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You might wonder

We’ve done some proofs about individual programs. eg:

let rec even n =
match n with
| 0 ->true
| 1 ->false
| n->even (n-2)

for all naturals n,
even (2 * n) == true

But can we do proofs about entire programming languages?

In other words, proofs about all programs that anyone could
ever write in the programming language?

But there are so many programs ... how do we even get startei”



We often think about programs as if they are functions.
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But is there another way to represent these functions?



A Trick

Consider assignment #4.
We are able to represent all programs using a data type:

type exp =
Var of variable
| Const of constant
| Op of exp * op * exp




A Trick ]

Consider assignment #4.
We are able to represent all programs using a data type:

type exp =
Var of variable
| Const of constant
| Op of exp * op * exp

We know how to prove things about functions over datatypes, so
we know how to prove things about programming languages_ ») |



[ What Kinds of Things Might We Prove About PLs? ]

We typically prove things about functions over data types.

What kinds of functions over programs are there?

type exp =
Var of variable
| Const of constant

| Op of exp * op * exp




[ What Kinds of Things Might We Prove About PLs? ]

We typically prove things about functions over data types.

What kinds of functions over programs are there?

type exp =
Var of variable
| Const of constant

| Op of exp * op * exp

let eval (e:exp) = ... let synthesize (s:spec) : exp = ...
let type_check (e:exp) = ... let terminates (e:exp) =...
let closed (e:exp) = ... | letis_pure (e:exp) = ... let compile (e:exp) =...
let optimize (e:exp) = ... let is_correct (s:spec) (e:exp) = 4 [
;).

let refactor (e:exp) = ...
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A simple expression language

type id = string
type exp = Int of int | Add of exp * exp | Var of id




A simple expression language

type id = string
type exp = Int of int | Add of exp * exp | Var of id

let el = Add (Int 3, Var "x")




A simple expression language

type id = string
type exp = Int of int | Add of exp * exp | Var of id

type env
val lookup : env -> id -> int




A simple expression language

type id = string
type exp = Int of int | Add of exp * exp | Var of id

type env
val lookup : env -> id -> int

let rec eval (env: env) (e: exp) : int =
match e with
Inti->i
| Add (el, e2) -> (eval env el) + (eval env e2)
| Var x -> lookup env x




A simple optimizer

type id = string
type exp = Int of int | Add of exp * exp | Var of id

type env
val lookup : env -> id -> int

let rec eval (env: env) (e: exp) : int =
match e with

Inti->i
| Add (el, e2) -> (eval env el) + (eval env e2?)
| Var x -> lookup env x let rec opt (e:exp) : exp =
match e with
| Inti->Inti

| Add (Int O, e) -> opt e

| Add (e, Int 0) -> opt e

| Add (el,e2) ->
Add(opt el, opt e2)

| Var x -> Var x




A simple optimizer

type id = string
type exp = Int of int | Add of exp * exp | Var of id

type env
val lookup : env -> id -> int

let rec eval (env: env) (e: exp) : int =
match e with
Inti->i
| Add (el, e2) -> (eval env el) + (eval env e2)
| Var x -> lookup env x

let rec opt (e:exp) : exp =
match e with

| Inti->Inti

| Add (Int O, e) -> opt e

| Add (e, Int 0) -> opt e

| Add (el,e2) ->
Add(opt el, opt e2)

| Var x -> Var x

Theorem:

For all e : exp, eval (opt e) == eval e




A simple optimizer

let rec opt (e:exp) : exp =
match e with

| Inti->Inti

| Add (Int O, e) -> opt e

| Add (e, Int 0) -> opt e

| Add (el,e2) ->
Add(opt el, opt e2)

| Var x -> Var x

type id = string
type exp = Int of int | Add of exp * exp | Var of id

type env
val lookup : env -> id -> int

let rec eval (env: env) (e: exp) : int =

match e with

Inti->i Theorem:
| Add (el, e2) -> (eval env el) + (eval env e2) | For all e : exp, eval (opt e) == eval e
| Var x -> lookup env x

Proof: By induction on the structure of expressions e : exp.



