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How to represent words?

N-gram language models

It is 76 F and ___. [0.0001, 0.1, 0, 0, 0.002, …, 0.3, …, 0]

!P(w ∣ it is 76 F and)

red

Text classification

I like this movie.        👍

I don’t like this movie.  👎

[0, 1,  0,  0,  0, …, 1, …, 1]
[0, 1,  0,  1,  0, …, 1, …, 1]

!P(y = 1 ∣ x) = σ(θ⊺w + b)

!w(1)

!w(2)

sunny

don’t



Representing words as discrete symbols

In traditional NLP, we regard words as discrete symbols: 
hotel, conference, motel — a localist representation 

Words can be represented by one-hot vectors:

one 1, the rest 0’s

Vector dimension = number of words in vocabulary (e.g., 500,000)

hotel  = [0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0] 
motel = [0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0]

There is no way to encode similarity of words in these vectors!



Representing words by their context

Distributional hypothesis: words that occur in similar contexts 
tend to have similar meanings

J.R.Firth 1957

• “You shall know a word by the company it keeps”

• One of the most successful ideas of modern statistical 
NLP!

These context words will represent banking.



Distributional hypothesis

“tejuino” C1: A bottle of ___ is on the table.

C2: Everybody likes ___.

C3: Don’t have ___ before you drive.

C4: We make ___ out of corn.



Distributional hypothesis

C1 C2 C3 C4

tejuino 1 1 1 1

loud 0 0 0 0

motor-oil 1 0 0 0

tortillas 0 1 0 1

choices 0 1 0 0

wine 1 1 1 0

C1: A bottle of ___ is on the table.

C2: Everybody likes ___.

C3: Don’t have ___ before you drive.

C4: We make ___ out of corn.

“words that occur in similar contexts tend to have similar meanings”



Words as vectors
• We’ll build a new model of meaning focusing on similarity 

• Each word is a vector 
• Similar words are “nearby in space” 

• word-word co-occurrence matrix:  

• A first solution: we can just use context vectors to represent 
the meaning of words! 



Words as vectors

cos(u,v) =
u · v
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What is the range of ! ?cos( ⋅ )



Words as vectors

             Problem: using raw frequency counts is not always very good.. 
• Solution: let’s weight the counts!  
• PPMI = Positive Pointwise Mutual Information



Sparse vs dense vectors

• Still, the vectors we get from word-word occurrence 
matrix are sparse (most are 0’s) & long (vocabulary size) 

• Alternative: we want to represent words as short (50-300 
dimensional) & dense (real-valued) vectors 

• The focus of this lecture 
• The basis of all the modern NLP systems 



Dense vectors

employees =

0

BBBBBBBBBBBB@

0.286
0.792
�0.177
�0.107
10.109
�0.542
0.349
0.271
0.487

1

CCCCCCCCCCCCA
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Why dense vectors?

• Short vectors are easier to use as features in ML systems 
• Dense vectors may generalize better than storing explicit counts 
• They do better at capturing synonymy 

• !  co-occurs with “car”, !  co-occurs with “automobile”w1 w2

• Different methods for getting dense vectors: 
• Singular value decomposition (SVD) 
• word2vec and friends: “learn” the vectors!



Word2vec and friends

(Mikolov et al, 2013): Distributed Representations of 
Words and Phrases and their Compositionality



Word2vec

• Input: a large text corpora, V, d

• Output:

• V: a pre-defined vocabulary 
• d: dimension of word vectors (e.g. 300) 
• Text corpora: 

• Wikipedia + Gigaword 5: 6B 
• Twitter: 27B 

• Common Crawl: 840B

vcat =

0

BB@

�0.224
0.130
�0.290
0.276

1

CCA
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vdog =
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vlanguage =
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Word2vec

word = “sweden”



Word2vec

Continuous Bag of Words (CBOW) Skip-grams



Skip-gram

• The idea: we want to use words to predict their context words 
• Context: a fixed window of size 2m



Skip-gram



Skip-gram: objective function

• For each position ! , predict context words within 
context size m, given center word ! : 

t = 1,2,…T
wj

L(✓) =
TY

t=1

Y

�mjm,j 6=0

P (wt+j | wt; ✓)
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all the parameters to be optimized

• The objective function  !   is the (average) negative log likelihood:J(θ)

J(✓) = � 1

T
logL(✓) = � 1

T

TX

t=1

X

�mjm,j 6=0

logP (wt+j | wt; ✓)
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How to define  ?P(wt+j ∣ wt; θ)

• We have two sets of vectors for each word in the vocabulary  

ui 2 Rd
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: embedding for target word i

: embedding for context word i’

Q: Why two sets of vectors?

vi0 2 Rd
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• Use inner product                   to measure how likely word i 
appears with context word i’, the larger the better

“softmax” we learned last time!

ui · vi0
<latexit sha1_base64="RzTZ0bVG1tX3m7GXesoGab/HjRI=">AAACC3icbVBNS8NAEN3Ur1q/oh69LC2ip5KIoMeiF48VbCu0IWw2m3bpZjfsbgol5O7Fv+LFgyJe/QPe/Ddu2gja+mDg8d4MM/OChFGlHefLqqysrq1vVDdrW9s7u3v2/kFXiVRi0sGCCXkfIEUY5aSjqWbkPpEExQEjvWB8Xfi9CZGKCn6npwnxYjTkNKIYaSP5dn0QIz0KoizNfQoHOBQa/kiT3M/oSe7bDafpzACXiVuSBijR9u3PQShwGhOuMUNK9V0n0V6GpKaYkbw2SBVJEB6jIekbylFMlJfNfsnhsVFCGAlpims4U39PZChWahoHprM4Uy16hfif1091dOlllCepJhzPF0Upg1rAIhgYUkmwZlNDEJbU3ArxCEmEtYmvZkJwF19eJt2zpus03dvzRuuqjKMKjkAdnAIXXIAWuAFt0AEYPIAn8AJerUfr2Xqz3uetFaucOQR/YH18A6ZPm2s=</latexit><latexit sha1_base64="RzTZ0bVG1tX3m7GXesoGab/HjRI=">AAACC3icbVBNS8NAEN3Ur1q/oh69LC2ip5KIoMeiF48VbCu0IWw2m3bpZjfsbgol5O7Fv+LFgyJe/QPe/Ddu2gja+mDg8d4MM/OChFGlHefLqqysrq1vVDdrW9s7u3v2/kFXiVRi0sGCCXkfIEUY5aSjqWbkPpEExQEjvWB8Xfi9CZGKCn6npwnxYjTkNKIYaSP5dn0QIz0KoizNfQoHOBQa/kiT3M/oSe7bDafpzACXiVuSBijR9u3PQShwGhOuMUNK9V0n0V6GpKaYkbw2SBVJEB6jIekbylFMlJfNfsnhsVFCGAlpims4U39PZChWahoHprM4Uy16hfif1091dOlllCepJhzPF0Upg1rAIhgYUkmwZlNDEJbU3ArxCEmEtYmvZkJwF19eJt2zpus03dvzRuuqjKMKjkAdnAIXXIAWuAFt0AEYPIAn8AJerUfr2Xqz3uetFaucOQR/YH18A6ZPm2s=</latexit><latexit sha1_base64="RzTZ0bVG1tX3m7GXesoGab/HjRI=">AAACC3icbVBNS8NAEN3Ur1q/oh69LC2ip5KIoMeiF48VbCu0IWw2m3bpZjfsbgol5O7Fv+LFgyJe/QPe/Ddu2gja+mDg8d4MM/OChFGlHefLqqysrq1vVDdrW9s7u3v2/kFXiVRi0sGCCXkfIEUY5aSjqWbkPpEExQEjvWB8Xfi9CZGKCn6npwnxYjTkNKIYaSP5dn0QIz0KoizNfQoHOBQa/kiT3M/oSe7bDafpzACXiVuSBijR9u3PQShwGhOuMUNK9V0n0V6GpKaYkbw2SBVJEB6jIekbylFMlJfNfsnhsVFCGAlpims4U39PZChWahoHprM4Uy16hfif1091dOlllCepJhzPF0Upg1rAIhgYUkmwZlNDEJbU3ArxCEmEtYmvZkJwF19eJt2zpus03dvzRuuqjKMKjkAdnAIXXIAWuAFt0AEYPIAn8AJerUfr2Xqz3uetFaucOQR/YH18A6ZPm2s=</latexit><latexit sha1_base64="RzTZ0bVG1tX3m7GXesoGab/HjRI=">AAACC3icbVBNS8NAEN3Ur1q/oh69LC2ip5KIoMeiF48VbCu0IWw2m3bpZjfsbgol5O7Fv+LFgyJe/QPe/Ddu2gja+mDg8d4MM/OChFGlHefLqqysrq1vVDdrW9s7u3v2/kFXiVRi0sGCCXkfIEUY5aSjqWbkPpEExQEjvWB8Xfi9CZGKCn6npwnxYjTkNKIYaSP5dn0QIz0KoizNfQoHOBQa/kiT3M/oSe7bDafpzACXiVuSBijR9u3PQShwGhOuMUNK9V0n0V6GpKaYkbw2SBVJEB6jIekbylFMlJfNfsnhsVFCGAlpims4U39PZChWahoHprM4Uy16hfif1091dOlllCepJhzPF0Upg1rAIhgYUkmwZlNDEJbU3ArxCEmEtYmvZkJwF19eJt2zpus03dvzRuuqjKMKjkAdnAIXXIAWuAFt0AEYPIAn8AJerUfr2Xqz3uetFaucOQR/YH18A6ZPm2s=</latexit>

P (wt+j | wt) =
exp(uwt · vwt+j )P
k2V exp(uwt · vk)

<latexit sha1_base64="YxU1x4J5AlDT3J/Dp+p53Qpgi+U="></latexit><latexit sha1_base64="YxU1x4J5AlDT3J/Dp+p53Qpgi+U="></latexit><latexit sha1_base64="YxU1x4J5AlDT3J/Dp+p53Qpgi+U="></latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="e+z+9fOroxs43UnXStWJ/Sb1g8o="></latexit><latexit sha1_base64="e+z+9fOroxs43UnXStWJ/Sb1g8o="></latexit><latexit sha1_base64="JwMv/sOfzaSR0cvFGLscrahs/c0="></latexit><latexit sha1_base64="YxU1x4J5AlDT3J/Dp+p53Qpgi+U="></latexit><latexit sha1_base64="YxU1x4J5AlDT3J/Dp+p53Qpgi+U="></latexit><latexit sha1_base64="YxU1x4J5AlDT3J/Dp+p53Qpgi+U="></latexit><latexit sha1_base64="YxU1x4J5AlDT3J/Dp+p53Qpgi+U="></latexit><latexit sha1_base64="YxU1x4J5AlDT3J/Dp+p53Qpgi+U="></latexit><latexit sha1_base64="YxU1x4J5AlDT3J/Dp+p53Qpgi+U="></latexit>

are all the parameters in this model!✓ = {{uk}, {vk}}
<latexit sha1_base64="uE6wEg+cbVDNn7T6D276YV5+N9k=">AAACGHicbVDLSsNAFJ3UV62vqks3g0VwITURQTdC0Y3LCvYBTQiT6aQdOnkwc1MoIZ/hxl9x40IRt935N07TgNp6hoHDOfdy7z1eLLgC0/wySiura+sb5c3K1vbO7l51/6CtokRS1qKRiGTXI4oJHrIWcBCsG0tGAk+wjje6m/mdMZOKR+EjTGLmBGQQcp9TAlpyq+c2DBkQfIPtVL+AwNDz0yRzR3Z2hn+Uca7YmVutmXUzB14mVkFqqEDTrU7tfkSTgIVABVGqZ5kxOCmRwKlgWcVOFIsJHZEB62kakoApJ80Py/CJVvrYj6T+IeBc/d2RkkCpSeDpytmeatGbif95vQT8ayflYZwAC+l8kJ8IDBGepYT7XDIKYqIJoZLrXTEdEkko6CwrOgRr8eRl0r6oW2bderisNW6LOMroCB2jU2ShK9RA96iJWoiiJ/SC3tC78Wy8Gh/G57y0ZBQ9h+gPjOk3ue6g1w==</latexit><latexit sha1_base64="uE6wEg+cbVDNn7T6D276YV5+N9k=">AAACGHicbVDLSsNAFJ3UV62vqks3g0VwITURQTdC0Y3LCvYBTQiT6aQdOnkwc1MoIZ/hxl9x40IRt935N07TgNp6hoHDOfdy7z1eLLgC0/wySiura+sb5c3K1vbO7l51/6CtokRS1qKRiGTXI4oJHrIWcBCsG0tGAk+wjje6m/mdMZOKR+EjTGLmBGQQcp9TAlpyq+c2DBkQfIPtVL+AwNDz0yRzR3Z2hn+Uca7YmVutmXUzB14mVkFqqEDTrU7tfkSTgIVABVGqZ5kxOCmRwKlgWcVOFIsJHZEB62kakoApJ80Py/CJVvrYj6T+IeBc/d2RkkCpSeDpytmeatGbif95vQT8ayflYZwAC+l8kJ8IDBGepYT7XDIKYqIJoZLrXTEdEkko6CwrOgRr8eRl0r6oW2bderisNW6LOMroCB2jU2ShK9RA96iJWoiiJ/SC3tC78Wy8Gh/G57y0ZBQ9h+gPjOk3ue6g1w==</latexit><latexit sha1_base64="uE6wEg+cbVDNn7T6D276YV5+N9k=">AAACGHicbVDLSsNAFJ3UV62vqks3g0VwITURQTdC0Y3LCvYBTQiT6aQdOnkwc1MoIZ/hxl9x40IRt935N07TgNp6hoHDOfdy7z1eLLgC0/wySiura+sb5c3K1vbO7l51/6CtokRS1qKRiGTXI4oJHrIWcBCsG0tGAk+wjje6m/mdMZOKR+EjTGLmBGQQcp9TAlpyq+c2DBkQfIPtVL+AwNDz0yRzR3Z2hn+Uca7YmVutmXUzB14mVkFqqEDTrU7tfkSTgIVABVGqZ5kxOCmRwKlgWcVOFIsJHZEB62kakoApJ80Py/CJVvrYj6T+IeBc/d2RkkCpSeDpytmeatGbif95vQT8ayflYZwAC+l8kJ8IDBGepYT7XDIKYqIJoZLrXTEdEkko6CwrOgRr8eRl0r6oW2bderisNW6LOMroCB2jU2ShK9RA96iJWoiiJ/SC3tC78Wy8Gh/G57y0ZBQ9h+gPjOk3ue6g1w==</latexit><latexit sha1_base64="uE6wEg+cbVDNn7T6D276YV5+N9k=">AAACGHicbVDLSsNAFJ3UV62vqks3g0VwITURQTdC0Y3LCvYBTQiT6aQdOnkwc1MoIZ/hxl9x40IRt935N07TgNp6hoHDOfdy7z1eLLgC0/wySiura+sb5c3K1vbO7l51/6CtokRS1qKRiGTXI4oJHrIWcBCsG0tGAk+wjje6m/mdMZOKR+EjTGLmBGQQcp9TAlpyq+c2DBkQfIPtVL+AwNDz0yRzR3Z2hn+Uca7YmVutmXUzB14mVkFqqEDTrU7tfkSTgIVABVGqZ5kxOCmRwKlgWcVOFIsJHZEB62kakoApJ80Py/CJVvrYj6T+IeBc/d2RkkCpSeDpytmeatGbif95vQT8ayflYZwAC+l8kJ8IDBGepYT7XDIKYqIJoZLrXTEdEkko6CwrOgRr8eRl0r6oW2bderisNW6LOMroCB2jU2ShK9RA96iJWoiiJ/SC3tC78Wy8Gh/G57y0ZBQ9h+gPjOk3ue6g1w==</latexit>



