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Abstract

Wedescribeanideafor makingdecompositionof BidirectionalRe�ectanceDistribu-
tion Functionsinto basisfunctionsmoreeYcient,byperformingachange-of-variables
transformationon theBRDFs.In particular, weproposea reparameterizationof the
BRDFasafunctionof thehalfangle(i.e.theanglehalfwaybetweenthedirectionsof
incidenceandre�ection)andadiVerenceangleinsteadof theusualparameterization
in termsof anglesof incidenceandre�ection. Becausefeaturesin commonBRDFs,
includingspecularandretrore�ectivepeaks,arealignedwith thetransformedcoordi-
nateaxes,thechangeof basisreducesstoragerequirementsfor alargeclassof BRDFs.
WepresentresultsderivedfromanalyticBRDFsandmeasureddata.

1 Introduction- BRDFRepresentationfor ComputerGraphics

Historically, there�ectionmodelsusedbycomputergraphicsrenderershavebeenlimited.
Despitetheir physicalinaccuracy, simpleequationssuchasthePhonglightingmodelre-
mainpopular. Truephotorealism,however, will require more sophisticatedandaccurate
modelsof surfaceproperties.

ThemajordiYcultyin movingto moresophisticatedre�ectionmodelshasbeenthedif-
�culty in representingtheseBRDFseYciently. Thedomainof computergraphicsrequires
BRDFrepresentationsthatareaccurate,havehighangularresolution,andcovertheentire
rangeof possibleanglesof incidenceandre�ection. Traditionally, computergraphicssys-
temseitherreliedonanalyticmodels(whichwerenot alwaysavailablefor theexactsurface
that hadto berepresented)or hadto store enormousquantitiesof datato representeven
relativelysimple,smoothBRDFs.

We will examinesomeof the approachestakento storingBRDFsin the past,includ-
ing both analyticmodelsanddecompositionsinto basisfunctions. We thenpresentan
approachfor reducingthe numberof basisfunctionsrequired to representa BRDF by
reparameterizingthe BRDF in termsof the halfangleanda diVerenceangle,ratherthan
theusualanglesof incidenceandre�ection. We show thesavingsin storageachievedby
thistransformationforseveralclassesofcommonly-encounteredBRDFs,includingBRDFs
with specular, retrore�ective,andanisotropicpeaks.Notethatin thispaperwediscussonly
thedirectionaldependenceof BRDFs,not variationwith wavelength.

2 PreviousApproachesto BRDFRepresentation

ThemaineVortsin BRDFrepresentationhavefocusedoneitheranalyticformulasthatcan
representsomenarrow classof BRDFs,or generictechniquessuitablefor storingarbitrary
four-dimensionalfunctions.Wereviewsomeof theprincipalworkin bothareas.



2.1 AnalyticModels- Physically-basedandPhenomenological

MostrendererstodayuseBRDFscomputedbyananalyticformula.Manyof theseformu-
lasaretheresultof modelingthepropertiesof arealsurfaceandmathematicallycomputing
theamountof light that wouldbere�ectedby asurfacewith thoseproperties.For exam-
ple, physically-basedBRDFshavebeenderivedfor primarily specularsurfaces(e.g.the
Cook-Torrance-Sparrow model[Cook81]), for roughdiVusesurfaces(the Oren-Nayar
model[Oren94]), andfor dustysurfaces(theHapke/Lommel-Seeligermodel,developed
to modellunar re�ectance[Hapke63]). Theyrangein complexityfrom simpleformu-
lasthat ignore manyreal-worldeVectsto complexmodelsthat attemptto accountfor
mostactually-observedsurfacephenomena(e.g.theHe-Torrance-Sillion-Greenbergmodel
[He91]). Becausetheyare derivedfrom physicalprinciples,thesemodels,to a largede-
gree,satisfythecriteriaof physicalplausibility, suchasenergyconservationandHelmholtz
reciprocity.