A simple optimizer

let rec opt (e:exp) : exp =
match e with

| Inti->Inti

| Add (Int O, e) -> opt e

| Add (e, Int 0) -> opt e

| Add (el,e2) ->
Add(opt el, opt e2)

| Var x -> Var x

type id = string
type exp = Int of int | Add of exp * exp | Var of id

type env
val lookup : env -> id -> int

let rec eval (env: env) (e: exp) : int =

match e with

Inti->i Theorem:
| Add (el, e2) -> (eval env el) + (eval env e2) | For all e : exp, eval (opt e) == eval e
| Var x -> lookup env x

Proof: By induction on the structure of expressions e : exp.

—

- Case: Inti - Case: Add (Int 0, e2)
- Case: Add (el, e2) == — - Case: Add (el, Int0)
- Case: Var x - Case: Add (e1, e2) where el, e2 not Int 0

—




A simple optimizer

let rec opt (e:exp) : exp =

type id = string

type exp = Int of int | Add of exp * exp | Var of id

type env
val lookup : env -> id -> int

let rec eval (env: env) (e: exp) : int =
match e with
Inti->i
| Add (el, e2) -> (eval env el) + (eval env e2)
| Var x -> lookup env x

match e with
| Inti->Inti
| Add (Int O, e) -> opt e
| Add (e, Int 0) -> opt e
| Add (el,e2) ->
Add(opt el, opt e2)
| Var x -> Var x

Theorem:
For all e : exp, eval (opt e) == eval e

Proof: By induction on the structure of expressions e : exp.

- Case: Int i
- Case: Add (Int O, e2)

- Case: Add (el, Int 0)

- Case: Add (el1, e2) whereel,e2notIntO B

- Case: Var x




A simple optimizer

let rec opt (e:exp) : exp =
match e with

| Inti->Inti

| Add (Int O, e) -> opt e

| Add (e, Int 0) -> opt e

| Add (el,e2) ->
Add(opt el, opt e2)

| Var x -> Var x

type id = string
type exp = Int of int | Add of exp * exp | Var of id

type env
val lookup : env -> id -> int

let rec eval (env: env) (e: exp) : int =

match e with

Inti->i Theorem:
| Add (el, e2) -> (eval env el) + (eval env e2) | For all e : exp, eval (opt e) == eval e
| Var x -> lookup env x

Proof: By induction on the structure of expressions e : exp.
Case: e=Inti

eval (opt (Inti))



A simple optimizer

let rec opt (e:exp) : exp =
match e with

| Inti->Inti

| Add (Int O, e) -> opt e

| Add (e, Int 0) -> opt e

| Add (el,e2) ->
Add(opt el, opt e2)

| Var x -> Var x

type id = string
type exp = Int of int | Add of exp * exp | Var of id

type env
val lookup : env -> id -> int

let rec eval (env: env) (e: exp) : int =

match e with

Inti->i Theorem:
| Add (el, e2) -> (eval env el) + (eval env e2) | For all e : exp, eval (opt e) == eval e
| Var x -> lookup env x

Proof: By induction on the structure of expressions e : exp.
Case: e=Inti

eval (opt (Inti)) (RHS)
== eval (Int i) (eval of opt)



A simple optimizer

let rec opt (e:exp) : exp =
match e with

| Inti->Inti

| Add (Int O, e) -> opt e

| Add (e, Int 0) -> opt e

| Add (el,e2) ->
Add(opt el, opt e2)

| Var x -> Var x

type id = string
type exp = Int of int | Add of exp * exp | Var of id

type env
val lookup : env -> id -> int

let rec eval (env: env) (e: exp) : int =

match e with

Inti->i Theorem:
| Add (el, e2) -> (eval env el) + (eval env e2) | For all e : exp, eval (opt e) == eval e
| Var x -> lookup env x

Proof: By induction on the structure of expressions e : exp.

case done!
(we reached the LHS
from RHS)

Case: e=Inti

eval (opt (Inti)) (R
==eval (Inti) — (eval of opt)



A simple optimizer

let rec opt (e:exp) : exp =
match e with

| Inti->Inti

| Add (Int O, e) -> opt e

| Add (e, Int 0) -> opt e

| Add (el,e2) ->
Add(opt el, opt e2)

| Var x -> Var x

type id = string
type exp = Int of int | Add of exp * exp | Var of id

type env
val lookup : env -> id -> int

let rec eval (env: env) (e: exp) : int =

match e with

Inti->i Theorem:
| Add (el, e2) -> (eval env el) + (eval env e2) | For all e : exp, eval (opt e) == eval e
| Var x -> lookup env x

Proof: By induction on the structure of expressions e : exp.

