
 !"#"$ %&''($)

CSE272: Advanced Image Synthesis (Spring 2010) Henrik Wann Jensen



 !"#"$ %&''($)

 !"#$%&'' ()!*#+

Pass 1: ,-./+ !*) %*#!#0 (&% 1%*#!#0 !2&3.045

Pass 2: 6)0+)2 !*) .(&4) -'.04 !*) %*#!#0 (&%
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 !"#$"%& '() *(+'+% ,-.

 !"#"$ %&'()$*
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 !"#"$ %&'()$*

•  !"#"$ %&'(('"$

•  )"*%+#'"$ &,-(

•  !"#"$ (+,##%)'$.

• /0((',$ /"01%##%

• 2!% -!"#"$ &,- 3,#, (#)0+#0)%

• 4,1,$+'$. #!% -!"#"$ &,-

CSE272: Advanced Image Synthesis (Spring 2010) Henrik Wann Jensen



 !"# $% " &!'#'()

•  !"# $%&'()* + ,&- )./0.,1(2

• 3&!!(1-0&, &4 %56701.! %5&-&,7
⋆ 8 4).1-0&, &4 -5( !095- 7&")1( %&'()

⋆ :(;().! '.;(!(,9-57 1&<=0,(/ 0,-& &,( (,-0-6

CSE272: Advanced Image Synthesis (Spring 2010) Henrik Wann Jensen



 !"#"$ %&'(('"$

 !"#$ Φ %&'' (!)*'+,(+-

./!' N 0*1'1$2-

.&3* 0*1'1$ *&2 '*# 014#5

Φ
N
%&''-

• 6*1'1$ 014#5 7#0#$72 1$ '*# $,/+#5 18 #/!''#7
0*1'1$2- 91' 1$ '*# $,/+#5 18 0*1'1$2 !$ '*#

0*1'1$ /&0-
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 !""#$% &'!() *!+,)

 !"!#$%! #$"&'( &)#!*%)'"

+()% ,-'%'" )" %-$% &)#!*%)'"

// Find random direction

do {
x = 2.0*random()-1.0;

y = 2.0*random()-1.0;

z = 2.0*random()-1.0;

} while ( (x*x + y*y + z*z) > 1.0 );
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 !"#$%&' ()**+,& ,-+".& %)/01

 !"#"$%&" $%#'() *(+,&,(# p (# +-.%$"

 !"#"$%&" ',//.+" ',$"0&,(# d

 1),& *2(&(# /$() p ,# ',$"0&,(# d

// Generate diffuse direction

u = random();

v = 2*π*random();

d = vector( cos(v)
√

u, sin(v)
√

u,
√

1− u );
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 !"#$%& '()&"$%)'*(+

 !" #!$%$& '(

• )%$*"+ ,-% +'../(" (/*.-0"(1 -&+

• 23($*3"+ ,A1 $*

• 4".5"0%"+ ,R1 $*

•  *-&(6'%%"+ ,T 1

A + R + T = 1.0
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 !"#$%& !'( )'"!"%

struct photon {

float x,y,z; // position

char p[4]; // power packed as 4 bytes

char phi,theta; // incident direction

short flag; // flag used for kd-tree

}

 !"#$% #&!$'!()* +, -%.!/01'#.#23
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 !"#"$ %&'##()*$+

 !" #$%&'" ()*+

,$-". $./0%$.1 &!020. ($2! &0("3 Φp

4"5'"/2 &!020. ($2! 2!" &0("3 R ∗ Φp

 3).#%$2 &!020. ($2! 2!" &0("3 T ∗ Φp



 !"#"$ %&'##()*$+

 !" #$%&'" ()*+

,$-". $./0%$.1 &!020. ($2! &0("3 Φp

4"5'"/2 &!020. ($2! 2!" &0("3 R ∗ Φp

 3).#%$2 &!020. ($2! 2!" &0("3 T ∗ Φp

• 4$#6+  00 %).* '0(7&0("3"8 &!020.# 7 ()#2"59':

• ;!". 80 (" #20& <#*#2"%)2$/ =$)#>?

