsjRV7urd46DJpn9U9t+7dntcazaKzMhzBMZyCBxfQgGu4gRYwGMEjPMOr8+S8OG/O+zxacoqZQ/gF5+Mb216W5Q==</latexit>

Training data

21

Density models

p✓(x)
<latexit sha1_base64="BbR9xePCiM9LpnQYXemlkFJNZ8A=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBD0GvXiMYB6QLGF2MkmGzM6uM73BsOQ7vHhQxKsf482/cZLsQRMLGoqqbrq7glgKg6777eTW1jc2t/LbhZ3dvf2D4uFRw0SJZrzOIhnpVkANl0LxOgqUvBVrTsNA8mYwup35zTHXRkTqAScx90M6UKIvGEUr+XE37eCQI52Wn867xZJbcecgq8TLSAky1LrFr04vYknIFTJJjWl7box+SjUKJvm00EkMjykb0QFvW6poyI2fzo+ekjOr9Eg/0rYUkrn6eyKloTGTMLCdIcWhWfZm4n9eO8H+tZ8KFSfIFVss6ieSYERmCZCe0JyhnFhCmRb2VsKGVFOGNqeCDcFbfnmVNC4qnlvx7i9L1ZssjjycwCmUwYMrqMId1KAODB7hGV7hzRk7L86787FozTnZzDH8gfP5A6NYkf4=</latexit><latexit sha1_base64="9eDHjLyLKFq1K+7yvQAnBZHgRK4=">AAACGXicjVC7SgNBFL0bXzG+opY2g0GITdgVQcugjaWCeUCyhNnJJBkyO7vO3BXDku+wsPFXbEQstfJvnCRbaGLhgYHDOedy554glsKg6345uaXlldW1/HphY3Nre6e4u1c3UaIZr7FIRroZUMOlULyGAiVvxprTMJC8EQwvJ37jnmsjInWLo5j7Ie0r0ROMopX8uJO2ccCRjssPx51iya24U5BF4mWkBBn+F+8UP9rdiCUhV8gkNabluTH6KdUomOTjQjsxPKZsSPu8ZamiITd+Or1sTI6s0iW9SNunkEzVnxMpDY0ZhYFNhhQHZt6biH95rQR7534qVJwgV2y2qJdIghGZ1ES6QnOGcmQJZVrYvxI2oJoytGUW7One/KGLpH5S8dyKd3Naql5kneXhAA6hDB6cQRWu4BpqwOAOHuEZXp0n58V5c95n0ZyTzezDLzif37PSmXc=</latexit><latexit sha1_base64="9eDHjLyLKFq1K+7yvQAnBZHgRK4=">AAACGXicjVC7SgNBFL0bXzG+opY2g0GITdgVQcugjaWCeUCyhNnJJBkyO7vO3BXDku+wsPFXbEQstfJvnCRbaGLhgYHDOedy554glsKg6345uaXlldW1/HphY3Nre6e4u1c3UaIZr7FIRroZUMOlULyGAiVvxprTMJC8EQwvJ37jnmsjInWLo5j7Ie0r0ROMopX8uJO2ccCRjssPx51iya24U5BF4mWkBBn+F+8UP9rdiCUhV8gkNabluTH6KdUomOTjQjsxPKZsSPu8ZamiITd+Or1sTI6s0iW9SNunkEzVnxMpDY0ZhYFNhhQHZt6biH95rQR7534qVJwgV2y2qJdIghGZ1ES6QnOGcmQJZVrYvxI2oJoytGUW7One/KGLpH5S8dyKd3Naql5kneXhAA6hDB6cQRWu4BpqwOAOHuEZXp0n58V5c95n0ZyTzezDLzif37PSmXc=</latexit><latexit sha1_base64="9eDHjLyLKFq1K+7yvQAnBZHgRK4=">AAACGXicjVC7SgNBFL0bXzG+opY2g0GITdgVQcugjaWCeUCyhNnJJBkyO7vO3BXDku+wsPFXbEQstfJvnCRbaGLhgYHDOedy554glsKg6345uaXlldW1/HphY3Nre6e4u1c3UaIZr7FIRroZUMOlULyGAiVvxprTMJC8EQwvJ37jnmsjInWLo5j7Ie0r0ROMopX8uJO2ccCRjssPx51iya24U5BF4mWkBBn+F+8UP9rdiCUhV8gkNabluTH6KdUomOTjQjsxPKZsSPu8ZamiITd+Or1sTI6s0iW9SNunkEzVnxMpDY0ZhYFNhhQHZt6biH95rQR7534qVJwgV2y2qJdIghGZ1ES6QnOGcmQJZVrYvxI2oJoytGUW7One/KGLpH5S8dyKd3Naql5kneXhAA6hDB6cQRWu4BpqwOAOHuEZXp0n58V5c95n0ZyTzezDLzif37PSmXc=</latexit>

x
<latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit><latexit sha1_base64="Jelc4dZavWSWh5fxRSBdMsTIsJU=">AAACDXicjVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sTRgHpAsYXZyNxkyO7vMzIphyRdY2PgrNiK29nb+jZNkC00sPDBwOOdc7twTJIJr47pfTmFldW19o7hZ2tre2d0r7x80dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvqte1Sax/LOjBP0IzqQPOSMGivVH3rlilt1ZyDLxMtJBXL8L94rf3b7MUsjlIYJqnXHcxPjZ1QZzgROSt1UY0LZiA6wY6mkEWo/m10zISdW6ZMwVvZJQ2bqz4mMRlqPo8AmI2qGetGbin95ndSEl37GZZIalGy+KEwFMTGZVkP6XCEzYmwJZYrbvxI2pIoyYwss2dO9xUOXSfOs6rlVr35eqV3lnRXhCI7hFDy4gBrcwC00gAHCIzzDq/PkvDhvzvs8WnDymUP4BefjG00FlHU=</latexit><latexit sha1_base64="Jelc4dZavWSWh5fxRSBdMsTIsJU=">AAACDXicjVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sTRgHpAsYXZyNxkyO7vMzIphyRdY2PgrNiK29nb+jZNkC00sPDBwOOdc7twTJIJr47pfTmFldW19o7hZ2tre2d0r7x80dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvqte1Sax/LOjBP0IzqQPOSMGivVH3rlilt1ZyDLxMtJBXL8L94rf3b7MUsjlIYJqnXHcxPjZ1QZzgROSt1UY0LZiA6wY6mkEWo/m10zISdW6ZMwVvZJQ2bqz4mMRlqPo8AmI2qGetGbin95ndSEl37GZZIalGy+KEwFMTGZVkP6XCEzYmwJZYrbvxI2pIoyYwss2dO9xUOXSfOs6rlVr35eqV3lnRXhCI7hFDy4gBrcwC00gAHCIzzDq/PkvDhvzvs8WnDymUP4BefjG00FlHU=</latexit><latexit sha1_base64="Jelc4dZavWSWh5fxRSBdMsTIsJU=">AAACDXicjVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sTRgHpAsYXZyNxkyO7vMzIphyRdY2PgrNiK29nb+jZNkC00sPDBwOOdc7twTJIJr47pfTmFldW19o7hZ2tre2d0r7x80dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvqte1Sax/LOjBP0IzqQPOSMGivVH3rlilt1ZyDLxMtJBXL8L94rf3b7MUsjlIYJqnXHcxPjZ1QZzgROSt1UY0LZiA6wY6mkEWo/m10zISdW6ZMwVvZJQ2bqz4mMRlqPo8AmI2qGetGbin95ndSEl37GZZIalGy+KEwFMTGZVkP6XCEzYmwJZYrbvxI2pIoyYwss2dO9xUOXSfOs6rlVr35eqV3lnRXhCI7hFDy4gBrcwC00gAHCIzzDq/PkvDhvzvs8WnDymUP4BefjG00FlHU=</latexit>

p✓ : X ! [0,1)
<latexit sha1_base64="CIYRDoEZEUhPscSIt5GKA6BIzJk=">AAACF3icbVDLSgNBEJz1GeMr6tHLYBAUJOyKoHgKevEYwTwgG0LvZDYZMju7zPQqYclfePFXvHhQxKve/Bsnj4MmFjQUVd10dwWJFAZd99tZWFxaXlnNreXXNza3tgs7uzUTp5rxKotlrBsBGC6F4lUUKHkj0RyiQPJ60L8e+fV7ro2I1R0OEt6KoKtEKBigldqFUtLOfOxxhOEl9SPAHgOZNYbU16LbQ9A6fqBN98QXKsTBcbtQdEvuGHSeeFNSJFNU2oUvvxOzNOIKmQRjmp6bYCsDjYJJPsz7qeEJsD50edNSBRE3rWz815AeWqVDw1jbUkjH6u+JDCJjBlFgO0eXm1lvJP7nNVMML1qZUEmKXLHJojCVFGM6Col2hOYM5cASYFrYWynrgQaGNsq8DcGbfXme1E5Lnlvybs+K5atpHDmyTw7IEfHIOSmTG1IhVcLII3kmr+TNeXJenHfnY9K64Exn9sgfOJ8/Hmmf2w==</latexit><latexit sha1_base64="djlVgY/EFpJ0yz+pino7qqfpqI4=">AAACPHicjVC7SgNBFJ31GeMramkzGAQFCbsiKFZBG0sF84BsCHcns8mQ2dll5q4SlvyFX2Nh4x/Y2duI2Fo7eRSaWHhg4HDOvdw5J0ikMOi6r87c/MLi0nJuJb+6tr6xWdjarpo41YxXWCxjXQ/AcCkUr6BAyeuJ5hAFkteC3uXQr91xbUSsbrGf8GYEHSVCwQCt1CqUklbmY5cjDM6pHwF2GcisPqC+Fp0ugtbxPW24R75QIfYPW4WiW3JHoLPEm5AimeB/463Ci9+OWRpxhUyCMQ3PTbCZgUbBJB/k/dTwBFgPOrxhqYKIm2Y2Cj+g+1Zp0zDW9imkI/XnRgaRMf0osJPDeGbaG4p/eY0Uw7NmJlSSIldsfChMJcWYDpukbaE5Q9m3BJgW9q+UdUEDQ9t33kb3poPOkupxyXNL3s1JsXwx6SxHdskeOSAeOSVlckWuSYUw8kAeyTN5d56cN+fD+RyPzjmTnR3yC87XNwJrp1Q=</latexit><latexit sha1_base64="djlVgY/EFpJ0yz+pino7qqfpqI4=">AAACPHicjVC7SgNBFJ31GeMramkzGAQFCbsiKFZBG0sF84BsCHcns8mQ2dll5q4SlvyFX2Nh4x/Y2duI2Fo7eRSaWHhg4HDOvdw5J0ikMOi6r87c/MLi0nJuJb+6tr6xWdjarpo41YxXWCxjXQ/AcCkUr6BAyeuJ5hAFkteC3uXQr91xbUSsbrGf8GYEHSVCwQCt1CqUklbmY5cjDM6pHwF2GcisPqC+Fp0ugtbxPW24R75QIfYPW4WiW3JHoLPEm5AimeB/463Ci9+OWRpxhUyCMQ3PTbCZgUbBJB/k/dTwBFgPOrxhqYKIm2Y2Cj+g+1Zp0zDW9imkI/XnRgaRMf0osJPDeGbaG4p/eY0Uw7NmJlSSIldsfChMJcWYDpukbaE5Q9m3BJgW9q+UdUEDQ9t33kb3poPOkupxyXNL3s1JsXwx6SxHdskeOSAeOSVlckWuSYUw8kAeyTN5d56cN+fD+RyPzjmTnR3yC87XNwJrp1Q=</latexit><latexit sha1_base64="djlVgY/EFpJ0yz+pino7qqfpqI4=">AAACPHicjVC7SgNBFJ31GeMramkzGAQFCbsiKFZBG0sF84BsCHcns8mQ2dll5q4SlvyFX2Nh4x/Y2duI2Fo7eRSaWHhg4HDOvdw5J0ikMOi6r87c/MLi0nJuJb+6tr6xWdjarpo41YxXWCxjXQ/AcCkUr6BAyeuJ5hAFkteC3uXQr91xbUSsbrGf8GYEHSVCwQCt1CqUklbmY5cjDM6pHwF2GcisPqC+Fp0ugtbxPW24R75QIfYPW4WiW3JHoLPEm5AimeB/463Ci9+OWRpxhUyCMQ3PTbCZgUbBJB/k/dTwBFgPOrxhqYKIm2Y2Cj+g+1Zp0zDW9imkI/XnRgaRMf0osJPDeGbaG4p/eY0Uw7NmJlSSIldsfChMJcWYDpukbaE5Q9m3BJgW9q+UdUEDQ9t33kb3poPOkupxyXNL3s1JsXwx6SxHdskeOSAeOSVlckWuSYUw8kAeyTN5d56cN+fD+RyPzjmTnR3yC87XNwJrp1Q=</latexit>