Case: e = Add(Int O, e2) IH: eval (opt e2) == eval e2



A simple optimizer

let rec opt (e:exp) : exp =
match e with

| Inti->Inti

| Add (Int O, e) -> opt e

| Add (e, Int 0) -> opt e

| Add (el,e2) ->
Add(opt el, opt e2)

| Var x -> Var x

type id = string
type exp = Int of int | Add of exp * exp | Var of id

type env
val lookup : env -> id -> int

let rec eval (env: env) (e: exp) : int =

match e with

Inti->i Theorem:
| Add (el, e2) -> (eval env el) + (eval env e2) | For all e : exp, eval (opt e) == eval e
| Var x -> lookup env x

Proof: By induction on the structure of expressions e : exp.
Case: e = Add(Int O, e2) IH: eval (opt e2) == eval e2

eval (opt (Add(Int 0, e2))) (LHS)



A simple optimizer

let rec opt (e:exp) : exp =
match e with

| Inti->Inti

| Add (Int O, e) -> opt e

| Add (e, Int 0) -> opt e

| Add (el,e2) ->
Add(opt el, opt e2)

| Var x -> Var x

type id = string
type exp = Int of int | Add of exp * exp | Var of id

type env
val lookup : env -> id -> int

let rec eval (env: env) (e: exp) : int =

match e with

Inti->i Theorem:
| Add (el, e2) -> (eval env el) + (eval env e2) | For all e : exp, eval (opt e) == eval e
| Var x -> lookup env x

Proof: By induction on the structure of expressions e : exp.
Case: e = Add(Int O, e2) IH: eval (opt e2) == eval e2

eval (opt (Add(Int 0, e2))) (LHS)
== eval (opt e2) (by eval opt)



A simple optimizer

let rec opt (e:exp) : exp =
match e with

| Inti->Inti

| Add (Int O, e) -> opt e

| Add (e, Int 0) -> opt e

| Add (el,e2) ->
Add(opt el, opt e2)

| Var x -> Var x

type id = string
type exp = Int of int | Add of exp * exp | Var of id

type env
val lookup : env -> id -> int

let rec eval (env: env) (e: exp) : int =

match e with

Inti->i Theorem:
| Add (el, e2) -> (eval env el) + (eval env e2) | For all e : exp, eval (opt e) == eval e
| Var x -> lookup env x

Proof: By induction on the structure of expressions e : exp.
Case: e = Add(Int O, e2) IH: eval (opt e2) == eval e2
eval (opt (Add(Int 0, e2))) (LHS)

== eval (opt e2) (by eval opt)
== eval e2 (by IH)



A simple optimizer

let rec opt (e:exp) : exp =
match e with

| Inti->Inti

| Add (Int O, e) -> opt e

| Add (e, Int 0) -> opt e

| Add (el,e2) ->
Add(opt el, opt e2)

| Var x -> Var x

type id = string
type exp = Int of int | Add of exp * exp | Var of id

type env
val lookup : env -> id -> int

let rec eval (env: env) (e: exp) : int =

match e with

Inti->i Theorem:
| Add (el, e2) -> (eval env el) + (eval env e2) | For all e : exp, eval (opt e) == eval e
| Var x -> lookup env x

Proof: By induction on the structure of expressions e : exp.

