
COS 341, November 8, 2000

Handout Number 6

Solving Systems of Recurrences

Let an be the number of ways to tile with dominos a 3 � n rectangle, and bn be the

number of ways to tile with dominos a 3�n quasi-rectangle (ie, rectangle with one corner

square missing). From discussions in class, we have a0 = 1; a1 = 0; b0 = 0; b1 = 1, and for

all n � 2,

an = an�2 + 2bn�1;

bn = an�1 + bn�2: (1)

Consider the generating function A(x) =
P
n�0 anx

n, and B(x) =
P
n�0 bnx

n. Then

from (1) we obtain X
n�2

anx
n =

X
n�2

an�2x
n + 2

X
n�2

bn�1x
n:

This leads to

A(x) � a0 � a1x = x2A(x) + 2x(B(x)� b0): (2)

Similarly, we obtain

B(x)� b0 � b1x = x(A(x)� a0) + x2B(x): (3)

Substituting the values of a0; a1; b0; b1 into (2) and (3), we obtain after rearranging terms,

(1� x2)A(x)� 2xB(x) = 1 (4)

xA(x)� (1� x2)B(x) = 0: (5)

We now solve (4) and (5) for A(x); B(x). From (5) we have

B(x) =
x

1� x2
A(x): (6)

Substituting (6) into (4) we get

(1� x2)A(x) � 2x
x

1� x2
A(x) = 1:

This leads immediately to

A(x) =
1� x2

(1� x2)2 � 2x2
: (7)

It remains to extract an from A(x). Let y = x2. We have

A(x) =
1� y

1� 4y + y2
:
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Using the partial fraction decomposition method as before, we obtain

A(x) = (1� y)
1

(1� (2 +
p
3)y)(1 � (2�

p
3)y)

= (1� y)
1

2
p
3

 
2 +

p
3
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� 2�
p
3

(1� (2�
p
3)y)

!

= (1� y)
1

2
p
3

X
n�0

((2 +
p
3)n+1 � (2�

p
3)n+1)yn

= (1� x2)
1

2
p
3

X
n�0

((2 +
p
3)n+1 � (2�

p
3)n+1)x2n

=
1

2
p
3

X
n�0

((2 +
p
3)n+1 � (2�

p
3)n+1)x2n �

1

2
p
3

X
n�0

((2 +
p
3)n+1 � (2�

p
3)n+1)x2(n+1):

Since am is equal to the coeÆcient of the xm term in the above expression, we conclude

that for all n � 0,

a2n =
1

2
p
3
((2 +

p
3)n+1 � (2�

p
3)n+1)� 1

2
p
3
((2 +

p
3)n � (2�

p
3)n);

a2n+1 = 0:

This solves the problem.
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