{x(i)}Ni=1
<latexit sha1_base64="V283vv79d4Y3pnFzvqPB2n0U368=">AAAB/HicbVDLSsNAFJ3UV62vaJduBotQNyURQTdC0Y0rqWAf0KRhMp20QyeTMDMRQ4i/4saFIm79EHf+jdM2C209cOFwzr3ce48fMyqVZX0bpZXVtfWN8mZla3tnd8/cP+jIKBGYtHHEItHzkSSMctJWVDHSiwVBoc9I159cT/3uAxGSRvxepTFxQzTiNKAYKS15ZtXJHgdZnZ7kTu5l9NLOB7eeWbMa1gxwmdgFqYECLc/8coYRTkLCFWZIyr5txcrNkFAUM5JXnESSGOEJGpG+phyFRLrZ7PgcHmtlCINI6OIKztTfExkKpUxDX3eGSI3lojcV//P6iQou3IzyOFGE4/miIGFQRXCaBBxSQbBiqSYIC6pvhXiMBMJK51XRIdiLLy+TzmnDthr23VmteVXEUQaH4AjUgQ3OQRPcgBZoAwxS8AxewZvxZLwY78bHvLVkFDNV8AfG5w87YZR7</latexit><latexit sha1_base64="lSQZI4T656rOb1aR+T3hwXtCf4M=">AAACIXicjVDLSsNAFJ3UV62vaJduBotQNyURQTdC0Y0rUbAPaNIwmU7aoZNJmJmIIeRbXLjxV9yIdCf+jNM2C21deGDgcM653LnHjxmVyrI+jdLK6tr6RnmzsrW9s7tn7h+0ZZQITFo4YpHo+kgSRjlpKaoY6caCoNBnpOOPr6d+55EISSP+oNKYuCEachpQjJSWPLPqZE/9rE5Pcif3Mnpp5/1bz6xZDWsGuEzsgtRAgf/FPXPiDCKchIQrzJCUPduKlZshoShmJK84iSQxwmM0JD1NOQqJdLPZhTk81soABpHQjys4U39OZCiUMg19nQyRGslFbyr+5fUSFVy4GeVxogjH80VBwqCK4LQuOKCCYMVSTRAWVP8V4hESCCtdakWfbi8eukzapw3batj3Z7XmVdFZGRyCI1AHNjgHTXAD7kALYJCCZ/AK3o0X4834MCbzaMkoZqrgF4yvb52Em/Q=</latexit><latexit sha1_base64="lSQZI4T656rOb1aR+T3hwXtCf4M=">AAACIXicjVDLSsNAFJ3UV62vaJduBotQNyURQTdC0Y0rUbAPaNIwmU7aoZNJmJmIIeRbXLjxV9yIdCf+jNM2C21deGDgcM653LnHjxmVyrI+jdLK6tr6RnmzsrW9s7tn7h+0ZZQITFo4YpHo+kgSRjlpKaoY6caCoNBnpOOPr6d+55EISSP+oNKYuCEachpQjJSWPLPqZE/9rE5Pcif3Mnpp5/1bz6xZDWsGuEzsgtRAgf/FPXPiDCKchIQrzJCUPduKlZshoShmJK84iSQxwmM0JD1NOQqJdLPZhTk81soABpHQjys4U39OZCiUMg19nQyRGslFbyr+5fUSFVy4GeVxogjH80VBwqCK4LQuOKCCYMVSTRAWVP8V4hESCCtdakWfbi8eukzapw3batj3Z7XmVdFZGRyCI1AHNjgHTXAD7kALYJCCZ/AK3o0X4834MCbzaMkoZqrgF4yvb52Em/Q=</latexit><latexit sha1_base64="lSQZI4T656rOb1aR+T3hwXtCf4M=">AAACIXicjVDLSsNAFJ3UV62vaJduBotQNyURQTdC0Y0rUbAPaNIwmU7aoZNJmJmIIeRbXLjxV9yIdCf+jNM2C21deGDgcM653LnHjxmVyrI+jdLK6tr6RnmzsrW9s7tn7h+0ZZQITFo4YpHo+kgSRjlpKaoY6caCoNBnpOOPr6d+55EISSP+oNKYuCEachpQjJSWPLPqZE/9rE5Pcif3Mnpp5/1bz6xZDWsGuEzsgtRAgf/FPXPiDCKchIQrzJCUPduKlZshoShmJK84iSQxwmM0JD1NOQqJdLPZhTk81soABpHQjys4U39OZCiUMg19nQyRGslFbyr+5fUSFVy4GeVxogjH80VBwqCK4LQuOKCCYMVSTRAWVP8V4hESCCtdakWfbi8eukzapw3batj3Z7XmVdFZGRyCI1AHNjgHTXAD7kALYJCCZ/AK3o0X4834MCbzaMkoZqrgF4yvb52Em/Q=</latexit> (

<latexit sha1_base64="q4WCp+vNSk6GA1s6N0x45fCcZO8=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48V7Ac0oWy203TpZhN2N0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZemAqujet+O6WNza3tnfJuZW//4PCoenzS0UmmGLZZIhLVC6lGwSW2DTcCe6lCGocCu+Hkbu53n1BpnshHM00xiGkk+YgzaqzU9Zs8ivx8UK25dXcBsk68gtSgQGtQ/fKHCctilIYJqnXfc1MT5FQZzgTOKn6mMaVsQiPsWyppjDrIF+fOyIVVhmSUKFvSkIX6eyKnsdbTOLSdMTVjverNxf+8fmZGt0HOZZoZlGy5aJQJYhIy/50MuUJmxNQSyhS3txI2pooyYxOq2BC81ZfXSeeq7rl17+G61mgWcZThDM7hEjy4gQbcQwvawGACz/AKb07qvDjvzseyteQUM6fwB87nDyI/j2w=</latexit><latexit sha1_base64="6OZsRXZb9l4oZkzeMOaKbNhciVU=">AAACE3icjVA9SwNBFHwXv2L8ilraLAbBKtyJoGWIjaWCSYTkCHubd5cle3vH7p4QjvwICxv/io2IrY2d/8ZNcoUmFg4sDDPzePsmSAXXxnW/nNLK6tr6RnmzsrW9s7tX3T9o6yRTDFssEYm6D6hGwSW2DDcC71OFNA4EdoLR1dTvPKDSPJF3ZpyiH9NI8pAzaqzU6TV5FPXyfrXm1t0ZyDLxClKDAv+L96ufvUHCshilYYJq3fXc1Pg5VYYzgZNKL9OYUjaiEXYtlTRG7eezmybkxCoDEibKPmnITP05kdNY63Ec2GRMzVAvelPxL6+bmfDSz7lMM4OSzReFmSAmIdOCyIArZEaMLaFMcftXwoZUUWZsjRV7urd46DJpn9U9t+7dntcazaKzMhzBMZyCBxfQgGu4gRYwGMEjPMOr8+S8OG/O+zxacoqZQ/gF5+Mb216W5Q==</latexit><latexit sha1_base64="6OZsRXZb9l4oZkzeMOaKbNhciVU=">AAACE3icjVA9SwNBFHwXv2L8ilraLAbBKtyJoGWIjaWCSYTkCHubd5cle3vH7p4QjvwICxv/io2IrY2d/8ZNcoUmFg4sDDPzePsmSAXXxnW/nNLK6tr6RnmzsrW9s7tX3T9o6yRTDFssEYm6D6hGwSW2DDcC71OFNA4EdoLR1dTvPKDSPJF3ZpyiH9NI8pAzaqzU6TV5FPXyfrXm1t0ZyDLxClKDAv+L96ufvUHCshilYYJq3fXc1Pg5VYYzgZNKL9OYUjaiEXYtlTRG7eezmybkxCoDEibKPmnITP05kdNY63Ec2GRMzVAvelPxL6+bmfDSz7lMM4OSzReFmSAmIdOCyIArZEaMLaFMcftXwoZUUWZsjRV7urd46DJpn9U9t+7dntcazaKzMhzBMZyCBxfQgGu4gRYwGMEjPMOr8+S8OG/O+zxacoqZQ/gF5+Mb216W5Q==</latexit><latexit sha1_base64="6OZsRXZb9l4oZkzeMOaKbNhciVU=">AAACE3icjVA9SwNBFHwXv2L8ilraLAbBKtyJoGWIjaWCSYTkCHubd5cle3vH7p4QjvwICxv/io2IrY2d/8ZNcoUmFg4sDDPzePsmSAXXxnW/nNLK6tr6RnmzsrW9s7tX3T9o6yRTDFssEYm6D6hGwSW2DDcC71OFNA4EdoLR1dTvPKDSPJF3ZpyiH9NI8pAzaqzU6TV5FPXyfrXm1t0ZyDLxClKDAv+L96ufvUHCshilYYJq3fXc1Pg5VYYzgZNKL9OYUjaiEXYtlTRG7eezmybkxCoDEibKPmnITP05kdNY63Ec2GRMzVAvelPxL6+bmfDSz7lMM4OSzReFmSAmIdOCyIArZEaMLaFMcftXwoZUUWZsjRV7urd46DJpn9U9t+7dntcazaKzMhzBMZyCBxfQgGu4gRYwGMEjPMOr8+S8OG/O+zxacoqZQ/gF5+Mb216W5Q==</latexit>

Training data

21     Slide credit: Phillip Isola, MIT 6.7960 (F24)



Density models

p✓(x)
<latexit sha1_base64="BbR9xePCiM9LpnQYXemlkFJNZ8A=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBD0GvXiMYB6QLGF2MkmGzM6uM73BsOQ7vHhQxKsf482/cZLsQRMLGoqqbrq7glgKg6777eTW1jc2t/LbhZ3dvf2D4uFRw0SJZrzOIhnpVkANl0LxOgqUvBVrTsNA8mYwup35zTHXRkTqAScx90M6UKIvGEUr+XE37eCQI52Wn867xZJbcecgq8TLSAky1LrFr04vYknIFTJJjWl7box+SjUKJvm00EkMjykb0QFvW6poyI2fzo+ekjOr9Eg/0rYUkrn6eyKloTGTMLCdIcWhWfZm4n9eO8H+tZ8KFSfIFVss6ieSYERmCZCe0JyhnFhCmRb2VsKGVFOGNqeCDcFbfnmVNC4qnlvx7i9L1ZssjjycwCmUwYMrqMId1KAODB7hGV7hzRk7L86787FozTnZzDH8gfP5A6NYkf4=</latexit><latexit sha1_base64="9eDHjLyLKFq1K+7yvQAnBZHgRK4=">AAACGXicjVC7SgNBFL0bXzG+opY2g0GITdgVQcugjaWCeUCyhNnJJBkyO7vO3BXDku+wsPFXbEQstfJvnCRbaGLhgYHDOedy554glsKg6345uaXlldW1/HphY3Nre6e4u1c3UaIZr7FIRroZUMOlULyGAiVvxprTMJC8EQwvJ37jnmsjInWLo5j7Ie0r0ROMopX8uJO2ccCRjssPx51iya24U5BF4mWkBBn+F+8UP9rdiCUhV8gkNabluTH6KdUomOTjQjsxPKZsSPu8ZamiITd+Or1sTI6s0iW9SNunkEzVnxMpDY0ZhYFNhhQHZt6biH95rQR7534qVJwgV2y2qJdIghGZ1ES6QnOGcmQJZVrYvxI2oJoytGUW7One/KGLpH5S8dyKd3Naql5kneXhAA6hDB6cQRWu4BpqwOAOHuEZXp0n58V5c95n0ZyTzezDLzif37PSmXc=</latexit><latexit sha1_base64="9eDHjLyLKFq1K+7yvQAnBZHgRK4=">AAACGXicjVC7SgNBFL0bXzG+opY2g0GITdgVQcugjaWCeUCyhNnJJBkyO7vO3BXDku+wsPFXbEQstfJvnCRbaGLhgYHDOedy554glsKg6345uaXlldW1/HphY3Nre6e4u1c3UaIZr7FIRroZUMOlULyGAiVvxprTMJC8EQwvJ37jnmsjInWLo5j7Ie0r0ROMopX8uJO2ccCRjssPx51iya24U5BF4mWkBBn+F+8UP9rdiCUhV8gkNabluTH6KdUomOTjQjsxPKZsSPu8ZamiITd+Or1sTI6s0iW9SNunkEzVnxMpDY0ZhYFNhhQHZt6biH95rQR7534qVJwgV2y2qJdIghGZ1ES6QnOGcmQJZVrYvxI2oJoytGUW7One/KGLpH5S8dyKd3Naql5kneXhAA6hDB6cQRWu4BpqwOAOHuEZXp0n58V5c95n0ZyTzezDLzif37PSmXc=</latexit><latexit sha1_base64="9eDHjLyLKFq1K+7yvQAnBZHgRK4=">AAACGXicjVC7SgNBFL0bXzG+opY2g0GITdgVQcugjaWCeUCyhNnJJBkyO7vO3BXDku+wsPFXbEQstfJvnCRbaGLhgYHDOedy554glsKg6345uaXlldW1/HphY3Nre6e4u1c3UaIZr7FIRroZUMOlULyGAiVvxprTMJC8EQwvJ37jnmsjInWLo5j7Ie0r0ROMopX8uJO2ccCRjssPx51iya24U5BF4mWkBBn+F+8UP9rdiCUhV8gkNabluTH6KdUomOTjQjsxPKZsSPu8ZamiITd+Or1sTI6s0iW9SNunkEzVnxMpDY0ZhYFNhhQHZt6biH95rQR7534qVJwgV2y2qJdIghGZ1ES6QnOGcmQJZVrYvxI2oJoytGUW7One/KGLpH5S8dyKd3Naql5kneXhAA6hDB6cQRWu4BpqwOAOHuEZXp0n58V5c95n0ZyTzezDLzif37PSmXc=</latexit>