Case: e = Add(Int O, e2)
eval (Add(Int 0, e2)) (RHS)
eval (opt (Add(Int 0, e2))) (LHS)
== eval (opt e2) (by eval opt) |
== eval e2 (by IH)



A simple optimizer

let rec opt (e:exp) : exp =
match e with

| Inti->Inti

| Add (Int O, e) -> opt e

| Add (e, Int 0) -> opt e

| Add (el,e2) ->
Add(opt el, opt e2)

| Var x -> Var x

type id = string
type exp = Int of int | Add of exp * exp | Var of id

type env
val lookup : env -> id -> int

let rec eval (env: env) (e: exp) : int =

match e with

Inti->i Theorem:
| Add (el, e2) -> (eval env el) + (eval env e2) | For all e : exp, eval (opt e) == eval e
| Var x -> lookup env x

Proof: By induction on the structure of expressions e : exp.

Case: e = Add(Int O, e2)
eval (Add(Int 0, e2)) (RHS)
eval (opt (Add(Int 0, e2))) (LHS) == (eval(Int 0)) + (eval e2) (eval)
== eval (opt e2) (by eval opt) L
== eval e2 (by IH)




A simple optimizer

let rec opt (e:exp) : exp =
match e with

| Inti->Inti

| Add (Int O, e) -> opt e

| Add (e, Int 0) -> opt e

| Add (el,e2) ->
Add(opt el, opt e2)

| Var x -> Var x

type id = string
type exp = Int of int | Add of exp * exp | Var of id

type env
val lookup : env -> id -> int

let rec eval (env: env) (e: exp) : int =

match e with

Inti->i Theorem:
| Add (el, e2) -> (eval env el) + (eval env e2) | For all e : exp, eval (opt e) == eval e
| Var x -> lookup env x

Proof: By induction on the structure of expressions e : exp.

Case: e = Add(Int 0, e2)

eval (Add(Int O, e2)) (RHS)
eval (opt (Add(Int 0, e2))) (LHS) == (eval(Int 0)) + (eval e2) (eval)
== eval (opt e2) (by eval opt) ==0+ eval e2 el

== eval e2 (by IH)




A simple optimizer

let rec opt (e:exp) : exp =
match e with

| Inti->Inti

| Add (Int O, e) -> opt e

| Add (e, Int 0) -> opt e

| Add (el,e2) ->
Add(opt el, opt e2)

| Var x -> Var x

type id = string
type exp = Int of int | Add of exp * exp | Var of id

type env
val lookup : env -> id -> int

let rec eval (env: env) (e: exp) : int =

match e with

Inti->i Theorem:
| Add (el, e2) -> (eval env el) + (eval env e2) | For all e : exp, eval (opt e) == eval e
| Var x -> lookup env x

Proof: By induction on the structure of expressions e : exp.

Case: e = Add(Int 0, e2)

eval (Add(Int O, e2)) (RHS)
eval (opt (Add(Int 0, e2))) (LHS) == (eval(Int 0)) + (eval e2) (eval)
== eval (opt e2) (by eval opt) ==0+ eval e2 el

== eval e2 (by IH) == eval e2 (math)




A simple optimizer

let rec opt (e:exp) : exp =
match e with

| Inti->Inti

| Add (Int O, e) -> opt e

| Add (e, Int 0) -> opt e

| Add (el,e2) ->
Add(opt el, opt e2)

| Var x -> Var x

type id = string
type exp = Int of int | Add of exp * exp | Var of id

type env
val lookup : env -> id -> int

let rec eval (env: env) (e: exp) : int =

match e with

Inti->i Theorem:
| Add (el, e2) -> (eval env el) + (eval env e2) | For all e : exp, eval (opt e) == eval e
| Var x -> lookup env x

Proof: By induction on the structure of expressions e : exp.

Case: e = Add(Int 0, e2)
eval (Add(Int O, e2)) (RHS)

eval (opt (Add(Int O, e2))) (LHS == (eval(Int 0)) + (eval e2) (eval)
== eval (opt €2) y eval opt) =X 0 + eval €2 L el
== eval e2 (by IH) == eval e2 (math)




A simple optimizer

let rec opt (e:exp) : exp =
match e with

| Inti->Inti

| Add (Int O, e) -> opt e

| Add (e, Int 0) -> opt e

| Add (el,e2) ->
Add(opt el, opt e2)

| Var x -> Var x

type id = string
type exp = Int of int | Add of exp * exp | Var of id

type env
val lookup : env -> id -> int

let rec eval (env: env) (e: exp) : int =

match e with

Inti->i m:

I Add (el, 62) -> (eval env case done! , eval (Opt e) ==eval e
| Var x -> lookup env x (we showed the
LHS == RHS)

Proof: By induction on the struc ns e : exp.