• @!020.# ($2! #$%$')3 &0("3 $# ) 1008 2!$.1A
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 !""#$%  &!'())(

•  !"!#$!#%"& !'%()#*+'

• ,)-.) /0-1 2-)!' 3"0&- 4"0!#%&' 4(5$#%$

• 6)!0-7+%'7 !- 80"4(#%$ 95 :0;- ")7 ,#0< #) =>>?
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 !""#$%  &!'())(

 !"#$#%&%'( ") '*!+%,$'%",- p



 !""#$%  &!'())(

 !"#$#%&%'( ") '*!+%,$'%",- p

E{X}



 !""#$%  &!'())(

 !"#$#%&%'( ") '*!+%,$'%",- p

E{X} = p · 0



 !""#$%  &!'())(

 !"#$#%&%'( ") '*!+%,$'%",- p

E{X} = p · 0 + (1− p)



 !""#$%  &!'())(

 !"#$#%&%'( ") '*!+%,$'%",- p

E{X} = p · 0 + (1− p) · E{X}
1− p



 !""#$%  &!'())(

 !"#$#%&%'( ") '*!+%,$'%",- p

E{X} = p · 0 + (1− p) · E{X}
1− p

= E{X}



 !""#$%  &!'())(

 !"#$#%&%'( ") '*!+%,$'%",- p

E{X} = p · 0 + (1− p) · E{X}
1− p

= E{X}

.*!+%,$'* /,0%+1"!'$,' 12"'",3 $,4 3'%&& 5*' '2*

6"!!*6' !*3/&'7
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 !""#$%  &!'())( *+$,-'(

 !"#$%& "&#'&%($)%&* R + ,-.

/)%012)3 450(0)* Φp + 6 7

r = random();

if ( r < 0.5 )

reflect photon with power 2 W

else

photon is absorbed
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 !""#$%  &!'())( *%)!#)#&%

 !"#$%& "&#'&%($)%&* R + ,-.

/,, 0)%120)3 451(1)6 70(5 417&"* Φp + / 8$((

9&#'&%( :,, 451(1)6 70(5 417&" / 8$(( 0)6(&$; 1#

/,, 451(1)6 70(5 417&" : 8$((-
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 !""#$%  &!'())( *+$,-'( .

 !"#$%& "&#'&%($)%&* R + ,-.

 !"#$%& ("$)/01(($)%&* T + ,-2

3)%401)5 674(4)* Φp + . 8

r = random();

if ( r < 0.2 )

reflect photon with power 2 W

else if ( r < 0.5 )

transmit photon with power 2 W

else

photon is absorbed
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 !""#$%  &!'())(

•  !"# $%&'"()*(+

• ,-! (' !.$%$*)(! /*0$%&'"()*( &1'('*-

• 2$3!- &1'('*- 4$(1 -$%$.)" &'4!" 56
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 !"#$%&' ! ()*+

fr(x, ~ωi, ~ωo) = w1fr,1(x, ~ωi, ~ωo) + w2fr,2(x, ~ωi, ~ωo)
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 !"#$%&' ! ()*+

fr(x, ~ωi, ~ωo) = w1 · fr,d + w2 · fr,s

r = random()·(w1 + w2);

if ( r < w1 )

reflect diffuse photon

else

reflect specular
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 !"#$%&' (")%"#*+,-

~dr = ~di − 2~n(~n · ~di)
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 !" #!$%$& '(# )(%(*%+,-%,+"

 !"#$%!&!'()*

• +,&-./( 01! 1.'( &.'2 -3,(,')4

• 5.)( $')!%($,' ,6 -3,(,')

• 5.)( '!.%!)( '!$738,% )!.%/3



 !" #!$%$& '(# )(%(*%+,-%,+"

 !"#$%!&!'()*

• +,&-./( 01! 1.'( &.'2 -3,(,')4

• 5.)( $')!%($,' ,6 -3,(,')

• 5.)( '!.%!)( '!$738,% )!.%/3

9 :!6(;8.:.'/!< =<;(%!!
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 !" #$%&'""

•  !"#$%&'(% )* +(!",(* -! ./01

• 2 3&,"-%-3(!4-$!5, 66)-!5#*77 "#((
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 !"#$%&'!'()"* +*%$,""

 !"#$%&!'("")

• *! %!+,#(&" -"./( 012 3(3!&45

• 6."#(& "(.&'7

8('9&"+/(:4 "%:+# %7!#!," .:!,; #7( 3(<+., != #7(

>>:.&;("#?? <+3(,"+!,@
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 !"#"$ #%&'($)

 !"#!$"%&

While (we want more photons) {
Emit a photon

while (photon hits a surface) {
Store photon

Use Russian Roulette to scatter photon

}
}
Build balanced kd-tree
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 !"#!$%"&