x
<latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit><latexit sha1_base64="Jelc4dZavWSWh5fxRSBdMsTIsJU=">AAACDXicjVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sTRgHpAsYXZyNxkyO7vMzIphyRdY2PgrNiK29nb+jZNkC00sPDBwOOdc7twTJIJr47pfTmFldW19o7hZ2tre2d0r7x80dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvqte1Sax/LOjBP0IzqQPOSMGivVH3rlilt1ZyDLxMtJBXL8L94rf3b7MUsjlIYJqnXHcxPjZ1QZzgROSt1UY0LZiA6wY6mkEWo/m10zISdW6ZMwVvZJQ2bqz4mMRlqPo8AmI2qGetGbin95ndSEl37GZZIalGy+KEwFMTGZVkP6XCEzYmwJZYrbvxI2pIoyYwss2dO9xUOXSfOs6rlVr35eqV3lnRXhCI7hFDy4gBrcwC00gAHCIzzDq/PkvDhvzvs8WnDymUP4BefjG00FlHU=</latexit><latexit sha1_base64="Jelc4dZavWSWh5fxRSBdMsTIsJU=">AAACDXicjVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sTRgHpAsYXZyNxkyO7vMzIphyRdY2PgrNiK29nb+jZNkC00sPDBwOOdc7twTJIJr47pfTmFldW19o7hZ2tre2d0r7x80dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvqte1Sax/LOjBP0IzqQPOSMGivVH3rlilt1ZyDLxMtJBXL8L94rf3b7MUsjlIYJqnXHcxPjZ1QZzgROSt1UY0LZiA6wY6mkEWo/m10zISdW6ZMwVvZJQ2bqz4mMRlqPo8AmI2qGetGbin95ndSEl37GZZIalGy+KEwFMTGZVkP6XCEzYmwJZYrbvxI2pIoyYwss2dO9xUOXSfOs6rlVr35eqV3lnRXhCI7hFDy4gBrcwC00gAHCIzzDq/PkvDhvzvs8WnDymUP4BefjG00FlHU=</latexit><latexit sha1_base64="Jelc4dZavWSWh5fxRSBdMsTIsJU=">AAACDXicjVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sTRgHpAsYXZyNxkyO7vMzIphyRdY2PgrNiK29nb+jZNkC00sPDBwOOdc7twTJIJr47pfTmFldW19o7hZ2tre2d0r7x80dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvqte1Sax/LOjBP0IzqQPOSMGivVH3rlilt1ZyDLxMtJBXL8L94rf3b7MUsjlIYJqnXHcxPjZ1QZzgROSt1UY0LZiA6wY6mkEWo/m10zISdW6ZMwVvZJQ2bqz4mMRlqPo8AmI2qGetGbin95ndSEl37GZZIalGy+KEwFMTGZVkP6XCEzYmwJZYrbvxI2pIoyYwss2dO9xUOXSfOs6rlVr35eqV3lnRXhCI7hFDy4gBrcwC00gAHCIzzDq/PkvDhvzvs8WnDymUP4BefjG00FlHU=</latexit>

p✓ : X ! [0,1)
<latexit sha1_base64="CIYRDoEZEUhPscSIt5GKA6BIzJk=">AAACF3icbVDLSgNBEJz1GeMr6tHLYBAUJOyKoHgKevEYwTwgG0LvZDYZMju7zPQqYclfePFXvHhQxKve/Bsnj4MmFjQUVd10dwWJFAZd99tZWFxaXlnNreXXNza3tgs7uzUTp5rxKotlrBsBGC6F4lUUKHkj0RyiQPJ60L8e+fV7ro2I1R0OEt6KoKtEKBigldqFUtLOfOxxhOEl9SPAHgOZNYbU16LbQ9A6fqBN98QXKsTBcbtQdEvuGHSeeFNSJFNU2oUvvxOzNOIKmQRjmp6bYCsDjYJJPsz7qeEJsD50edNSBRE3rWz815AeWqVDw1jbUkjH6u+JDCJjBlFgO0eXm1lvJP7nNVMML1qZUEmKXLHJojCVFGM6Col2hOYM5cASYFrYWynrgQaGNsq8DcGbfXme1E5Lnlvybs+K5atpHDmyTw7IEfHIOSmTG1IhVcLII3kmr+TNeXJenHfnY9K64Exn9sgfOJ8/Hmmf2w==</latexit><latexit sha1_base64="djlVgY/EFpJ0yz+pino7qqfpqI4=">AAACPHicjVC7SgNBFJ31GeMramkzGAQFCbsiKFZBG0sF84BsCHcns8mQ2dll5q4SlvyFX2Nh4x/Y2duI2Fo7eRSaWHhg4HDOvdw5J0ikMOi6r87c/MLi0nJuJb+6tr6xWdjarpo41YxXWCxjXQ/AcCkUr6BAyeuJ5hAFkteC3uXQr91xbUSsbrGf8GYEHSVCwQCt1CqUklbmY5cjDM6pHwF2GcisPqC+Fp0ugtbxPW24R75QIfYPW4WiW3JHoLPEm5AimeB/463Ci9+OWRpxhUyCMQ3PTbCZgUbBJB/k/dTwBFgPOrxhqYKIm2Y2Cj+g+1Zp0zDW9imkI/XnRgaRMf0osJPDeGbaG4p/eY0Uw7NmJlSSIldsfChMJcWYDpukbaE5Q9m3BJgW9q+UdUEDQ9t33kb3poPOkupxyXNL3s1JsXwx6SxHdskeOSAeOSVlckWuSYUw8kAeyTN5d56cN+fD+RyPzjmTnR3yC87XNwJrp1Q=</latexit><latexit sha1_base64="djlVgY/EFpJ0yz+pino7qqfpqI4=">AAACPHicjVC7SgNBFJ31GeMramkzGAQFCbsiKFZBG0sF84BsCHcns8mQ2dll5q4SlvyFX2Nh4x/Y2duI2Fo7eRSaWHhg4HDOvdw5J0ikMOi6r87c/MLi0nJuJb+6tr6xWdjarpo41YxXWCxjXQ/AcCkUr6BAyeuJ5hAFkteC3uXQr91xbUSsbrGf8GYEHSVCwQCt1CqUklbmY5cjDM6pHwF2GcisPqC+Fp0ugtbxPW24R75QIfYPW4WiW3JHoLPEm5AimeB/463Ci9+OWRpxhUyCMQ3PTbCZgUbBJB/k/dTwBFgPOrxhqYKIm2Y2Cj+g+1Zp0zDW9imkI/XnRgaRMf0osJPDeGbaG4p/eY0Uw7NmJlSSIldsfChMJcWYDpukbaE5Q9m3BJgW9q+UdUEDQ9t33kb3poPOkupxyXNL3s1JsXwx6SxHdskeOSAeOSVlckWuSYUw8kAeyTN5d56cN+fD+RyPzjmTnR3yC87XNwJrp1Q=</latexit><latexit sha1_base64="djlVgY/EFpJ0yz+pino7qqfpqI4=">AAACPHicjVC7SgNBFJ31GeMramkzGAQFCbsiKFZBG0sF84BsCHcns8mQ2dll5q4SlvyFX2Nh4x/Y2duI2Fo7eRSaWHhg4HDOvdw5J0ikMOi6r87c/MLi0nJuJb+6tr6xWdjarpo41YxXWCxjXQ/AcCkUr6BAyeuJ5hAFkteC3uXQr91xbUSsbrGf8GYEHSVCwQCt1CqUklbmY5cjDM6pHwF2GcisPqC+Fp0ugtbxPW24R75QIfYPW4WiW3JHoLPEm5AimeB/463Ci9+OWRpxhUyCMQ3PTbCZgUbBJB/k/dTwBFgPOrxhqYKIm2Y2Cj+g+1Zp0zDW9imkI/XnRgaRMf0osJPDeGbaG4p/eY0Uw7NmJlSSIldsfChMJcWYDpukbaE5Q9m3BJgW9q+UdUEDQ9t33kb3poPOkupxyXNL3s1JsXwx6SxHdskeOSAeOSVlckWuSYUw8kAeyTN5d56cN+fD+RyPzjmTnR3yC87XNwJrp1Q=</latexit>

Constant mass

22

Density models

p✓(x)
<latexit sha1_base64="BbR9xePCiM9LpnQYXemlkFJNZ8A=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBD0GvXiMYB6QLGF2MkmGzM6uM73BsOQ7vHhQxKsf482/cZLsQRMLGoqqbrq7glgKg6777eTW1jc2t/LbhZ3dvf2D4uFRw0SJZrzOIhnpVkANl0LxOgqUvBVrTsNA8mYwup35zTHXRkTqAScx90M6UKIvGEUr+XE37eCQI52Wn867xZJbcecgq8TLSAky1LrFr04vYknIFTJJjWl7box+SjUKJvm00EkMjykb0QFvW6poyI2fzo+ekjOr9Eg/0rYUkrn6eyKloTGTMLCdIcWhWfZm4n9eO8H+tZ8KFSfIFVss6ieSYERmCZCe0JyhnFhCmRb2VsKGVFOGNqeCDcFbfnmVNC4qnlvx7i9L1ZssjjycwCmUwYMrqMId1KAODB7hGV7hzRk7L86787FozTnZzDH8gfP5A6NYkf4=</latexit><latexit sha1_base64="9eDHjLyLKFq1K+7yvQAnBZHgRK4=">AAACGXicjVC7SgNBFL0bXzG+opY2g0GITdgVQcugjaWCeUCyhNnJJBkyO7vO3BXDku+wsPFXbEQstfJvnCRbaGLhgYHDOedy554glsKg6345uaXlldW1/HphY3Nre6e4u1c3UaIZr7FIRroZUMOlULyGAiVvxprTMJC8EQwvJ37jnmsjInWLo5j7Ie0r0ROMopX8uJO2ccCRjssPx51iya24U5BF4mWkBBn+F+8UP9rdiCUhV8gkNabluTH6KdUomOTjQjsxPKZsSPu8ZamiITd+Or1sTI6s0iW9SNunkEzVnxMpDY0ZhYFNhhQHZt6biH95rQR7534qVJwgV2y2qJdIghGZ1ES6QnOGcmQJZVrYvxI2oJoytGUW7One/KGLpH5S8dyKd3Naql5kneXhAA6hDB6cQRWu4BpqwOAOHuEZXp0n58V5c95n0ZyTzezDLzif37PSmXc=</latexit><latexit sha1_base64="9eDHjLyLKFq1K+7yvQAnBZHgRK4=">AAACGXicjVC7SgNBFL0bXzG+opY2g0GITdgVQcugjaWCeUCyhNnJJBkyO7vO3BXDku+wsPFXbEQstfJvnCRbaGLhgYHDOedy554glsKg6345uaXlldW1/HphY3Nre6e4u1c3UaIZr7FIRroZUMOlULyGAiVvxprTMJC8EQwvJ37jnmsjInWLo5j7Ie0r0ROMopX8uJO2ccCRjssPx51iya24U5BF4mWkBBn+F+8UP9rdiCUhV8gkNabluTH6KdUomOTjQjsxPKZsSPu8ZamiITd+Or1sTI6s0iW9SNunkEzVnxMpDY0ZhYFNhhQHZt6biH95rQR7534qVJwgV2y2qJdIghGZ1ES6QnOGcmQJZVrYvxI2oJoytGUW7One/KGLpH5S8dyKd3Naql5kneXhAA6hDB6cQRWu4BpqwOAOHuEZXp0n58V5c95n0ZyTzezDLzif37PSmXc=</latexit><latexit sha1_base64="9eDHjLyLKFq1K+7yvQAnBZHgRK4=">AAACGXicjVC7SgNBFL0bXzG+opY2g0GITdgVQcugjaWCeUCyhNnJJBkyO7vO3BXDku+wsPFXbEQstfJvnCRbaGLhgYHDOedy554glsKg6345uaXlldW1/HphY3Nre6e4u1c3UaIZr7FIRroZUMOlULyGAiVvxprTMJC8EQwvJ37jnmsjInWLo5j7Ie0r0ROMopX8uJO2ccCRjssPx51iya24U5BF4mWkBBn+F+8UP9rdiCUhV8gkNabluTH6KdUomOTjQjsxPKZsSPu8ZamiITd+Or1sTI6s0iW9SNunkEzVnxMpDY0ZhYFNhhQHZt6biH95rQR7534qVJwgV2y2qJdIghGZ1ES6QnOGcmQJZVrYvxI2oJoytGUW7One/KGLpH5S8dyKd3Naql5kneXhAA6hDB6cQRWu4BpqwOAOHuEZXp0n58V5c95n0ZyTzezDLzif37PSmXc=</latexit>