How to train the model

Calculating all the gradients together! 

Q: How many parameters are in total?

J(✓) = � 1

T
logL(✓) = � 1

T

TX

t=1

X

�mjm,j 6=0

logP (wt+j | wt; ✓)

<latexit sha1_base64="23utKwn7ZJE6urpMOKPMcw5eqOk="></latexit><latexit sha1_base64="23utKwn7ZJE6urpMOKPMcw5eqOk="></latexit><latexit sha1_base64="23utKwn7ZJE6urpMOKPMcw5eqOk="></latexit><latexit sha1_base64="23utKwn7ZJE6urpMOKPMcw5eqOk="></latexit>

J(✓) = � 1

T
logL(✓) = � 1

T

TX

t=1

X

�mjm,j 6=0

logP (wt+j | wt; ✓)

<latexit sha1_base64="23utKwn7ZJE6urpMOKPMcw5eqOk="></latexit><latexit sha1_base64="23utKwn7ZJE6urpMOKPMcw5eqOk="></latexit><latexit sha1_base64="23utKwn7ZJE6urpMOKPMcw5eqOk="></latexit><latexit sha1_base64="23utKwn7ZJE6urpMOKPMcw5eqOk="></latexit>

r✓J(✓) =?
<latexit sha1_base64="oFtCj5NE4VIa6vcNKQlly3hbvtM=">AAACA3icbZDLSsNAFIYnXmu9Vd3pJliEuimJCLoRi27EVQV7gSaUk+mkHTqZhJkToYSCG1/FjQtF3PoS7nwbp5eFtv4w8PGfczhz/iARXKPjfFsLi0vLK6u5tfz6xubWdmFnt67jVFFWo7GIVTMAzQSXrIYcBWsmikEUCNYI+tejeuOBKc1jeY+DhPkRdCUPOQU0Vruw70kIBLQzD3sMYXhbmsDxxWW7UHTKzlj2PLhTKJKpqu3Cl9eJaRoxiVSA1i3XSdDPQCGngg3zXqpZArQPXdYyKCFi2s/GNwztI+N07DBW5km0x+7viQwirQdRYDojwJ6erY3M/2qtFMNzP+MySZFJOlkUpsLG2B4FYne4YhTFwABQxc1fbdoDBRRNbHkTgjt78jzUT8quU3bvTouVq2kcOXJADkmJuOSMVMgNqZIaoeSRPJNX8mY9WS/Wu/UxaV2wpjN75I+szx9vapdb</latexit><latexit sha1_base64="oFtCj5NE4VIa6vcNKQlly3hbvtM=">AAACA3icbZDLSsNAFIYnXmu9Vd3pJliEuimJCLoRi27EVQV7gSaUk+mkHTqZhJkToYSCG1/FjQtF3PoS7nwbp5eFtv4w8PGfczhz/iARXKPjfFsLi0vLK6u5tfz6xubWdmFnt67jVFFWo7GIVTMAzQSXrIYcBWsmikEUCNYI+tejeuOBKc1jeY+DhPkRdCUPOQU0Vruw70kIBLQzD3sMYXhbmsDxxWW7UHTKzlj2PLhTKJKpqu3Cl9eJaRoxiVSA1i3XSdDPQCGngg3zXqpZArQPXdYyKCFi2s/GNwztI+N07DBW5km0x+7viQwirQdRYDojwJ6erY3M/2qtFMNzP+MySZFJOlkUpsLG2B4FYne4YhTFwABQxc1fbdoDBRRNbHkTgjt78jzUT8quU3bvTouVq2kcOXJADkmJuOSMVMgNqZIaoeSRPJNX8mY9WS/Wu/UxaV2wpjN75I+szx9vapdb</latexit><latexit sha1_base64="oFtCj5NE4VIa6vcNKQlly3hbvtM=">AAACA3icbZDLSsNAFIYnXmu9Vd3pJliEuimJCLoRi27EVQV7gSaUk+mkHTqZhJkToYSCG1/FjQtF3PoS7nwbp5eFtv4w8PGfczhz/iARXKPjfFsLi0vLK6u5tfz6xubWdmFnt67jVFFWo7GIVTMAzQSXrIYcBWsmikEUCNYI+tejeuOBKc1jeY+DhPkRdCUPOQU0Vruw70kIBLQzD3sMYXhbmsDxxWW7UHTKzlj2PLhTKJKpqu3Cl9eJaRoxiVSA1i3XSdDPQCGngg3zXqpZArQPXdYyKCFi2s/GNwztI+N07DBW5km0x+7viQwirQdRYDojwJ6erY3M/2qtFMNzP+MySZFJOlkUpsLG2B4FYne4YhTFwABQxc1fbdoDBRRNbHkTgjt78jzUT8quU3bvTouVq2kcOXJADkmJuOSMVMgNqZIaoeSRPJNX8mY9WS/Wu/UxaV2wpjN75I+szx9vapdb</latexit><latexit sha1_base64="oFtCj5NE4VIa6vcNKQlly3hbvtM=">AAACA3icbZDLSsNAFIYnXmu9Vd3pJliEuimJCLoRi27EVQV7gSaUk+mkHTqZhJkToYSCG1/FjQtF3PoS7nwbp5eFtv4w8PGfczhz/iARXKPjfFsLi0vLK6u5tfz6xubWdmFnt67jVFFWo7GIVTMAzQSXrIYcBWsmikEUCNYI+tejeuOBKc1jeY+DhPkRdCUPOQU0Vruw70kIBLQzD3sMYXhbmsDxxWW7UHTKzlj2PLhTKJKpqu3Cl9eJaRoxiVSA1i3XSdDPQCGngg3zXqpZArQPXdYyKCFi2s/GNwztI+N07DBW5km0x+7viQwirQdRYDojwJ6erY3M/2qtFMNzP+MySZFJOlkUpsLG2B4FYne4YhTFwABQxc1fbdoDBRRNbHkTgjt78jzUT8quU3bvTouVq2kcOXJADkmJuOSMVMgNqZIaoeSRPJNX8mY9WS/Wu/UxaV2wpjN75I+szx9vapdb</latexit>

We can apply stochastic gradient descent (SGD)!

Let’s walk through the math..

✓(t+1) = ✓(t) � ⌘r✓J(✓)
<latexit sha1_base64="2xbrEJR+XVhUcysjVyGPSHic0HY=">AAACJnicbVDLSgNBEJz1GeMr6tHLYBAiYtgVQS+C6EU8RTBRyK5L72RihszOLjO9QljyNV78FS8eIiLe/BQnD/BZMFBd1U1PV5RKYdB1352p6ZnZufnCQnFxaXlltbS23jBJphmvs0Qm+iYCw6VQvI4CJb9JNYc4kvw66p4N/et7ro1I1BX2Uh7EcKdEWzBAK4WlYx87HOE2r+Cut9Onx/RLsOUe9W1BfQWRhDAfe/2LypjshKWyW3VHoH+JNyFlMkEtLA38VsKymCtkEoxpem6KQQ4aBZO8X/Qzw1NgXbjjTUsVxNwE+ejMPt22Sou2E22fQjpSv0/kEBvTiyPbGQN2zG9vKP7nNTNsHwW5UGmGXLHxonYmKSZ0mBltCc0Zyp4lwLSwf6WsAxoY2mSLNgTv98l/SWO/6rlV7/KgfHI6iaNANskWqRCPHJITck5qpE4YeSBPZEBenEfn2Xl13satU85kZoP8gPPxCRNypFM=</latexit><latexit sha1_base64="2xbrEJR+XVhUcysjVyGPSHic0HY=">AAACJnicbVDLSgNBEJz1GeMr6tHLYBAiYtgVQS+C6EU8RTBRyK5L72RihszOLjO9QljyNV78FS8eIiLe/BQnD/BZMFBd1U1PV5RKYdB1352p6ZnZufnCQnFxaXlltbS23jBJphmvs0Qm+iYCw6VQvI4CJb9JNYc4kvw66p4N/et7ro1I1BX2Uh7EcKdEWzBAK4WlYx87HOE2r+Cut9Onx/RLsOUe9W1BfQWRhDAfe/2LypjshKWyW3VHoH+JNyFlMkEtLA38VsKymCtkEoxpem6KQQ4aBZO8X/Qzw1NgXbjjTUsVxNwE+ejMPt22Sou2E22fQjpSv0/kEBvTiyPbGQN2zG9vKP7nNTNsHwW5UGmGXLHxonYmKSZ0mBltCc0Zyp4lwLSwf6WsAxoY2mSLNgTv98l/SWO/6rlV7/KgfHI6iaNANskWqRCPHJITck5qpE4YeSBPZEBenEfn2Xl13satU85kZoP8gPPxCRNypFM=</latexit><latexit sha1_base64="2xbrEJR+XVhUcysjVyGPSHic0HY=">AAACJnicbVDLSgNBEJz1GeMr6tHLYBAiYtgVQS+C6EU8RTBRyK5L72RihszOLjO9QljyNV78FS8eIiLe/BQnD/BZMFBd1U1PV5RKYdB1352p6ZnZufnCQnFxaXlltbS23jBJphmvs0Qm+iYCw6VQvI4CJb9JNYc4kvw66p4N/et7ro1I1BX2Uh7EcKdEWzBAK4WlYx87HOE2r+Cut9Onx/RLsOUe9W1BfQWRhDAfe/2LypjshKWyW3VHoH+JNyFlMkEtLA38VsKymCtkEoxpem6KQQ4aBZO8X/Qzw1NgXbjjTUsVxNwE+ejMPt22Sou2E22fQjpSv0/kEBvTiyPbGQN2zG9vKP7nNTNsHwW5UGmGXLHxonYmKSZ0mBltCc0Zyp4lwLSwf6WsAxoY2mSLNgTv98l/SWO/6rlV7/KgfHI6iaNANskWqRCPHJITck5qpE4YeSBPZEBenEfn2Xl13satU85kZoP8gPPxCRNypFM=</latexit><latexit sha1_base64="2xbrEJR+XVhUcysjVyGPSHic0HY=">AAACJnicbVDLSgNBEJz1GeMr6tHLYBAiYtgVQS+C6EU8RTBRyK5L72RihszOLjO9QljyNV78FS8eIiLe/BQnD/BZMFBd1U1PV5RKYdB1352p6ZnZufnCQnFxaXlltbS23jBJphmvs0Qm+iYCw6VQvI4CJb9JNYc4kvw66p4N/et7ro1I1BX2Uh7EcKdEWzBAK4WlYx87HOE2r+Cut9Onx/RLsOUe9W1BfQWRhDAfe/2LypjshKWyW3VHoH+JNyFlMkEtLA38VsKymCtkEoxpem6KQQ4aBZO8X/Qzw1NgXbjjTUsVxNwE+ejMPt22Sou2E22fQjpSv0/kEBvTiyPbGQN2zG9vKP7nNTNsHwW5UGmGXLHxonYmKSZ0mBltCc0Zyp4lwLSwf6WsAxoY2mSLNgTv98l/SWO/6rlV7/KgfHI6iaNANskWqRCPHJITck5qpE4YeSBPZEBenEfn2Xl13satU85kZoP8gPPxCRNypFM=</latexit>

