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Abstract

We experimentally study on-line investmert
algorithms rst proposed by Agarwal and
Hazan and extended by Hazan et al. which
achieve almost the same wealth as the best
constart-rebalanced portfolio determined in
hindsight. These algorithms are the rst to
combine optimal logarithmic regret bounds
with e cient deterministic computability.
They are based on the Newton method for
oine optimization which, unlike previous
approades, exploits second order informa-
tion. After analyzing the algorithm using
the potential function introducedby Agarwal
and Hazan, we preser extensive experimerts
on actual nancial data. Theseexperiments
conrm the theoretical advantage of our al-
gorithms, which yield higher returns and run
considerably faster than previous algorithms
with optimal regret. Additionally, we per-
form nancial analysis using mean-\ariance
calculations and the Sharpe ratio.

1. Intro duction

In the universal portfolio managemen problem, we
seekonline wealth investmert strategieswhich enable
an investor to maximize his wealth by distributing

it on a set of available nancial instruments without

knowing the market outcome in advance. The under-
lying model of the problem makes no statistical as-
sumptions on the behavior of the market (such asran-
dom walks or Brownian motion of stock prices (Lu-

erberger, 1998)). In fact, the market is even allowed
to be adversarial. The simplicity of the model per-
mits the formulation of the certuries-old problem of
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wealth maximization as an online learning problem,
and the application of macdhine learning algorithms.
The study of such a model was started in the 1950sby
Kelly (1956) followed by Bell and Cover (1980; 1988),
Algoet and Cover (1988).

Absolute wealth maximization in an adversarial mar-
ket is of course a hopelesstask; we therefore aim
to maximize our wealth relative to that achieved by
a reasonably sophisticated investment strategy, the
constart-rebalanced portfolio (Cover, 1991), abbrevi-
ated CRP. A CRP strategy rebalancesthe wealth eah
trading period to havea xed proportion in every stock
in the portfolio. We measurethe performance of an
online investmert strategy by its regret, which is the
relative di erence betweenthe logarithmic growth ra-
tio it achievesover the ertire trading period, and that
achieved by a presciert investor | one who knows
all the market outcomesin advance, but who is con-
strained to usea CRP. An investmert strategy is said
to be universal if it achievessublinear regret.

Of equal importance is the computational e ciency

of the online algorithm. So far, universal portfolio
managemen algorithms were either optimal with re-
spect to regret, but computationally ine cien t (Cover,
1991), or ecient but attained sub-optimal regret
(Helmbold et al.,, 1998). In recent work, Agarwal
and Hazan (2005) intro duced a new analysistechnique
which senes as the basis of algorithms that are both
e cient and have optimal regret. These techniques
were generalizedby Hazan et al. (2006) to yield even
more e cien t algorithms.

These new algorithms are based on the well-studied
follow-the-leader method, a natural online strategy
which, simply stated, advocates the use of the best
strategy sofar in the gamefor the next iteration. This
method was rst proposedand analyzed by Hannan
(1957) for the caseof Lipschitz regret functions, and
later simplied and extended by Kalai and Vempala
(2005) for linear regret functions and also by Merhav
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and Feder (1992). Follow-the-leader based portfolio

managemen schemeswere also analyzed by Larson
(1986), whenthe price relative vectorsarerestricted to

take valuesin a nite setand by Ordentlich and Cover
(1996). The work in this paper and in Hazan et al.

(2006) bring out the connection of follow-the-leaderto

the Newton method for o ine optimization. The pre-
vious algorithm of Helmbold et al. (1998) can be seen
as a variant of gradient descem. On the other hand,
the new algorithm Online Newton Step takesad-
vantage of the secondderivative of the functions.

We note that this paper doesnot include comparisons
to the recert algorithm of Borodin et al. (2004), de-
spite its excellert experimental results. The reasonis
that their heuristic is not a universal algorithm since
it doesnot theoretically guarartee low regret.

To evaluate our algorithm, we reproduce the previous
experiments of (Cover, 1991) and (Helmbold et al.,
1998). Also, we test the algorithms on some more
datasets,and evaluate their performanceon additional
metrics such asAnnualized Percertage Yields (APYS),
Sharpe ratio and mean-\ariance optimality. The new
algorithm outperforms previous algorithms in nearly
all these experiments under all the performance met-
rics we tested.

