


Lecture6 : Probability Review
Question :
-

India
USA

300mil R & D parties 1 .2 billion

Goal : Estimate the percentage of R voters
-

up to
1 % error.

Method : randomly sample& potential voters
-

-

report the fraction
of R voters

How much larger, compared to
the US.

should the "s" be for India?





More abstract example :

n independent tosses of a faircoin

what's the chance of seeing 51 %
heads ?

-> our running example.

Probability Review-
Sample Space : Setofall possibleR

outcomes. O

In 2nd example : GH ,
T3V

4
= all possible sequences
with Hort of lengthe.

Size = zu

CCESH ,Tz"
Each outcome has a probability mass

M
-

PG) .
Then

, [p(x)
= 1 .

xER



Events: subsets of I .

#SER , Pr(S] = p(s)=I

#enditionalPalabilit
-

Crealvalued)
Random Variables

neither random , nor variable

Lef: A random variable is
real-valued

function X :&
+ 1R.

Ex
=Xi = E

1 if it foss
is head

O Ow



Independent Random
Variables

X , y are indep if

IPr[X=alY=b) =(Pr(x
=a) .

IPv(Eb]



also called indicator random var.

Ex X =
number of heads in
i indep

Coin tosses

Note : X= ZiXi

Expectation(or average !)

Def
IE(X) := [Tr[cEe]

· X(o)

WER

eg
. ESXi] = 1 . 1 + to = t



Linearityof Expectation
For every X11 ...Xn

(not necessarily undep) ·

ElEiXi]=Xi]

If EC#heads in
main tosses

= [E(Xi)

-
Pr[A , VAz]
- PrCAD + IPrCAz)

&
--



Pr[XIt ·X = E

Eg . 4r[#heads =51 %]

= Pr([Xey]
for 8 = 7/00

~ 98%

not much better than saying can'tget

51 % or more
heads ALL THE TIME

Markov'sInequality is light
Eg. X= 0 w . p .(() , X

= 1 wp . Y

EX= Y .

Pr[XYREX =Y

kothari



When) can we do better?
↑ functions

metoverly sensitive
to

-

any single
wordenale

Pinaple : Som of indep
vandom variables

concentrate around the mean.

Variance
-

measure of deviation around
the mean .



Clef : Var(X) = E(X-1EX)2

Caverage of squared
deviation around

the mean)

eg . X
= S ! W
Var(X) =E(X

=-b)
IEXi= P

= (-pp
+ pic-p)

= p+pi- 2p3
+ p2P

= p-pEpCp
-



Lemma &Variance of a sum
of indep RV)

X= EiXi Xi indep

Then
, Var(X) = [iVar(Xi)

·

If : X- EX = [ii
- EXt

E(X- EX2= IE@
(Xi -EX)

= [ECX ;
-EXic

i
+ EECXEXC-itj

= EnVar(Xi)



Eg . X= EiXi , Xi=Gw

Var(X) = EiVar(X
:)

= n -

p . (l-p).

For p= /g
Var(X)= 1/4·



Lemma(Chebyshev

Pr[IX-EX13,
tarc] < Ye

4f: Pr[IX-E(X31 >Eacx]

= IPr[(X- 1EX)
, E?Var(x]

& Y by Markor

Simple example of
moment method.

monotone function instead
of

Can use any
thesure.

: IPr[#hadsIEC+O]
= IPV-+

significantly batter found than prev :Foro



Forsumof indep VVS we'll
usehislage

moment method to
derive a significantly

tighter found
.

Theorem(Chernoff , Hoeffding)

X= SiXi ,
Xi indep ; &!WipP

MiFX = EiXi = SiPr
Theme Pr[X> Chim]to

IPr (X=-M) - fr

E IPr(N-m/z2.M



Let's apply this in
2 examples to see

how it's going

In the fair corn toss example·
EXi = p = & Fir

So: EX= E

Pr[X,CH20
on

.

Asn grows this falls exponentially

fast -

Recall : Markortant
: For 1-8

-

Cheysheutal:
-> "Inverse poly"

Chernoff fail : "inverseup"



Ihm:reffding)
Xi E (0, 1) , indep ;EXi

= 1.
-

2
n

(Pr[(X-mi = t] -> 2
. e



HollingQuestion.

Suppose population has p frac R

& Ap) . frac D
.

1 if ithsample is
R

Xi= & o olw

What's Exi ? por

Var Xi ? P. CL.

Suppose we
takeisamples

#of R : X= ZiXc EX= NP
F Mr

Pr[(X-pln] < 2.
Z
- 282n

- 2 .

e
8 = 2 % say



Ther : 2.eith= 5 %

-

if n = 4600 (J) say

A sample size of 5000 is enough to

get a 2% error estimate
with 95%

confidence.

doesn't depend atallon
the size of

the population



Chernoff
Bras

= Pr[eSY, est]

Marker
Exi

exproment #2
MaF

= TiFesti
= Thi (esp

,
+ 1-p.)



= The ePet

Hyze = 2
u

. (e
= 1)

t= (l+d)M
S= In CH+ d) .