✓ = {{uk}, {vk}}
<latexit sha1_base64="uE6wEg+cbVDNn7T6D276YV5+N9k=">AAACGHicbVDLSsNAFJ3UV62vqks3g0VwITURQTdC0Y3LCvYBTQiT6aQdOnkwc1MoIZ/hxl9x40IRt935N07TgNp6hoHDOfdy7z1eLLgC0/wySiura+sb5c3K1vbO7l51/6CtokRS1qKRiGTXI4oJHrIWcBCsG0tGAk+wjje6m/mdMZOKR+EjTGLmBGQQcp9TAlpyq+c2DBkQfIPtVL+AwNDz0yRzR3Z2hn+Uca7YmVutmXUzB14mVkFqqEDTrU7tfkSTgIVABVGqZ5kxOCmRwKlgWcVOFIsJHZEB62kakoApJ80Py/CJVvrYj6T+IeBc/d2RkkCpSeDpytmeatGbif95vQT8ayflYZwAC+l8kJ8IDBGepYT7XDIKYqIJoZLrXTEdEkko6CwrOgRr8eRl0r6oW2bderisNW6LOMroCB2jU2ShK9RA96iJWoiiJ/SC3tC78Wy8Gh/G57y0ZBQ9h+gPjOk3ue6g1w==</latexit><latexit sha1_base64="uE6wEg+cbVDNn7T6D276YV5+N9k=">AAACGHicbVDLSsNAFJ3UV62vqks3g0VwITURQTdC0Y3LCvYBTQiT6aQdOnkwc1MoIZ/hxl9x40IRt935N07TgNp6hoHDOfdy7z1eLLgC0/wySiura+sb5c3K1vbO7l51/6CtokRS1qKRiGTXI4oJHrIWcBCsG0tGAk+wjje6m/mdMZOKR+EjTGLmBGQQcp9TAlpyq+c2DBkQfIPtVL+AwNDz0yRzR3Z2hn+Uca7YmVutmXUzB14mVkFqqEDTrU7tfkSTgIVABVGqZ5kxOCmRwKlgWcVOFIsJHZEB62kakoApJ80Py/CJVvrYj6T+IeBc/d2RkkCpSeDpytmeatGbif95vQT8ayflYZwAC+l8kJ8IDBGepYT7XDIKYqIJoZLrXTEdEkko6CwrOgRr8eRl0r6oW2bderisNW6LOMroCB2jU2ShK9RA96iJWoiiJ/SC3tC78Wy8Gh/G57y0ZBQ9h+gPjOk3ue6g1w==</latexit><latexit sha1_base64="uE6wEg+cbVDNn7T6D276YV5+N9k=">AAACGHicbVDLSsNAFJ3UV62vqks3g0VwITURQTdC0Y3LCvYBTQiT6aQdOnkwc1MoIZ/hxl9x40IRt935N07TgNp6hoHDOfdy7z1eLLgC0/wySiura+sb5c3K1vbO7l51/6CtokRS1qKRiGTXI4oJHrIWcBCsG0tGAk+wjje6m/mdMZOKR+EjTGLmBGQQcp9TAlpyq+c2DBkQfIPtVL+AwNDz0yRzR3Z2hn+Uca7YmVutmXUzB14mVkFqqEDTrU7tfkSTgIVABVGqZ5kxOCmRwKlgWcVOFIsJHZEB62kakoApJ80Py/CJVvrYj6T+IeBc/d2RkkCpSeDpytmeatGbif95vQT8ayflYZwAC+l8kJ8IDBGepYT7XDIKYqIJoZLrXTEdEkko6CwrOgRr8eRl0r6oW2bderisNW6LOMroCB2jU2ShK9RA96iJWoiiJ/SC3tC78Wy8Gh/G57y0ZBQ9h+gPjOk3ue6g1w==</latexit><latexit sha1_base64="uE6wEg+cbVDNn7T6D276YV5+N9k=">AAACGHicbVDLSsNAFJ3UV62vqks3g0VwITURQTdC0Y3LCvYBTQiT6aQdOnkwc1MoIZ/hxl9x40IRt935N07TgNp6hoHDOfdy7z1eLLgC0/wySiura+sb5c3K1vbO7l51/6CtokRS1qKRiGTXI4oJHrIWcBCsG0tGAk+wjje6m/mdMZOKR+EjTGLmBGQQcp9TAlpyq+c2DBkQfIPtVL+AwNDz0yRzR3Z2hn+Uca7YmVutmXUzB14mVkFqqEDTrU7tfkSTgIVABVGqZ5kxOCmRwKlgWcVOFIsJHZEB62kakoApJ80Py/CJVvrYj6T+IeBc/d2RkkCpSeDpytmeatGbif95vQT8ayflYZwAC+l8kJ8IDBGepYT7XDIKYqIJoZLrXTEdEkko6CwrOgRr8eRl0r6oW2bderisNW6LOMroCB2jU2ShK9RA96iJWoiiJ/SC3tC78Wy8Gh/G57y0ZBQ9h+gPjOk3ue6g1w==</latexit>



Warm-up

f(x) = exp(x)
<latexit sha1_base64="F2Q/ji6x1DLqPqoZ1t1sz9mjuL8=">AAAB9XicbZDLSgNBEEVr4ivGV9Slm8YgxE2YEUE3QtCNywjmAckYejo1SZOeB909mjDkP9y4UMSt/+LOv7GTzEITLzQcblVR1deLBVfatr+t3Mrq2vpGfrOwtb2zu1fcP2ioKJEM6ywSkWx5VKHgIdY11wJbsUQaeAKb3vBmWm8+olQ8Cu/1OEY3oP2Q+5xRbawHvzw6JVekg6PYULdYsiv2TGQZnAxKkKnWLX51ehFLAgw1E1SptmPH2k2p1JwJnBQ6icKYsiHtY9tgSANUbjq7ekJOjNMjfiTNCzWZub8nUhooNQ480xlQPVCLtan5X62daP/STXkYJxpDNl/kJ4LoiEwjID0ukWkxNkCZ5OZWwgZUUqZNUAUTgrP45WVonFUcu+LcnZeq11kceTiCYyiDAxdQhVuoQR0YSHiGV3iznqwX6936mLfmrGzmEP7I+vwBaEqRJA==</latexit><latexit sha1_base64="F2Q/ji6x1DLqPqoZ1t1sz9mjuL8=">AAAB9XicbZDLSgNBEEVr4ivGV9Slm8YgxE2YEUE3QtCNywjmAckYejo1SZOeB909mjDkP9y4UMSt/+LOv7GTzEITLzQcblVR1deLBVfatr+t3Mrq2vpGfrOwtb2zu1fcP2ioKJEM6ywSkWx5VKHgIdY11wJbsUQaeAKb3vBmWm8+olQ8Cu/1OEY3oP2Q+5xRbawHvzw6JVekg6PYULdYsiv2TGQZnAxKkKnWLX51ehFLAgw1E1SptmPH2k2p1JwJnBQ6icKYsiHtY9tgSANUbjq7ekJOjNMjfiTNCzWZub8nUhooNQ480xlQPVCLtan5X62daP/STXkYJxpDNl/kJ4LoiEwjID0ukWkxNkCZ5OZWwgZUUqZNUAUTgrP45WVonFUcu+LcnZeq11kceTiCYyiDAxdQhVuoQR0YSHiGV3iznqwX6936mLfmrGzmEP7I+vwBaEqRJA==</latexit><latexit sha1_base64="F2Q/ji6x1DLqPqoZ1t1sz9mjuL8=">AAAB9XicbZDLSgNBEEVr4ivGV9Slm8YgxE2YEUE3QtCNywjmAckYejo1SZOeB909mjDkP9y4UMSt/+LOv7GTzEITLzQcblVR1deLBVfatr+t3Mrq2vpGfrOwtb2zu1fcP2ioKJEM6ywSkWx5VKHgIdY11wJbsUQaeAKb3vBmWm8+olQ8Cu/1OEY3oP2Q+5xRbawHvzw6JVekg6PYULdYsiv2TGQZnAxKkKnWLX51ehFLAgw1E1SptmPH2k2p1JwJnBQ6icKYsiHtY9tgSANUbjq7ekJOjNMjfiTNCzWZub8nUhooNQ480xlQPVCLtan5X62daP/STXkYJxpDNl/kJ4LoiEwjID0ukWkxNkCZ5OZWwgZUUqZNUAUTgrP45WVonFUcu+LcnZeq11kceTiCYyiDAxdQhVuoQR0YSHiGV3iznqwX6936mLfmrGzmEP7I+vwBaEqRJA==</latexit><latexit sha1_base64="F2Q/ji6x1DLqPqoZ1t1sz9mjuL8=">AAAB9XicbZDLSgNBEEVr4ivGV9Slm8YgxE2YEUE3QtCNywjmAckYejo1SZOeB909mjDkP9y4UMSt/+LOv7GTzEITLzQcblVR1deLBVfatr+t3Mrq2vpGfrOwtb2zu1fcP2ioKJEM6ywSkWx5VKHgIdY11wJbsUQaeAKb3vBmWm8+olQ8Cu/1OEY3oP2Q+5xRbawHvzw6JVekg6PYULdYsiv2TGQZnAxKkKnWLX51ehFLAgw1E1SptmPH2k2p1JwJnBQ6icKYsiHtY9tgSANUbjq7ekJOjNMjfiTNCzWZub8nUhooNQ480xlQPVCLtan5X62daP/STXkYJxpDNl/kJ4LoiEwjID0ukWkxNkCZ5OZWwgZUUqZNUAUTgrP45WVonFUcu+LcnZeq11kceTiCYyiDAxdQhVuoQR0YSHiGV3iznqwX6936mLfmrGzmEP7I+vwBaEqRJA==</latexit>

df

dx
=

<latexit sha1_base64="h5ZKeLyvOAKrQ28BVy2eVsxqRMI=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0ItQ9OKxgv2ANpTNZtMu3WzC7qZYQv6JFw+KePWfePPfuGlz0NYHA4/3ZpiZ5yecKe0431ZlbX1jc6u6XdvZ3ds/sA+POipOJaFtEvNY9nysKGeCtjXTnPYSSXHkc9r1J3eF351SqVgsHvUsoV6ER4KFjGBtpKFtD0KJSRaEeRY85egGDe2603DmQKvELUkdSrSG9tcgiEkaUaEJx0r1XSfRXoalZoTTvDZIFU0wmeAR7RsqcESVl80vz9GZUQIUxtKU0Giu/p7IcKTULPJNZ4T1WC17hfif1091eO1lTCSppoIsFoUpRzpGRQwoYJISzWeGYCKZuRWRMTZRaBNWzYTgLr+8SjoXDddpuA+X9eZtGUcVTuAUzsGFK2jCPbSgDQSm8Ayv8GZl1ov1bn0sWitWOXMMf2B9/gAs4ZNW</latexit><latexit sha1_base64="h5ZKeLyvOAKrQ28BVy2eVsxqRMI=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0ItQ9OKxgv2ANpTNZtMu3WzC7qZYQv6JFw+KePWfePPfuGlz0NYHA4/3ZpiZ5yecKe0431ZlbX1jc6u6XdvZ3ds/sA+POipOJaFtEvNY9nysKGeCtjXTnPYSSXHkc9r1J3eF351SqVgsHvUsoV6ER4KFjGBtpKFtD0KJSRaEeRY85egGDe2603DmQKvELUkdSrSG9tcgiEkaUaEJx0r1XSfRXoalZoTTvDZIFU0wmeAR7RsqcESVl80vz9GZUQIUxtKU0Giu/p7IcKTULPJNZ4T1WC17hfif1091eO1lTCSppoIsFoUpRzpGRQwoYJISzWeGYCKZuRWRMTZRaBNWzYTgLr+8SjoXDddpuA+X9eZtGUcVTuAUzsGFK2jCPbSgDQSm8Ayv8GZl1ov1bn0sWitWOXMMf2B9/gAs4ZNW</latexit><latexit sha1_base64="h5ZKeLyvOAKrQ28BVy2eVsxqRMI=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0ItQ9OKxgv2ANpTNZtMu3WzC7qZYQv6JFw+KePWfePPfuGlz0NYHA4/3ZpiZ5yecKe0431ZlbX1jc6u6XdvZ3ds/sA+POipOJaFtEvNY9nysKGeCtjXTnPYSSXHkc9r1J3eF351SqVgsHvUsoV6ER4KFjGBtpKFtD0KJSRaEeRY85egGDe2603DmQKvELUkdSrSG9tcgiEkaUaEJx0r1XSfRXoalZoTTvDZIFU0wmeAR7RsqcESVl80vz9GZUQIUxtKU0Giu/p7IcKTULPJNZ4T1WC17hfif1091eO1lTCSppoIsFoUpRzpGRQwoYJISzWeGYCKZuRWRMTZRaBNWzYTgLr+8SjoXDddpuA+X9eZtGUcVTuAUzsGFK2jCPbSgDQSm8Ayv8GZl1ov1bn0sWitWOXMMf2B9/gAs4ZNW</latexit><latexit sha1_base64="h5ZKeLyvOAKrQ28BVy2eVsxqRMI=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0ItQ9OKxgv2ANpTNZtMu3WzC7qZYQv6JFw+KePWfePPfuGlz0NYHA4/3ZpiZ5yecKe0431ZlbX1jc6u6XdvZ3ds/sA+POipOJaFtEvNY9nysKGeCtjXTnPYSSXHkc9r1J3eF351SqVgsHvUsoV6ER4KFjGBtpKFtD0KJSRaEeRY85egGDe2603DmQKvELUkdSrSG9tcgiEkaUaEJx0r1XSfRXoalZoTTvDZIFU0wmeAR7RsqcESVl80vz9GZUQIUxtKU0Giu/p7IcKTULPJNZ4T1WC17hfif1091eO1lTCSppoIsFoUpRzpGRQwoYJISzWeGYCKZuRWRMTZRaBNWzYTgLr+8SjoXDddpuA+X9eZtGUcVTuAUzsGFK2jCPbSgDQSm8Ayv8GZl1ov1bn0sWitWOXMMf2B9/gAs4ZNW</latexit>