Case: e = Add(Int 0, e2)
eval (Add(Int O, e2)) (RHS)

eval (opt (Add(Int O, e2))) (LHS == (eval(Int 0)) + (eval e2) (eval)
== eval (opt €2) y eval opt) =X 0 + eval €2 L el
== eval e2 (by IH) == eval e2 (math)



A simple optimizer

let rec opt (e:exp) : exp =
match e with

| Inti->Inti

| Add (Int O, e) -> opt e

| Add (e, Int 0) -> opt e

| Add (el,e2) ->
Add(opt el, opt e2)

| Var x -> Var x

type id = string
type exp = Int of int | Add of exp * exp | Var of id

type env
val lookup : env -> id -> int

let rec eval (env: env) (e: exp) : int =

match e with

Inti->i Theorem:
| Add (el, e2) -> (eval env el) + (eval env e2) | For all e : exp, eval (opt e) == eval e
| Var x -> lookup env x

Proof: By induction on the structure of expressions e : exp.

Case: e = Add(e2, Int 0) IH: eval (opt e2) == eval e2



A simple optimizer

let rec opt (e:exp) : exp =
match e with

| Inti->Inti

| Add (Int O, e) -> opt e

| Add (e, Int 0) -> opt e

| Add (el,e2) ->
Add(opt el, opt e2)

| Var x -> Var x

type id = string
type exp = Int of int | Add of exp * exp | Var of id

type env
val lookup : env -> id -> int

let rec eval (env: env) (e: exp) : int =

match e with

Inti->i Theorem:
| Add (el, e2) -> (eval env el) + (eval env e2) | For all e : exp, eval (opt e) == eval e
| Var x -> lookup env x

Proof: By induction on the structure of expressions e : exp.

Case: e = Add(e2, Int 0) IH: eval (opt e2) == eval e2

Very similar to the last case — go through it yourself for practice.



A simple optimizer

let rec opt (e:exp) : exp =
match e with

| Inti->Inti

| Add (Int O, e) -> opt e

| Add (e, Int 0) -> opt e

| Add (el,e2) ->
Add(opt el, opt e2)

| Var x -> Var x

type id = string
type exp = Int of int | Add of exp * exp | Var of id

type env
val lookup : env -> id -> int

let rec eval (env: env) (e: exp) : int =

match e with
Inti->i Theorem:

| Add (el, e2) -> (eval env el) + (eval env e2) | For all e : exp, eval (opt e) == eval e

| Var x -> lookup env x

Proof: By induction on the structure of expressions e : exp.

Case: e = Add(el, e2) IH1: eval (opt el) == eval el
IH2: eval (opt e2) == eval e2



A simple optimizer

let rec opt (e:exp) : exp =
match e with

| Inti->Inti

| Add (Int O, e) -> opt e

| Add (e, Int 0) -> opt e

| Add (el,e2) ->
Add(opt el, opt e2)

| Var x -> Var x

type id = string
type exp = Int of int | Add of exp * exp | Var of id

type env
val lookup : env -> id -> int

let rec eval (env: env) (e: exp) : int =

match e with

Inti->i Theorem:
| Add (el, e2) -> (eval env el) + (eval env e2) | For all e : exp, eval (opt e) == eval e
| Var x -> lookup env x

Proof: By induction on the structure of expressions e : exp.
Case: e = Add(el, e2)

eval (opt (Add(el, e2))) (LHS)



A simple optimizer

let rec opt (e:exp) : exp =
match e with

| Inti->Inti

| Add (Int O, e) -> opt e

| Add (e, Int 0) -> opt e

| Add (el,e2) ->
Add(opt el, opt e2)

| Var x -> Var x

type id = string
type exp = Int of int | Add of exp * exp | Var of id

type env
val lookup : env -> id -> int

let rec eval (env: env) (e: exp) : int =

match e with

Inti->i Theorem:
| Add (el, e2) -> (eval env el) + (eval env e2) | For all e : exp, eval (opt e) == eval e
| Var x -> lookup env x