 ! "#$% # &#'(#$)! *#+,!- L- .!/ .(0!+1

23! .34%4$ 5#. 6%4/!6 7+,08.4"!/1



 !"#!$%"&

 ! "#$% # &#'(#$)! *#+,!- L- .!/ .(0!+1

23! .34%4$ 5#. 6%4/!6 7+,08.4"!/1

&#'(#$)! (6 %3! '(77!/!$%(#+ 7+,0 .!/ '(77!/!$%(#+

64+(' #$9+! .!/ '(77!/!$%(#+ )/466:6!)%(4$#+ #/!#;

L(x, ~ω) =
dΦ2(x, ~ω)

dω cos θ dA



 !"#!$%"&

 ! "#$% # &#'(#$)! *#+,!- L- .!/ .(0!+1

23! .34%4$ 5#. 6%4/!6 7+,08.4"!/1

&#'(#$)! (6 %3! '(77!/!$%(#+ 7+,0 .!/ '(77!/!$%(#+

64+(' #$9+! .!/ '(77!/!$%(#+ )/466:6!)%(4$#+ #/!#;

L(x, ~ω) =
dΦ2(x, ~ω)

dω cos θ dA

<4" '4 "! 9!% # /#'(#$)! !6%(5#%! 7/45 %3!

.34%4$ 5#.=
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 !"#!$%& &'(#)!(&

L(x, ~ω) =

∫

Ω

fr(x, ~ω′, ~ω)L′(x, ~ω′) cos θ′ dω′



 !"#!$%& &'(#)!(&

L(x, ~ω) =

∫

Ω

fr(x, ~ω′, ~ω)L′(x, ~ω′) cos θ′ dω′

=

∫

Ω

fr(x, ~ω′, ~ω)
dΦ′2(x, ~ω′)

dω′ cos θ′ dA
cos θ′dω′



 !"#!$%& &'(#)!(&

L(x, ~ω) =

∫

Ω

fr(x, ~ω′, ~ω)L′(x, ~ω′) cos θ′ dω′

=

∫

Ω

fr(x, ~ω′, ~ω)
dΦ′2(x, ~ω′)

dω′ cos θ′ dA
cos θ′dω′

=

∫

Ω

fr(x, ~ω′, ~ω)
dΦ′2(x, ~ω′)

dA



 !"#!$%& &'(#)!(&

L(x, ~ω) =

∫

Ω

fr(x, ~ω′, ~ω)L′(x, ~ω′) cos θ′ dω′

=

∫

Ω

fr(x, ~ω′, ~ω)
dΦ′2(x, ~ω′)

dω′ cos θ′ dA
cos θ′dω′

=

∫

Ω

fr(x, ~ω′, ~ω)
dΦ′2(x, ~ω′)

dA

≈
n∑

p=1

fr(x, ~ω′p, ~ω)
∆Φp(x, ~ω′p)

∆A
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 !"#!$%& &'(#)!(&

L
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 !" #$%&$'(" ")*&+$*"

 !"#$% $&% n '%#(%)$ *&!$!') +),'- ./0$(%%

L(x, ~ω) ≈
n∑

p=1

fr(x, ~ω′p, ~ω)
∆Φp(x, ~ω′p)

πr2



 !" #$%&$'(" ")*&+$*"

 !"#$% $&% n '%#(%)$ *&!$!') +),'- ./0$(%%

L(x, ~ω) ≈
n∑

p=1

fr(x, ~ω′p, ~ω)
∆Φp(x, ~ω′p)

πr2

1&%(% $&% )+(2#"% ,) 3!"#334 23#$ $&,) ,) #

"!'),)$%'$ %)$,5#$!(6

7!'8%(-%) $! $&% "!((%"$ (%)+3$ 69
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 !"# $!%&'(!)*



 !"# $!%&'(!)*
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 !"#$%!&'

 !"#$% &!'()* +$,%,&- $"#$!(.



 !"#$%!&'

 !"#$% &!'()* +$,%,&- $"#$!(.

/,&! 0"1%!("&#2

wpc = 1− dp

k r
,

Lr(x, ~ω) ≈
N∑

p=1

fr(x, ~ωp, ~ω)
∆Φp(x, ~ωp)

πr2

wpc

(1− 2
3k

)

31-, 4'5--"'& 0"1%!("&#
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 !"#$%& '()* ! +,!## #-./(/

30000 photons / 50 photons in radiance estimate
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 !"#$%&'( )#*+"&)
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 !"#$%& '( ! )*'##+ #",-!&.