f(x) = log(x)
<latexit sha1_base64="3m6FmaA25KkL1Rsjbj7cjS/qDt0=">AAAB9XicbZDLSgMxFIbP1Futt6pLN8Ei1E2ZkYJuhKIblxXsBdqxZNJMG5pJhiSjlqHv4caFIm59F3e+jWk7C239IfDxn3M4J38Qc6aN6347uZXVtfWN/GZha3tnd6+4f9DUMlGENojkUrUDrClngjYMM5y2Y0VxFHDaCkbX03rrgSrNpLgz45j6ER4IFjKCjbXuw/LTKbpEXS4HlnrFkltxZ0LL4GVQgkz1XvGr25ckiagwhGOtO54bGz/FyjDC6aTQTTSNMRnhAe1YFDii2k9nV0/QiXX6KJTKPmHQzP09keJI63EU2M4Im6FerE3N/2qdxIQXfspEnBgqyHxRmHBkJJpGgPpMUWL42AImitlbERlihYmxQRVsCN7il5eheVbx3Ip3Wy3VrrI48nAEx1AGD86hBjdQhwYQUPAMr/DmPDovzrvzMW/NOdnMIfyR8/kDV4KRGQ==</latexit><latexit sha1_base64="3m6FmaA25KkL1Rsjbj7cjS/qDt0=">AAAB9XicbZDLSgMxFIbP1Futt6pLN8Ei1E2ZkYJuhKIblxXsBdqxZNJMG5pJhiSjlqHv4caFIm59F3e+jWk7C239IfDxn3M4J38Qc6aN6347uZXVtfWN/GZha3tnd6+4f9DUMlGENojkUrUDrClngjYMM5y2Y0VxFHDaCkbX03rrgSrNpLgz45j6ER4IFjKCjbXuw/LTKbpEXS4HlnrFkltxZ0LL4GVQgkz1XvGr25ckiagwhGOtO54bGz/FyjDC6aTQTTSNMRnhAe1YFDii2k9nV0/QiXX6KJTKPmHQzP09keJI63EU2M4Im6FerE3N/2qdxIQXfspEnBgqyHxRmHBkJJpGgPpMUWL42AImitlbERlihYmxQRVsCN7il5eheVbx3Ip3Wy3VrrI48nAEx1AGD86hBjdQhwYQUPAMr/DmPDovzrvzMW/NOdnMIfyR8/kDV4KRGQ==</latexit><latexit sha1_base64="3m6FmaA25KkL1Rsjbj7cjS/qDt0=">AAAB9XicbZDLSgMxFIbP1Futt6pLN8Ei1E2ZkYJuhKIblxXsBdqxZNJMG5pJhiSjlqHv4caFIm59F3e+jWk7C239IfDxn3M4J38Qc6aN6347uZXVtfWN/GZha3tnd6+4f9DUMlGENojkUrUDrClngjYMM5y2Y0VxFHDaCkbX03rrgSrNpLgz45j6ER4IFjKCjbXuw/LTKbpEXS4HlnrFkltxZ0LL4GVQgkz1XvGr25ckiagwhGOtO54bGz/FyjDC6aTQTTSNMRnhAe1YFDii2k9nV0/QiXX6KJTKPmHQzP09keJI63EU2M4Im6FerE3N/2qdxIQXfspEnBgqyHxRmHBkJJpGgPpMUWL42AImitlbERlihYmxQRVsCN7il5eheVbx3Ip3Wy3VrrI48nAEx1AGD86hBjdQhwYQUPAMr/DmPDovzrvzMW/NOdnMIfyR8/kDV4KRGQ==</latexit><latexit sha1_base64="3m6FmaA25KkL1Rsjbj7cjS/qDt0=">AAAB9XicbZDLSgMxFIbP1Futt6pLN8Ei1E2ZkYJuhKIblxXsBdqxZNJMG5pJhiSjlqHv4caFIm59F3e+jWk7C239IfDxn3M4J38Qc6aN6347uZXVtfWN/GZha3tnd6+4f9DUMlGENojkUrUDrClngjYMM5y2Y0VxFHDaCkbX03rrgSrNpLgz45j6ER4IFjKCjbXuw/LTKbpEXS4HlnrFkltxZ0LL4GVQgkz1XvGr25ckiagwhGOtO54bGz/FyjDC6aTQTTSNMRnhAe1YFDii2k9nV0/QiXX6KJTKPmHQzP09keJI63EU2M4Im6FerE3N/2qdxIQXfspEnBgqyHxRmHBkJJpGgPpMUWL42AImitlbERlihYmxQRVsCN7il5eheVbx3Ip3Wy3VrrI48nAEx1AGD86hBjdQhwYQUPAMr/DmPDovzrvzMW/NOdnMIfyR8/kDV4KRGQ==</latexit>

df

dx
=

<latexit sha1_base64="h5ZKeLyvOAKrQ28BVy2eVsxqRMI=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0ItQ9OKxgv2ANpTNZtMu3WzC7qZYQv6JFw+KePWfePPfuGlz0NYHA4/3ZpiZ5yecKe0431ZlbX1jc6u6XdvZ3ds/sA+POipOJaFtEvNY9nysKGeCtjXTnPYSSXHkc9r1J3eF351SqVgsHvUsoV6ER4KFjGBtpKFtD0KJSRaEeRY85egGDe2603DmQKvELUkdSrSG9tcgiEkaUaEJx0r1XSfRXoalZoTTvDZIFU0wmeAR7RsqcESVl80vz9GZUQIUxtKU0Giu/p7IcKTULPJNZ4T1WC17hfif1091eO1lTCSppoIsFoUpRzpGRQwoYJISzWeGYCKZuRWRMTZRaBNWzYTgLr+8SjoXDddpuA+X9eZtGUcVTuAUzsGFK2jCPbSgDQSm8Ayv8GZl1ov1bn0sWitWOXMMf2B9/gAs4ZNW</latexit><latexit sha1_base64="h5ZKeLyvOAKrQ28BVy2eVsxqRMI=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0ItQ9OKxgv2ANpTNZtMu3WzC7qZYQv6JFw+KePWfePPfuGlz0NYHA4/3ZpiZ5yecKe0431ZlbX1jc6u6XdvZ3ds/sA+POipOJaFtEvNY9nysKGeCtjXTnPYSSXHkc9r1J3eF351SqVgsHvUsoV6ER4KFjGBtpKFtD0KJSRaEeRY85egGDe2603DmQKvELUkdSrSG9tcgiEkaUaEJx0r1XSfRXoalZoTTvDZIFU0wmeAR7RsqcESVl80vz9GZUQIUxtKU0Giu/p7IcKTULPJNZ4T1WC17hfif1091eO1lTCSppoIsFoUpRzpGRQwoYJISzWeGYCKZuRWRMTZRaBNWzYTgLr+8SjoXDddpuA+X9eZtGUcVTuAUzsGFK2jCPbSgDQSm8Ayv8GZl1ov1bn0sWitWOXMMf2B9/gAs4ZNW</latexit><latexit sha1_base64="h5ZKeLyvOAKrQ28BVy2eVsxqRMI=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0ItQ9OKxgv2ANpTNZtMu3WzC7qZYQv6JFw+KePWfePPfuGlz0NYHA4/3ZpiZ5yecKe0431ZlbX1jc6u6XdvZ3ds/sA+POipOJaFtEvNY9nysKGeCtjXTnPYSSXHkc9r1J3eF351SqVgsHvUsoV6ER4KFjGBtpKFtD0KJSRaEeRY85egGDe2603DmQKvELUkdSrSG9tcgiEkaUaEJx0r1XSfRXoalZoTTvDZIFU0wmeAR7RsqcESVl80vz9GZUQIUxtKU0Giu/p7IcKTULPJNZ4T1WC17hfif1091eO1lTCSppoIsFoUpRzpGRQwoYJISzWeGYCKZuRWRMTZRaBNWzYTgLr+8SjoXDddpuA+X9eZtGUcVTuAUzsGFK2jCPbSgDQSm8Ayv8GZl1ov1bn0sWitWOXMMf2B9/gAs4ZNW</latexit><latexit sha1_base64="h5ZKeLyvOAKrQ28BVy2eVsxqRMI=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0ItQ9OKxgv2ANpTNZtMu3WzC7qZYQv6JFw+KePWfePPfuGlz0NYHA4/3ZpiZ5yecKe0431ZlbX1jc6u6XdvZ3ds/sA+POipOJaFtEvNY9nysKGeCtjXTnPYSSXHkc9r1J3eF351SqVgsHvUsoV6ER4KFjGBtpKFtD0KJSRaEeRY85egGDe2603DmQKvELUkdSrSG9tcgiEkaUaEJx0r1XSfRXoalZoTTvDZIFU0wmeAR7RsqcESVl80vz9GZUQIUxtKU0Giu/p7IcKTULPJNZ4T1WC17hfif1091eO1lTCSppoIsFoUpRzpGRQwoYJISzWeGYCKZuRWRMTZRaBNWzYTgLr+8SjoXDddpuA+X9eZtGUcVTuAUzsGFK2jCPbSgDQSm8Ayv8GZl1ov1bn0sWitWOXMMf2B9/gAs4ZNW</latexit>

1

x
<latexit sha1_base64="TH5NZEjext0lzaAh2MLrjaohrl0=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDbbTbt0swm7E7GE/AwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST25nfeeTaiFg94DThfkRHSoSCUbRSrx9qyjIvz57yQbXm1t05yCrxClKDAs1B9as/jFkacYVMUmN6npugn1GNgkmeV/qp4QllEzriPUsVjbjxs/nJOTmzypCEsbalkMzV3xMZjYyZRoHtjCiOzbI3E//zeimG134mVJIiV2yxKEwlwZjM/idDoTlDObWEMi3srYSNqU0BbUoVG4K3/PIqaV/UPbfu3V/WGjdFHGU4gVM4Bw+uoAF30IQWMIjhGV7hzUHnxXl3PhatJaeYOYY/cD5/AKOekXk=</latexit><latexit sha1_base64="TH5NZEjext0lzaAh2MLrjaohrl0=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDbbTbt0swm7E7GE/AwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST25nfeeTaiFg94DThfkRHSoSCUbRSrx9qyjIvz57yQbXm1t05yCrxClKDAs1B9as/jFkacYVMUmN6npugn1GNgkmeV/qp4QllEzriPUsVjbjxs/nJOTmzypCEsbalkMzV3xMZjYyZRoHtjCiOzbI3E//zeimG134mVJIiV2yxKEwlwZjM/idDoTlDObWEMi3srYSNqU0BbUoVG4K3/PIqaV/UPbfu3V/WGjdFHGU4gVM4Bw+uoAF30IQWMIjhGV7hzUHnxXl3PhatJaeYOYY/cD5/AKOekXk=</latexit><latexit sha1_base64="TH5NZEjext0lzaAh2MLrjaohrl0=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDbbTbt0swm7E7GE/AwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST25nfeeTaiFg94DThfkRHSoSCUbRSrx9qyjIvz57yQbXm1t05yCrxClKDAs1B9as/jFkacYVMUmN6npugn1GNgkmeV/qp4QllEzriPUsVjbjxs/nJOTmzypCEsbalkMzV3xMZjYyZRoHtjCiOzbI3E//zeimG134mVJIiV2yxKEwlwZjM/idDoTlDObWEMi3srYSNqU0BbUoVG4K3/PIqaV/UPbfu3V/WGjdFHGU4gVM4Bw+uoAF30IQWMIjhGV7hzUHnxXl3PhatJaeYOYY/cD5/AKOekXk=</latexit><latexit sha1_base64="TH5NZEjext0lzaAh2MLrjaohrl0=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDbbTbt0swm7E7GE/AwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST25nfeeTaiFg94DThfkRHSoSCUbRSrx9qyjIvz57yQbXm1t05yCrxClKDAs1B9as/jFkacYVMUmN6npugn1GNgkmeV/qp4QllEzriPUsVjbjxs/nJOTmzypCEsbalkMzV3xMZjYyZRoHtjCiOzbI3E//zeimG134mVJIiV2yxKEwlwZjM/idDoTlDObWEMi3srYSNqU0BbUoVG4K3/PIqaV/UPbfu3V/WGjdFHGU4gVM4Bw+uoAF30IQWMIjhGV7hzUHnxXl3PhatJaeYOYY/cD5/AKOekXk=</latexit>

a
<latexit sha1_base64="YWJIstkf+pdgisEWpHWEe8hMiDM=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhRmeDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AHaRpEF</latexit><latexit sha1_base64="YWJIstkf+pdgisEWpHWEe8hMiDM=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhRmeDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AHaRpEF</latexit><latexit sha1_base64="YWJIstkf+pdgisEWpHWEe8hMiDM=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhRmeDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AHaRpEF</latexit><latexit sha1_base64="YWJIstkf+pdgisEWpHWEe8hMiDM=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhRmeDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AHaRpEF</latexit>