Proof: By induction on the structure of expressions e : exp.
Case: e = Add(el, e2)

eval (opt (Add(el, e2))) (LHS)
== eval (Add (opt el, opt e2)) (by eval opt)



A simple optimizer

let rec opt (e:exp) : exp =
match e with

| Inti->Inti

| Add (Int O, e) -> opt e

| Add (e, Int 0) -> opt e

| Add (el,e2) ->
Add(opt el, opt e2)

| Var x -> Var x

type id = string
type exp = Int of int | Add of exp * exp | Var of id

type env
val lookup : env -> id -> int

let rec eval (env: env) (e: exp) : int =

match e with

Inti->i Theorem:
| Add (el, e2) -> (eval env el) + (eval env e2) | For all e : exp, eval (opt e) == eval e
| Var x -> lookup env x

Proof: By induction on the structure of expressions e : exp.
Case: e = Add(el, e2)
eval (opt (Add(el, e2))) (LHS)

== eval (Add (opt el, opt e2)) (by eval opt)
== eval (opt el) + eval (opt e2) (by eval eval)



A simple optimizer

let rec opt (e:exp) : exp =
match e with

| Inti->Inti

| Add (Int O, e) -> opt e

| Add (e, Int 0) -> opt e

| Add (el,e2) ->
Add(opt el, opt e2)

| Var x -> Var x

type id = string
type exp = Int of int | Add of exp * exp | Var of id

type env
val lookup : env -> id -> int

let rec eval (env: env) (e: exp) : int =

match e with

Inti->i Theorem:
| Add (el, e2) -> (eval env el) + (eval env e2) | For all e : exp, eval (opt e) == eval e
| Var x -> lookup env x

Proof: By induction on the structure of expressions e : exp.

Case: e = Add(el, e2)
eval (Add(el, e2)) (RHS)
eval (opt (Add(el, e2))) (LHS)
== eval (Add (opt el, opt e2)) (by eval opt) |
== eval (opt el) + eval (opt e2) (by eval eval)



A simple optimizer

let rec opt (e:exp) : exp =
match e with

| Inti->Inti

| Add (Int O, e) -> opt e

| Add (e, Int 0) -> opt e

| Add (el,e2) ->
Add(opt el, opt e2)

| Var x -> Var x

type id = string
type exp = Int of int | Add of exp * exp | Var of id

type env
val lookup : env -> id -> int

let rec eval (env: env) (e: exp) : int =

match e with

Inti->i Theorem:
| Add (el, e2) -> (eval env el) + (eval env e2) | For all e : exp, eval (opt e) == eval e
| Var x -> lookup env x

Proof: By induction on the structure of expressions e : exp.

Case: e = Add(el, e2)
eval (Add(el, e2)) (RHS)
eval (opt (Add(el, e2))) (LHS) == (eval el) + (eval e2) (eval)
== eval (Add (opt el, opt e2)) (by eval opt) L
== eval (opt el) + eval (opt e2) (by eval eval)



A simple optimizer

let rec opt (e:exp) : exp =
match e with

| Inti->Inti

| Add (Int O, e) -> opt e

| Add (e, Int 0) -> opt e

| Add (el,e2) ->
Add(opt el, opt e2)

| Var x -> Var x

type id = string
type exp = Int of int | Add of exp * exp | Var of id

type env
val lookup : env -> id -> int

let rec eval (env: env) (e: exp) : int =

match e with

Inti->i Theorem:
| Add (el, e2) -> (eval env el) + (eval env e2) | For all e : exp, eval (opt e) == eval e
| Var x -> lookup env x

Proof: By induction on the structure of expressions e : exp.

