COS 341 Discrete Mathematics

Generating Functions

Administrative Issues

* Homework 1 has been graded
* Median score: 77

Generating functions

(a,,a,,a,,...) :sequence of real numbers
Generating function of this sequence is
i

the power series a(x) = ZZO a.-x

Operations on power series
+ Addition
(a, +by,a,+b,,...) has generating function a(x)+ b(x)
* Multiplication by fixed real number
(aa,,oua,,...) has generating function ca(x)

« Shifting the sequence to the right

(0,...0,4a,,a,,...) has generating function x"a(x)
iy

* Shifting to the left

k-1 .
a(x)— Zi:O a,-x'

n

X

(a,,a,.,,...) has generating function




* Substituting ox for x
(a,,0a,,0’a, ...) has generating function a(owx)

» Substitute x* for x

(ao, ..0 a],O .0,a,...) has generating function a(x")

» Differentiation

(a,,2a,,3a,...) has generating function dia(x) (or a'(x))
X
* Integration

(0,a,,%a,,%a,...) has generating function f f(t)dt

* Multiplication of generating functions

(e ()= (Xl )

n=0 "
n
Cn = : :k:(]ak 'bnfk

Applying the toolkit
What is the generating function for the sequence (1°,2%,3’
a, = (k+1)°
1

1—=1+x+x2+x3+x4+---

a ! 7 == [ ! 1+2x+3x" +4x° 4
—X x

2
(1—x) dx (1- )c)2

2
(1=x)’ (l—x)

1-:24-3-2x+4-3x" +5.4x +---

— 1142 2x+3-3x7 +4-4x° 4.

)

An alternate derivation:
Generalized Binomial Theorem

T T T T
A+x)" = |+| [x+| [x"+] |&+...
0) |1 2 3
[r]_r(r—l)(r—2)...(r—k+1)
k) k!
[n] C—n(n=1)(=n=2)(—n—k+1)
k) k!
_ n(n +1)(n+2)-(n+k —1)
k!
—n \ n+k—1 . n+k—1
=(-1) =D
k n—1 8




An alternate derivation:
Generalized Binomial Theorem
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An alternate derivation:
Generalized Binomial Theorem
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e k-1
(1-x)"=> (-1 |

(1-x)'= i[k] x" :i x"
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An alternate derivation:
Generalized Binomial Theorem
k+1
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21-x)" —(1—x) 2= i (k+1)(k +1)x*
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More toolkit examples

What is the generating function of the sequence
(L3.5.7,)7?
_In(1-x)

X

=1+dix4+1x" +1x7 4




More toolkit examples
1

1—x

=l4+x+x>+ x> x4
rodt [ 2 3 4
= [t 041 4 )de
0 1=t 0
—In(I—x)+In() =x+1x> +1x° +4x* +--

—In(1—x)

X

=l+ix+ix*+1x7 4

Applications to counting

A box contains 30 red, 40 blue and 50 green balls.
Balls of the same color are indistinguishable.

How many ways are there of selecting a collection of 70 balls
from the box ?

coefficient of x” in
(I+x+x"+-+x)
X(1+x+x7 +--+x")
X(I4+x+x" 4+ x)

Enter generating functions

coefficient of x™ in
A+x+x" 4+ )+ x+ x4+ x )+ 27
1_x3l

(A+x4+x"+-+x")=
I—x

Sum of first n terms of a geometric series

Alternately =14 x4x 4

1—x

Enter generating functions
coefficient of x” in

(I+x+x" 4+ )+ x+ 2" 4+ x* )+ 27

N I=xYA=x")y (1 —x")
1—x 1—x l—x

coefficient of x° i

1
1_x31 l—x41 1_x51

R R e

< (k+2

:[E xk](l—x3l—x4l—x51—|—---)

k=0
704+2) (70-31+2) (70—41+2) (70—51+2
P =1061




2.

More tricks with generating functions

a(x) :Z:]a[-x"
bn :ijoai
What is b(x) = " b-x’

b(x) =2

1—x

" b X :<a0—|—a1x+a2x2 +--->(1+x+x2—i—---)

i=0 !

17

More tricks with generating functions
What is (1°+2° +---n°)?

21
(1-x) (-x)

b, => " a  b(x) :‘i(x)

i=0 1

=1-142-2x+3-3x> +4-4x° +---

b, =1
b =1 +2°
b, =1’ +2°+3

More tricks with generating functions

What is (142 +---n°)?
2
I—x) (-2
2 1 ©
(R DL

n=0

=1-142-2x+3-3x> +4-4x° +---

b =1+2"+-+(n+1y

v

2 1
= VHY
3 2

More tricks with generating functions

What is (1°+2° +---n%)?

b, =1 +2"+-+n’

:2[2+n]_[1+n]

3 2

_ 2(n+2)(n+Dn  n(n+1)
a 6 2

_ 2n+1)(n+Dn
6
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More tricks with generating functions

What is > (-)* [”
k=0 k

The generating function for the sequence

?

k n. n
a, =(-1) i is a(x)=(1-x)
The generating function for the sequence

m . alx n—
cm:zk:Oak is &z(l—x) !

n—1
¢,, = coefficient of x” = (—1)" [ ]
m
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