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Abstract

We describanideafor makingdecompositioof BidirectionaRe ectanceistribu-
tion Functionsnto basigunctionamore€Y cient,by pefformingachange-of-variables
transformatioron the BRDFs.In paticular we propose reparameterizatiai the
BRDF asafunctionof the halfangl€i.e.the anglehalfwaybetweerthe directionsof
incidenceandre ection)anda diVerenceanglensteadf the usualparameterization
in termsof angle®f incidenceandre ection. Becausteatuesin commonBRDFs,
includingspeculaandretroe ectivepeaksare alignedwith thetransformeaoodi-
nateaves the changef basiseducestorageequiementdor alargeclas®f BRDFs.
We presentesultglerivedrom analytiBRDFsandmeasiweddata.

1 Introduction- BRDF Representatiorior ComputerGraphics

Historicallythere ectionmodelaisedby computegraphicsendeershavebeerlimited.
Despitetheir physicalnaccuragysimpleequationsuchasthe Phonglighting modelre-
main popular True photoealismhoweverwill requie more sophisticatedndaccurate
modelof sufacepropeties.

ThemajordiY cultyin movingto moresophisticatek ectionmodelhasbeerthedif-
culty in repesentingheseBRDFseY ciently The domainof computeigraphicsequies
BRDFrepesentationthat are accuratedhavenighangularesolutionandcoverthe entire
rangeof possiblangle®f incidencendre ection. Traditionallycomputegraphicsys-
temseitherreliedon analytianodelgwhichwele not alwaysvailabléor theexacsurface
thathadto berepesenteddr hadto stoe enormougjuantitiesof datato repesenteven
relativel\simple smoothBRDFs.

We will examinesomeof the approacheskento storingBRDFsin the past,includ-
ing both analyticmodelsand decompositionsito basisunctions. We then presentan
approacHor reducingthe numberof basisunctionsrequiedto repesenta BRDF by
reparameterizirthe BRDF in termsof the halfangleanda diVerenceangle ratherthan
the usualangle®f incidenceandre ection. We shav the savingé storagachievedy
thistransformatioffor severallassesf commonly-encountetdBRDFsjncludingBRDFs
with specularetroe ective andanisotropipeaksNotethatin thispapemwediscussnly
thedirectionablependenaef BRDFs not variationwith wavelength.

2 PreviousApproacheso BRDF Repesentation

ThemaineVortsin BRDFrepesentatiohavdocusean eitheranalytidormulaghatcan
repesensomenarrav clas®f BRDFs,0r generi¢echniquesuitabldor storingarbitray
four-dimensiondlnctions.Wereviewsomeof theprincipalworkin both areas.



2.1 AnalyticModels- Physically-basemhd Phenomenological

MostrendeerstodayuseBRDFscomputedy ananalytidormula.Manyof thesdormu-
lasaretheresuliof modelinghe propetiesof arealsufaceandmathematicallgomputing
theamountof light that wouldbere ectedby a sufacewith thosepropeties. For exam-
ple, physically-basé@RDFshavebeenderivedfor primarily speculasurfaceqe.g.the
Cook-Torrance-farrav model[Cook81]), for roughdiVusesufaceqthe Oren-Nayar
model[Oren94)), andfor dustysufacegthe Hapke/Lommel-&ligemodel,developed
to modellunarre ectancgHapke63]). Theyrangein complexityfrom simpleformu-
lasthat ignoe manyreal-worldeVectsto complexmodelsthat attemptto accountfor
mostactually-obseedsufacephenomenée.gtheHe-Torrance-lion-Greenbergiodel
[He91]). Becaustheyare derivedirom physicaprinciplesthesanodelsto alargede-
gree satisfithecriteriaof physicaplausibilitysuchasenergyonserationandHelmholtz
reciprocity