x
<latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit><latexit sha1_base64="Jelc4dZavWSWh5fxRSBdMsTIsJU=">AAACDXicjVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sTRgHpAsYXZyNxkyO7vMzIphyRdY2PgrNiK29nb+jZNkC00sPDBwOOdc7twTJIJr47pfTmFldW19o7hZ2tre2d0r7x80dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvqte1Sax/LOjBP0IzqQPOSMGivVH3rlilt1ZyDLxMtJBXL8L94rf3b7MUsjlIYJqnXHcxPjZ1QZzgROSt1UY0LZiA6wY6mkEWo/m10zISdW6ZMwVvZJQ2bqz4mMRlqPo8AmI2qGetGbin95ndSEl37GZZIalGy+KEwFMTGZVkP6XCEzYmwJZYrbvxI2pIoyYwss2dO9xUOXSfOs6rlVr35eqV3lnRXhCI7hFDy4gBrcwC00gAHCIzzDq/PkvDhvzvs8WnDymUP4BefjG00FlHU=</latexit><latexit sha1_base64="Jelc4dZavWSWh5fxRSBdMsTIsJU=">AAACDXicjVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sTRgHpAsYXZyNxkyO7vMzIphyRdY2PgrNiK29nb+jZNkC00sPDBwOOdc7twTJIJr47pfTmFldW19o7hZ2tre2d0r7x80dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvqte1Sax/LOjBP0IzqQPOSMGivVH3rlilt1ZyDLxMtJBXL8L94rf3b7MUsjlIYJqnXHcxPjZ1QZzgROSt1UY0LZiA6wY6mkEWo/m10zISdW6ZMwVvZJQ2bqz4mMRlqPo8AmI2qGetGbin95ndSEl37GZZIalGy+KEwFMTGZVkP6XCEzYmwJZYrbvxI2pIoyYwss2dO9xUOXSfOs6rlVr35eqV3lnRXhCI7hFDy4gBrcwC00gAHCIzzDq/PkvDhvzvs8WnDymUP4BefjG00FlHU=</latexit><latexit sha1_base64="Jelc4dZavWSWh5fxRSBdMsTIsJU=">AAACDXicjVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sTRgHpAsYXZyNxkyO7vMzIphyRdY2PgrNiK29nb+jZNkC00sPDBwOOdc7twTJIJr47pfTmFldW19o7hZ2tre2d0r7x80dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvqte1Sax/LOjBP0IzqQPOSMGivVH3rlilt1ZyDLxMtJBXL8L94rf3b7MUsjlIYJqnXHcxPjZ1QZzgROSt1UY0LZiA6wY6mkEWo/m10zISdW6ZMwVvZJQ2bqz4mMRlqPo8AmI2qGetGbin95ndSEl37GZZIalGy+KEwFMTGZVkP6XCEzYmwJZYrbvxI2pIoyYwss2dO9xUOXSfOs6rlVr35eqV3lnRXhCI7hFDy4gBrcwC00gAHCIzzDq/PkvDhvzvs8WnDymUP4BefjG00FlHU=</latexit>

p✓ : X ! [0,1)
<latexit sha1_base64="CIYRDoEZEUhPscSIt5GKA6BIzJk=">AAACF3icbVDLSgNBEJz1GeMr6tHLYBAUJOyKoHgKevEYwTwgG0LvZDYZMju7zPQqYclfePFXvHhQxKve/Bsnj4MmFjQUVd10dwWJFAZd99tZWFxaXlnNreXXNza3tgs7uzUTp5rxKotlrBsBGC6F4lUUKHkj0RyiQPJ60L8e+fV7ro2I1R0OEt6KoKtEKBigldqFUtLOfOxxhOEl9SPAHgOZNYbU16LbQ9A6fqBN98QXKsTBcbtQdEvuGHSeeFNSJFNU2oUvvxOzNOIKmQRjmp6bYCsDjYJJPsz7qeEJsD50edNSBRE3rWz815AeWqVDw1jbUkjH6u+JDCJjBlFgO0eXm1lvJP7nNVMML1qZUEmKXLHJojCVFGM6Col2hOYM5cASYFrYWynrgQaGNsq8DcGbfXme1E5Lnlvybs+K5atpHDmyTw7IEfHIOSmTG1IhVcLII3kmr+TNeXJenHfnY9K64Exn9sgfOJ8/Hmmf2w==</latexit><latexit sha1_base64="djlVgY/EFpJ0yz+pino7qqfpqI4=">AAACPHicjVC7SgNBFJ31GeMramkzGAQFCbsiKFZBG0sF84BsCHcns8mQ2dll5q4SlvyFX2Nh4x/Y2duI2Fo7eRSaWHhg4HDOvdw5J0ikMOi6r87c/MLi0nJuJb+6tr6xWdjarpo41YxXWCxjXQ/AcCkUr6BAyeuJ5hAFkteC3uXQr91xbUSsbrGf8GYEHSVCwQCt1CqUklbmY5cjDM6pHwF2GcisPqC+Fp0ugtbxPW24R75QIfYPW4WiW3JHoLPEm5AimeB/463Ci9+OWRpxhUyCMQ3PTbCZgUbBJB/k/dTwBFgPOrxhqYKIm2Y2Cj+g+1Zp0zDW9imkI/XnRgaRMf0osJPDeGbaG4p/eY0Uw7NmJlSSIldsfChMJcWYDpukbaE5Q9m3BJgW9q+UdUEDQ9t33kb3poPOkupxyXNL3s1JsXwx6SxHdskeOSAeOSVlckWuSYUw8kAeyTN5d56cN+fD+RyPzjmTnR3yC87XNwJrp1Q=</latexit><latexit sha1_base64="djlVgY/EFpJ0yz+pino7qqfpqI4=">AAACPHicjVC7SgNBFJ31GeMramkzGAQFCbsiKFZBG0sF84BsCHcns8mQ2dll5q4SlvyFX2Nh4x/Y2duI2Fo7eRSaWHhg4HDOvdw5J0ikMOi6r87c/MLi0nJuJb+6tr6xWdjarpo41YxXWCxjXQ/AcCkUr6BAyeuJ5hAFkteC3uXQr91xbUSsbrGf8GYEHSVCwQCt1CqUklbmY5cjDM6pHwF2GcisPqC+Fp0ugtbxPW24R75QIfYPW4WiW3JHoLPEm5AimeB/463Ci9+OWRpxhUyCMQ3PTbCZgUbBJB/k/dTwBFgPOrxhqYKIm2Y2Cj+g+1Zp0zDW9imkI/XnRgaRMf0osJPDeGbaG4p/eY0Uw7NmJlSSIldsfChMJcWYDpukbaE5Q9m3BJgW9q+UdUEDQ9t33kb3poPOkupxyXNL3s1JsXwx6SxHdskeOSAeOSVlckWuSYUw8kAeyTN5d56cN+fD+RyPzjmTnR3yC87XNwJrp1Q=</latexit><latexit sha1_base64="djlVgY/EFpJ0yz+pino7qqfpqI4=">AAACPHicjVC7SgNBFJ31GeMramkzGAQFCbsiKFZBG0sF84BsCHcns8mQ2dll5q4SlvyFX2Nh4x/Y2duI2Fo7eRSaWHhg4HDOvdw5J0ikMOi6r87c/MLi0nJuJb+6tr6xWdjarpo41YxXWCxjXQ/AcCkUr6BAyeuJ5hAFkteC3uXQr91xbUSsbrGf8GYEHSVCwQCt1CqUklbmY5cjDM6pHwF2GcisPqC+Fp0ugtbxPW24R75QIfYPW4WiW3JHoLPEm5AimeB/463Ci9+OWRpxhUyCMQ3PTbCZgUbBJB/k/dTwBFgPOrxhqYKIm2Y2Cj+g+1Zp0zDW9imkI/XnRgaRMf0osJPDeGbaG4p/eY0Uw7NmJlSSIldsfChMJcWYDpukbaE5Q9m3BJgW9q+UdUEDQ9t33kb3poPOkupxyXNL3s1JsXwx6SxHdskeOSAeOSVlckWuSYUw8kAeyTN5d56cN+fD+RyPzjmTnR3yC87XNwJrp1Q=</latexit>

Constant mass

22     Slide credit: Phillip Isola, MIT 6.7960 (F24)



Density models

p✓(x)
<latexit sha1_base64="BbR9xePCiM9LpnQYXemlkFJNZ8A=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBD0GvXiMYB6QLGF2MkmGzM6uM73BsOQ7vHhQxKsf482/cZLsQRMLGoqqbrq7glgKg6777eTW1jc2t/LbhZ3dvf2D4uFRw0SJZrzOIhnpVkANl0LxOgqUvBVrTsNA8mYwup35zTHXRkTqAScx90M6UKIvGEUr+XE37eCQI52Wn867xZJbcecgq8TLSAky1LrFr04vYknIFTJJjWl7box+SjUKJvm00EkMjykb0QFvW6poyI2fzo+ekjOr9Eg/0rYUkrn6eyKloTGTMLCdIcWhWfZm4n9eO8H+tZ8KFSfIFVss6ieSYERmCZCe0JyhnFhCmRb2VsKGVFOGNqeCDcFbfnmVNC4qnlvx7i9L1ZssjjycwCmUwYMrqMId1KAODB7hGV7hzRk7L86787FozTnZzDH8gfP5A6NYkf4=</latexit><latexit sha1_base64="9eDHjLyLKFq1K+7yvQAnBZHgRK4=">AAACGXicjVC7SgNBFL0bXzG+opY2g0GITdgVQcugjaWCeUCyhNnJJBkyO7vO3BXDku+wsPFXbEQstfJvnCRbaGLhgYHDOedy554glsKg6345uaXlldW1/HphY3Nre6e4u1c3UaIZr7FIRroZUMOlULyGAiVvxprTMJC8EQwvJ37jnmsjInWLo5j7Ie0r0ROMopX8uJO2ccCRjssPx51iya24U5BF4mWkBBn+F+8UP9rdiCUhV8gkNabluTH6KdUomOTjQjsxPKZsSPu8ZamiITd+Or1sTI6s0iW9SNunkEzVnxMpDY0ZhYFNhhQHZt6biH95rQR7534qVJwgV2y2qJdIghGZ1ES6QnOGcmQJZVrYvxI2oJoytGUW7One/KGLpH5S8dyKd3Naql5kneXhAA6hDB6cQRWu4BpqwOAOHuEZXp0n58V5c95n0ZyTzezDLzif37PSmXc=</latexit><latexit sha1_base64="9eDHjLyLKFq1K+7yvQAnBZHgRK4=">AAACGXicjVC7SgNBFL0bXzG+opY2g0GITdgVQcugjaWCeUCyhNnJJBkyO7vO3BXDku+wsPFXbEQstfJvnCRbaGLhgYHDOedy554glsKg6345uaXlldW1/HphY3Nre6e4u1c3UaIZr7FIRroZUMOlULyGAiVvxprTMJC8EQwvJ37jnmsjInWLo5j7Ie0r0ROMopX8uJO2ccCRjssPx51iya24U5BF4mWkBBn+F+8UP9rdiCUhV8gkNabluTH6KdUomOTjQjsxPKZsSPu8ZamiITd+Or1sTI6s0iW9SNunkEzVnxMpDY0ZhYFNhhQHZt6biH95rQR7534qVJwgV2y2qJdIghGZ1ES6QnOGcmQJZVrYvxI2oJoytGUW7One/KGLpH5S8dyKd3Naql5kneXhAA6hDB6cQRWu4BpqwOAOHuEZXp0n58V5c95n0ZyTzezDLzif37PSmXc=</latexit><latexit sha1_base64="9eDHjLyLKFq1K+7yvQAnBZHgRK4=">AAACGXicjVC7SgNBFL0bXzG+opY2g0GITdgVQcugjaWCeUCyhNnJJBkyO7vO3BXDku+wsPFXbEQstfJvnCRbaGLhgYHDOedy554glsKg6345uaXlldW1/HphY3Nre6e4u1c3UaIZr7FIRroZUMOlULyGAiVvxprTMJC8EQwvJ37jnmsjInWLo5j7Ie0r0ROMopX8uJO2ccCRjssPx51iya24U5BF4mWkBBn+F+8UP9rdiCUhV8gkNabluTH6KdUomOTjQjsxPKZsSPu8ZamiITd+Or1sTI6s0iW9SNunkEzVnxMpDY0ZhYFNhhQHZt6biH95rQR7534qVJwgV2y2qJdIghGZ1ES6QnOGcmQJZVrYvxI2oJoytGUW7One/KGLpH5S8dyKd3Naql5kneXhAA6hDB6cQRWu4BpqwOAOHuEZXp0n58V5c95n0ZyTzezDLzif37PSmXc=</latexit>

