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Lecture 17-18

Lecturer: Mark Braverman Scribe: Ankit Garg

Last time, we defined the (internal) information cost of a protocol and a function.
1C(m, p) = I(m; X|Y) + I(m; Y] X)
IC,(f) = inf IC(m, 1)

Pry(m(z,y)#f(z,y))<e
The information cost is an interesting measure to study in itself. But what makes it even more interesting,
is that it is useful in proving direct-sum results. i.e. the question:
2

Din (f1) = QDL (f))
Information cost seems to be the right quantity to study because of the following theorem, proved in
[BR10]:
D5 (f7)

IC5(f) = lim 22

n— o0 n
We start by showing how information theoretic ideas can be useful in proving lower bounds in commu-
nication complexity.

1. LOWER BOUND FOR DISJOINTNESS

Theorem 1. The randomized communication complezxity of non-disjointness NONDISJ,(X,Y) =
VI (s Ays) ds (n).

Note that this will also imply that the randomized communication complexity of DISJ,, is Q(n).

Proof The theorem is from the 90’s [KS92, Raz92] and the proofs were a little complicated, but
information theoretic ideas helped simplify the proofs, at least conceptually [BYJKS04]. The main idea
is that if we solve this problem using o(n) bits of communication, then for some pair of bits, z;,y;,
we convey very little amount of information, and hence we have no idea what z; A y; is. It requires
a remarkably clever argument to formalize this. We prove Ry ,1o(NONDIS.J,) > n/1000. Define the
distribution p on pair of bits as

00 w.p. 1/3
pw=1401 wp.1/3
10 w.p. 1/3

Suppose that m, is a protocol that computes NONDISJ, correctly w.p. > 9/10 on all inputs, and
CC(m,) <n/1000. The proof will go in two steps :

(1) Establish a protocol 7w (x,y) , z,y € {0,1}, that computes z Ay s.t. IC(m, ) is small, and V(z, y),
w(z,y) =z Ay w.p. >9/10 .

(2) Prove such a protocol cannot exist.
First we describe a protocol 7 for computing AN D, that will convey very little information, but still
compute AN D on all inputs with high probability.
7 : Input (z,y), output = Ay

(1) Alice and Bob publicly sample i € {1,...,n} uniformly, and set X; = z,Y; = y.
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(2) Alice and Bob publicly sample X1,..., X; 1,Y;41,...,Y,, each O w.p. 2/3 and 1 w.p. 1/3.
(3) Alice and Bob privately (and conditionally) sample X;.1,...,X,,Y1,...,Y;_1 so that each pair
(X,,Y;) is distributed according to pu.

(4) Run 7, (Xq,...,X,,Y1,...,Y,) and output the answer.
The sampling procedure might seem weird, but as we will see now, it almost leads to a miracle of
some sort. Clearly this procedure will output = A y if the protocol m, returns a correct answer on
(X1,...,Xn, Y1,...,Y,). Since m, returns a correct answer on all inputs w.p. > 9/10, hence V(z,y), 7,
will output z Ay w.p. > 9/10.
Now, we will show that IC(m, i) is small. Suppose that the input to 7 is distributed according to u, and
let X', Y’ denote the random variables for the input. Let X = X;,..., X, and Y = Y7,...,Y,. Note
that (X,Y") is distributed according to p™. Also let I be the random variable for the index Alice and
Bob sample in the first step. Then

I(?T;Y/|X/) = I(ﬂ'n;Ylu,Xl, ce 7X1717X/’XI+17 N 7Xn’YI+17. .. ,Yn) (What Alice learns)

1 n
— E I(m; Yi| X, Yi41,...,Y,) (removing the conditioning on I)
n

i=1

1
= EI(T&'n; Y|X) (chain rule)

Similarly I(m; X'|Y’) = LI(m,; X|Y), and hence IC(m,p) = +1C(my,, ™) < 1/1000. We have a long
protocol for computing AN D, and yet we transmit very little information. We still have to do some
work to show that such a protocol cannot exist, but that is mostly mechanical. The miraculous sampling
is essentially the heart of the proof.

Note that this sampling procedure can be generalized to prove that IC(f, u,€) < % And, if it
is required that the error for each copy individually is < €, then equality holds, because the trivial proto-
col that runs the "single-copy-protocol" for each copy of f™ indivdually has information cost nIC(f, u,€).