Aninheentpropety of physically-basedodelds that becaustheystat with speci ¢
assumptionaboutmicrogeomeyr theycanonly predictthe re ectanceof sufaceghat
closelymatchthoseassumptionsAs a result,eventhe mostelaborateheoeticalmod-
elscannotpredictre ectancerom sufacesvith complexmicrostucture or mesostrc-
ture (e.g.cloth, metallicpaint, fur). Phenomenologicelodelshavebeenusedsuccess-
fully to widenthe rangeof repesentabl8RDFs. For examplethe Minnaet BRDF
[Minnaet 41] wasanearlyempiricaformuladevelopetb characterizine re ectancef
themoonbefore more physically-coectmodelsvee derived Lafotunésgeneralizedo-
sinelobedLafortune97] canrepesenawiderangeof phenomenancludingoV-specular
re ection andretroe ection. Aswith all phenomenologicahodelshoweverthere ex-
ist behaviorghat Lafotunésfunctionscannotrepesen(includingmostcommonly-seen
kindsof anisotropy).ShadetreegCook 84] andshadindanguagesuchasRenderMan
[HanraharB(] attemptto generalizphenomenologicatodelsevenfurther, by allowving
simplemodeldo becombinedn exible ways.

Aswe haveseenpoth physically-basethdphenomenologicalodelscanonly repie-
sentcetain limited classesf sufacesGivenanarbitray BRDFE whetheiit wasmeaswed
directlyor obtainedhroughsimulation(asin [Westin92)), there isno guarantethatany
analyticmodelcanrepesenit. This oftendoesnot meetthe requiementof computer
graphicssincein generabnewouldlike to producerealistiacendering®f arbitray sur-
faces.Thus, despitehe simplicityandutility of analyticmodelstheie havebeenseveral
attemptgo lookatBRDFsin more generdlrameworksn whichit ispossibléo repesent
exacthanygivenBRDFE

2.2 Decompositionnto BasigFunctions

Describinga complexXunctionasa linearcombinatiorof somesetof basidunctionsis a
widelyusedechniqudor repesentingontinuougunctions.n thedomainof BRDFrep-
resentatiorthe mostpopularclassesf basisunctionsare tensomproductf the spherical
harmonicsZernikepolynomialsandsphericalvavelets.

Shericaharmonicsthesphericadnaloguef sinesindcosinesyreapopularchoiceor
repesentin@RDFs.Becausgphericadharmonicsiecompacin frequencgpacesmooth
BRDFsshouldhaveewerfewemonzerdor atleashon-negligiblejoey cientshancom-
plexoneswhenexpesseith this basis.Westinet al. presentan implementatiorof using
sphericaharmonicso repesenBRDFs takingadvantagef symmetly andreciprocityin
the BRDFto reducestorageequiement§Westin92).
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Full BRDF High-frequencgomponentsemaoved
(Torrance-Garrav) (Sphericaharmonicshroughorder8 retained)

FHgure 1: Ringingcausedby truncationof high-frequencyerms. The graphsare gonio-
metricplotsof the BRDF asafunctionof re ectanceanglefor a x edangleof incidence.
Thedirectionof incidentlight andidealspeculare ectionare alsashavn.

An alternativéo usingabasi®of sphericaharmonicswhichtreatfunctionson ahemi-
spheeasaspeciatas®f functionsonasphee,isto useabasi®f functionsonadisk,then
mapthosefunctionsonto ahemispher. Koenderinletal. exploe this possibilitylooking
atrepesentinddRDFsin termsof the Zernikepolynomialsyhichform anorthonormal
basif functionson the unit disk[Koenderink0g]. The authorsuseanequal-agamap-
pingfromthediskontothehemispher,andenforceeciprocityby takingpaticularlinear
combination®f the functions. Thus,the paperdevelops repesentatiowery similarto
thatusedoy Westinetal., but optimizedfor thehemispherratherthanthesphee.

Both the sphericaharmonicsand Zernikepolynomialgequie largenumbersof basis
functionsin orderto repesenguickly-vaying BRDFsaccurately The consequenagf
usingtoo fewtermss“ringing in theBRDF, causetly sharpedgef frequencgpacésee
Fgure 1). Moreorer sinceneitherthe sphericaharmonicsor the Zernikepolynomials
are compacin spacegvaluating BRDF repesenteéh termsof thesgunctionsrequies
computationtime propotional to the total numberof nonzeracoéy cients. Therefoe,
becaustargenumbersof coer cientsare necessgito avoidatrtifacts,evaluatin@@RDFs
stoedin termsof theséhasigunctionsis expensive.