An inherentproperty of physically-basedmodelsis that becausetheystart with speci�c
assumptionsaboutmicrogeometry, theycanonly predictthe re�ectanceof surfacesthat
closelymatchthoseassumptions.Asa result,eventhe mostelaboratetheoreticalmod-
elscannotpredict re�ectancefrom surfaceswith complexmicrostructure or mesostruc-
ture (e.g.cloth, metallicpaint, fur). Phenomenologicalmodelshavebeenusedsuccess-
fully to widen the rangeof representableBRDFs. For example,the Minnaert BRDF
[Minnaert 41] wasanearlyempiricalformuladevelopedto characterizethere�ectanceof
themoonbeforemorephysically-correctmodelswerederived.Lafortune'sgeneralizedco-
sinelobes[Lafortune97] canrepresentawiderangeof phenomena,includingoV-specular
re�ection andretrore�ection. Aswith all phenomenologicalmodels,however, there ex-
ist behaviorsthat Lafortune'sfunctionscannotrepresent(includingmostcommonly-seen
kindsof anisotropy).Shadetrees[Cook84] andshadinglanguagessuchasRenderMan
[Hanrahan90] attemptto generalizephenomenologicalmodelsevenfurther, by allowing
simplermodelsto becombinedin �exibleways.

Aswehaveseen,both physically-basedandphenomenologicalmodelscanonly repre-
sentcertain limitedclassesof surfaces.Givenanarbitrary BRDF, whetherit wasmeasured
directlyor obtainedthroughsimulation(asin [Westin92]), thereisno guaranteethatany
analyticmodelcanrepresentit. This oftendoesnot meetthe requirementsof computer
graphics,sincein generalonewould like to producerealisticrenderingsof arbitrary sur-
faces.Thus,despitethesimplicityandutility of analyticmodels,there havebeenseveral
attemptsto lookatBRDFsin moregeneralframeworks,in whichit ispossibleto represent
exactlyanygivenBRDF.

2.2 Decompositioninto BasisFunctions

Describinga complexfunctionasa linearcombinationof somesetof basisfunctionsis a
widelyusedtechniquefor representingcontinuousfunctions.In thedomainof BRDFrep-
resentation,themostpopularclassesof basisfunctionsaretensorproductsof thespherical
harmonics,Zernikepolynomials,andsphericalwavelets.

Sphericalharmonics,thesphericalanalogueof sinesandcosines,areapopularchoicefor
representingBRDFs.Becausesphericalharmonicsarecompactin frequencyspace,smooth
BRDFsshouldhavefewerfewernonzero(or at leastnon-negligible)coeYcientsthancom-
plexoneswhenexpressedin this basis.Westinet al. presentan implementationof using
sphericalharmonicsto representBRDFs,takingadvantageof symmetry andreciprocityin
theBRDFto reducestoragerequirements[Westin92].



Full BRDF High-frequencycomponentsremoved
(Torrance-Sparrow) (Sphericalharmonicsthroughorder8 retained)

Figure 1: Ringingcausedby truncationof high-frequencyterms.The graphsare gonio-
metricplotsof theBRDFasafunctionof re�ectanceangle,for a�x edangleof incidence.
Thedirectionsof incidentlight andidealspecularre�ectionarealsoshown.

An alternativeto usingabasisof sphericalharmonics,whichtreatfunctionson ahemi-
sphereasaspecialcaseof functionsonasphere,isto useabasisof functionsonadisk,then
mapthosefunctionsontoahemisphere.Koenderinketal.explorethispossibility, looking
at representingBRDFsin termsof theZernikepolynomials,whichform anorthonormal
basisof functionson theunit disk[Koenderink96]. Theauthorsuseanequal-areamap-
pingfromthediskontothehemisphere,andenforcereciprocitybytakingparticularlinear
combinationsof the functions.Thus,thepaperdevelopsa representationvery similarto
thatusedbyWestinetal.,but optimizedfor thehemisphereratherthanthesphere.