x
<latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit><latexit sha1_base64="Jelc4dZavWSWh5fxRSBdMsTIsJU=">AAACDXicjVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sTRgHpAsYXZyNxkyO7vMzIphyRdY2PgrNiK29nb+jZNkC00sPDBwOOdc7twTJIJr47pfTmFldW19o7hZ2tre2d0r7x80dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvqte1Sax/LOjBP0IzqQPOSMGivVH3rlilt1ZyDLxMtJBXL8L94rf3b7MUsjlIYJqnXHcxPjZ1QZzgROSt1UY0LZiA6wY6mkEWo/m10zISdW6ZMwVvZJQ2bqz4mMRlqPo8AmI2qGetGbin95ndSEl37GZZIalGy+KEwFMTGZVkP6XCEzYmwJZYrbvxI2pIoyYwss2dO9xUOXSfOs6rlVr35eqV3lnRXhCI7hFDy4gBrcwC00gAHCIzzDq/PkvDhvzvs8WnDymUP4BefjG00FlHU=</latexit><latexit sha1_base64="Jelc4dZavWSWh5fxRSBdMsTIsJU=">AAACDXicjVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sTRgHpAsYXZyNxkyO7vMzIphyRdY2PgrNiK29nb+jZNkC00sPDBwOOdc7twTJIJr47pfTmFldW19o7hZ2tre2d0r7x80dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvqte1Sax/LOjBP0IzqQPOSMGivVH3rlilt1ZyDLxMtJBXL8L94rf3b7MUsjlIYJqnXHcxPjZ1QZzgROSt1UY0LZiA6wY6mkEWo/m10zISdW6ZMwVvZJQ2bqz4mMRlqPo8AmI2qGetGbin95ndSEl37GZZIalGy+KEwFMTGZVkP6XCEzYmwJZYrbvxI2pIoyYwss2dO9xUOXSfOs6rlVr35eqV3lnRXhCI7hFDy4gBrcwC00gAHCIzzDq/PkvDhvzvs8WnDymUP4BefjG00FlHU=</latexit><latexit sha1_base64="Jelc4dZavWSWh5fxRSBdMsTIsJU=">AAACDXicjVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sTRgHpAsYXZyNxkyO7vMzIphyRdY2PgrNiK29nb+jZNkC00sPDBwOOdc7twTJIJr47pfTmFldW19o7hZ2tre2d0r7x80dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvqte1Sax/LOjBP0IzqQPOSMGivVH3rlilt1ZyDLxMtJBXL8L94rf3b7MUsjlIYJqnXHcxPjZ1QZzgROSt1UY0LZiA6wY6mkEWo/m10zISdW6ZMwVvZJQ2bqz4mMRlqPo8AmI2qGetGbin95ndSEl37GZZIalGy+KEwFMTGZVkP6XCEzYmwJZYrbvxI2pIoyYwss2dO9xUOXSfOs6rlVr35eqV3lnRXhCI7hFDy4gBrcwC00gAHCIzzDq/PkvDhvzvs8WnDymUP4BefjG00FlHU=</latexit>

p✓ : X ! [0,1)
<latexit sha1_base64="CIYRDoEZEUhPscSIt5GKA6BIzJk=">AAACF3icbVDLSgNBEJz1GeMr6tHLYBAUJOyKoHgKevEYwTwgG0LvZDYZMju7zPQqYclfePFXvHhQxKve/Bsnj4MmFjQUVd10dwWJFAZd99tZWFxaXlnNreXXNza3tgs7uzUTp5rxKotlrBsBGC6F4lUUKHkj0RyiQPJ60L8e+fV7ro2I1R0OEt6KoKtEKBigldqFUtLOfOxxhOEl9SPAHgOZNYbU16LbQ9A6fqBN98QXKsTBcbtQdEvuGHSeeFNSJFNU2oUvvxOzNOIKmQRjmp6bYCsDjYJJPsz7qeEJsD50edNSBRE3rWz815AeWqVDw1jbUkjH6u+JDCJjBlFgO0eXm1lvJP7nNVMML1qZUEmKXLHJojCVFGM6Col2hOYM5cASYFrYWynrgQaGNsq8DcGbfXme1E5Lnlvybs+K5atpHDmyTw7IEfHIOSmTG1IhVcLII3kmr+TNeXJenHfnY9K64Exn9sgfOJ8/Hmmf2w==</latexit><latexit sha1_base64="djlVgY/EFpJ0yz+pino7qqfpqI4=">AAACPHicjVC7SgNBFJ31GeMramkzGAQFCbsiKFZBG0sF84BsCHcns8mQ2dll5q4SlvyFX2Nh4x/Y2duI2Fo7eRSaWHhg4HDOvdw5J0ikMOi6r87c/MLi0nJuJb+6tr6xWdjarpo41YxXWCxjXQ/AcCkUr6BAyeuJ5hAFkteC3uXQr91xbUSsbrGf8GYEHSVCwQCt1CqUklbmY5cjDM6pHwF2GcisPqC+Fp0ugtbxPW24R75QIfYPW4WiW3JHoLPEm5AimeB/463Ci9+OWRpxhUyCMQ3PTbCZgUbBJB/k/dTwBFgPOrxhqYKIm2Y2Cj+g+1Zp0zDW9imkI/XnRgaRMf0osJPDeGbaG4p/eY0Uw7NmJlSSIldsfChMJcWYDpukbaE5Q9m3BJgW9q+UdUEDQ9t33kb3poPOkupxyXNL3s1JsXwx6SxHdskeOSAeOSVlckWuSYUw8kAeyTN5d56cN+fD+RyPzjmTnR3yC87XNwJrp1Q=</latexit><latexit sha1_base64="djlVgY/EFpJ0yz+pino7qqfpqI4=">AAACPHicjVC7SgNBFJ31GeMramkzGAQFCbsiKFZBG0sF84BsCHcns8mQ2dll5q4SlvyFX2Nh4x/Y2duI2Fo7eRSaWHhg4HDOvdw5J0ikMOi6r87c/MLi0nJuJb+6tr6xWdjarpo41YxXWCxjXQ/AcCkUr6BAyeuJ5hAFkteC3uXQr91xbUSsbrGf8GYEHSVCwQCt1CqUklbmY5cjDM6pHwF2GcisPqC+Fp0ugtbxPW24R75QIfYPW4WiW3JHoLPEm5AimeB/463Ci9+OWRpxhUyCMQ3PTbCZgUbBJB/k/dTwBFgPOrxhqYKIm2Y2Cj+g+1Zp0zDW9imkI/XnRgaRMf0osJPDeGbaG4p/eY0Uw7NmJlSSIldsfChMJcWYDpukbaE5Q9m3BJgW9q+UdUEDQ9t33kb3poPOkupxyXNL3s1JsXwx6SxHdskeOSAeOSVlckWuSYUw8kAeyTN5d56cN+fD+RyPzjmTnR3yC87XNwJrp1Q=</latexit><latexit sha1_base64="djlVgY/EFpJ0yz+pino7qqfpqI4=">AAACPHicjVC7SgNBFJ31GeMramkzGAQFCbsiKFZBG0sF84BsCHcns8mQ2dll5q4SlvyFX2Nh4x/Y2duI2Fo7eRSaWHhg4HDOvdw5J0ikMOi6r87c/MLi0nJuJb+6tr6xWdjarpo41YxXWCxjXQ/AcCkUr6BAyeuJ5hAFkteC3uXQr91xbUSsbrGf8GYEHSVCwQCt1CqUklbmY5cjDM6pHwF2GcisPqC+Fp0ugtbxPW24R75QIfYPW4WiW3JHoLPEm5AimeB/463Ci9+OWRpxhUyCMQ3PTbCZgUbBJB/k/dTwBFgPOrxhqYKIm2Y2Cj+g+1Zp0zDW9imkI/XnRgaRMf0osJPDeGbaG4p/eY0Uw7NmJlSSIldsfChMJcWYDpukbaE5Q9m3BJgW9q+UdUEDQ9t33kb3poPOkupxyXNL3s1JsXwx6SxHdskeOSAeOSVlckWuSYUw8kAeyTN5d56cN+fD+RyPzjmTnR3yC87XNwJrp1Q=</latexit>

Constant mass

23

Density models

p✓(x)
<latexit sha1_base64="BbR9xePCiM9LpnQYXemlkFJNZ8A=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBD0GvXiMYB6QLGF2MkmGzM6uM73BsOQ7vHhQxKsf482/cZLsQRMLGoqqbrq7glgKg6777eTW1jc2t/LbhZ3dvf2D4uFRw0SJZrzOIhnpVkANl0LxOgqUvBVrTsNA8mYwup35zTHXRkTqAScx90M6UKIvGEUr+XE37eCQI52Wn867xZJbcecgq8TLSAky1LrFr04vYknIFTJJjWl7box+SjUKJvm00EkMjykb0QFvW6poyI2fzo+ekjOr9Eg/0rYUkrn6eyKloTGTMLCdIcWhWfZm4n9eO8H+tZ8KFSfIFVss6ieSYERmCZCe0JyhnFhCmRb2VsKGVFOGNqeCDcFbfnmVNC4qnlvx7i9L1ZssjjycwCmUwYMrqMId1KAODB7hGV7hzRk7L86787FozTnZzDH8gfP5A6NYkf4=</latexit><latexit sha1_base64="9eDHjLyLKFq1K+7yvQAnBZHgRK4=">AAACGXicjVC7SgNBFL0bXzG+opY2g0GITdgVQcugjaWCeUCyhNnJJBkyO7vO3BXDku+wsPFXbEQstfJvnCRbaGLhgYHDOedy554glsKg6345uaXlldW1/HphY3Nre6e4u1c3UaIZr7FIRroZUMOlULyGAiVvxprTMJC8EQwvJ37jnmsjInWLo5j7Ie0r0ROMopX8uJO2ccCRjssPx51iya24U5BF4mWkBBn+F+8UP9rdiCUhV8gkNabluTH6KdUomOTjQjsxPKZsSPu8ZamiITd+Or1sTI6s0iW9SNunkEzVnxMpDY0ZhYFNhhQHZt6biH95rQR7534qVJwgV2y2qJdIghGZ1ES6QnOGcmQJZVrYvxI2oJoytGUW7One/KGLpH5S8dyKd3Naql5kneXhAA6hDB6cQRWu4BpqwOAOHuEZXp0n58V5c95n0ZyTzezDLzif37PSmXc=</latexit><latexit sha1_base64="9eDHjLyLKFq1K+7yvQAnBZHgRK4=">AAACGXicjVC7SgNBFL0bXzG+opY2g0GITdgVQcugjaWCeUCyhNnJJBkyO7vO3BXDku+wsPFXbEQstfJvnCRbaGLhgYHDOedy554glsKg6345uaXlldW1/HphY3Nre6e4u1c3UaIZr7FIRroZUMOlULyGAiVvxprTMJC8EQwvJ37jnmsjInWLo5j7Ie0r0ROMopX8uJO2ccCRjssPx51iya24U5BF4mWkBBn+F+8UP9rdiCUhV8gkNabluTH6KdUomOTjQjsxPKZsSPu8ZamiITd+Or1sTI6s0iW9SNunkEzVnxMpDY0ZhYFNhhQHZt6biH95rQR7534qVJwgV2y2qJdIghGZ1ES6QnOGcmQJZVrYvxI2oJoytGUW7One/KGLpH5S8dyKd3Naql5kneXhAA6hDB6cQRWu4BpqwOAOHuEZXp0n58V5c95n0ZyTzezDLzif37PSmXc=</latexit><latexit sha1_base64="9eDHjLyLKFq1K+7yvQAnBZHgRK4=">AAACGXicjVC7SgNBFL0bXzG+opY2g0GITdgVQcugjaWCeUCyhNnJJBkyO7vO3BXDku+wsPFXbEQstfJvnCRbaGLhgYHDOedy554glsKg6345uaXlldW1/HphY3Nre6e4u1c3UaIZr7FIRroZUMOlULyGAiVvxprTMJC8EQwvJ37jnmsjInWLo5j7Ie0r0ROMopX8uJO2ccCRjssPx51iya24U5BF4mWkBBn+F+8UP9rdiCUhV8gkNabluTH6KdUomOTjQjsxPKZsSPu8ZamiITd+Or1sTI6s0iW9SNunkEzVnxMpDY0ZhYFNhhQHZt6biH95rQR7534qVJwgV2y2qJdIghGZ1ES6QnOGcmQJZVrYvxI2oJoytGUW7One/KGLpH5S8dyKd3Naql5kneXhAA6hDB6cQRWu4BpqwOAOHuEZXp0n58V5c95n0ZyTzezDLzif37PSmXc=</latexit>
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may be the goal itself (e.g., we want to be able to estimate the probability of datapoints in
order to detect anomalies).