2. Notation and Preliminaries

Let the number of stocks in the portfolio be n. On

obsenesa price relative vector ry 2 R", such that r(j)
is the ratio of the closingprice of stock j onday t to the
closingpriceondayt 1. A portfolio p isadistribution
on the n stocks, soit is a point in the n-dimensional
simplex S,. If the investor usesa portfolio p; on day
t, his wealth changesby a factor of p; ry , p;r;.
Thus, afterd’ periods, the wealth achieved per dollar

investﬁd is thl (pt r¢). The logarithmic growth ra-

tio is th1 log(p: r¢). An investor ysing a CRP p
achievesthe logarithmic growth ratio thl log(p rt).
The best CRP in hindsight p is the one which maxi-
mizesthis quarntity. The regret of an online algorithm,
Alg, which producesportfolios p; fort = 1;:::;T, is
de ned to be

X

Regret(Alg) , log(p ) log(pt rv):

t=1 t=1

Since scaling r; by a constart a ects the logarithmic
growth rations of both the best CRP and Alg by the
same additiv e factor, the regret does not change. So
we assumewithout loss of generality that for all t,
ry is scaledso that max; ry(j) = 1. We also make

the assumption that after this scaling, all the r(j)
are bounded below by the market variability param-
eter > 0. This has been called the no-junk-bond
assumptionby Agarwal and Hazan, and can be inter-
preted to meanthat no stock crashesto zerovalue over
the trading period.

With this setup, Cover (1991) gave the rst univer-
sal portfolio selection algorithm which had the opti-
mal regret O(log T), without dependenceon the mar-
ket variability parameter . His algorithm, howewer,
needs ( t") time for computing the portfolio p; and
is clearly impractical. Kalai and Vempala (2003)
gave a polynomial implementation of the algorithm us-
ing sampling of logconcave functions from corvex do-
mains (Lovasz& Vempala, 2003b;Lovasz& Vempala,
2003a), and this results in a randomized polynomial
time algorithm, though the polynomial is still quite
large. Helmbold et al. gave an algorithm which needs
jusb linear (in n) time and spaceper period but has
O( T) regret, under the no-junk-bonds assumption.

3. Online Newton Step

Our algorithm, Online Newton Step, is preserted
below. It takesparameters , and which arerequired
for the theoretical analysis. It also takes a heuristic
tuning parameter, , which we setonly for the purpose
of experimertation.

ONS( , , )

On period 1, usethe uniform portfolio py = 1.

On period t > 1: Play strategy p: , (1
11, such that:

)Pt +

At 1

pt = Sn At 11bt 1

— 1Ptl
where by 1 = 1+ %) "_jrflog(p )]
At 1

Ac1= "1 flogp r)l+ln,and g
is the projection in the norm induced by A 1,
viz.,

At 1

s, '(q)=argmin (@ p) At 1(q p)
p2Sn

Figure 1. The Online Newton Step algorithm.

The Online Newton Step algorithm, shown in Fig-
ure 1, has optimal regret and e cien t computability.
It is a Newton-basedapproac which utilizes the gra-
dient (denotedr ) and the Hessian(denotedr 2) of the
log function. It can be implemened very e cien tly:
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all it needsto do, per iteration, iscomputeann n ma-
trix inverse,a matrix-v ector product, and a projection
into the simplex. Aside from the projection, all the
other operations can be implemerted in O(n?) time
and spaceusing the matrix inversionlemma (Bro okes,
2005). The projection itself can be implemerted very
e cien tly in practice using projected gradient descei
methods.

We now proceedto analyzethe algorithm theoretically,
and show that under the no-junk-bond assumption,
the algorithm has O(log T) regret, WIE,eLeaswithout
the assumption, the regret becomesO(" T).

Theorem 1. The ONS algorithm has the following
performance guarantees:

1. Assumethat the market has variability parameter

. Then setting =0, = g—, and =1, we
have
10n%® T
Regret(ONS) log n

2

2. With no assumptions on the market variabil-

. ) _ nii2s _
ity parameter, by setting = QW =
— pL _____ and =1, wehave
8n0:25 " T log(nT)
5P =——
Regret(ONS)  22nY25" Tlog(nT):

Being a specialization of the Online Newton Step
algorithm of Hazan et al., the analysis proceedsalong

the samelines. First, dene r ¢ = r [log(pt r¢)] =
s2-re. Note that r ?[log(p: ri)] = Gyl =
r o« 7,s0A = ' r r>+l,. Wewil usethis

expressionfor A throughout the analysis.

