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[Last time

* More methods for initial value problems
— Stiff ODEs
— Backward Euler

— Multi-step methods
« Adams methods

- Boundary value problems
— Definition
— Shooting method
— Finite difference method
— Collocation method



Today

Finite difference approximations

Review of finite differences for ODE BVPs
PDEs

Phase diagrams

Chaos




Finite difference approximations




@ Given smooth function f: R — R, we wish to approximate
its first and second derivatives at point «

@ Consider Taylor series expansions

flx+h) = f(z)+ f(z)h+ / 2(17)12,2 1 / 6(17)113 4 ...
fe—h) = @) fap+ g2 L0

@ Solving for f/(z) in first series, obtain forward difference
approximation

flx+h)— f(x) B f”(a:)h_'_.” N flx+h)— f(x)

f,(T) B h 2 h

which is first-order accurate since dominant term in
remainder of series is O(h)



@ Similarly, from second series derive backward difference
approximation
: flz) = flz=h)  [f'(z)
fle) = h + 2
f(x)— f(x —h)
h
which is also first-order accurate

@ Subtracting second series from first series gives centered
difference approximation
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which I1s second-order accurate
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@ Adding both series together gives centered difference
approximation for second derivative
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which I1s also second-order accurate



Finite Difference Method for ODE
BVDPs




Finite Difference Method

 Introduce mesh points along independent
variable

* Replace all derivatives in ODE with finite
difference approximations

For example, to solve two-point BVP

u" = f(t,u,u’), a<t<b

with BC
u(a) = a, u(b) =3

we Introduce mesh points t; = a +ih, i =0,1,...,n+ 1,
where h = (b—a)/(n+1)



For example, to solve two-point BVP
u" = f(t,u,u), a<t<b
with BC
u(a) = o, u(b) =3

we introduce mesh points t; = a +ih,i=0,1,....,n+ 1,
where h = (b—a)/(n+1)

We replace derivatives by finite difference approximations
such as
Yi+1 — Yi—1
/ t
w(ti) 2h

Q

Yit1 — 2Yi + Yi—1
h2

’U,”(ti)
This yields system of equations

Yi+l —2¥i +Yi-1 _ f (tzyz Yirl — yz-_1)

h2 2h

to be solved for unknowns y;, i =1,....n



Another example:

Dissipation of heat from long, thin bar

d’T
P =c(T -T)=0
T0)=T, T(L)=T, (ends of bar held at fixed T)

c=001,T =20, T(O)=40, T(10)=200

Divided differences:
];+1 — 2711 + ];—1
sz
-T  +(2+ Csz)Ti -1, = CszTa

- (T, -T,) =0



System of equations

-I, +(2+ Csz)Ti -1, = CszTa

Using 4 interior nodes with Ax =2 :

204 -1 0 0 ][] [408°
-1 204 -1 o0 ||| |08
0 -1 204 -1]|lT,| |08
0 0 -1 204||T,| [2008

T" =]65.9698 93.7785 124.5382 159.4795]



PDEs




Review: Collocation for ODE:s

" @ Collocation method approximates solution to BVP by finite
linear combination of basis functions

@ For two-point BVP
u” = f(t,u,u’), a<t<b

with BC
u(a) = a, u(b) =3

we seek approximate solution of form
u(t) = v(t,x) = Z x; i (1)
i=1

where ¢; are basis functions defined on [a, b] and x is
n-vector of parameters to be determined



@ To determine vector of parameters x, define set of n
collocation points, a =t; < --- < t, = b, at which
approximate solution »(¢, ) Is forced to satisfy ODE and
boundary conditions
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Phase plane diagrams and chaos




Predator-Prey model

Lotka-Volterra: =~ = gx — pxy,

dx dy
— =—cy+dx
di po T

Prey-Predator Cycles
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Phase Plane Diagram
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Other possible behaviors

Node - Unstable Node - Asymptotically Stable
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From http://tutorial.math.lamar.edu/classes/de/phaseplane.aspx



\ x
/\\k

piral - Unstable
X2
;\\ Xt

=

N

.
-y

\.\__..——/



Limit Cycle




Chaos




For more information

 http://cazelais.disted.camosun.bc.ca/262/
phaseplane.pdf



Chaos




Lorenz Equations

dx OX +

dt %)

dy X X
dt Y~
d

< bz + xy

dt



x over time for 2 initial conditions
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Logistic Map

* Verhulst equation:

AN N
r Tk (1 - f)

 Logistic map:
xn+1 = 4rxn(1 _ ‘xn)

Maps [0,1] = [0,1]
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Logistic map: r = 0.240, xO = 0.100
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Logistic map: r = 0.740, xO = 0.100

0.75 . . . . . . . .
0.7 =
0.65 =
0.6 -
0.55 —+

0.5 =

0.45 -

0.4

0.35

0.3

0'25 | | | | | | | | |
10 20 30 40 50 60 70 80 90
iteration




0.8

Logistic map: r = 0.7700, xO = 0.100
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Logistic map: r = 0.8700, xO = 0.100
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Logistic map: r

0.8920, xO = 0.100

iteration
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Logistic map: r = 0.90, xO = 0.100

iteration
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lterated Logistic Map Demo:
http://ibiblio.org/e-notes/MSet/Logistic.htm
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