


RandomizedAlgorithms
,input is still worst-case. But algorithm

uses

randomness .

I significantly simpler algorithms
2) faster (improved polynomial
3) some applications are impossible

withoutit

e.g
. cryptography (no security without

randomnes)

Maricon :
-

output of the randomized algorithm
is a

random Variable

It will beincorrectwith some probability

But : can drive this error probability down
to

-

timer then 2100 easily

We will first look at
2 examples , thentalka

little more about
randomized algorithms n

general



*G(VE) NEn , LEEm

Gal: Fund SEV
st.

ECS ,5)
= GqUX3 /UES ,

VEs] has

largest possible
size

Ideas ? NP-hard !

Proposition : There is
a randomized algorithm

-

that outputs a cut
s st

.

E(kut(s,j1]=
↓

overthe random (NOT over
the input)

choices of thealgo

Ips in applications , we
don't usually explicitly

specify thesample space
ofan random

"experiment"
. But it's agood ideato ask yourself

what it is



#gorithm : (Imaguea "rand" function that outputsa uniformbits

1) For every
Vertex VEX g choose a uniformly

random&ndepbit by E 90113 . (I'll often use
thephrase

-
4

random variable "foss a fair coun

equivalently(

2) Output S = qv/bv= 13
.

(In english, one would describe
this as

"return a randomcut"
(

This is a randomized algo,

Input graph is arbitrary.

Let s be the cut output by
the algorithm

Them Stakes
values in 25V3.

what's the sample space?



Let X = 151 .
Then X is a random var.

Analysis
E[X]=

Lemma
:

Important trick: try
to writeyour

v.r.

Profe
-

a sum
of natural indicator

V.V. S.

as

Xdi,jn
= & ! if

edgedijnEcuts

Then X=
By linearityof expectation

,

E[X]=
[I[Xi] ·
EijjyEE

#(X,js) = PrSits,j4s]
+ PrCisjes

= Y4+ = Y
B



This says
thataverage

the algorithm

outputs a cut with
of all possible edges

On average is
not thatgreat

Idea : Independent Repetition Breeds
Resilience

-

Algo :
D Run Algo k times

independently.

2) Output the largest
cut.

Lemma : IPr[XIECIEE]
= Pr[E

Chance that all k cuts <ECHS)
Ek

-100
.

thus atmostask re e
Choose K=100 ,



In a later class, I'll showyou how
to get

a "derandomization" .
-

MCUT

Input : G (ViE)

Goal : Find SFOV (notrinal)
sit-

-

IE(s,5)1 is immized
.

Can you
think of an algorithm to solve

this ?

Reduce to 22. MaxFlors . So :

n2 m2.n = m
=n

And, more than that
, fairly complicated

Today: A beautiful, simple ranfuized algorithm



Pef (Contracting an edge)

Input : G(VIE) , edge
Gi ,j3 ·

Output: GV =Vertex set
: /disj)U

Supernode
El= re-routeall edges

J

incident on ior,
to

Sy

keep parallel edges
!

After a contraction ,

# vertices : - I

# edges : If
no paralleledges,-

%w #edges parallel
to hij

the contracted edge.



Algorithm G(ViE)

Repeat until
there are 2 super-vertis left

1) Choose a uniformly random edge
.

2) contract
it.

Output the associated
cut.

Eachsupervortex stands for
a subset of

Vertices . So at
the end , the

2 Super

vertices must stand for S , Jeforsome

SEV .

E , the algorithm computer a cut
.

Question : what's the probability
that the

algo outputs
a min cut ?



· If we never contract
an edge in

mutthat
Intuction : min-cut

has small #edges .

So the chance
we contractit must be

low

Fixa min cut (S
*g5* ) .

Q :
That's the chance that

the 1st edge

closer is in the
min-cut ?

Lemma Letc be the size ofaymin-cut.
-

Then, G
hasI A edges

If: The degrees
f every

vertex =C (as

otherwise Er3) VKr3 is acut
with size<2)



So : disda, ...dn C

# edgen = Eidi/z
N -C2 :

Lemma : chance that the 1st edge
ise

-

min-cut 4 : Conditionedan
the

1st edge
not being in

the min-cut,
chance

thate'd edge is
not in the min-cut

is

/ . ...

&ma : Pr[mori-cat
s
* is output)

In- 1)

Pfiz(1 -z)(-) .... (
- z)

=
=n-1)



So.
,
with probabilityn

we output ste a
min-cut

That sounds low...

Edea : Repetition builds
resilience

Alg :-
Run Basic Karger for k times

Output the
smallestofthe cuts

returned.

# a
is

Literation i facts to output -) )
a min-cut

IPrCall Kiterations fail)
I (1-22)

*

-
X 2

-100 of
KI 100.



So
,
un iterations suffice.

Rume : each iterationof Karger
takes

~ OCn'T time

#So