Waveletbhavebeerpropose@sanalternativesetof basigunctionsor BRDFrepesen-
tation, becaustheyhelpto reducesvaluatiortime andstorageost.Becauseaveletare
localizedn spaceevaluatinghe BRDF ata paticularpair of angle®f incidenceandre-

ection requiescomputatiortime propotionalto thedepthof thecoeY cienttree(i.e.log-

arithmicin mostcasegptherthantime propotionalto thetotalnumberof nonzeraoef-
cients. In additionthe spatially-localizedaveletsanrepesenthe largespikege.g.the
speculapeak)of manycommonBRDFsmote €Y ciently than sphericaharmonicsor
Zernikepolynomials.

Schrodeand Sveldendaveproposed basisof wavelet®ptimizedfor repesenting
functionson asphee[SchrddeB5], althoughtheydid not actuallydescribanimplemen-
tation of storingcompleteBRDFsusingthesesphericalvaveletsLalondeand Fournier
describacompletémplementatiornysingwvaveletentheNusselembeddingfthehemi-
sphee[Lalonde97] andatree-baseencodingf the coe cients.Their experiencehavs
that, asexpectedjsingwaveleteesultsn signi cantBRDF compession.



3 Changeof Vaiables

Decompositiorinto basidunctionsis cetainly a suitableechniquavhenit is necessgr
to havethe ability to repesenarbitray BRDFs.All of the setof basigunctionswehave
describedhowvevershaetheproblemof requiringargenumber®f coér cientdo describe
evenmoderatelgpeculaBRDFs. The mainreasorfor thisineY ciencyis the factthat a
BRDF parameterized termsof angle®f incidenceandre ectionusuallydoesnot have
“localizet] change.For examplea shinysufacewill havea largespeculapeakwhose
positionin termsof there ectancangle ,, , variesapidlyastheangleof incidencés
changedAlthoughin mostcasewe know wheke the speculapeakwill lie (i.e.mostlyin
the directionof idealspeculare ection),the usuabasidunctionsdo not takeadvantage
of this fact, and therefoe cannotrepesenthe peakeY ciently Smilarly, the standad
methodsn generatio not requie anylessstoragéf the BRDF is isotropic.lt is possible
to desigra basisspecializefbr storingonly isotropicBRDFs,but it is up to the userto
specifythatthesenot the generibasigunctions shouldbeused.

We proposean approachior makingdecompositioof BRDFsin termsof suchfunc-
tionsmore €Y cientwhileretainingthe ability to repesen(in thelimit) arbitray BRDFs.
Theideawasinspiedby consideringhe possibilityof usingbasigunctionshat are more
“tuned to repesentingommonBRDFs.Insteadf doingthis, howeverweproposehe
oppositapproachtransformindgBRDFssuchthattheycanberepesentedhoreeY ciently
usingthetraditionalbasigunctions.

Thetransformatiomeproposésachangef variablethatcausesomdeatuesof com-
monBRDFsto lie alongthe newcoodinateaes.Yeci cally weproposgarameterizing
the BRDF in termsof the halfwayvector(i.e. the vectorhalfwaybetweerthe incoming
andre ectedrays)anda “diVerencé vectoy whichis justthe incidentrayin a frameof
refeencdn whichthehalfwayectoiisatthenorth pole(sedrigure 2). Thatis,insteadf

repesentingheBRDFas = i» i» o o,weregadthe BRDFasafunctionof the
halfanglenddiVerenceangle: = m h dr d,wWhee
n = Surfacenormal (1)
t = Surfacgangenti.e.orientationof ananisotropisurface) (2)
b = Surfacebinormal(i.e.n t), )
i = sph i, i,whee ;ismeaswdrelativdonand ; isrelativeo't, (4)
o = sph o o, )
h = sphn n, (6)
_ it o
= i (7
d = sphg, d, (8)
= rot,  rotn. . i (9)

Notethat |,  arthesphericatoodinate®fthehalfwayectoin thet- n- bframe.