In fact, some generative models only produce a density p✓ and do not learn any explicit
generator function. Instead, samples can be drawn from p✓ using a sampling algorithm,
such as Markov Chain Monte Carlo (MCMC), that takes a density as input and produce
samples from it as output. This is a form of the indirect approach to synthesizing data that
we mentioned above (figure 1.7).

1.4.1 Learning Density Models

The objective of the learner for a density model is to output a density function p✓ that
is as close as possible to pdata. How should we measure closeness? We need to define
a divergence between two distributions, D, and then solve the following optimization
problem:

arg min
p✓

D(p✓, pdata) (1.5)

The problem is that we do not actually have the function pdata, we only have samples from
this function, x⇠ pdata. Therefore, we need a divergence D that measures the distance1

between p✓ and pdata while only accessing samples from pdata. A common choice is to use
the Kullback-Leibler (KL) divergence, which is defined as follows:KL(pdata k p✓) is sometime

called the forward KL
divergence, and it

measures the probability
of the data under the

model distribution. The
reverse KL divergence,
KL(p✓ k pdata), does the

converse, measuring the
probability of the model’s

samples under the data
distribution; because we
do not have access to the
true data distribution, the

revere KL divergence
usually cannot be

computed.

p⇤
✓ = arg min

p✓
KL(pdata k p✓) (1.6)

= arg min
p✓

Ex⇠pdata

h
– log

p✓(x)
pdata(x)

i
(1.7)

= arg max
p✓

Ex⇠pdata

⇥
log p✓(x)

⇤
–Ex⇠pdata

⇥
log pdata(x)

⇤
(1.8)

= arg max
p✓

Ex⇠pdata

⇥
log p✓(x)

⇤
/ dropped second term since no dependence on p✓

(1.9)

⇡ arg max
p✓

1
N

NX

i=1

log p✓(x(i)) (1.10)

where the final line is an empirical estimate of the expectation by sampling over the training
dataset {x(i)}N

i=1. Equation (1.9) is the expected log likelihood of the training data under the
model’s density function. Maximizing this objective is therefore a form of max likelihood

learning. Pictorially we can visualize the max likelihood objective as trying to push up the
density over each observed datapoint:

Remember that a probability density function (pdf) is a function p✓ : X ! [0, 1) withR
x p✓(x)dx = 1 (normalized). To learn a pdf, we will typically learn the parameters of a

family of pdfs. For example, in section 1.6, we will cover learning the parameters of the

1. The divergence need not be a proper distance metric, and often is not; it can be nonsymmetric, where
D(p, q) 6= D(q, p), and need not satisfy the triangle-inequality. In fact, a divergence is defined by just two properties:
nonnegativity and D(p, q) = 0 () p = q.
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model’s density function. Maximizing this objective is therefore a form of max likelihood

learning. Pictorially we can visualize the max likelihood objective as trying to push up the
density over each observed datapoint:

Remember that a probability density function (pdf) is a function p✓ : X ! [0, 1) withR
x p✓(x)dx = 1 (normalized). To learn a pdf, we will typically learn the parameters of a

family of pdfs. For example, in section 1.6, we will cover learning the parameters of the

1. The divergence need not be a proper distance metric, and often is not; it can be nonsymmetric, where
D(p, q) 6= D(q, p), and need not satisfy the triangle-inequality. In fact, a divergence is defined by just two properties:
nonnegativity and D(p, q) = 0 () p = q.

Density models
p✓(x)

<latexit sha1_base64="BbR9xePCiM9LpnQYXemlkFJNZ8A=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBD0GvXiMYB6QLGF2MkmGzM6uM73BsOQ7vHhQxKsf482/cZLsQRMLGoqqbrq7glgKg6777eTW1jc2t/LbhZ3dvf2D4uFRw0SJZrzOIhnpVkANl0LxOgqUvBVrTsNA8mYwup35zTHXRkTqAScx90M6UKIvGEUr+XE37eCQI52Wn867xZJbcecgq8TLSAky1LrFr04vYknIFTJJjWl7box+SjUKJvm00EkMjykb0QFvW6poyI2fzo+ekjOr9Eg/0rYUkrn6eyKloTGTMLCdIcWhWfZm4n9eO8H+tZ8KFSfIFVss6ieSYERmCZCe0JyhnFhCmRb2VsKGVFOGNqeCDcFbfnmVNC4qnlvx7i9L1ZssjjycwCmUwYMrqMId1KAODB7hGV7hzRk7L86787FozTnZzDH8gfP5A6NYkf4=</latexit><latexit sha1_base64="9eDHjLyLKFq1K+7yvQAnBZHgRK4=">AAACGXicjVC7SgNBFL0bXzG+opY2g0GITdgVQcugjaWCeUCyhNnJJBkyO7vO3BXDku+wsPFXbEQstfJvnCRbaGLhgYHDOedy554glsKg6345uaXlldW1/HphY3Nre6e4u1c3UaIZr7FIRroZUMOlULyGAiVvxprTMJC8EQwvJ37jnmsjInWLo5j7Ie0r0ROMopX8uJO2ccCRjssPx51iya24U5BF4mWkBBn+F+8UP9rdiCUhV8gkNabluTH6KdUomOTjQjsxPKZsSPu8ZamiITd+Or1sTI6s0iW9SNunkEzVnxMpDY0ZhYFNhhQHZt6biH95rQR7534qVJwgV2y2qJdIghGZ1ES6QnOGcmQJZVrYvxI2oJoytGUW7One/KGLpH5S8dyKd3Naql5kneXhAA6hDB6cQRWu4BpqwOAOHuEZXp0n58V5c95n0ZyTzezDLzif37PSmXc=</latexit><latexit sha1_base64="9eDHjLyLKFq1K+7yvQAnBZHgRK4=">AAACGXicjVC7SgNBFL0bXzG+opY2g0GITdgVQcugjaWCeUCyhNnJJBkyO7vO3BXDku+wsPFXbEQstfJvnCRbaGLhgYHDOedy554glsKg6345uaXlldW1/HphY3Nre6e4u1c3UaIZr7FIRroZUMOlULyGAiVvxprTMJC8EQwvJ37jnmsjInWLo5j7Ie0r0ROMopX8uJO2ccCRjssPx51iya24U5BF4mWkBBn+F+8UP9rdiCUhV8gkNabluTH6KdUomOTjQjsxPKZsSPu8ZamiITd+Or1sTI6s0iW9SNunkEzVnxMpDY0ZhYFNhhQHZt6biH95rQR7534qVJwgV2y2qJdIghGZ1ES6QnOGcmQJZVrYvxI2oJoytGUW7One/KGLpH5S8dyKd3Naql5kneXhAA6hDB6cQRWu4BpqwOAOHuEZXp0n58V5c95n0ZyTzezDLzif37PSmXc=</latexit><latexit sha1_base64="9eDHjLyLKFq1K+7yvQAnBZHgRK4=">AAACGXicjVC7SgNBFL0bXzG+opY2g0GITdgVQcugjaWCeUCyhNnJJBkyO7vO3BXDku+wsPFXbEQstfJvnCRbaGLhgYHDOedy554glsKg6345uaXlldW1/HphY3Nre6e4u1c3UaIZr7FIRroZUMOlULyGAiVvxprTMJC8EQwvJ37jnmsjInWLo5j7Ie0r0ROMopX8uJO2ccCRjssPx51iya24U5BF4mWkBBn+F+8UP9rdiCUhV8gkNabluTH6KdUomOTjQjsxPKZsSPu8ZamiITd+Or1sTI6s0iW9SNunkEzVnxMpDY0ZhYFNhhQHZt6biH95rQR7534qVJwgV2y2qJdIghGZ1ES6QnOGcmQJZVrYvxI2oJoytGUW7One/KGLpH5S8dyKd3Naql5kneXhAA6hDB6cQRWu4BpqwOAOHuEZXp0n58V5c95n0ZyTzezDLzif37PSmXc=</latexit>

x
<latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit><latexit sha1_base64="Jelc4dZavWSWh5fxRSBdMsTIsJU=">AAACDXicjVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sTRgHpAsYXZyNxkyO7vMzIphyRdY2PgrNiK29nb+jZNkC00sPDBwOOdc7twTJIJr47pfTmFldW19o7hZ2tre2d0r7x80dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvqte1Sax/LOjBP0IzqQPOSMGivVH3rlilt1ZyDLxMtJBXL8L94rf3b7MUsjlIYJqnXHcxPjZ1QZzgROSt1UY0LZiA6wY6mkEWo/m10zISdW6ZMwVvZJQ2bqz4mMRlqPo8AmI2qGetGbin95ndSEl37GZZIalGy+KEwFMTGZVkP6XCEzYmwJZYrbvxI2pIoyYwss2dO9xUOXSfOs6rlVr35eqV3lnRXhCI7hFDy4gBrcwC00gAHCIzzDq/PkvDhvzvs8WnDymUP4BefjG00FlHU=</latexit><latexit sha1_base64="Jelc4dZavWSWh5fxRSBdMsTIsJU=">AAACDXicjVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sTRgHpAsYXZyNxkyO7vMzIphyRdY2PgrNiK29nb+jZNkC00sPDBwOOdc7twTJIJr47pfTmFldW19o7hZ2tre2d0r7x80dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvqte1Sax/LOjBP0IzqQPOSMGivVH3rlilt1ZyDLxMtJBXL8L94rf3b7MUsjlIYJqnXHcxPjZ1QZzgROSt1UY0LZiA6wY6mkEWo/m10zISdW6ZMwVvZJQ2bqz4mMRlqPo8AmI2qGetGbin95ndSEl37GZZIalGy+KEwFMTGZVkP6XCEzYmwJZYrbvxI2pIoyYwss2dO9xUOXSfOs6rlVr35eqV3lnRXhCI7hFDy4gBrcwC00gAHCIzzDq/PkvDhvzvs8WnDymUP4BefjG00FlHU=</latexit><latexit sha1_base64="Jelc4dZavWSWh5fxRSBdMsTIsJU=">AAACDXicjVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sTRgHpAsYXZyNxkyO7vMzIphyRdY2PgrNiK29nb+jZNkC00sPDBwOOdc7twTJIJr47pfTmFldW19o7hZ2tre2d0r7x80dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvqte1Sax/LOjBP0IzqQPOSMGivVH3rlilt1ZyDLxMtJBXL8L94rf3b7MUsjlIYJqnXHcxPjZ1QZzgROSt1UY0LZiA6wY6mkEWo/m10zISdW6ZMwVvZJQ2bqz4mMRlqPo8AmI2qGetGbin95ndSEl37GZZIalGy+KEwFMTGZVkP6XCEzYmwJZYrbvxI2pIoyYwss2dO9xUOXSfOs6rlVr35eqV3lnRXhCI7hFDy4gBrcwC00gAHCIzzDq/PkvDhvzvs8WnDymUP4BefjG00FlHU=</latexit>