Case: e = Add(el, e2)

eval (Add(el, e2)) (RHS)
eval (opt (Add(el, e2))) (LHS) == (eval el) + (eval e2) (eval)
== eval (Add (opt el, opt e2)) (by eval opt) == eval (opt el) + eval (opt. )

== eval (opt el) + eval (opt e2) (by eval eval) (by IH1 and IH2)



A simple optimizer

type id = string
type exp = Int of int | Add of exp * exp | Var of id

type env
val lookup : env -> id -> int

let rec eval (env: env) (e: exp) : int =
match e with

let rec opt (e:exp) : exp =
match e with

| Inti->Inti

| Add (Int O, e) -> opt e

| Add (e, Int 0) -> opt e

| Add (el,e2) ->
Add(opt el, opt e2)

| Var x -> Var x

Inti->i case done!
| Add (el, e2) -> (eval env el) + (e (we showed the opte) ==eval e
| Var x -> lookup env x LHS == RHS)

Proof: By induction on the structure of expr

Case: e = Add(el, e2)

eval (opt (Add(el, e2)))
== eval (Add (opt el, a (by eval opt)
== eval (opt el) + eval (opt e2) (by eval eval)

se:exp.

dd(el, e2)) (RHS)
) + (eval e2) (eval)
== eval (opt el) + eval (opt. )
(by IH1 and IH2)



A simple optimizer

let rec opt (e:exp) : exp =
match e with

| Inti->Inti

| Add (Int O, e) -> opt e

| Add (e, Int 0) -> opt e

| Add (el,e2) ->
Add(opt el, opt e2)

| Var x -> Var x

type id = string
type exp = Int of int | Add of exp * exp | Var of id

type env
val lookup : env -> id -> int

let rec eval (env: env) (e: exp) : int =

match e with

Inti->i Theorem:
| Add (el, e2) -> (eval env el) + (eval env e2) | For all e : exp, eval (opt e) == eval e
| Var x -> lookup env x

Proof: By induction on the structure of expressions e : exp.

Case: e =Var x

No IH to use because there are no
sub-structures with type exp!



A simple optimizer

let rec opt (e:exp) : exp =
match e with

| Inti->Inti

| Add (Int O, e) -> opt e

| Add (e, Int 0) -> opt e

| Add (el,e2) ->
Add(opt el, opt e2)

| Var x -> Var x

type id = string
type exp = Int of int | Add of exp * exp | Var of id

type env
val lookup : env -> id -> int

let rec eval (env: env) (e: exp) : int =

match e with

Inti->i Theorem:
| Add (el, e2) -> (eval env el) + (eval env e2) | For all e : exp, eval (opt e) == eval e
| Var x -> lookup env x

Proof: By induction on the structure of expressions e : exp.
Case: e=Varx

eval (opt (Var x)) (LHS)
== eval (Var x) (by eval opt)



A simple optimizer

let rec opt (e:exp) : exp =
match e with

| Inti->Inti

| Add (Int O, e) -> opt e

| Add (e, Int 0) -> opt e

| Add (el,e2) ->
Add(opt el, opt e2)

| Var x -> Var x

type id = string
type exp = Int of int | Add of exp * exp | Var of id

type env
val lookup : env -> id -> int

let rec eval (env: env) (e: exp) : int =

match e with

Inti->i Theorem:
| Add (el, e2) -> (eval env el) + (eval env e2) | For all e : exp, eval (opt e) == eval e
| Var x -> lookup env x

case done!
(we showed the
LHS == RHS)

Proof: By induction on the structure of
Case: e=Varx

eval (opt (Var x)) (LHS)
== eval (Var x) (by eval opt)



A simple optimizer

let rec opt (e:exp) : exp =
match e with

| Inti->Inti

| Add (Int O, e) ->opt e

type id = string
type exp = Int of int | Add of exp * exp | Var of i

type env
val lookup :

let rec eval (env: e

mat

| I:c:(; —(el, PROOF DONE.’!! | (opt €) ==eval e

| Var x -> look

PrV _ | =

Z the
Case: e =Var x

eval (opt (Var x)) (LH
== eval (Var x) (by opt) B



[ Summary of Template for Inductive Datatypes ]

typet= Cloftl | C2oft2|...| Cnoftn

Theorem: For all x : t, property(x).

Proof: By induction on structure of values x with type t.

Case: x==Clv:

use patterns
that divide
up the cases

... use IH on components of v that have type t ...

Case: x==C2v:

Take inspiration
from the

structure of the
program Case: x==Cnv:

... use IH on components of v that have type t ...

! ... use IH on components of v that have type t ... L/