The two rotationsin equatior9 bringthe halfangléh to the north pole,and ¢, 4 are
thesphericatoodinateof theincidentrayin thistransformedrame.



FHgure 2: Proposedeparameterizatiasf BRDFs. Insteadof treatingthe BRDF asa
functionof ;, i and o, o, asshavn ontheleft, weconsideit to be a functionof
thehalfangle , , andadiVernceangle 4, ¢ , asshavnontheright. The vectors
markech andt arethe sufacenormalandtangentrespectively

3.1 Propetiesof BRDFsin the NewCoordinates

Fromthepoint of viewof BRDFrepesentatiorthe maineVectof the proposedhang®f
variabless thatit alignghe featuesof commonBRDFs(suchasspeculaandretroe ec-
tivepeaksyvith thenewcoodinateaes.Thus,repesentingnostBRDFsin termsof basis
functiondn thesenewcoodinateshouldrequieasmallenumberof nonzer@oé cients
thanwould be requiedin the untransformed@oodinatesfor equivalenaccuracyThe
reasotfor thisisthatin thenewcoodinateshe BRDFsshav strongdependencen each
axisindividually but shav only weakdependenaen combinationsf axes.Thatis, while
a BRDF might dependon 1, or 4, mostcommonBRDFswill not havea dependence
thatis somecompleXunctionof both , and 4. Therefoe, coer cientsthat corespond
to termsthat are high-frequencyn both  and 4 will, for mostBRDFs,besmall. The
onlylargecoeY cientsshouldbethe oneghat coriespondo variationin only oneaxis.

Letusnow examindnow cetain BRDFsappeain the transformedoodinates.Frst,
wenotethatisotropiBRDFsareindependendf | in thiscoodinatesystemThismeans
that an isotropicBRDF will havebasisfunction coeY cientsequalto zerofor all basis
functionsthat vay with . Therefoe, we haveautomaticallyeducedhe numberof
nonzerocoeY cientsto a three-dimensionalubsebf the four-dimensionaspace.This
contrastsvith the standaat coodinateswheke the entire four-dimensionadpacewill be
populatedvith nonzeraoéy cientsevenn thecasef anisotropicBRDE

A secongropety of the newcoodinateds that the angle®f incidenceandre ection
becomenuchmore symmetricln paticular the conditionof Helmholtzreciprocitybe-
comesasimplesymmety under 4 4 + . Isistherfoeeasyo enforcaeciprocityin
anyrepesentatiobasean thischangef variables.

Idealspeculaandnear-ideaspeculapeaksre transformedby the changef variables
to lie mostlyalongthe ,, axis.An idealspeculapeakis repesentedsa deltafunctionof

h, andis completelyndependenof the otherthreevariablesSmilarly, asimpleBRDF

suchasBlinn'svariationBlinn 77] on Phongmodel[Phong75] isalscafunctionof only

h. In generalany BRDF that depend®nly on n h isindependenbf threeof the
four variable@ the transformedpaceln termsof repesentatiornthis meanghat only
aone-dimensionaubsebf the four-dimensionadpacef coé cientswill benonzerdor
suchaBRDF



i =10 i =20 i =40

The Cook-Torrance-farrav BRDF seerasafunctionof o, o , forvariousialuesf i, ;i .
Notethatthe positionof thepeakin spacearieconsiderahly

a=0 da=20 4 =60

The Cook-Torrance-garrav BRDF seerasafunctionof 4,  , forvariousraluesf ¢, 4 .