f(x) = f1(f2(x))
<latexit sha1_base64="UQyNu+ga8UtYHEVSjuzYlakaBow=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSK0m5IUQTdC0Y3LCvYBbQiT6aQdOpmEmYm0hP6KGxeKuPVH3Pk3TtsstPXAhTPn3Mvce4KEM6Ud59va2Nza3tkt7BX3Dw6Pju2TUlvFqSS0RWIey26AFeVM0JZmmtNuIimOAk47wfhu7neeqFQsFo96mlAvwkPBQkawNpJvl8LKpIpuUOi7ldCvm0fVt8tOzVkArRM3J2XI0fTtr/4gJmlEhSYcK9VznUR7GZaaEU5nxX6qaILJGA9pz1CBI6q8bLH7DF0YZYDCWJoSGi3U3xMZjpSaRoHpjLAeqVVvLv7n9VIdXnsZE0mqqSDLj8KUIx2jeRBowCQlmk8NwUQysysiIywx0SauognBXT15nbTrNdepuQ+X5cZtHkcBzuAcKuDCFTTgHprQAgITeIZXeLNm1ov1bn0sWzesfOYU/sD6/AFldJIS</latexit><latexit sha1_base64="UQyNu+ga8UtYHEVSjuzYlakaBow=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSK0m5IUQTdC0Y3LCvYBbQiT6aQdOpmEmYm0hP6KGxeKuPVH3Pk3TtsstPXAhTPn3Mvce4KEM6Ud59va2Nza3tkt7BX3Dw6Pju2TUlvFqSS0RWIey26AFeVM0JZmmtNuIimOAk47wfhu7neeqFQsFo96mlAvwkPBQkawNpJvl8LKpIpuUOi7ldCvm0fVt8tOzVkArRM3J2XI0fTtr/4gJmlEhSYcK9VznUR7GZaaEU5nxX6qaILJGA9pz1CBI6q8bLH7DF0YZYDCWJoSGi3U3xMZjpSaRoHpjLAeqVVvLv7n9VIdXnsZE0mqqSDLj8KUIx2jeRBowCQlmk8NwUQysysiIywx0SauognBXT15nbTrNdepuQ+X5cZtHkcBzuAcKuDCFTTgHprQAgITeIZXeLNm1ov1bn0sWzesfOYU/sD6/AFldJIS</latexit><latexit sha1_base64="UQyNu+ga8UtYHEVSjuzYlakaBow=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSK0m5IUQTdC0Y3LCvYBbQiT6aQdOpmEmYm0hP6KGxeKuPVH3Pk3TtsstPXAhTPn3Mvce4KEM6Ud59va2Nza3tkt7BX3Dw6Pju2TUlvFqSS0RWIey26AFeVM0JZmmtNuIimOAk47wfhu7neeqFQsFo96mlAvwkPBQkawNpJvl8LKpIpuUOi7ldCvm0fVt8tOzVkArRM3J2XI0fTtr/4gJmlEhSYcK9VznUR7GZaaEU5nxX6qaILJGA9pz1CBI6q8bLH7DF0YZYDCWJoSGi3U3xMZjpSaRoHpjLAeqVVvLv7n9VIdXnsZE0mqqSDLj8KUIx2jeRBowCQlmk8NwUQysysiIywx0SauognBXT15nbTrNdepuQ+X5cZtHkcBzuAcKuDCFTTgHprQAgITeIZXeLNm1ov1bn0sWzesfOYU/sD6/AFldJIS</latexit><latexit sha1_base64="UQyNu+ga8UtYHEVSjuzYlakaBow=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSK0m5IUQTdC0Y3LCvYBbQiT6aQdOpmEmYm0hP6KGxeKuPVH3Pk3TtsstPXAhTPn3Mvce4KEM6Ud59va2Nza3tkt7BX3Dw6Pju2TUlvFqSS0RWIey26AFeVM0JZmmtNuIimOAk47wfhu7neeqFQsFo96mlAvwkPBQkawNpJvl8LKpIpuUOi7ldCvm0fVt8tOzVkArRM3J2XI0fTtr/4gJmlEhSYcK9VznUR7GZaaEU5nxX6qaILJGA9pz1CBI6q8bLH7DF0YZYDCWJoSGi3U3xMZjpSaRoHpjLAeqVVvLv7n9VIdXnsZE0mqqSDLj8KUIx2jeRBowCQlmk8NwUQysysiIywx0SauognBXT15nbTrNdepuQ+X5cZtHkcBzuAcKuDCFTTgHprQAgITeIZXeLNm1ov1bn0sWzesfOYU/sD6/AFldJIS</latexit>

exp(x)
<latexit sha1_base64="tpobf1ys+qWre7ORxkaLDyz7vVU=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSLUS0lE0GPRi8cK9gPaUDbbSbt0swm7G2kJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAiujet+O2vrG5tb24Wd4u7e/sFh6ei4qeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR3cxvPaHSPJaPZpKgH9GB5CFn1Fip1cVxUhlf9Eplt+rOQVaJl5My5Kj3Sl/dfszSCKVhgmrd8dzE+BlVhjOB02I31ZhQNqID7FgqaYTaz+bnTsm5VfokjJUtachc/T2R0UjrSRTYzoiaoV72ZuJ/Xic14Y2fcZmkBiVbLApTQUxMZr+TPlfIjJhYQpni9lbChlRRZmxCRRuCt/zyKmleVj236j1clWu3eRwFOIUzqIAH11CDe6hDAxiM4Ble4c1JnBfn3flYtK45+cwJ/IHz+QPK7I8y</latexit><latexit sha1_base64="tpobf1ys+qWre7ORxkaLDyz7vVU=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSLUS0lE0GPRi8cK9gPaUDbbSbt0swm7G2kJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAiujet+O2vrG5tb24Wd4u7e/sFh6ei4qeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR3cxvPaHSPJaPZpKgH9GB5CFn1Fip1cVxUhlf9Eplt+rOQVaJl5My5Kj3Sl/dfszSCKVhgmrd8dzE+BlVhjOB02I31ZhQNqID7FgqaYTaz+bnTsm5VfokjJUtachc/T2R0UjrSRTYzoiaoV72ZuJ/Xic14Y2fcZmkBiVbLApTQUxMZr+TPlfIjJhYQpni9lbChlRRZmxCRRuCt/zyKmleVj236j1clWu3eRwFOIUzqIAH11CDe6hDAxiM4Ble4c1JnBfn3flYtK45+cwJ/IHz+QPK7I8y</latexit><latexit sha1_base64="tpobf1ys+qWre7ORxkaLDyz7vVU=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSLUS0lE0GPRi8cK9gPaUDbbSbt0swm7G2kJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAiujet+O2vrG5tb24Wd4u7e/sFh6ei4qeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR3cxvPaHSPJaPZpKgH9GB5CFn1Fip1cVxUhlf9Eplt+rOQVaJl5My5Kj3Sl/dfszSCKVhgmrd8dzE+BlVhjOB02I31ZhQNqID7FgqaYTaz+bnTsm5VfokjJUtachc/T2R0UjrSRTYzoiaoV72ZuJ/Xic14Y2fcZmkBiVbLApTQUxMZr+TPlfIjJhYQpni9lbChlRRZmxCRRuCt/zyKmleVj236j1clWu3eRwFOIUzqIAH11CDe6hDAxiM4Ble4c1JnBfn3flYtK45+cwJ/IHz+QPK7I8y</latexit><latexit sha1_base64="tpobf1ys+qWre7ORxkaLDyz7vVU=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSLUS0lE0GPRi8cK9gPaUDbbSbt0swm7G2kJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAiujet+O2vrG5tb24Wd4u7e/sFh6ei4qeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR3cxvPaHSPJaPZpKgH9GB5CFn1Fip1cVxUhlf9Eplt+rOQVaJl5My5Kj3Sl/dfszSCKVhgmrd8dzE+BlVhjOB02I31ZhQNqID7FgqaYTaz+bnTsm5VfokjJUtachc/T2R0UjrSRTYzoiaoV72ZuJ/Xic14Y2fcZmkBiVbLApTQUxMZr+TPlfIjJhYQpni9lbChlRRZmxCRRuCt/zyKmleVj236j1clWu3eRwFOIUzqIAH11CDe6hDAxiM4Ble4c1JnBfn3flYtK45+cwJ/IHz+QPK7I8y</latexit>

df1(z)

dz

df2(x)

dx
<latexit sha1_base64="vJFFXvrFxkPqtRMpq3Ovj3XweH0=">AAACEnicbZDLSsNAFIYn9VbrLerSzWAR2k1JiqDLohuXFewF2hAm00k7dDIJMxNpG/IMbnwVNy4UcevKnW/jNA2orT8M/HznHM6c34sYlcqyvozC2vrG5lZxu7Szu7d/YB4etWUYC0xaOGSh6HpIEkY5aSmqGOlGgqDAY6Tjja/n9c49EZKG/E5NI+IEaMipTzFSGrlmte8LhJMB9F27Mqum2s1S+APrlUkGJ6lrlq2alQmuGjs3ZZCr6Zqf/UGI44BwhRmSsmdbkXISJBTFjKSlfixJhPAYDUlPW44CIp0kOymFZ5ro/aHQjyuY0d8TCQqknAae7gyQGsnl2hz+V+vFyr90EsqjWBGOF4v8mEEVwnk+cEAFwYpNtUFYUP1XiEdIx6F0iiUdgr188qpp12u2VbNvz8uNqzyOIjgBp6ACbHABGuAGNEELYPAAnsALeDUejWfjzXhftBaMfOYY/JHx8Q1+pZy4</latexit><latexit sha1_base64="vJFFXvrFxkPqtRMpq3Ovj3XweH0=">AAACEnicbZDLSsNAFIYn9VbrLerSzWAR2k1JiqDLohuXFewF2hAm00k7dDIJMxNpG/IMbnwVNy4UcevKnW/jNA2orT8M/HznHM6c34sYlcqyvozC2vrG5lZxu7Szu7d/YB4etWUYC0xaOGSh6HpIEkY5aSmqGOlGgqDAY6Tjja/n9c49EZKG/E5NI+IEaMipTzFSGrlmte8LhJMB9F27Mqum2s1S+APrlUkGJ6lrlq2alQmuGjs3ZZCr6Zqf/UGI44BwhRmSsmdbkXISJBTFjKSlfixJhPAYDUlPW44CIp0kOymFZ5ro/aHQjyuY0d8TCQqknAae7gyQGsnl2hz+V+vFyr90EsqjWBGOF4v8mEEVwnk+cEAFwYpNtUFYUP1XiEdIx6F0iiUdgr188qpp12u2VbNvz8uNqzyOIjgBp6ACbHABGuAGNEELYPAAnsALeDUejWfjzXhftBaMfOYY/JHx8Q1+pZy4</latexit><latexit sha1_base64="vJFFXvrFxkPqtRMpq3Ovj3XweH0=">AAACEnicbZDLSsNAFIYn9VbrLerSzWAR2k1JiqDLohuXFewF2hAm00k7dDIJMxNpG/IMbnwVNy4UcevKnW/jNA2orT8M/HznHM6c34sYlcqyvozC2vrG5lZxu7Szu7d/YB4etWUYC0xaOGSh6HpIEkY5aSmqGOlGgqDAY6Tjja/n9c49EZKG/E5NI+IEaMipTzFSGrlmte8LhJMB9F27Mqum2s1S+APrlUkGJ6lrlq2alQmuGjs3ZZCr6Zqf/UGI44BwhRmSsmdbkXISJBTFjKSlfixJhPAYDUlPW44CIp0kOymFZ5ro/aHQjyuY0d8TCQqknAae7gyQGsnl2hz+V+vFyr90EsqjWBGOF4v8mEEVwnk+cEAFwYpNtUFYUP1XiEdIx6F0iiUdgr188qpp12u2VbNvz8uNqzyOIjgBp6ACbHABGuAGNEELYPAAnsALeDUejWfjzXhftBaMfOYY/JHx8Q1+pZy4</latexit><latexit sha1_base64="vJFFXvrFxkPqtRMpq3Ovj3XweH0=">AAACEnicbZDLSsNAFIYn9VbrLerSzWAR2k1JiqDLohuXFewF2hAm00k7dDIJMxNpG/IMbnwVNy4UcevKnW/jNA2orT8M/HznHM6c34sYlcqyvozC2vrG5lZxu7Szu7d/YB4etWUYC0xaOGSh6HpIEkY5aSmqGOlGgqDAY6Tjja/n9c49EZKG/E5NI+IEaMipTzFSGrlmte8LhJMB9F27Mqum2s1S+APrlUkGJ6lrlq2alQmuGjs3ZZCr6Zqf/UGI44BwhRmSsmdbkXISJBTFjKSlfixJhPAYDUlPW44CIp0kOymFZ5ro/aHQjyuY0d8TCQqknAae7gyQGsnl2hz+V+vFyr90EsqjWBGOF4v8mEEVwnk+cEAFwYpNtUFYUP1XiEdIx6F0iiUdgr188qpp12u2VbNvz8uNqzyOIjgBp6ACbHABGuAGNEELYPAAnsALeDUejWfjzXhftBaMfOYY/JHx8Q1+pZy4</latexit>