Both the sphericalharmonicsandZernikepolynomialsrequire largenumbersof basis
functionsin order to representquickly-varying BRDFsaccurately. The consequenceof
usingtoofewtermsis“ringing” in theBRDF, causedbysharpedgesin frequencyspace(see
Figure 1). Moreover, sinceneitherthe sphericalharmonicsnor theZernikepolynomials
arecompactin space,evaluatingaBRDFrepresentedin termsof thesefunctionsrequires
computationtime proportional to the total numberof nonzerocoeYcients. Therefore,
becauselargenumbersof coeYcientsare necessary to avoidartifacts,evaluatingBRDFs
storedin termsof thesebasisfunctionsisexpensive.

Waveletshavebeenproposedasanalternativesetof basisfunctionsfor BRDFrepresen-
tation,becausetheyhelpto reduceevaluationtimeandstoragecost.Becausewaveletsare
localizedin space,evaluatingtheBRDFat aparticularpairof anglesof incidenceandre-
�ection requirescomputationtimeproportionalto thedepthof thecoeYcienttree(i.e.log-
arithmicin mostcases)ratherthantimeproportionalto thetotalnumberof nonzerocoef-
�cients. In addition,thespatially-localizedwaveletscanrepresentthelargespikes(e.g.the
specularpeak)of manycommonBRDFsmore eYciently than sphericalharmonicsor
Zernikepolynomials.

Schröderand Sweldenshaveproposeda basisof waveletsoptimizedfor representing
functionsonasphere[Schröder95], althoughtheydid not actuallydescribeanimplemen-
tation of storingcompleteBRDFsusingthesesphericalwavelets.LalondeandFournier
describeacompleteimplementation,usingwaveletsontheNusseltembeddingof thehemi-
sphere[Lalonde97] andatree-basedencodingof thecoeYcients.Theirexperienceshows
that,asexpected,usingwaveletsresultsin signi�cantBRDFcompression.



3 Changeof Variables

Decompositioninto basisfunctionsis certainly a suitabletechniquewhenit is necessary
to havetheability to representarbitrary BRDFs.All of thesetsof basisfunctionswehave
described,however, sharetheproblemof requiringlargenumbersof coeYcientsto describe
evenmoderatelyspecularBRDFs.Themainreasonfor this ineYciencyis the factthat a
BRDFparameterizedin termsof anglesof incidenceandre�ectionusuallydoesnot have
“localized” change.For example,a shinysurfacewill havea largespecularpeakwhose
positionin termsof there�ectanceangle

���

o, � o�

variesrapidlyastheangleof incidenceis
changed.Althoughin mostcasesweknow wherethespecularpeakwill lie (i.e.mostlyin
thedirectionof idealspecularre�ection),theusualbasisfunctionsdo not takeadvantage
of this fact, and therefore cannotrepresentthe peakeYciently. Similarly, the standard
methodsin generaldo not requireanylessstorageif theBRDFis isotropic.It is possible
to designa basisspecializedfor storingonly isotropicBRDFs,but it is up to theuserto
specifythat these,not thegenericbasisfunctions,shouldbeused.

We proposeanapproachfor makingdecompositionof BRDFsin termsof suchfunc-
tionsmoreeYcientwhileretainingtheability to represent(in thelimit) arbitrary BRDFs.
Theideawasinspiredby consideringthepossibilityof usingbasisfunctionsthataremore
“tuned” to representingcommonBRDFs.Insteadof doingthis,however, weproposethe
oppositeapproach:transformingBRDFssuchthattheycanberepresentedmoreeYciently
usingthetraditionalbasisfunctions.

