
Partial Differential Equations 

COS 323 



Last time 

•  More methods for initial value problems 
–  Stiff ODEs 
–  Backward Euler 
–  Multi-step methods 

•  Adams methods 

•  Boundary value problems 
–  Definition 
–  Shooting method 
–  Finite difference method 
–  Collocation method 



Today 

•  Finite difference approximations 

•  Review of finite differences for ODE BVPs 

•  PDEs 

•  Phase diagrams 

•  Chaos 



Finite difference approximations 









Finite Difference Method for ODE 
BVPs 



Finite Difference Method 

•  Introduce mesh points along independent 
variable 

•  Replace all derivatives in ODE with finite 
difference approximations 





Another example:  
Dissipation of heat from long, thin bar 

€ 

d2T
dx 2 = c(Ta −T) = 0

T(0) = T1, T(L) = T2 (ends of bar held at fixed T)
c = 0.01, Ta = 20, T(0) = 40, T(10) = 200

€ 

Divided differences :
Ti+1 − 2Ti +Ti−1

Δx 2 − c(Ti −Ta ) = 0

−Ti−1 + (2 + cΔx 2)Ti −Ti+1 = cΔx 2Ta



System of equations 

€ 

Using 4 interior nodes with Δx = 2 :
−2.04 −1 0 0
−1 2.04 −1 0
0 −1 2.04 −1
0 0 −1 2.04
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−Ti−1 + (2 + cΔx 2)Ti −Ti+1 = cΔx 2Ta

€ 

TT = 65.9698 93.7785 124.5382 159.4795⎣ ⎦



PDEs 



Review: Collocation for ODEs 





Phase plane diagrams and chaos 



Predator-Prey model 

•  Lotka-Volterra: 

€ 

dx
dt

= ax − bxy, dy
dt

= −cy + dxy





Phase Plane Diagram 



Other possible behaviors 

From http://tutorial.math.lamar.edu/classes/de/phaseplane.aspx 



Other possible behaviors 



Limit Cycle 



Chaos 



For more information 

•  http://cazelais.disted.camosun.bc.ca/262/
phaseplane.pdf 



Chaos 



Lorenz Equations 

€ 

dx
dt

= −σx +σy

dy
dt

= rx − y − xz

dz
dt

= −bz + xy



x over time for 2 initial conditions 











Logistic Map 

•  Verhulst equation: 

•  Logistic map: 

Maps [0,1]  [0,1] 



00.010.020.030.040.050.060.070.080.095101520253035404550xiterationLogistic map: r = 0.240, x0 = 0.100



0.250.30.350.40.450.50.550.60.650.70.75102030405060708090100xiterationLogistic map: r = 0.740, x0 = 0.100



0.250.30.350.40.450.50.550.60.650.70.750.8102030405060708090100xiterationLogistic map: r = 0.7700, x0 = 0.100



0.30.40.50.60.70.80.9102030405060708090100xiterationLogistic map: r = 0.8700, x0 = 0.100



0.30.40.50.60.70.80.9102030405060708090100xiterationLogistic map: r = 0.8920, x0 = 0.100



0.30.40.50.60.70.80.9102030405060708090100xiterationLogistic map: r = 0.90, x0 = 0.100



Iterated Logistic Map Demo: 
http://ibiblio.org/e-notes/MSet/Logistic.htm 



Bifurcation diagram 

Bifurcation 

Chaos 

Periods of order! 