340000 photons / ≈ 100 photons in radiance estimate
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 !" #" $%&"'



 !" #" $%&"'

 !"#$ %"&'( )!" *'+$(,*$ -.



 !" #" $%&"'

 !"#$ %"&'( )!" *'+$(,*$ -.

/+( 01'( '2!+( !(1&" %3!2'3 ,33+4,5'(,!5 &))&*($

$+*1 '$ *!3!" 23&&6,5%7

CSE272: Advanced Image Synthesis (Spring 2010) Henrik Wann Jensen



 !"#$% &!'()*!+)%!,- ,.%/# ")0!)-$# #'%!1)%#

200000 photons / 50 photons in radiance estimate
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 !"#$% &!'()*!+)%!,- ,.%/# ")0!)-$# #'%!1)%#

200000 photons / 500 photons in radiance estimate
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 !"#$%&$#' %()*!#++ ,-%.)/

 !"#$%&'()*"+

• ,&-"'(." &$# /(00(.-1' ') "&231# 40$)2 '5# #6#7

• 8*/($#.' (11-2(*&'()* $#9-($#" 2&*6 35)')*"
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 !" #$"%"& '(#)

global photon map caustics photon map
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 !" #"$%"&'$( )*+,-'.$

Lr(x, ~ω) =

∫

Ωx

fr(x, ~ω′, ~ω)Li(x, ~ω′) cos θ′ dω′



 !" #"$%"&'$( )*+,-'.$

Lr(x, ~ω) =

∫

Ωx

fr(x, ~ω′, ~ω)Li(x, ~ω′) cos θ′ dω′

 !"#$ #%&'(#%) *+,#+%&-.

Li = Li,l
︸︷︷︸

,#*-&$

+ Li,c
︸︷︷︸

&+/0$#&0

+ Li,d
︸︷︷︸

0'1$ #%,#*-&$



 !" #"$%"&'$( )*+,-'.$

Lr(x, ~ω) =

∫

Ωx

fr(x, ~ω′, ~ω)Li(x, ~ω′) cos θ′ dω′

 !"#$ #%&'(#%) *+,#+%&-.

Li = Li,l
︸︷︷︸

 !"#$%

+ Li,c
︸︷︷︸

$&'(%!$(

+ Li,d
︸︷︷︸

()*% !+ !"#$%

,-.!% %/# 0123

fr = fr,d
︸︷︷︸

 !**'(#

+ fr,s
︸︷︷︸

(-#$'.&"
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 !" #"$%"&'$( )*+,-'.$

Lr =

∫

Ωx

fr Li cos θ′ dω′



 !" #"$%"&'$( )*+,-'.$

Lr =

∫

Ωx

fr Li cos θ′ dω′

=

∫

Ωx

fr Ll cos θ′ dω′+  !"#$%



 !" #"$%"&'$( )*+,-'.$

Lr =

∫

Ωx

fr Li cos θ′ dω′

=

∫

Ωx

fr Ll cos θ′ dω′+  !"#$%

∫

Ωx

fr,s (Li,c + Ld) cos θ′ dω′+ &'#$()*"



 !" #"$%"&'$( )*+,-'.$

Lr =

∫

Ωx

fr Li cos θ′ dω′

=

∫

Ωx

fr Ll cos θ′ dω′+  !"#$%

∫

Ωx

fr,s (Li,c + Ld) cos θ′ dω′+ &'#$()*"

∫

Ωx

fr,d Lc cos θ′ dω′+ $*(&%!$&



 !" #"$%"&'$( )*+,-'.$

Lr =

∫

Ωx

fr Li cos θ′ dω′

=

∫

Ωx

fr Ll cos θ′ dω′+  !"#$%

∫

Ωx

fr,s (Li,c + Ld) cos θ′ dω′+ &'#$()*"

∫

Ωx

fr,d Lc cos θ′ dω′+ $*(&%!$&

∫

Ωx

fr,d Ld cos θ′ dω′ &+,% !- !"#$%
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 !"#!$%"&' ()!*+,-$ $!.,!*/%0"
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 !"#!$%"&' ()*+,%(+
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 !"#!$%"&' %"#%$!() %**+,%"-)%."
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 ! "#$!%&'()* +'#$,-(.
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 !"#$%&'() *&!"+,'-

 !"#$% &'( )* $(+,("& -'.&.$"/
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