z = f2(x)
<latexit sha1_base64="ZdgaFkUBPwxKYGMvfRhZ20lQlgE=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRahXspuEfQiFL14rGA/sF1KNs22odlkSbJiXfovvHhQxKv/xpv/xrTdg7Y+GHi8N8PMvCDmTBvX/XZyK6tr6xv5zcLW9s7uXnH/oKlloghtEMmlagdYU84EbRhmOG3HiuIo4LQVjK6nfuuBKs2kuDPjmPoRHggWMoKNle6f0CUKe9Xy42mvWHIr7gxomXgZKUGGeq/41e1LkkRUGMKx1h3PjY2fYmUY4XRS6CaaxpiM8IB2LBU4otpPZxdP0IlV+iiUypYwaKb+nkhxpPU4CmxnhM1QL3pT8T+vk5jwwk+ZiBNDBZkvChOOjETT91GfKUoMH1uCiWL2VkSGWGFibEgFG4K3+PIyaVYrnlvxbs9KtassjjwcwTGUwYNzqMEN1KEBBAQ8wyu8Odp5cd6dj3lrzslmDuEPnM8fptmPlQ==</latexit><latexit sha1_base64="ZdgaFkUBPwxKYGMvfRhZ20lQlgE=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRahXspuEfQiFL14rGA/sF1KNs22odlkSbJiXfovvHhQxKv/xpv/xrTdg7Y+GHi8N8PMvCDmTBvX/XZyK6tr6xv5zcLW9s7uXnH/oKlloghtEMmlagdYU84EbRhmOG3HiuIo4LQVjK6nfuuBKs2kuDPjmPoRHggWMoKNle6f0CUKe9Xy42mvWHIr7gxomXgZKUGGeq/41e1LkkRUGMKx1h3PjY2fYmUY4XRS6CaaxpiM8IB2LBU4otpPZxdP0IlV+iiUypYwaKb+nkhxpPU4CmxnhM1QL3pT8T+vk5jwwk+ZiBNDBZkvChOOjETT91GfKUoMH1uCiWL2VkSGWGFibEgFG4K3+PIyaVYrnlvxbs9KtassjjwcwTGUwYNzqMEN1KEBBAQ8wyu8Odp5cd6dj3lrzslmDuEPnM8fptmPlQ==</latexit><latexit sha1_base64="ZdgaFkUBPwxKYGMvfRhZ20lQlgE=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRahXspuEfQiFL14rGA/sF1KNs22odlkSbJiXfovvHhQxKv/xpv/xrTdg7Y+GHi8N8PMvCDmTBvX/XZyK6tr6xv5zcLW9s7uXnH/oKlloghtEMmlagdYU84EbRhmOG3HiuIo4LQVjK6nfuuBKs2kuDPjmPoRHggWMoKNle6f0CUKe9Xy42mvWHIr7gxomXgZKUGGeq/41e1LkkRUGMKx1h3PjY2fYmUY4XRS6CaaxpiM8IB2LBU4otpPZxdP0IlV+iiUypYwaKb+nkhxpPU4CmxnhM1QL3pT8T+vk5jwwk+ZiBNDBZkvChOOjETT91GfKUoMH1uCiWL2VkSGWGFibEgFG4K3+PIyaVYrnlvxbs9KtassjjwcwTGUwYNzqMEN1KEBBAQ8wyu8Odp5cd6dj3lrzslmDuEPnM8fptmPlQ==</latexit><latexit sha1_base64="ZdgaFkUBPwxKYGMvfRhZ20lQlgE=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRahXspuEfQiFL14rGA/sF1KNs22odlkSbJiXfovvHhQxKv/xpv/xrTdg7Y+GHi8N8PMvCDmTBvX/XZyK6tr6xv5zcLW9s7uXnH/oKlloghtEMmlagdYU84EbRhmOG3HiuIo4LQVjK6nfuuBKs2kuDPjmPoRHggWMoKNle6f0CUKe9Xy42mvWHIr7gxomXgZKUGGeq/41e1LkkRUGMKx1h3PjY2fYmUY4XRS6CaaxpiM8IB2LBU4otpPZxdP0IlV+iiUypYwaKb+nkhxpPU4CmxnhM1QL3pT8T+vk5jwwk+ZiBNDBZkvChOOjETT91GfKUoMH1uCiWL2VkSGWGFibEgFG4K3+PIyaVYrnlvxbs9KtassjjwcwTGUwYNzqMEN1KEBBAQ8wyu8Odp5cd6dj3lrzslmDuEPnM8fptmPlQ==</latexit>

df

dx
=

<latexit sha1_base64="h5ZKeLyvOAKrQ28BVy2eVsxqRMI=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0ItQ9OKxgv2ANpTNZtMu3WzC7qZYQv6JFw+KePWfePPfuGlz0NYHA4/3ZpiZ5yecKe0431ZlbX1jc6u6XdvZ3ds/sA+POipOJaFtEvNY9nysKGeCtjXTnPYSSXHkc9r1J3eF351SqVgsHvUsoV6ER4KFjGBtpKFtD0KJSRaEeRY85egGDe2603DmQKvELUkdSrSG9tcgiEkaUaEJx0r1XSfRXoalZoTTvDZIFU0wmeAR7RsqcESVl80vz9GZUQIUxtKU0Giu/p7IcKTULPJNZ4T1WC17hfif1091eO1lTCSppoIsFoUpRzpGRQwoYJISzWeGYCKZuRWRMTZRaBNWzYTgLr+8SjoXDddpuA+X9eZtGUcVTuAUzsGFK2jCPbSgDQSm8Ayv8GZl1ov1bn0sWitWOXMMf2B9/gAs4ZNW</latexit><latexit sha1_base64="h5ZKeLyvOAKrQ28BVy2eVsxqRMI=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0ItQ9OKxgv2ANpTNZtMu3WzC7qZYQv6JFw+KePWfePPfuGlz0NYHA4/3ZpiZ5yecKe0431ZlbX1jc6u6XdvZ3ds/sA+POipOJaFtEvNY9nysKGeCtjXTnPYSSXHkc9r1J3eF351SqVgsHvUsoV6ER4KFjGBtpKFtD0KJSRaEeRY85egGDe2603DmQKvELUkdSrSG9tcgiEkaUaEJx0r1XSfRXoalZoTTvDZIFU0wmeAR7RsqcESVl80vz9GZUQIUxtKU0Giu/p7IcKTULPJNZ4T1WC17hfif1091eO1lTCSppoIsFoUpRzpGRQwoYJISzWeGYCKZuRWRMTZRaBNWzYTgLr+8SjoXDddpuA+X9eZtGUcVTuAUzsGFK2jCPbSgDQSm8Ayv8GZl1ov1bn0sWitWOXMMf2B9/gAs4ZNW</latexit><latexit sha1_base64="h5ZKeLyvOAKrQ28BVy2eVsxqRMI=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0ItQ9OKxgv2ANpTNZtMu3WzC7qZYQv6JFw+KePWfePPfuGlz0NYHA4/3ZpiZ5yecKe0431ZlbX1jc6u6XdvZ3ds/sA+POipOJaFtEvNY9nysKGeCtjXTnPYSSXHkc9r1J3eF351SqVgsHvUsoV6ER4KFjGBtpKFtD0KJSRaEeRY85egGDe2603DmQKvELUkdSrSG9tcgiEkaUaEJx0r1XSfRXoalZoTTvDZIFU0wmeAR7RsqcESVl80vz9GZUQIUxtKU0Giu/p7IcKTULPJNZ4T1WC17hfif1091eO1lTCSppoIsFoUpRzpGRQwoYJISzWeGYCKZuRWRMTZRaBNWzYTgLr+8SjoXDddpuA+X9eZtGUcVTuAUzsGFK2jCPbSgDQSm8Ayv8GZl1ov1bn0sWitWOXMMf2B9/gAs4ZNW</latexit><latexit sha1_base64="h5ZKeLyvOAKrQ28BVy2eVsxqRMI=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0ItQ9OKxgv2ANpTNZtMu3WzC7qZYQv6JFw+KePWfePPfuGlz0NYHA4/3ZpiZ5yecKe0431ZlbX1jc6u6XdvZ3ds/sA+POipOJaFtEvNY9nysKGeCtjXTnPYSSXHkc9r1J3eF351SqVgsHvUsoV6ER4KFjGBtpKFtD0KJSRaEeRY85egGDe2603DmQKvELUkdSrSG9tcgiEkaUaEJx0r1XSfRXoalZoTTvDZIFU0wmeAR7RsqcESVl80vz9GZUQIUxtKU0Giu/p7IcKTULPJNZ4T1WC17hfif1091eO1lTCSppoIsFoUpRzpGRQwoYJISzWeGYCKZuRWRMTZRaBNWzYTgLr+8SjoXDddpuA+X9eZtGUcVTuAUzsGFK2jCPbSgDQSm8Ayv8GZl1ov1bn0sWitWOXMMf2B9/gAs4ZNW</latexit>

chain rule:

f(x) = x · a
<latexit sha1_base64="bbSHyazU/jOeOwDXwnpe5WIq6Ns=">AAACFHicbVDLSsNAFJ3UV62vqEs3g0WoCCURQTdC0Y3LCvYBTSiTyaQdOsmEmYlYQj7Cjb/ixoUibl2482+ctMFH64GBM+fcy733eDGjUlnWp1FaWFxaXimvVtbWNza3zO2dtuSJwKSFOeOi6yFJGI1IS1HFSDcWBIUeIx1vdJn7nVsiJOXRjRrHxA3RIKIBxUhpqW8eBTUnRGroBelddgjP4c8POtjn6ltAWd+sWnVrAjhP7IJUQYFm3/xwfI6TkEQKMyRlz7Zi5aZIKIoZySpOIkmM8AgNSE/TCIVEuunkqAweaMWHARf6RQpO1N8dKQqlHIeersw3lLNeLv7n9RIVnLkpjeJEkQhPBwUJg4rDPCHoU0GwYmNNEBZU7wrxEAmElc6xokOwZ0+eJ+3jum3V7euTauOiiKMM9sA+qAEbnIIGuAJN0AIY3INH8AxejAfjyXg13qalJaPo2QV/YLx/AXZ6nnY=</latexit><latexit sha1_base64="bbSHyazU/jOeOwDXwnpe5WIq6Ns=">AAACFHicbVDLSsNAFJ3UV62vqEs3g0WoCCURQTdC0Y3LCvYBTSiTyaQdOsmEmYlYQj7Cjb/ixoUibl2482+ctMFH64GBM+fcy733eDGjUlnWp1FaWFxaXimvVtbWNza3zO2dtuSJwKSFOeOi6yFJGI1IS1HFSDcWBIUeIx1vdJn7nVsiJOXRjRrHxA3RIKIBxUhpqW8eBTUnRGroBelddgjP4c8POtjn6ltAWd+sWnVrAjhP7IJUQYFm3/xwfI6TkEQKMyRlz7Zi5aZIKIoZySpOIkmM8AgNSE/TCIVEuunkqAweaMWHARf6RQpO1N8dKQqlHIeersw3lLNeLv7n9RIVnLkpjeJEkQhPBwUJg4rDPCHoU0GwYmNNEBZU7wrxEAmElc6xokOwZ0+eJ+3jum3V7euTauOiiKMM9sA+qAEbnIIGuAJN0AIY3INH8AxejAfjyXg13qalJaPo2QV/YLx/AXZ6nnY=</latexit><latexit sha1_base64="bbSHyazU/jOeOwDXwnpe5WIq6Ns=">AAACFHicbVDLSsNAFJ3UV62vqEs3g0WoCCURQTdC0Y3LCvYBTSiTyaQdOsmEmYlYQj7Cjb/ixoUibl2482+ctMFH64GBM+fcy733eDGjUlnWp1FaWFxaXimvVtbWNza3zO2dtuSJwKSFOeOi6yFJGI1IS1HFSDcWBIUeIx1vdJn7nVsiJOXRjRrHxA3RIKIBxUhpqW8eBTUnRGroBelddgjP4c8POtjn6ltAWd+sWnVrAjhP7IJUQYFm3/xwfI6TkEQKMyRlz7Zi5aZIKIoZySpOIkmM8AgNSE/TCIVEuunkqAweaMWHARf6RQpO1N8dKQqlHIeersw3lLNeLv7n9RIVnLkpjeJEkQhPBwUJg4rDPCHoU0GwYmNNEBZU7wrxEAmElc6xokOwZ0+eJ+3jum3V7euTauOiiKMM9sA+qAEbnIIGuAJN0AIY3INH8AxejAfjyXg13qalJaPo2QV/YLx/AXZ6nnY=</latexit><latexit sha1_base64="bbSHyazU/jOeOwDXwnpe5WIq6Ns=">AAACFHicbVDLSsNAFJ3UV62vqEs3g0WoCCURQTdC0Y3LCvYBTSiTyaQdOsmEmYlYQj7Cjb/ixoUibl2482+ctMFH64GBM+fcy733eDGjUlnWp1FaWFxaXimvVtbWNza3zO2dtuSJwKSFOeOi6yFJGI1IS1HFSDcWBIUeIx1vdJn7nVsiJOXRjRrHxA3RIKIBxUhpqW8eBTUnRGroBelddgjP4c8POtjn6ltAWd+sWnVrAjhP7IJUQYFm3/xwfI6TkEQKMyRlz7Zi5aZIKIoZySpOIkmM8AgNSE/TCIVEuunkqAweaMWHARf6RQpO1N8dKQqlHIeersw3lLNeLv7n9RIVnLkpjeJEkQhPBwUJg4rDPCHoU0GwYmNNEBZU7wrxEAmElc6xokOwZ0+eJ+3jum3V7euTauOiiKMM9sA+qAEbnIIGuAJN0AIY3INH8AxejAfjyXg13qalJaPo2QV/YLx/AXZ6nnY=</latexit>