We now show that there cannot exist a protocol w s.t. IC(m, u) < 1/1000 and V(z,y), 7(z,y) =z Ay
w.p. > 9/10. Hellinger distance can be used to make this part simpler, but to emphasize that this
part is just mechanical, we prove this by elementary means. Recall that for two distributions P, @, the
divergence is defined as

p @;))

Qx)

D(PIQ) = Y- Ple) o
The information between two random variables is defined as
I(X;Y) = E,D[Y].|[Y]

Consider the random variables 7o, 701, 710, 711, where 7, denotes the transcript of 7 on (z,y) as input.
Also let mp? = w Similarly define m7. Let (X,Y") be distributed according to p. Now

— > I(m XY
toop = 1 (M XTY)
2 1
:gl(w;X|Y:O)+§I(ﬂ';X|Y:1)
2
= §I(7T;X|Y =0) (if Y =1, then X is fixed)
2.1

1
= §(§D(7T00||7T?0) + §D(7T1o\|7f?o))
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Hence D(moo||m20) < 15 and D(mio||m20) < 1o05. Now, recall that for distributions P, Q, [P — Q|1 <

\v/21In2 D(PHQ) Thus ||’/T00 — 7'('?0”1 < 0.065 and ||7T10 — 7T?0||1 < 0.065. Thus H’]TOO — 71'10”1 < 0.13.
Also ||mgy — m11]]1 > 1.6, if one of x,y is 0. This is because, if the protocol is not wrong on both (z,y)
and (1,1), then the outputs are different, and since it is not wrong on both w.p. > 0.8. Therefore the
statistical distance is atleast 0.8, and thus ||mg, — m11]/1 > 1.6.

Now denote by mg,(2), the probability that given z,y, the protocol has transcript z. We can write
Tay(2) = Pp(2)Qy(2), where P,(z) is defined as follows (let Z denote the path from the root to the leaf
consistent with z)

P.(z) = H Pr[Alice’s move at v consistent with z| reaching v]

. vEZ
Alice owns v

Qy(z) is defined similarly. Note that here we have crucially used that 7 is a protocol. This implies
m11(2) > min(mo1(2) + m10(2) — 700(2), mo1(2), T10(2))
Indeed, this is true if Pi(z) > Py(z) or Q1(z) > Qo(z). So, we can assume that P;(z) < Py(z) and
Q1(2) < Qo(2). Then
(Po(2) = P1(2))(Qo(2) — Q1(2)) 2 0 = m11(z) = mo1(2) + m10(2) — o0 (2)

Now it is easy to check this in turn implies that if mgg(z) > m11(2), then

mo0(2) — m11(2) < |m10(2) — moo(2)] + 701 (2) — o0 ()]
Thus
> moolz) = ma(z) <D Imie(2) = moo(2)] + Y Imor(2) — mo(2)] < 0.26
z:moo(2)>711(2) z z

Thus ||mgo — m11]|1 < 0.52, which is a contradiction. H

2. A DIRECT SUM RESULT

As we mentioned, the sampling procedure can be generalized to prove that IC(f, u,e) < %, and
since IC(f", u",€) < Dy (f), to prove direct sum results, we just need to prove Dy, (f) = O(IC(f, p1,€)).
This would prove Df,..(f") = Q(nDj,(f)). This is not known. We prove a weaker result.

We prove the weak direct sum result by proving a theorem about compression of protocols, that is, we
study the question, whether a low information protocol for a problem implies the existence of a protocol
with low communication.

2.1. Compression.

Theorem 2. [BBCR10, Brall| Given a protocol with internal information cost, IC(mw, u) = I, external
information cost,I(Il, XY) = I¢*' and |x| = C, we can simulate ® using protocols 7’ (adding a small
amount of error) s.t.

(1) || < O(VClIpolylog(C))

(2) |7'| < O(I*" polylog(C))

(3) || <200
Note that the protocols in parts 1,2 and 3 are different.

This gives us the following theorem :

Theorem 3. For every a > 0, Dﬁn(f”).polylog(Dfo‘n (f")/a) > Qa/nDy ,(f))
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Proof We will not worry about the technicalities regarding the error a we introduce. Let 7 be a
protocol that computes f™ with error e(for each copy individually) w.r.t. u™, and let |x| = C,. Then by
the embedding argument used before, we get a protocol ' computing f s.t. |7'| < C,, and IC(7', u) <
Cy,/n. Now we can compress this to get a protocol 7" for f with |7”| < O(1/C2/n polylog(C,)), thus
the theorem. The error a is because we introduce some extra error while compressing. ll

Note that we will always add some error while compressing because information is an average case quan-
titity, while communication is worst case. For some, pairs (z,y), we might run into a long branch in the
protocol tree, and we might have to cut that branch in order to keep the protocol cost small.