Thetransformationweproposeisachangeof variablesthatcausessomefeaturesof com-
monBRDFsto lie alongthenewcoordinateaxes.Speci�cally, weproposeparameterizing
the BRDF in termsof the halfwayvector(i.e. the vectorhalfwaybetweenthe incoming
andre�ectedrays)anda “diVerence” vector, whichis just the incidentray in a frameof
referencein whichthehalfwayvectorisat thenorth pole(seeFigure2). That is,insteadof
representingtheBRDFas� = �
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, weregard theBRDFasa functionof the
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Notethat
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arethesphericalcoordinatesof thehalfwayvectorin the
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bframe.
The two rotationsin equation9 bringthehalfangle

�

h to thenorth pole,and
���

d, � d �

are
thesphericalcoordinatesof theincidentrayin thistransformedframe.
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Figure 2: Proposedreparameterizationof BRDFs. Insteadof treatingthe BRDF asa
functionof

���

i , � i �

and
���

o, � o�

, asshown on the left, weconsiderit to bea functionof
thehalfangle

���

h, � h �

anda diVerenceangle
���

d, � d �

, asshown on the right. Thevectors
marked

�

n and
�

t arethesurfacenormalandtangent,respectively.

3.1 Propertiesof BRDFsin theNewCoordinates

Fromthepointof viewof BRDFrepresentation,themaineVectof theproposedchangeof
variablesis that it alignsthefeaturesof commonBRDFs(suchasspecularandretrore�ec-
tivepeaks)with thenewcoordinateaxes.Thus,representingmostBRDFsin termsof basis
functionsin thesenewcoordinatesshouldrequireasmallernumberof nonzerocoeYcients
than would be required in the untransformedcoordinatesfor equivalentaccuracy. The
reasonfor this is that in thenewcoordinatestheBRDFsshow strongdependenceon each
axisindividually, but show onlyweakdependenceon combinationsof axes.That is,while
a BRDF might dependon

�

h or
�

d, mostcommonBRDFswill not havea dependence
that is somecomplexfunctionof both

�

h and
�

d. Therefore,coeYcientsthat correspond
to termsthat arehigh-frequencyin both

�

h and
�

d will, for mostBRDFs,besmall.The
onlylargecoeYcientsshouldbetheonesthatcorrespondto variationin onlyoneaxis.

Let usnow examinehow certain BRDFsappearin the transformedcoordinates.First,
wenotethatisotropicBRDFsareindependentof � h in thiscoordinatesystem.Thismeans
that an isotropicBRDF will havebasisfunction coeYcientsequalto zerofor all basis
functionsthat vary with � h. Therefore, we haveautomaticallyreducedthe numberof
nonzerocoeYcientsto a three-dimensionalsubsetof the four-dimensionalspace.This
contrastswith the standard coordinates,where the entire four-dimensionalspacewill be
populatedwith nonzerocoeYcientsevenin thecaseof anisotropicBRDF.

A secondproperty of thenewcoordinatesis that theanglesof incidenceandre�ection
becomemuchmoresymmetric.In particular, theconditionof Helmholtzreciprocitybe-
comesasimplesymmetry under� d �

� d + � . Isis thereforeeasyto enforcereciprocityin
anyrepresentationbasedon thischangeof variables.

Idealspecularandnear-idealspecularpeaksare transformedby thechangeof variables
to lie mostlyalongthe

�

h axis.An idealspecularpeakis representedasadeltafunctionof
�

h, andis completelyindependentof theotherthreevariables.Similarly, asimpleBRDF
suchasBlinn'svariation[Blinn 77] onPhong'smodel[Phong75] isalsoafunctionof only

�

h. In general,anyBRDF that dependsonly on
�

�

n �

�

h
�

is independentof threeof the
four variablesin the transformedspace.In termsof representation,this meansthat only
aone-dimensionalsubsetof thefour-dimensionalspaceof coeYcientswill benonzerofor
suchaBRDF.
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Notethatalthoughthesizeof thepeakchanges(aspredictedbytheFresnelterm),thepositionand
shapeof thepeakremainconstant.TheBRDFisthereforeapproximatedvery closelybyafunction
of theform � = � 1
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, whichmeansthatonlyasmallnumberof basisfunctioncoeYcients
will benonzero.