@f

@x
=

<latexit sha1_base64="ChLVskzOTZDfN1yqMFtqglj0AMY=">AAACEnicbVDLSsNAFL3xWesr6tLNYBF0UxIRdCMU3bisYB/QlDKZTtqhk0mYmYgl5Bvc+CtuXCji1pU7/8ZJG1BbDwwczrn3zr3HjzlT2nG+rIXFpeWV1dJaeX1jc2vb3tltqiiRhDZIxCPZ9rGinAna0Exz2o4lxaHPacsfXeV+645KxSJxq8cx7YZ4IFjACNZG6tnHXiAxSb0YS80wR0H2w70Q66EfpPdZhi5Qz644VWcCNE/cglSgQL1nf3r9iCQhFZpwrFTHdWLdTfPhhNOs7CWKxpiM8IB2DBU4pKqbTk7K0KFR+iiIpHlCo4n6uyPFoVLj0DeV+ZZq1svF/7xOooPzbspEnGgqyPSjIOFIRyjPB/WZpETzsSGYSGZ2RWSITUbapFg2IbizJ8+T5knVdaruzWmldlnEUYJ9OIAjcOEManANdWgAgQd4ghd4tR6tZ+vNep+WLlhFzx78gfXxDcXVniA=</latexit><latexit sha1_base64="ChLVskzOTZDfN1yqMFtqglj0AMY=">AAACEnicbVDLSsNAFL3xWesr6tLNYBF0UxIRdCMU3bisYB/QlDKZTtqhk0mYmYgl5Bvc+CtuXCji1pU7/8ZJG1BbDwwczrn3zr3HjzlT2nG+rIXFpeWV1dJaeX1jc2vb3tltqiiRhDZIxCPZ9rGinAna0Exz2o4lxaHPacsfXeV+645KxSJxq8cx7YZ4IFjACNZG6tnHXiAxSb0YS80wR0H2w70Q66EfpPdZhi5Qz644VWcCNE/cglSgQL1nf3r9iCQhFZpwrFTHdWLdTfPhhNOs7CWKxpiM8IB2DBU4pKqbTk7K0KFR+iiIpHlCo4n6uyPFoVLj0DeV+ZZq1svF/7xOooPzbspEnGgqyPSjIOFIRyjPB/WZpETzsSGYSGZ2RWSITUbapFg2IbizJ8+T5knVdaruzWmldlnEUYJ9OIAjcOEManANdWgAgQd4ghd4tR6tZ+vNep+WLlhFzx78gfXxDcXVniA=</latexit><latexit sha1_base64="ChLVskzOTZDfN1yqMFtqglj0AMY=">AAACEnicbVDLSsNAFL3xWesr6tLNYBF0UxIRdCMU3bisYB/QlDKZTtqhk0mYmYgl5Bvc+CtuXCji1pU7/8ZJG1BbDwwczrn3zr3HjzlT2nG+rIXFpeWV1dJaeX1jc2vb3tltqiiRhDZIxCPZ9rGinAna0Exz2o4lxaHPacsfXeV+645KxSJxq8cx7YZ4IFjACNZG6tnHXiAxSb0YS80wR0H2w70Q66EfpPdZhi5Qz644VWcCNE/cglSgQL1nf3r9iCQhFZpwrFTHdWLdTfPhhNOs7CWKxpiM8IB2DBU4pKqbTk7K0KFR+iiIpHlCo4n6uyPFoVLj0DeV+ZZq1svF/7xOooPzbspEnGgqyPSjIOFIRyjPB/WZpETzsSGYSGZ2RWSITUbapFg2IbizJ8+T5knVdaruzWmldlnEUYJ9OIAjcOEManANdWgAgQd4ghd4tR6tZ+vNep+WLlhFzx78gfXxDcXVniA=</latexit><latexit sha1_base64="ChLVskzOTZDfN1yqMFtqglj0AMY=">AAACEnicbVDLSsNAFL3xWesr6tLNYBF0UxIRdCMU3bisYB/QlDKZTtqhk0mYmYgl5Bvc+CtuXCji1pU7/8ZJG1BbDwwczrn3zr3HjzlT2nG+rIXFpeWV1dJaeX1jc2vb3tltqiiRhDZIxCPZ9rGinAna0Exz2o4lxaHPacsfXeV+645KxSJxq8cx7YZ4IFjACNZG6tnHXiAxSb0YS80wR0H2w70Q66EfpPdZhi5Qz644VWcCNE/cglSgQL1nf3r9iCQhFZpwrFTHdWLdTfPhhNOs7CWKxpiM8IB2DBU4pKqbTk7K0KFR+iiIpHlCo4n6uyPFoVLj0DeV+ZZq1svF/7xOooPzbspEnGgqyPSjIOFIRyjPB/WZpETzsSGYSGZ2RWSITUbapFg2IbizJ8+T5knVdaruzWmldlnEUYJ9OIAjcOEManANdWgAgQd4ghd4tR6tZ+vNep+WLlhFzx78gfXxDcXVniA=</latexit>

@f

@x
= [

@f

@x1
,
@f

@x2
, . . . ,

@f

@xn
]

<latexit sha1_base64="HZ3OPqfmGVCIiKXSn7LF8mBSaow="></latexit><latexit sha1_base64="HZ3OPqfmGVCIiKXSn7LF8mBSaow="></latexit><latexit sha1_base64="HZ3OPqfmGVCIiKXSn7LF8mBSaow="></latexit><latexit sha1_base64="HZ3OPqfmGVCIiKXSn7LF8mBSaow="></latexit>



Computing the gradients
Consider one pair of target/context words (t, c):

y = � log

✓
exp(ut · vc)P

k2V exp(ut · vk)

◆

<latexit sha1_base64="I2knH7Ic3NO14x5ahBCqS6KnOWM="></latexit><latexit sha1_base64="I2knH7Ic3NO14x5ahBCqS6KnOWM="></latexit><latexit sha1_base64="I2knH7Ic3NO14x5ahBCqS6KnOWM="></latexit><latexit sha1_base64="I2knH7Ic3NO14x5ahBCqS6KnOWM="></latexit>

Make sure you know how to do this!



Putting it together

• Input: text corpus, context size m, embedding size d, V

• Initialize !  randomlyui, vi

• Walk through the training corpus and collect training data (t, c):

• Update 

• Update 

ut  ut � ⌘
@y

@ut
<latexit sha1_base64="hfQBrPcT8kKJCvFStxNWjvVIVqA=">AAACPXicbVA9SwNBEN3z2/gVtbRZDIKN4U4ELUUbS4UkCrlwzG3mdHHvg905JRz3x2z8D3Z2NhaK2Nq6F4PfDxYeb97MzrwwU9KQ6947Y+MTk1PTM7O1ufmFxaX68krHpLkW2BapSvVZCAaVTLBNkhSeZRohDhWehpeHVf30CrWRadKiQYa9GM4TGUkBZKWg3vJjoIswKvIyIO4rjAi0Tq/5D32L+0jA/UiDKPwMNElQfFB+8U97QGUZ1Btu0x2C/yXeiDTYCMdB/c7vpyKPMSGhwJiu52bUK6rZQmFZ83ODGYhLOMeupQnEaHrF8PqSb1ilz6NU25cQH6rfOwqIjRnEoXVWS5rftUr8r9bNKdrrFTLJcsJEfHwU5YpTyqsoeV9qFKQGloDQ0u7KxQXYiMgGXrMheL9P/ks6203PbXonO439g1EcM2yNrbNN5rFdts+O2DFrM8Fu2AN7Ys/OrfPovDivH9YxZ9Szyn7AeXsH/8Sw5Q==</latexit><latexit sha1_base64="hfQBrPcT8kKJCvFStxNWjvVIVqA=">AAACPXicbVA9SwNBEN3z2/gVtbRZDIKN4U4ELUUbS4UkCrlwzG3mdHHvg905JRz3x2z8D3Z2NhaK2Nq6F4PfDxYeb97MzrwwU9KQ6947Y+MTk1PTM7O1ufmFxaX68krHpLkW2BapSvVZCAaVTLBNkhSeZRohDhWehpeHVf30CrWRadKiQYa9GM4TGUkBZKWg3vJjoIswKvIyIO4rjAi0Tq/5D32L+0jA/UiDKPwMNElQfFB+8U97QGUZ1Btu0x2C/yXeiDTYCMdB/c7vpyKPMSGhwJiu52bUK6rZQmFZ83ODGYhLOMeupQnEaHrF8PqSb1ilz6NU25cQH6rfOwqIjRnEoXVWS5rftUr8r9bNKdrrFTLJcsJEfHwU5YpTyqsoeV9qFKQGloDQ0u7KxQXYiMgGXrMheL9P/ks6203PbXonO439g1EcM2yNrbNN5rFdts+O2DFrM8Fu2AN7Ys/OrfPovDivH9YxZ9Szyn7AeXsH/8Sw5Q==</latexit><latexit sha1_base64="hfQBrPcT8kKJCvFStxNWjvVIVqA=">AAACPXicbVA9SwNBEN3z2/gVtbRZDIKN4U4ELUUbS4UkCrlwzG3mdHHvg905JRz3x2z8D3Z2NhaK2Nq6F4PfDxYeb97MzrwwU9KQ6947Y+MTk1PTM7O1ufmFxaX68krHpLkW2BapSvVZCAaVTLBNkhSeZRohDhWehpeHVf30CrWRadKiQYa9GM4TGUkBZKWg3vJjoIswKvIyIO4rjAi0Tq/5D32L+0jA/UiDKPwMNElQfFB+8U97QGUZ1Btu0x2C/yXeiDTYCMdB/c7vpyKPMSGhwJiu52bUK6rZQmFZ83ODGYhLOMeupQnEaHrF8PqSb1ilz6NU25cQH6rfOwqIjRnEoXVWS5rftUr8r9bNKdrrFTLJcsJEfHwU5YpTyqsoeV9qFKQGloDQ0u7KxQXYiMgGXrMheL9P/ks6203PbXonO439g1EcM2yNrbNN5rFdts+O2DFrM8Fu2AN7Ys/OrfPovDivH9YxZ9Szyn7AeXsH/8Sw5Q==</latexit><latexit sha1_base64="hfQBrPcT8kKJCvFStxNWjvVIVqA=">AAACPXicbVA9SwNBEN3z2/gVtbRZDIKN4U4ELUUbS4UkCrlwzG3mdHHvg905JRz3x2z8D3Z2NhaK2Nq6F4PfDxYeb97MzrwwU9KQ6947Y+MTk1PTM7O1ufmFxaX68krHpLkW2BapSvVZCAaVTLBNkhSeZRohDhWehpeHVf30CrWRadKiQYa9GM4TGUkBZKWg3vJjoIswKvIyIO4rjAi0Tq/5D32L+0jA/UiDKPwMNElQfFB+8U97QGUZ1Btu0x2C/yXeiDTYCMdB/c7vpyKPMSGhwJiu52bUK6rZQmFZ83ODGYhLOMeupQnEaHrF8PqSb1ilz6NU25cQH6rfOwqIjRnEoXVWS5rftUr8r9bNKdrrFTLJcsJEfHwU5YpTyqsoeV9qFKQGloDQ0u7KxQXYiMgGXrMheL9P/ks6203PbXonO439g1EcM2yNrbNN5rFdts+O2DFrM8Fu2AN7Ys/OrfPovDivH9YxZ9Szyn7AeXsH/8Sw5Q==</latexit>

vk  vk � ⌘
@y

@vk
, 8k 2 V

<latexit sha1_base64="mMKYQXExdRdMc9t7yzb43xvZOkM="></latexit><latexit sha1_base64="mMKYQXExdRdMc9t7yzb43xvZOkM="></latexit><latexit sha1_base64="mMKYQXExdRdMc9t7yzb43xvZOkM="></latexit><latexit sha1_base64="mMKYQXExdRdMc9t7yzb43xvZOkM="></latexit>

Any issues?



Skip-gram with negative sampling (SGNS)

Problem: every time you get one pair of (t, c), you need to use !  with 
all the words in the vocabulary! It is very computationally expensive.

vk

Negative sampling: instead of considering all the words in V, let’s 
randomly sample K (5-20) negative examples.

softmax:

NS:

y = � log

✓
exp(ut · vc)P

k2V exp(ut · vk)

◆

<latexit sha1_base64="I2knH7Ic3NO14x5ahBCqS6KnOWM="></latexit><latexit sha1_base64="I2knH7Ic3NO14x5ahBCqS6KnOWM="></latexit><latexit sha1_base64="I2knH7Ic3NO14x5ahBCqS6KnOWM="></latexit><latexit sha1_base64="I2knH7Ic3NO14x5ahBCqS6KnOWM="></latexit>



Skip-gram with negative sampling (SGNS)