p✓(x)
<latexit sha1_base64="BbR9xePCiM9LpnQYXemlkFJNZ8A=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBD0GvXiMYB6QLGF2MkmGzM6uM73BsOQ7vHhQxKsf482/cZLsQRMLGoqqbrq7glgKg6777eTW1jc2t/LbhZ3dvf2D4uFRw0SJZrzOIhnpVkANl0LxOgqUvBVrTsNA8mYwup35zTHXRkTqAScx90M6UKIvGEUr+XE37eCQI52Wn867xZJbcecgq8TLSAky1LrFr04vYknIFTJJjWl7box+SjUKJvm00EkMjykb0QFvW6poyI2fzo+ekjOr9Eg/0rYUkrn6eyKloTGTMLCdIcWhWfZm4n9eO8H+tZ8KFSfIFVss6ieSYERmCZCe0JyhnFhCmRb2VsKGVFOGNqeCDcFbfnmVNC4qnlvx7i9L1ZssjjycwCmUwYMrqMId1KAODB7hGV7hzRk7L86787FozTnZzDH8gfP5A6NYkf4=</latexit><latexit sha1_base64="9eDHjLyLKFq1K+7yvQAnBZHgRK4=">AAACGXicjVC7SgNBFL0bXzG+opY2g0GITdgVQcugjaWCeUCyhNnJJBkyO7vO3BXDku+wsPFXbEQstfJvnCRbaGLhgYHDOedy554glsKg6345uaXlldW1/HphY3Nre6e4u1c3UaIZr7FIRroZUMOlULyGAiVvxprTMJC8EQwvJ37jnmsjInWLo5j7Ie0r0ROMopX8uJO2ccCRjssPx51iya24U5BF4mWkBBn+F+8UP9rdiCUhV8gkNabluTH6KdUomOTjQjsxPKZsSPu8ZamiITd+Or1sTI6s0iW9SNunkEzVnxMpDY0ZhYFNhhQHZt6biH95rQR7534qVJwgV2y2qJdIghGZ1ES6QnOGcmQJZVrYvxI2oJoytGUW7One/KGLpH5S8dyKd3Naql5kneXhAA6hDB6cQRWu4BpqwOAOHuEZXp0n58V5c95n0ZyTzezDLzif37PSmXc=</latexit><latexit sha1_base64="9eDHjLyLKFq1K+7yvQAnBZHgRK4=">AAACGXicjVC7SgNBFL0bXzG+opY2g0GITdgVQcugjaWCeUCyhNnJJBkyO7vO3BXDku+wsPFXbEQstfJvnCRbaGLhgYHDOedy554glsKg6345uaXlldW1/HphY3Nre6e4u1c3UaIZr7FIRroZUMOlULyGAiVvxprTMJC8EQwvJ37jnmsjInWLo5j7Ie0r0ROMopX8uJO2ccCRjssPx51iya24U5BF4mWkBBn+F+8UP9rdiCUhV8gkNabluTH6KdUomOTjQjsxPKZsSPu8ZamiITd+Or1sTI6s0iW9SNunkEzVnxMpDY0ZhYFNhhQHZt6biH95rQR7534qVJwgV2y2qJdIghGZ1ES6QnOGcmQJZVrYvxI2oJoytGUW7One/KGLpH5S8dyKd3Naql5kneXhAA6hDB6cQRWu4BpqwOAOHuEZXp0n58V5c95n0ZyTzezDLzif37PSmXc=</latexit><latexit sha1_base64="9eDHjLyLKFq1K+7yvQAnBZHgRK4=">AAACGXicjVC7SgNBFL0bXzG+opY2g0GITdgVQcugjaWCeUCyhNnJJBkyO7vO3BXDku+wsPFXbEQstfJvnCRbaGLhgYHDOedy554glsKg6345uaXlldW1/HphY3Nre6e4u1c3UaIZr7FIRroZUMOlULyGAiVvxprTMJC8EQwvJ37jnmsjInWLo5j7Ie0r0ROMopX8uJO2ccCRjssPx51iya24U5BF4mWkBBn+F+8UP9rdiCUhV8gkNabluTH6KdUomOTjQjsxPKZsSPu8ZamiITd+Or1sTI6s0iW9SNunkEzVnxMpDY0ZhYFNhhQHZt6biH95rQR7534qVJwgV2y2qJdIghGZ1ES6QnOGcmQJZVrYvxI2oJoytGUW7One/KGLpH5S8dyKd3Naql5kneXhAA6hDB6cQRWu4BpqwOAOHuEZXp0n58V5c95n0ZyTzezDLzif37PSmXc=</latexit>

x
<latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit><latexit sha1_base64="Jelc4dZavWSWh5fxRSBdMsTIsJU=">AAACDXicjVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sTRgHpAsYXZyNxkyO7vMzIphyRdY2PgrNiK29nb+jZNkC00sPDBwOOdc7twTJIJr47pfTmFldW19o7hZ2tre2d0r7x80dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvqte1Sax/LOjBP0IzqQPOSMGivVH3rlilt1ZyDLxMtJBXL8L94rf3b7MUsjlIYJqnXHcxPjZ1QZzgROSt1UY0LZiA6wY6mkEWo/m10zISdW6ZMwVvZJQ2bqz4mMRlqPo8AmI2qGetGbin95ndSEl37GZZIalGy+KEwFMTGZVkP6XCEzYmwJZYrbvxI2pIoyYwss2dO9xUOXSfOs6rlVr35eqV3lnRXhCI7hFDy4gBrcwC00gAHCIzzDq/PkvDhvzvs8WnDymUP4BefjG00FlHU=</latexit><latexit sha1_base64="Jelc4dZavWSWh5fxRSBdMsTIsJU=">AAACDXicjVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sTRgHpAsYXZyNxkyO7vMzIphyRdY2PgrNiK29nb+jZNkC00sPDBwOOdc7twTJIJr47pfTmFldW19o7hZ2tre2d0r7x80dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvqte1Sax/LOjBP0IzqQPOSMGivVH3rlilt1ZyDLxMtJBXL8L94rf3b7MUsjlIYJqnXHcxPjZ1QZzgROSt1UY0LZiA6wY6mkEWo/m10zISdW6ZMwVvZJQ2bqz4mMRlqPo8AmI2qGetGbin95ndSEl37GZZIalGy+KEwFMTGZVkP6XCEzYmwJZYrbvxI2pIoyYwss2dO9xUOXSfOs6rlVr35eqV3lnRXhCI7hFDy4gBrcwC00gAHCIzzDq/PkvDhvzvs8WnDymUP4BefjG00FlHU=</latexit><latexit sha1_base64="Jelc4dZavWSWh5fxRSBdMsTIsJU=">AAACDXicjVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sTRgHpAsYXZyNxkyO7vMzIphyRdY2PgrNiK29nb+jZNkC00sPDBwOOdc7twTJIJr47pfTmFldW19o7hZ2tre2d0r7x80dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvqte1Sax/LOjBP0IzqQPOSMGivVH3rlilt1ZyDLxMtJBXL8L94rf3b7MUsjlIYJqnXHcxPjZ1QZzgROSt1UY0LZiA6wY6mkEWo/m10zISdW6ZMwVvZJQ2bqz4mMRlqPo8AmI2qGetGbin95ndSEl37GZZIalGy+KEwFMTGZVkP6XCEzYmwJZYrbvxI2pIoyYwss2dO9xUOXSfOs6rlVr35eqV3lnRXhCI7hFDy4gBrcwC00gAHCIzzDq/PkvDhvzvs8WnDymUP4BefjG00FlHU=</latexit>

max likelihood

384 CHAPTER 29. GENERATIVE MODELS

An example of the direct approach is the Generative Adversarial Network that we will
see later in this chapter. First, however, we will describe the more classical, indirect approach
in the following sections. Indirect approaches come in two general flavors, density models
and energy models, which we describe next.

The vocab for these
di↵erent approaches can

be confusing. In the
generative modeling

literature, method #1 is
called an implicit model

since the probability
density is never explicitly

represented. However,
this usage contrasts with

the more usual use of
“implicit functions” in

math: y = f(x) is explicit
while

y = arg min
y
E(x, y) is

“implicit” as the output
is the implied result of an

optimization procedure
over E, rather than the

direct result of running a
function f . Approach #2
to generative modeling is

“implicit” in that the
output is a sampling

procedure over a density
or energy function.

29.1.2 Density models

Some generative models not only produce generators but also yield a probability density
function p✓, fit to the training data. This density function may play a role in training the
generator (e.g., we want the generator to produce samples from p✓) or the density function
may be the goal itself (e.g., we want to be able to estimate the probability of datapoints in
order to detect anomalies).

In fact, some generative models only produce a density p✓ and do not learn any explicit
generator function. Instead, samples can be down from p✓ using procedures such as Markov
Chain Monte Carlo (MCMC).

Learning density models The objective of the learner for a density model is to output
a density function p✓ that is as close as possible to pdata. How should we measure closeness?
We need to define a divergence between two distributions, D, and then solve the following
optimization problem:

arg min
p✓

D(p✓, pdata) (29.3)

A problem is that we do not actually have the function pdata, we only have samples from
this function, x ⇠ pdata. Therefore, we need a divergence D that measures the “distance”1

between p✓ and pdata while only accessing samples from pdata. A common choice is to use
the “forward” KL-divergence, which is defined as follows:

p⇤
✓

= arg min
p✓

KL(pdata, p✓) (29.4)

= arg min
p✓

Ex⇠pdata
[log

p✓(x)

pdata(x)
] (29.5)

= arg min
p✓

Ex⇠pdata
[log p✓(x)] � Ex⇠pdata

[log pdata(x)] (29.6)

= arg min
p✓

Ex⇠pdata
[log p✓(x)] / dropped 2nd term since no dependence on p✓ (29.7)

⇡ arg min
p✓

1

N

NX

i=1

log p✓(x
(i)) (29.8)

where the final line is an empirical estimate of the expectation by sampling over the training
dataset {x(i)}N

i=1. Equation 29.7 is the expected log likelihood of the training data under the
model’s density function. Maximizing this objective is therefore a form of max likelihood
learning. Pictorially we can visualize the max likelihood objective as trying to push up the
density over each observed datapoint:

Remember that a probability density function (pdf) is a function p✓ : X ! [0, 1) withR
x p✓(x)dx = 1 (normalized). To learn a pdf, we will typically learn the parameters of a

family of pdfs. All members of the family are normalized nonnegative functions; this way we
do not need to add an explicit constraint that the learned function have these properties, we
are simply searching over a space of functions all of which have these properties. This means
that whenever we push up density over datapoints, we are forced to sacrifice density over
other regions, so, implicitly, we are removing density from places where there is no data, as
indicated by the red regions in Figure ??.

1The divergence need not be a proper distance metric, and often is not; it can be non-symmetric, where
D(p, q) 6= D(q, p), and need not satisfy the triangle-inequality. In fact, a divergence is defined by just two
properties: non-negativity and D(p, q) = 0 () p = q.
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may be the goal itself (e.g., we want to be able to estimate the probability of datapoints in
order to detect anomalies).

In fact, some generative models only produce a density p✓ and do not learn any explicit
generator function. Instead, samples can be drawn from p✓ using a sampling algorithm,
such as Markov Chain Monte Carlo (MCMC), that takes a density as input and produce
samples from it as output. This is a form of the indirect approach to synthesizing data that
we mentioned above (figure 1.7).

1.4.1 Learning Density Models

The objective of the learner for a density model is to output a density function p✓ that
is as close as possible to pdata. How should we measure closeness? We need to define
a divergence between two distributions, D, and then solve the following optimization
problem:

arg min
p✓

D(p✓, pdata) (1.5)

The problem is that we do not actually have the function pdata, we only have samples from
this function, x⇠ pdata. Therefore, we need a divergence D that measures the distance1

between p✓ and pdata while only accessing samples from pdata. A common choice is to use
the Kullback-Leibler (KL) divergence, which is defined as follows:KL(pdata k p✓) is sometime

called the forward KL
divergence, and it

measures the probability
of the data under the

model distribution. The
reverse KL divergence,
KL(p✓ k pdata), does the

converse, measuring the
probability of the model’s

samples under the data
distribution; because we
do not have access to the
true data distribution, the

revere KL divergence
usually cannot be

computed.

p⇤
✓ = arg min

p✓
KL(pdata k p✓) (1.6)

= arg min
p✓

Ex⇠pdata

h
– log

p✓(x)
pdata(x)

i
(1.7)

= arg max
p✓

Ex⇠pdata

⇥
log p✓(x)

⇤
–Ex⇠pdata

⇥
log pdata(x)

⇤
(1.8)

= arg max
p✓

Ex⇠pdata

⇥
log p✓(x)

⇤
/ dropped second term since no dependence on p✓

(1.9)

⇡ arg max
p✓

1
N

NX

i=1

log p✓(x(i)) (1.10)

where the final line is an empirical estimate of the expectation by sampling over the training
dataset {x(i)}N

i=1. Equation (1.9) is the expected log likelihood of the training data under the
model’s density function. Maximizing this objective is therefore a form of max likelihood

learning. Pictorially we can visualize the max likelihood objective as trying to push up the
density over each observed datapoint:

Remember that a probability density function (pdf) is a function p✓ : X ! [0, 1) withR
x p✓(x)dx = 1 (normalized). To learn a pdf, we will typically learn the parameters of a

family of pdfs. For example, in section 1.6, we will cover learning the parameters of the

1. The divergence need not be a proper distance metric, and often is not; it can be nonsymmetric, where
D(p, q) 6= D(q, p), and need not satisfy the triangle-inequality. In fact, a divergence is defined by just two properties:
nonnegativity and D(p, q) = 0 () p = q.
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may be the goal itself (e.g., we want to be able to estimate the probability of datapoints in
order to detect anomalies).

In fact, some generative models only produce a density p✓ and do not learn any explicit
generator function. Instead, samples can be drawn from p✓ using a sampling algorithm,
such as Markov Chain Monte Carlo (MCMC), that takes a density as input and produce
samples from it as output. This is a form of the indirect approach to synthesizing data that
we mentioned above (figure 1.7).

