Type reconstruction example

Andrew Appel
Princeton University

October 20, 2000

Claim. The following program can be well typed.

fun g(f) is fun h(x) is £ (f x) end end (fun j(x) is x end)

Definitions.

H = funh(z:aq):a2is f(f(x))end
G

J = funj (x:a5):agisxend

fung (f:a3) :aqis H end

Theorem. F (GJ)™ ~» GJ : 7, for some 7.

Derivation using rules 11.19-11.26.

g, fras,h,ot f~ fra3[T] g, f,h,x:o1 bz~ x:aT]
g, fras,hyx f~ fras][T] g, fras,hyx:or b fr~ fr:ag|ps]
g:raz—ay, frag,h:a; — o,z a1 b f(fz) ~ f(fx): ag[pd]
graz— ooy, frastk H ~ H:ap — ag]gs]
FG™ ~ G as — ay|dg]

: jias — as,rias ke~ xasT]
FG™ ~ G:as — ayfdg] FJ™ o~ J a5 — aglde)
F(GJ)™ ~ GJ : az|ér]

where

P2 = o5 =0

®3

a3 = o1 — Qg

¢y = P3Naz=ag— g

¢5 = PaNag=ay

P = s Nap— ag=ay

¢r = e NP2 Naz — ag= (a5 — ag) — ar



Solution of the constraints using rules 11.27-11.28

({}, az=a1 —aghaz=as > agNag=as Nag — as = ag A a5 = og
Aa3—>a4:(a5—>a6)—>a7)
{as=a1 —ag}, a1 mag=ag —agNag=as Aoy — ag = a4 N as = ag
A(a1—>a8)—>a4:(a5—>a6)—>a7)
({a3:a1—>a8}, a1 =agNag=agNag = Nap — Qg = 4 N\ a5 = Qg
ANay — ag) — g = (a5 — ag) — ar)
({OC1:OC87053:OC8_>058}7 ag =ag Nag =a2 ANag — o = a4 N\ 05 = Qg
Nag — ag) — aq = (a5 — ag) — ay)
({0482069,0(1:&9,043:0(9%&9}, g = Nxg — vg = iy \ a5 = Qi
Nag — ag) — ag = (a5 — ag) — ar)
({agzag,agzag,al2062,0632042—>062}, a2—>a2:a4Aa5:a6
Nag — ag) — g = (a5 — ag) — ar)
({044 = Q2 — Q2,09 = (2,8 = (2, ¥] = (2,3 = 2 — 062}, a5 = Qg
Nag — ag) — (g — az) = (a5 — ag) — ay)
({045 = 0,04 = (g — (9,09 = (X2, (g = (2, (X] = (2, (N3 = (XQ — 062},
(a2 — az) — (ag — a2) = (ag — ag) — ar)
({as = ag,aq = aa — ag, 09 = a9, a8 = a9, ] = g, 3 = Qg — Q},
(a2—>a2):(a6—>a6)/\(a2—>ag):a7)
({as = ag,aq = aa — ag, 9 = a9, a8 = (9, 0] = g, 3 = Qg — Qi },
agzaﬁ/\agzag/\(agﬁag):ow)
({2 = ag, a5 = ag, 4 = ag — g, a9 = g, g = Qg ] = g, A3 = Qg — QG }y
oe(;:ag/\(ag—>a6)2a7)
({2 = a6, 05 = ap, 04 = a5 — ag, 09 = a5, a8 = 5,1 = Q5,3 = g — O}, (g — ag) = Q)
({047 = 0 — Qg, 02 = g, 5 = g, 4 = Qg — Qg, g = O, 8 = O, ] = g, 3 = Qg — ag}, T)

If we want to, we can apply this substition to the type-inference proof, yielding a proof using
rules 4.1-4.12:

g9, f: (o = ag),hyxa b f: (g —ag) g,f,h,x:a5bx:ag
g, [ (ag — ag), b,z = [ (ag — ag) g, f (a6 — ag),h,x:ag - fo:ag
g: (g — ag) — (g — ), f: (g — ag),h:ag — ag,z: a6 F f(fz): ag
g:(ag — ag) = (ag — ag), f: (g — ag) F H : ag — g

FG: (g — ag) — (ag — ap)

Jjiag —ag,T:ag b x:ag

I—G:(a6—>aé)—>(a6—>a6) FJ:ag — ag
|—GJZOA6—>066

But this isn’t a proof, because ag isn’t a type. What we have discovered is that this expression
is polymorphic; it can have many types. Since MinML is not a polymorphic language, we can make
this into a real proof of static semantics by choosing some arbitrary type, for example int:

FGJ:int — int