Notethatalthoughthe sizeof the peakchange&spredictecby the Fresneterm),the positionand

shapef the peakremainconstantThe BRDFistherefoe approximatedery closelypy afunction

oftheform = 1 2 g4 ,whichmeanshatonlyasmallnumberof basigunctioncoey cients
will benonzero

Fgure 3: Cook-Torrance-farrav BRDFin standat andtransformedoodinates.



i =10 i =20 i =40

TheHapke/Lommel-&tligeBRDF seerasafunctionof o, o , forvariousvaluesf i, i .

h=0 h=20 h =60

TheHapke/Lommel-&eligeBRDF seerasafunctionof 4, 4 , forvariousaluesf |, 1 .
Compaethisto FHgure 3, wheeweplot slice®f constant 4. In that gure, it isthespeculapeak
thatstayselativelystationay; heeit istheretroe ectivepeak.

Hgure 4: Hapke/Lommel-&ligeBRDFin standatt andtransformedoodinates.



i =10 i =20 i =40

Wad'sellipticalGaussiaBRDF seerasafunctionof o, o , forvariousraluesf i, ; .

a=0 da=20 4 =60
Wad'sellipticalGaussiaBRDF seerasafunctionof 4,  , forvariousvaluesf 4, 4 . The
BRDFisvep closelyapproximatety afunctionoftheform = 1 2 1.

FHgure 5: Hliptical GaussiaBRDF in standadt andtransformedoodinates.



A further generalizatioof the abore is that any analyticmodelthat stats with an
isotropiamicrofacetlistributionandignoresmaskingshadwing,andinterre ectancavill
beaseparablinctionof only , and 4 in thetransformeaoodinates.To provethis,
weobsevethat the halfanglés the directionin whicha microfaces normalmustbeori-
entedsuchthatlight will re ectfromthe givendirectionof incidencén the givenangleof
re ection. Therefoer, the numberof microfacetpointedin the “corect directionmust
besomefunctionof ;. Thisamountmustthenbe corecteddependingn the orienta-
tion of the incidentray relativeto the microfacet{e.g.to includea Fresneterm). This
termwill beafunctionof only 4, andtherefoetheresultanBRDF mustbeof theform

= 1h 2 d-

More complexBRDFswill include evectssuchas masking,shadwing, and inter-
re ectanceandtherefoe will not havecompletel\separableepesentationdd oweverin
manycasethedecompositiom termsof our proposedoodinatewill still befairly sim-
ple,andmaybenearlyseparablésed-igure 3, whichshavsa Torrance-farrav BRDF).
This meanghat it is inexpensivéo stoe accurat@pproximationgvenfor thesemore
realistiGRDFs.

Retroe ectivepeaksire transformedby our changef variableso befunctionsof only

4. anidealretroe ectivepeakwould be a deltafunctionaround 4 = 0, anda more
diVusepeakis repesentethy somesmoothefunctionof 4. Again,in manycasesore
complicatedetroe ectiveBRDFscomeclosdo beingfunctionsof only onevariableand
haveonlyawealdependenamn theotherthree.For examplefigure4 shavstheprimarily
retroe ectiveHapke/Lommel-&ligeBRDE

Finally, let usconsideone paticularkind of anisotropynamelythe anisotropyasso-
ciatedwith BRDFsthat haveelliptical speculapeaks. Theseare the kinds of BRDFs
predictedby, for exampleéWard'sellipticalGaussiaBRDF [Ward 92], andare commonly
seeron sufacesuchasbrushednetalsWeobsevethatin transformedoodinateshese
BRDFsare againargelyseparabl@ndtheir mainfeatuescanberepesentedsthe prod-
uctof somdunctionof , (repesentingheshap®fthespeculapeaklandsomeunction
of 4 (repesentinghe anisotropiwariation).Fgure 5 shavsWard'sBRDF in our trans-
formedcoodinates.