1.4.1 Learning Density Models

The objective of the learner for a density model is to output a density function p✓ that
is as close as possible to pdata. How should we measure closeness? We need to define
a divergence between two distributions, D, and then solve the following optimization
problem:

arg min
p✓

D(p✓, pdata) (1.5)

The problem is that we do not actually have the function pdata, we only have samples from
this function, x⇠ pdata. Therefore, we need a divergence D that measures the distance1

between p✓ and pdata while only accessing samples from pdata. A common choice is to use
the Kullback-Leibler (KL) divergence, which is defined as follows:KL(pdata k p✓) is sometime

called the forward KL
divergence, and it

measures the probability
of the data under the

model distribution. The
reverse KL divergence,
KL(p✓ k pdata), does the

converse, measuring the
probability of the model’s

samples under the data
distribution; because we
do not have access to the
true data distribution, the

revere KL divergence
usually cannot be

computed.

p⇤
✓ = arg min

p✓
KL(pdata k p✓) (1.6)

= arg min
p✓

Ex⇠pdata

h
– log

p✓(x)
pdata(x)

i
(1.7)

= arg max
p✓

Ex⇠pdata

⇥
log p✓(x)

⇤
–Ex⇠pdata

⇥
log pdata(x)

⇤
(1.8)

= arg max
p✓

Ex⇠pdata

⇥
log p✓(x)

⇤
/ dropped second term since no dependence on p✓

(1.9)

⇡ arg max
p✓

1
N

NX

i=1

log p✓(x(i)) (1.10)

where the final line is an empirical estimate of the expectation by sampling over the training
dataset {x(i)}N

i=1. Equation (1.9) is the expected log likelihood of the training data under the
model’s density function. Maximizing this objective is therefore a form of max likelihood

learning. Pictorially we can visualize the max likelihood objective as trying to push up the
density over each observed datapoint:

Remember that a probability density function (pdf) is a function p✓ : X ! [0, 1) withR
x p✓(x)dx = 1 (normalized). To learn a pdf, we will typically learn the parameters of a

family of pdfs. For example, in section 1.6, we will cover learning the parameters of the

1. The divergence need not be a proper distance metric, and often is not; it can be nonsymmetric, where
D(p, q) 6= D(q, p), and need not satisfy the triangle-inequality. In fact, a divergence is defined by just two properties:
nonnegativity and D(p, q) = 0 () p = q.

i
i

i
i

i
i

i
i

6 Draft of Foundations of Computer Vision by Torralba, Isola, Freeman

may be the goal itself (e.g., we want to be able to estimate the probability of datapoints in
order to detect anomalies).

In fact, some generative models only produce a density p✓ and do not learn any explicit
generator function. Instead, samples can be drawn from p✓ using a sampling algorithm,
such as Markov Chain Monte Carlo (MCMC), that takes a density as input and produce
samples from it as output. This is a form of the indirect approach to synthesizing data that
we mentioned above (figure 1.7).

1.4.1 Learning Density Models

The objective of the learner for a density model is to output a density function p✓ that
is as close as possible to pdata. How should we measure closeness? We need to define
a divergence between two distributions, D, and then solve the following optimization
problem:

arg min
p✓

D(p✓, pdata) (1.5)

The problem is that we do not actually have the function pdata, we only have samples from
this function, x⇠ pdata. Therefore, we need a divergence D that measures the distance1

between p✓ and pdata while only accessing samples from pdata. A common choice is to use
the Kullback-Leibler (KL) divergence, which is defined as follows:KL(pdata k p✓) is sometime

called the forward KL
divergence, and it

measures the probability
of the data under the

model distribution. The
reverse KL divergence,
KL(p✓ k pdata), does the

converse, measuring the
probability of the model’s

samples under the data
distribution; because we
do not have access to the
true data distribution, the

revere KL divergence
usually cannot be
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may be the goal itself (e.g., we want to be able to estimate the probability of datapoints in
order to detect anomalies).

In fact, some generative models only produce a density p✓ and do not learn any explicit
generator function. Instead, samples can be drawn from p✓ using a sampling algorithm,
such as Markov Chain Monte Carlo (MCMC), that takes a density as input and produce
samples from it as output. This is a form of the indirect approach to synthesizing data that
we mentioned above (figure 1.7).

1.4.1 Learning Density Models

The objective of the learner for a density model is to output a density function p✓ that
is as close as possible to pdata. How should we measure closeness? We need to define
a divergence between two distributions, D, and then solve the following optimization
problem:

arg min
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D(p✓, pdata) (1.5)

The problem is that we do not actually have the function pdata, we only have samples from
this function, x⇠ pdata. Therefore, we need a divergence D that measures the distance1

between p✓ and pdata while only accessing samples from pdata. A common choice is to use
the Kullback-Leibler (KL) divergence, which is defined as follows:KL(pdata k p✓) is sometime

called the forward KL
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where the final line is an empirical estimate of the expectation by sampling over the training
dataset {x(i)}N

i=1. Equation (1.9) is the expected log likelihood of the training data under the
model’s density function. Maximizing this objective is therefore a form of max likelihood

learning. Pictorially we can visualize the max likelihood objective as trying to push up the
density over each observed datapoint:
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x p✓(x)dx = 1 (normalized). To learn a pdf, we will typically learn the parameters of a
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1. The divergence need not be a proper distance metric, and often is not; it can be nonsymmetric, where
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An example of the direct approach is the Generative Adversarial Network that we will
see later in this chapter. First, however, we will describe the more classical, indirect approach
in the following sections. Indirect approaches come in two general flavors, density models
and energy models, which we describe next.

The vocab for these
di↵erent approaches can

be confusing. In the
generative modeling

literature, method #1 is
called an implicit model

since the probability
density is never explicitly

represented. However,
this usage contrasts with

the more usual use of
“implicit functions” in

math: y = f(x) is explicit
while

y = arg min
y
E(x, y) is

“implicit” as the output
is the implied result of an

optimization procedure
over E, rather than the

direct result of running a
function f . Approach #2
to generative modeling is

“implicit” in that the
output is a sampling

procedure over a density
or energy function.

29.1.2 Density models

Some generative models not only produce generators but also yield a probability density
function p✓, fit to the training data. This density function may play a role in training the
generator (e.g., we want the generator to produce samples from p✓) or the density function
may be the goal itself (e.g., we want to be able to estimate the probability of datapoints in
order to detect anomalies).

In fact, some generative models only produce a density p✓ and do not learn any explicit
generator function. Instead, samples can be down from p✓ using procedures such as Markov
Chain Monte Carlo (MCMC).

Learning density models The objective of the learner for a density model is to output
a density function p✓ that is as close as possible to pdata. How should we measure closeness?
We need to define a divergence between two distributions, D, and then solve the following
optimization problem:

arg min
p✓

D(p✓, pdata) (29.3)

A problem is that we do not actually have the function pdata, we only have samples from
this function, x ⇠ pdata. Therefore, we need a divergence D that measures the “distance”1

between p✓ and pdata while only accessing samples from pdata. A common choice is to use
the “forward” KL-divergence, which is defined as follows:

p⇤
✓

= arg min
p✓

KL(pdata, p✓) (29.4)

= arg min
p✓

Ex⇠pdata
[log

p✓(x)

pdata(x)
] (29.5)

= arg min
p✓

Ex⇠pdata
[log p✓(x)] � Ex⇠pdata

[log pdata(x)] (29.6)

= arg min
p✓

Ex⇠pdata
[log p✓(x)] / dropped 2nd term since no dependence on p✓ (29.7)

⇡ arg min
p✓

1

N

NX

i=1

log p✓(x
(i)) (29.8)

where the final line is an empirical estimate of the expectation by sampling over the training
dataset {x(i)}N

i=1. Equation 29.7 is the expected log likelihood of the training data under the
model’s density function. Maximizing this objective is therefore a form of max likelihood
learning. Pictorially we can visualize the max likelihood objective as trying to push up the
density over each observed datapoint:

Remember that a probability density function (pdf) is a function p✓ : X ! [0, 1) withR
x p✓(x)dx = 1 (normalized). To learn a pdf, we will typically learn the parameters of a

family of pdfs. All members of the family are normalized nonnegative functions; this way we
do not need to add an explicit constraint that the learned function have these properties, we
are simply searching over a space of functions all of which have these properties. This means
that whenever we push up density over datapoints, we are forced to sacrifice density over
other regions, so, implicitly, we are removing density from places where there is no data, as
indicated by the red regions in Figure ??.

1The divergence need not be a proper distance metric, and often is not; it can be non-symmetric, where
D(p, q) 6= D(q, p), and need not satisfy the triangle-inequality. In fact, a divergence is defined by just two
properties: non-negativity and D(p, q) = 0 () p = q.
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What’s the goal of generative modeling?

The goal is not to replicate the training data but to make new 
data that is realistic (captures the essential properties of real data)

One way to quantify this is: likelihood of the test data under the 
model. (A model that memorizes the training data is overfit in exactly the same sense
as a classifier can be overfit.)

<latexit sha1_base64="ONUnNU+PX3TLuCq7LgeodUPmLLY="></latexit>

{x(i)
test}Ni=1, x(i)

test ⇠ pdata

generalization error =
X

i

log p✓(x
(i)
test)
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in greater detail in the next chapter. In contrast, density and energy models do not have
latent variables that directly control generated samples.

While density/energy
functions do not have

latent variables, when we
draw samples from them

we use a sampling
algorithm that does,

necessarily, depend on
stochastic factors, which
can be considered latent
variable of the sampler.

Conversely, an advantage of den-
sity/energy functions is that they provide scores related to the likelihood of data. These
scores (densities or energies) can be used to detect anomalies and unusual events, or can be
optimized to synthesize higher quality data.

Some of the generative models we will describe in this chapter and the next are catego-
rized along these dimensions in table 1.1. Note that this is a rough categorization, meant to
reflect the most straightforward usage of these models. With additional effort some of the
7’s can be converted to X’s; for example, one can do additional inference to sample from
a density model, or one can extract a lower-bound estimate of density from a variational
autoencoder (VAE) or diffusion model.

Table 1.1: Three desirable
properties in a generative

model. No method
achieves all three (without

caveats). VAEs (see
chapter ??) and GANs are

good at representation
learning (i.e., at finding a

low-dimensional latent
space). Autoregressive
models are great if you

want to estimate the
likelihood of your data

points. Energy-based
models can be an

especially efficient way to
model an unnormalized

density.

Method Latents? Density/Energy? Generator?
Energy-based models 7 X(energy only) 7

Gaussian 7 X 7

Autoregressive models 7 X X(slow)
Diffusion models X(high-dimensional) 7 X(slow)

GANs X 7 X
VAEs X 7 X

Generative models can also be distinguished according to their objectives, hypothesis
spaces, and optimization algorithms. Some classes of model, such as autoregressive models,
refer to just a particular kind of hypothesis space, whereas other classes of model, such as
VAEs, are much more specific in referring to the conjunction of an objective, a general
family of hypothesis spaces, and a particular optimization algorithm.

In the next sections, and in the next chapter, we will dive into the details of exactly how
each of these models works.

1.6 Gaussian Density Models

One of the simplest and most useful density models is the Gaussian distribution, which in
one dimension (1D) is:

p✓(x) =
1
Z

e–(x–✓1)2/(2✓2) (1.27)

For 1D Gaussians
Z = 1p

2⇡✓2
. We prefer to

write it as Z to emphasize
its structural role as a

normalization constant.
Usually we will not be

explicitly evaluating
normalization constants,

and will not require
knowing their analytical

form.

This density has two parameters ✓1 and ✓2, which are the mean and variance of the dis-
tribution. The normalization constant Z ensures that the function is normalized. This is the
typical strategy in defining density models: create a parameterized family of functions such
that any function in the family is a normalized. Given such a family, we search over the
parameters to optimize a generative modeling objective.
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Generative models can also be distinguished according to their objectives, hypothesis
spaces, and optimization algorithms. Some classes of model, such as autoregressive models,
refer to just a particular kind of hypothesis space, whereas other classes of model, such as
VAEs, are much more specific in referring to the conjunction of an objective, a general
family of hypothesis spaces, and a particular optimization algorithm.

In the next sections, and in the next chapter, we will dive into the details of exactly how
each of these models works.

1.6 Gaussian Density Models

One of the simplest and most useful density models is the Gaussian distribution, which in
one dimension (1D) is:

p✓(x) =
1
Z

e–(x–✓1)2/(2✓2) (1.27)

For 1D Gaussians
Z = 1p

2⇡✓2
. We prefer to

write it as Z to emphasize
its structural role as a

normalization constant.
Usually we will not be

explicitly evaluating
normalization constants,

and will not require
knowing their analytical

form.

This density has two parameters ✓1 and ✓2, which are the mean and variance of the dis-
tribution. The normalization constant Z ensures that the function is normalized. This is the
typical strategy in defining density models: create a parameterized family of functions such
that any function in the family is a normalized. Given such a family, we search over the
parameters to optimize a generative modeling objective.
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Why Generative Modeling for Science?
• Let’s discuss!