Figure3: Cook-Torrance-Sparrow BRDFin standard andtransformedcoordinates.
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Comparethisto Figure3, whereweplot slicesof constant
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d. In that �gure,it is thespecularpeak
thatstaysrelativelystationary; hereit is theretrore�ectivepeak.

Figure4: Hapke/Lommel-SeeligerBRDFin standard andtransformedcoordinates.
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Figure5: EllipticalGaussianBRDFin standard andtransformedcoordinates.



A further generalizationof the above is that any analyticmodelthat starts with an
isotropicmicrofacetdistributionandignoresmasking,shadowing,andinterre�ectancewill
bea separablefunctionof only

�

h and
�

d in the transformedcoordinates.To provethis,
weobservethat thehalfangleis thedirectionin whicha microfacet'snormalmustbeori-
entedsuchthat light will re�ect fromthegivendirectionof incidencein thegivenangleof
re�ection. Therefore, thenumberof microfacetspointedin the “correct” directionmust
besomefunctionof

�

h. This amountmustthenbecorrecteddependingon theorienta-
tion of the incidentrayrelativeto the microfacet(e.g.to includea Fresnelterm). This
termwill beafunctionof only

�

d, andthereforetheresultantBRDFmustbeof theform
� = � 1

���

h �

� 2
���

d �

.
More complexBRDFswill includeeVectssuchasmasking,shadowing, and inter-

re�ectance,andthereforewill not havecompletelyseparablerepresentations.However, in
manycasesthedecompositionin termsof ourproposedcoordinateswill still befairlysim-
ple,andmaybenearlyseparable(seeFigure3, whichshowsa Torrance-Sparrow BRDF).
This meansthat it is inexpensiveto store accurateapproximationsevenfor thesemore
realisticBRDFs.

Retrore�ectivepeaksaretransformedbyourchangeof variablesto befunctionsof only
�

d: an idealretrore�ectivepeakwould bea deltafunction around
�

d = 0, anda more
diVusepeakis representedby somesmootherfunctionof

�

d. Again,in manycasesmore
complicatedretrore�ectiveBRDFscomecloseto beingfunctionsof onlyonevariableand
haveonlyaweakdependenceontheotherthree.Forexample,Figure4showstheprimarily
retrore�ectiveHapke/Lommel-SeeligerBRDF.

Finally, let usconsideroneparticularkind of anisotropy, namelythe anisotropyasso-
ciatedwith BRDFsthat haveellipticalspecularpeaks.Theseare the kindsof BRDFs
predictedby, for example,Ward'sellipticalGaussianBRDF[Ward 92], andarecommonly
seenonsurfacessuchasbrushedmetals.Weobservethat in transformedcoordinatesthese
BRDFsareagainlargelyseparable,andtheirmainfeaturescanberepresentedastheprod-
uctof somefunctionof

�

h (representingtheshapeof thespecularpeak)andsomefunction
of � h (representingtheanisotropicvariation).Figure5 showsWard'sBRDFin our trans-
formedcoordinates.

3.2 Results

Wenow presentsomeexamplesofhowtheproposedchangeofvariablescanreducethecost
requiredto storeBRDFs.First, letuslookatsomedataobtainedfromanalyticmodels(see
Figure6). ThreeanalyticBRDFswererandomlysampled,thenleast-squares�ts to cubic
waveletbasisfunctionswereperformedin boththestandard andtransformedcoordinates.
The�ts weredoneto thelogarithmof theBRDFratherthantheBRDFitself, whichhad
the eVectof minimizingrelative,ratherthanabsolute,error. This is a more appropriate
errormetric for perceptualdiVerences,and sothe resultsshouldbe more applicableto
mostapplicationsthanif theabsoluteerrorhadbeenminimized.