3.2 Results

Wenow presensomexamplesf how theproposedhangef variablesanreduceghecost
requiedto stoe BRDFs.Frst, letuslook at somedataobtainedrom analytianodelgsee
Fgure 6). ThreeanalytilBRDFswee randomlysampledthenleast-squas ts to cubic
wavelebasigunctionswvee pefformedin boththe standast andtransformedoodinates.
The ts weedoneto thelogarithmof the BRDFratherthanthe BRDF itself whichhad
the eVectof minimizingrelative ratherthan absoluteerror This is a more appropriate
errormetricfor perceptuatliVerencesand sothe resultsshouldbe more applicabldo
mostapplicationshanif theabsoluterrorhadbeemminimized.
Hgure 6 shavsthe requied storagdor dataderivedfrom the analyticBRDFs. The
rst is the Torrance-Sarrav BRDF', a standant glossy-st@cemodel. The seconds
the Hapke/Lommel-&eligeBRDF?, whichdescribea (mostlyretroe ective)dustysur-
face. The third is Ward's ellipticalGaussiamodef, which describege ection from an

1Theparametenssedvee:m=0.2, =2.0 s=0.5,and 4 =0.5.
2Theparameterssedvee: g = 0.6 andforwad scatteringoey cient= 0.1.
3Theparameterssedvee: x =0.2, y=0.5, s=0.2,and 4 =0.5.
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Fgure 6: Repesentatiorrrorasafunctionof the numberof nonnegligiblevaveletoef-
cientsin standatt andtransformedoodinates.



Measured Cloth BRDF
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Fgure 7: Resultsof tting measuwed cloth BRDF to basidunctions. For comparison,
the bestanalyticresultis alsopresentedNote that becausthe analyticonodelhasa x ed
numberof parameter@amely4), it is plottedasasinglepoint.

anisotropicoughsuface.We seghatin all casepeformingthe changef variablese-
ducedstorageequiements.Note that all of theseBRDFscontainedeasonablgarrav
(speculaor retroe ective)peaksWe wouldexpecsomewhasmallesstoragsaving$or
more diVuseBRDFs.

Hgure 7 shavsthe resultsobtainedfor the measwed BRDF of a cloth sample.The
clothsamplevasslightlyanisotropicandexhibitedmarkedlyincreasede ectiontowads
grazing.For purposesf comparisonywe alsoshav a t to ananalyticmodelthat best
matchesur data.

TheclothBRDFmeaswementsveetakenwith afour-axi¢somputer-controllecamera
ganty thatletsa sampléeilluminatedandphotographeérom anydirection,exceptfor
an occlusiorthat preventsneaswementswithin 3 of retroe ection. Becausthe data
weke usedwithout any smoothingthere wasabout5% variationamongclosely-spaced
samplebecausef cameranoiseand, more impottantly surffacerregularitiesTherefoe,
wedid not expecto beableto obtainerrorsbelav about5% (usingvely largenumbersf
coeY cientdo try to achievéowererrorsvouldhavdedto overtting).

4 ConclusiongindFuture Work

We havepresentedn ideafor transformingBRDFssuchthat they canbe repesented
€Y cientlyby standat classesf basigunctions.Thetransformation:

Reduceghe numberof basiscoer cientsnecessgito repesenta broadrangeof
BRDFs.

Allowssigni cantsavingsrhenstoringisotropilBBRDFs ascompagdto anisotropic
ones.

Exhibitsgreatersavinggor increasinghgpeculaBRDFs,sinceit doesa goodjob
of aligningtheir high-frequencycomponentgnamelyspeculaand retroe ective
peaksyvith thetransformedoodinateaves.

Althoughwe haveconcentratedn applyingthis transformatiorio tting a BRDFto
linearcombination®f basisfunctions,it shouldbe possibld¢o applythe sameddeato



nonlinearts to arbitray setof functions.This shouldncreaseompessioreverfurther,
at the costof increasedunningtime and possiblenumericalnstabilityin the nonlinear
tting routines.

In addition,the possiblespacef transformationen BRDFsshouldbe exploedmore
widely Wehavepresentednlyonepossibléransformatiorandsurfaceslisplayingliver-
entkindsof phenomenaspeciallyighlyanisotropisufacesnightbene tfromdiVerent
transformationsMostBRDF researcin computergraphiciasconcentratedn diVuse
andglossysurfacessinceanalyticnodelsor thesevee the easiedb obtain. AsSBRDF
measwrmenbecomemore practicahndcommonweplanto measwgagreatenvarietyof
complicated;exoti¢ BRDFsandexploetheirpropeties,includingtheirbehaviounder
thischang®f variables.
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