We now prove part (1) of Theorem 3. We omit some technical details. The reader is referred to [3] for
the full proof.

Proof Compressing each message separately is not a good idea, because it might be that the protocol
releases information at a very low and uniform rate. So somehow, we have to simulate many rounds
with small amount of communication.

IO(m, p) = I(m; X|Y) + I(m; Y[X) = EzyD(WryHWy) + EryD(WzyHWx)

Tyy denotes the random variable for the transcript of the protocol 7 if Alice’s input is  and Bob’s input
is y. m; denotes the random variable for the transcript if Alice’s input is z and y is distributed according
to p conditioned on Alice’s input being x. Similarly define 7.

Now consider the case when IC(m,pu) = 0. Thus m,y = 7y, = m,. Then Alice and Bob don’t need
to communicate as they can sample a path distributed according to m,,(= 7, = m,) using public
randomness. How to sample the same path is explained below (note that if we can sample the same bit
at each node in the protocol tree, then we are fine).

Suppose 0 < p,q < 1. Alice knows the distribution B, of a bit, and Bob has an estimate B,;. Then
they can sample the same bit (with Alice’s bit’s distribution By, and Bob’s By) with error |p — ¢| using
shared randomness. Using shared randomness, they sample a uniformly random number u between 0
and 1. Then Alice selects 1 if u < p, otherwise 0. Bob selects 1 if u < ¢, else 0. This trick is known as
Holenstein’s Lemma [Hol07].

This is crucial, since if Bob has a good estimate of the bit to be transmitted by Alice at some node,
then Alice doesn’t need to transmit that bit and they can sample it using public randomness. Of course,
Alice and Bob don’t know when their estimates are close. So we still need to do some more work.

Now we describe the protocol :

(1) Using their estimates 7, and m,, Alice and Bob sample a path (by applying the sampling trick
at each node).

(2) Using hashing, they check if they reach the same leaf, if not, then obtain the first disagreement,
fix it (listen to the owner of the node), and continue the sampling from there.

We find the first disagreement using binary search and use log(CC/(w)) hash samples at each step,
so we take O(log®(CC(m))) communication to find and fix one mistake (this step can be improved
to O(log CC(7)) communication using a more careful construction). So the expected communication
complexity is O(logZ(CC(ﬂ))) * By x,v)[# mistakes on m(X,Y)](because finally we are sampling a path
according to 7(X,Y)). Now the expected number of mistakes is in some sort, proportional to the internal
information cost, as whenever there is a mistake, say on Alice’s node, then Bob’s estimate is way off,
hence Bob will learn a lot of information when the bit is transmited on this node. To bound the expected
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number of Bob’s mistakes on Alice’s nodes,

#Bob’s mistakes = Eyy ||71 ]2y — T1lyll1 + Eayl|73]ay — T3lylls + - -

< OBay\/ D(mi|ayl|mily) + Eayy/ D(mslayllmsly) + ) (llp =g/l < O(V D(pllg))
< O(\/Eay D(malsyIm1ly) + /By D(mslay[msl,) +...) (concavity of v/2)

< O(\/CC(W)(EWD(Wﬂwam\y) + Epy D(73|ay||7m3]y) + .. .)) (Cauchy Schwarz inequality)

Now
I(m; X|Y) = I(mms...70; X|Y)
=I(m; X|Y)+ [(mo; X|Ym) 4+ ...+ I(me; XYy ... mo—1)
=I(m; X|Y) + I(mg; X|Ymima) + ... ({(wep; X|Y 7y .. m2p21) = 0)
= Eoy D(m1layllm1ly) + Eay D(msaylmsly) + - -

Thus expected # Bob’s mistakes < O(v/CT) and similarly expected # Alice’s mistakes < O(v/CI).
Hence we can compress to O(vCIpolylog(C)) B

It might be tempting to apply this compression recursively, but Alice and Bob are conveying a lot more
information to each other in the new protocol (they are conveying where their estimates differ), and it
is not clear how to bound the information cost of this new protocol.
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