Figure 6 showsthe requiredstoragefor dataderivedfrom the analyticBRDFs. The
�rst is the Torrance-Sparrow BRDF1, a standard glossy-surfacemodel. The secondis
theHapke/Lommel-SeeligerBRDF2, whichdescribesa (mostlyretrore�ective)dustysur-
face.The third is Ward's ellipticalGaussianmodel3, whichdescribesre�ection from an

1Theparametersusedwere:m = 0.2, � = 2.0 � s = 0.5,and � d = 0.5.
2Theparametersusedwere:g = 0.6andforward scatteringcoeYcient= 0.1.
3Theparametersusedwere: � x = 0.2, � y = 0.5, � s = 0.2,and � d = 0.5.
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Figure6: Representationerrorasafunctionof thenumberof nonnegligiblewaveletcoef-
�cientsin standard andtransformedcoordinates.
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Figure 7: Resultsof �tting measuredcloth BRDF to basisfunctions. For comparison,
thebestanalyticresultis alsopresented.Notethat becausetheanalyticmodelhasa �x ed
numberof parameters(namely, 4), it isplottedasasinglepoint.

anisotropicroughsurface.Weseethat in all casesperformingthechangeof variablesre-
ducedstoragerequirements.Note that all of theseBRDFscontainedreasonablynarrow
(specularor retrore�ective)peaks.Wewouldexpectsomewhatsmallerstoragesavingsfor
morediVuseBRDFs.

Figure 7 showsthe resultsobtainedfor the measuredBRDF of a cloth sample.The
clothsamplewasslightlyanisotropic,andexhibitedmarkedlyincreasedre�ectiontowards
grazing.For purposesof comparison,wealsoshow a �t to an analyticmodelthat best
matchesourdata.

TheclothBRDFmeasurementsweretakenwith afour-axiscomputer-controlledcamera
gantry that letsasamplebeilluminatedandphotographedfrom anydirection,exceptfor
an occlusionthat preventsmeasurementswithin 3

�

of retrore�ection. Becausethe data
were usedwithout anysmoothing,there wasabout5% variationamongclosely-spaced
samplesbecauseof cameranoiseand,more importantly, surfaceirregularities.Therefore,
wedid not expectto beableto obtainerrorsbelow about5%(usingvery largenumbersof
coeYcientsto try to achievelowererrorswouldhaveledto over�tting).

4 ConclusionsandFutureWork

We havepresentedan ideafor transformingBRDFssuchthat theycanbe represented
eYcientlybystandard classesof basisfunctions.Thetransformation:

� Reducesthe numberof basiscoeYcientsnecessary to representa broadrangeof
BRDFs.

� Allowssigni�cantsavingswhenstoringisotropicBRDFs,ascomparedto anisotropic
ones.

� Exhibitsgreatersavingsfor increasinglyspecularBRDFs,sinceit doesa goodjob
of aligningtheir high-frequencycomponents(namelyspecularand retrore�ective
peaks)with thetransformedcoordinateaxes.

Althoughwehaveconcentratedon applyingthis transformationto �tting a BRDF to
linearcombinationsof basisfunctions,it shouldbe possibleto applythe sameideato



nonlinear�ts to arbitrary setsof functions.Thisshouldincreasecompressionevenfurther,
at the costof increasedrunningtime andpossiblenumericalinstabilityin the nonlinear
�tting routines.

In addition,thepossiblespaceof transformationson BRDFsshouldbeexploredmore
widely. Wehavepresentedonlyonepossibletransformation,andsurfacesdisplayingdiVer-
entkindsofphenomena,especiallyhighlyanisotropicsurfaces,mightbene�tfromdiVerent
transformations.MostBRDF researchin computergraphicshasconcentratedon diVuse
andglossysurfaces,sinceanalyticmodelsfor thesewere the easiestto obtain. AsBRDF
measurementbecomesmorepracticalandcommon,weplanto measureagreatervarietyof
complicated,“exotic” BRDFs,andexploretheirproperties,includingtheirbehaviorunder
thischangeof variables.
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