�(x) =
1

1 + exp(�x)
<latexit sha1_base64="Qv4DTd6P1Pmvw3zC7Y/cLIekIGA=">AAACC3icbVDLSgMxFM3UV62vUZduQovQIpaJCLoRim5cVrAP6Awlk2ba0GRmSDLSMnTvxl9x40IRt/6AO//GtJ2Fth64cDjnXu69x485U9pxvq3cyura+kZ+s7C1vbO7Z+8fNFWUSEIbJOKRbPtYUc5C2tBMc9qOJcXC57TlD2+mfuuBSsWi8F6PY+oJ3A9ZwAjWRuraRVexvsDlUQVeQTeQmKRokiJ4Al06isuno8qka5ecqjMDXCYoIyWQod61v9xeRBJBQ004VqqDnFh7KZaaEU4nBTdRNMZkiPu0Y2iIBVVeOvtlAo+N0oNBJE2FGs7U3xMpFkqNhW86BdYDtehNxf+8TqKDSy9lYZxoGpL5oiDhUEdwGgzsMUmJ5mNDMJHM3ArJAJtAtImvYEJAiy8vk+ZZFTlVdHdeql1nceTBESiCMkDgAtTALaiDBiDgETyDV/BmPVkv1rv1MW/NWdnMIfgD6/MH4cOZBg==</latexit><latexit sha1_base64="Qv4DTd6P1Pmvw3zC7Y/cLIekIGA=">AAACC3icbVDLSgMxFM3UV62vUZduQovQIpaJCLoRim5cVrAP6Awlk2ba0GRmSDLSMnTvxl9x40IRt/6AO//GtJ2Fth64cDjnXu69x485U9pxvq3cyura+kZ+s7C1vbO7Z+8fNFWUSEIbJOKRbPtYUc5C2tBMc9qOJcXC57TlD2+mfuuBSsWi8F6PY+oJ3A9ZwAjWRuraRVexvsDlUQVeQTeQmKRokiJ4Al06isuno8qka5ecqjMDXCYoIyWQod61v9xeRBJBQ004VqqDnFh7KZaaEU4nBTdRNMZkiPu0Y2iIBVVeOvtlAo+N0oNBJE2FGs7U3xMpFkqNhW86BdYDtehNxf+8TqKDSy9lYZxoGpL5oiDhUEdwGgzsMUmJ5mNDMJHM3ArJAJtAtImvYEJAiy8vk+ZZFTlVdHdeql1nceTBESiCMkDgAtTALaiDBiDgETyDV/BmPVkv1rv1MW/NWdnMIfgD6/MH4cOZBg==</latexit><latexit sha1_base64="Qv4DTd6P1Pmvw3zC7Y/cLIekIGA=">AAACC3icbVDLSgMxFM3UV62vUZduQovQIpaJCLoRim5cVrAP6Awlk2ba0GRmSDLSMnTvxl9x40IRt/6AO//GtJ2Fth64cDjnXu69x485U9pxvq3cyura+kZ+s7C1vbO7Z+8fNFWUSEIbJOKRbPtYUc5C2tBMc9qOJcXC57TlD2+mfuuBSsWi8F6PY+oJ3A9ZwAjWRuraRVexvsDlUQVeQTeQmKRokiJ4Al06isuno8qka5ecqjMDXCYoIyWQod61v9xeRBJBQ004VqqDnFh7KZaaEU4nBTdRNMZkiPu0Y2iIBVVeOvtlAo+N0oNBJE2FGs7U3xMpFkqNhW86BdYDtehNxf+8TqKDSy9lYZxoGpL5oiDhUEdwGgzsMUmJ5mNDMJHM3ArJAJtAtImvYEJAiy8vk+ZZFTlVdHdeql1nceTBESiCMkDgAtTALaiDBiDgETyDV/BmPVkv1rv1MW/NWdnMIfgD6/MH4cOZBg==</latexit><latexit sha1_base64="Qv4DTd6P1Pmvw3zC7Y/cLIekIGA=">AAACC3icbVDLSgMxFM3UV62vUZduQovQIpaJCLoRim5cVrAP6Awlk2ba0GRmSDLSMnTvxl9x40IRt/6AO//GtJ2Fth64cDjnXu69x485U9pxvq3cyura+kZ+s7C1vbO7Z+8fNFWUSEIbJOKRbPtYUc5C2tBMc9qOJcXC57TlD2+mfuuBSsWi8F6PY+oJ3A9ZwAjWRuraRVexvsDlUQVeQTeQmKRokiJ4Al06isuno8qka5ecqjMDXCYoIyWQod61v9xeRBJBQ004VqqDnFh7KZaaEU4nBTdRNMZkiPu0Y2iIBVVeOvtlAo+N0oNBJE2FGs7U3xMpFkqNhW86BdYDtehNxf+8TqKDSy9lYZxoGpL5oiDhUEdwGgzsMUmJ5mNDMJHM3ArJAJtAtImvYEJAiy8vk+ZZFTlVdHdeql1nceTBESiCMkDgAtTALaiDBiDgETyDV/BmPVkv1rv1MW/NWdnMIfgD6/MH4cOZBg==</latexit>

Same as training a logistic regression 
for binary classification!

Compute the gradients: assignment 2!

P (D = 1 | t, c) = �(ut · vc)
<latexit sha1_base64="+eQ6DdAqXMFHX0OwYlYQ5Tw9T24="></latexit><latexit sha1_base64="+eQ6DdAqXMFHX0OwYlYQ5Tw9T24="></latexit><latexit sha1_base64="+eQ6DdAqXMFHX0OwYlYQ5Tw9T24="></latexit><latexit sha1_base64="+eQ6DdAqXMFHX0OwYlYQ5Tw9T24="></latexit>



Continuous Bag of Words (CBOW) 

L(✓) =
TY

t=1

P (wt | {wt+j},�m  j  m, j 6= 0)
<latexit sha1_base64="3+l6Abc63xGDhSVFpwKTAlCK8fU="></latexit><latexit sha1_base64="3+l6Abc63xGDhSVFpwKTAlCK8fU="></latexit><latexit sha1_base64="3+l6Abc63xGDhSVFpwKTAlCK8fU="></latexit><latexit sha1_base64="3+l6Abc63xGDhSVFpwKTAlCK8fU="></latexit>

v̄t =
1

2m

X

�mjm,j 6=0

vt+j

<latexit sha1_base64="u3qE2VmpSoWtPsbLZcSm88TLfQ4="></latexit><latexit sha1_base64="u3qE2VmpSoWtPsbLZcSm88TLfQ4="></latexit><latexit sha1_base64="u3qE2VmpSoWtPsbLZcSm88TLfQ4="></latexit><latexit sha1_base64="u3qE2VmpSoWtPsbLZcSm88TLfQ4="></latexit>



GloVe: Global Vectors

(Pennington et al, 2014): GloVe: Global Vectors for 
Word Representation

• Let’s take the global co-occurrence statistics: !Xi,j

• Training faster 

• Scalable to very large corpora



GloVe: Global Vectors

(Pennington et al, 2014): GloVe: Global Vectors for 
Word Representation



FastText: Sub-Word Embeddings

(Bojanowski et al, 2017): Enriching Word Vectors with 
Subword Information

• More to come! Contextualized word embeddings

• Similar as Skip-gram, but break words into n-grams with n = 3 to 6

where: 3-grams: <wh, whe, her, ere, re> 

4-grams: <whe, wher, here, ere> 

5-grams: <wher, where, here> 

6-grams: <where, where>

• Replace                  byui · vj
<latexit sha1_base64="oX8M9O0Ff2ekfvBmSkoLpI7y8XY=">AAACCHicbVBNS8NAEN3Ur1q/oh49uFgETyURQY9FLx4r2FZoQ9hsNu3azW7Y3RRKyNGLf8WLB0W8+hO8+W/ctBG09cHA470ZZuYFCaNKO86XVVlaXlldq67XNja3tnfs3b2OEqnEpI0FE/IuQIowyklbU83IXSIJigNGusHoqvC7YyIVFfxWTxLixWjAaUQx0kby7cN+jPQwiLI09yns41Bo+CONc//et+tOw5kCLhK3JHVQouXbn/1Q4DQmXGOGlOq5TqK9DElNMSN5rZ8qkiA8QgPSM5SjmCgvmz6Sw2OjhDAS0hTXcKr+nshQrNQkDkxncaOa9wrxP6+X6ujCyyhPUk04ni2KUga1gEUqMKSSYM0mhiAsqbkV4iGSCGuTXc2E4M6/vEg6pw3Xabg3Z/XmZRlHFRyAI3ACXHAOmuAatEAbYPAAnsALeLUerWfrzXqftVascmYf/IH18Q1e4Jov</latexit><latexit sha1_base64="oX8M9O0Ff2ekfvBmSkoLpI7y8XY=">AAACCHicbVBNS8NAEN3Ur1q/oh49uFgETyURQY9FLx4r2FZoQ9hsNu3azW7Y3RRKyNGLf8WLB0W8+hO8+W/ctBG09cHA470ZZuYFCaNKO86XVVlaXlldq67XNja3tnfs3b2OEqnEpI0FE/IuQIowyklbU83IXSIJigNGusHoqvC7YyIVFfxWTxLixWjAaUQx0kby7cN+jPQwiLI09yns41Bo+CONc//et+tOw5kCLhK3JHVQouXbn/1Q4DQmXGOGlOq5TqK9DElNMSN5rZ8qkiA8QgPSM5SjmCgvmz6Sw2OjhDAS0hTXcKr+nshQrNQkDkxncaOa9wrxP6+X6ujCyyhPUk04ni2KUga1gEUqMKSSYM0mhiAsqbkV4iGSCGuTXc2E4M6/vEg6pw3Xabg3Z/XmZRlHFRyAI3ACXHAOmuAatEAbYPAAnsALeLUerWfrzXqftVascmYf/IH18Q1e4Jov</latexit><latexit sha1_base64="oX8M9O0Ff2ekfvBmSkoLpI7y8XY=">AAACCHicbVBNS8NAEN3Ur1q/oh49uFgETyURQY9FLx4r2FZoQ9hsNu3azW7Y3RRKyNGLf8WLB0W8+hO8+W/ctBG09cHA470ZZuYFCaNKO86XVVlaXlldq67XNja3tnfs3b2OEqnEpI0FE/IuQIowyklbU83IXSIJigNGusHoqvC7YyIVFfxWTxLixWjAaUQx0kby7cN+jPQwiLI09yns41Bo+CONc//et+tOw5kCLhK3JHVQouXbn/1Q4DQmXGOGlOq5TqK9DElNMSN5rZ8qkiA8QgPSM5SjmCgvmz6Sw2OjhDAS0hTXcKr+nshQrNQkDkxncaOa9wrxP6+X6ujCyyhPUk04ni2KUga1gEUqMKSSYM0mhiAsqbkV4iGSCGuTXc2E4M6/vEg6pw3Xabg3Z/XmZRlHFRyAI3ACXHAOmuAatEAbYPAAnsALeLUerWfrzXqftVascmYf/IH18Q1e4Jov</latexit><latexit sha1_base64="oX8M9O0Ff2ekfvBmSkoLpI7y8XY=">AAACCHicbVBNS8NAEN3Ur1q/oh49uFgETyURQY9FLx4r2FZoQ9hsNu3azW7Y3RRKyNGLf8WLB0W8+hO8+W/ctBG09cHA470ZZuYFCaNKO86XVVlaXlldq67XNja3tnfs3b2OEqnEpI0FE/IuQIowyklbU83IXSIJigNGusHoqvC7YyIVFfxWTxLixWjAaUQx0kby7cN+jPQwiLI09yns41Bo+CONc//et+tOw5kCLhK3JHVQouXbn/1Q4DQmXGOGlOq5TqK9DElNMSN5rZ8qkiA8QgPSM5SjmCgvmz6Sw2OjhDAS0hTXcKr+nshQrNQkDkxncaOa9wrxP6+X6ujCyyhPUk04ni2KUga1gEUqMKSSYM0mhiAsqbkV4iGSCGuTXc2E4M6/vEg6pw3Xabg3Z/XmZRlHFRyAI3ACXHAOmuAatEAbYPAAnsALeLUerWfrzXqftVascmYf/IH18Q1e4Jov</latexit>

X

g2n-grams(wi)

ug · vj

<latexit sha1_base64="vjRr+MXndBS39D+Os22ZGPURTaY="></latexit><latexit sha1_base64="vjRr+MXndBS39D+Os22ZGPURTaY="></latexit><latexit sha1_base64="vjRr+MXndBS39D+Os22ZGPURTaY="></latexit><latexit sha1_base64="vjRr+MXndBS39D+Os22ZGPURTaY="></latexit>



Trained word embeddings available

• word2vec: https://code.google.com/archive/p/word2vec/ 

• GloVe: https://nlp.stanford.edu/projects/glove/ 

• FastText: https://fasttext.cc/

Differ in algorithms, text corpora, dimensions, cased/uncased…

https://code.google.com/archive/p/word2vec/
https://nlp.stanford.edu/projects/glove/
https://fasttext.cc/


Evaluating Word Embeddings



Extrinsic evaluation 

• Let’s plug these word embeddings 
into a real NLP system and see 
whether this improves performance 

• Could take a long time but still the 
most important evaluation metric I

( 0.31
−0.28) ( 0.01

−0.91) (1.87
0.03) (−3.17

−0.18) (1.23
1.59)

don’t like this movie

ML model

👎

Extrinsic vs intrinsic evaluation

Intrinsic evaluation 

• Evaluate on a specific/intermediate subtask 

• Fast to compute  

• Not clear if it really helps the downstream task



Intrinsic evaluation

Word similarity 
Example dataset: wordsim-353 
353 pairs of words with human judgement 
http://www.cs.technion.ac.il/~gabr/resources/data/wordsim353/

Cosine similarity:

Metric: Spearman rank correlation

http://www.cs.technion.ac.il/~gabr/resources/data/wordsim353/


Intrinsic evaluation

Word Similarity 



Intrinsic evaluation

Word analogy 
man: woman !  king: ? ≈
 argmax

i
(cos(ui,ub � ua + uc))

<latexit sha1_base64="JrpgXOIk2wxy6PeogrgqRj0rj24="></latexit><latexit sha1_base64="JrpgXOIk2wxy6PeogrgqRj0rj24="></latexit><latexit sha1_base64="JrpgXOIk2wxy6PeogrgqRj0rj24="></latexit><latexit sha1_base64="JrpgXOIk2wxy6PeogrgqRj0rj24="></latexit>

semantic

Chicago:Illinois Philadelphia: ? bad:worst !  cool: ? ≈

syntactic

http://download.tensorflow.org/data/questions-words.txt
More examples at 

http://www.cs.technion.ac.il/~gabr/resources/data/wordsim353/
http://download.tensorflow.org/data/questions-words.txt