Now de ne the functions f; : S, ! R asfollows:

fi(p) » log(pe r+r (e po) Sl i(p po)]?

where = zp—. Note that f(pt) = log(p: rt). Fur-
thermore, by the Taylor expansionapplied to the log-
arithm function (seealsoLemma (2) in (Hazan et al.,

2006)), we get that, for all p 2 S,: log(p ri)  fi(p).
This implies that
m'?X log(p rt) log(pt rt) m';’:lx fe(p) fe(po);
t t
1)

soit suces to bound the RHS of (1).
Lemma 2. For all t, we have

Xl
- B 2.
pt = argg)g@: :1ft(p) 2kpk-

Proof. Fort = 1, the uniform portfolio p; = %1 max-
imizes §kpk2. For t > 1, expanding out the ex-
pressionsfor f (p), multiplying by 2 and getting rid
of constarts, the problem reducesto maximizing the
following function over p 2 S;:
K1

>

pr

>

r’p+2 p’r r”+

1> >
- p pp

=1
= p A 1p+ 2b] 4p:

The solution of this maximization is exactly the
projection Q‘ YA, 11bt 1) as speci ed by Online
Newton Step . O

Proof. (Theorem 1)

Part ;1.  We need to bound the RHS of (1),
max, fi(p) fi(p). A simple induction (see
(Hazan et al., 2006)) shows that for any p,

X

Ekp1k2+ fe(pe+1) fe(p) Ekpk23

t t

P
In Lemma 4 below, we bound  fi(pi+1)  fe(pPo).
Since 5[kpk? kpik?’] 5, we can bound the regret
as:
Regret(ONS) En log g + E:

Now the stated regret bound follows by plugging in
the speci ed choice of parameters.

Part 2. The following lemma can be deducedfrom
Theorem 2 in (Helmbold et al., 1998). The stated re-
gret bound follows by using the lemma with the spec-
i ed choice of parameterswith the regret bound from
part 1.

Lemma 3. For an online algorithm Alg, let the de-
rived algorithm SmoothAlgusethe smaoothened portfo-
liopt = (1 )pi+ i1 whemr p; is the portfolio
computed by Alg on day t. Then the regret can be
bounde as:
Regret(SmoothAlg) Regret(Alg) + 2 T

where Regret(Alg) is computed assumingthe variabil-

ity parameter is at least .
O
Lemma 4.
1 nT
[fe(Peer)  fe(po)] —nlog —

t=1
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Lemmad4. For the sake of readability, we igtroduce
some notation. De ne the function F; , t:if .
Note that r fy(p;) = r by the denition of f,.

Finally, let be the forward dierence operator,
for example, p; = (pi+1 Pt) and 1 Fi(py) =
(r Feea (Pt+#1) 1 Fe(pe))-

We use the gradient bound, which follows from the
concavity of fy:

fe(prer)  Fe(pd) 1 fe(P)” (Prer PO =T P
The gradient of Fi,; canbe written as: @
X
r Fiaa (p) = _1[f rrie opll: @
Therefore,
r Fer (Pesr) 1 Frea (po) = Ac pit (4)
The LHS of (4) is
rFa(Pesr) 1 Fa(pe) = 1 Fe(p) 1ot (9)
Putting (4) and (5) together we get
At pt= rF(py) (6)

Pre-multiplying by 1r 7 A, !, we get an expression
for the gradient bound (2):

> 1 >
re pe= =r A rFpd)

1 1
“r LA, or Fe(pol+ =r C Ay I

(7)

Claim 1. The rst term of (7) is boundel as follows:

1,
SrIAC rR(p)l O

Proof. Sincep maximizesF over S,, we have

rE@)Y (P p) O 8)
forany point p 2 S,. Using(8) for =tand = t+1,
we get
0 rFua(Pea) (Pt Pe+1) + 1 Fe(p)” (Prs1 Pr)

[ rFt(Pt)]> Pt
RO A F R T
o, in (6))

(by solving for

= Y REIPAL TR
2RO AT

1 >
=[or FpdlP Ayt g

(sinceA,* 0) 8p: p”A,'p 0)

asrequired. O

Now we bound the secondterm of (7). Sum up from
t=1to T, and apply Lemma 5 (seeLemma 6 from
(Hazan et al., 2006)) below with Ay = I, andv; = r .

)@' . .
7 A 1Iog AT 1nlog g
t=1 1Al

The secondinequality follows sinceAr = = [; 1 r {
andkr ¢k -, andsojArj ()", O
mma 5. Fort = 1;2;:::;T, let Ay = Ag +
tzl v v> for a positive de nite matrix A and vec-
tors vi;Vvo; i vy . Then the following inequality holds:

JAT]
JA o]

> 1
Vi Ay v
t=1

log

3.1. Internal Regret

Stoltz and Lugosi (2005) extend the game-theoretic
notion of internal regret to the caseof online portfolio
selection problems. The notion captures the follow-
ing causeof regret to an online investor: in hindsight,
how much more money could she have made, had she
transferred all the money she invested in stock i, to
stock j on all the trading days?

Formally, for a portfolio p, dene p'"  as follows:
pi' ' =0,p'  =pi+pj,andp, ' = peifk6ij.
The internal regret is de ned to be

X .
log(py ! ) log(pt ri):

t=1 t=1

A straightforward application of the technique of
Stoltz and Lugosi (2005) resultsin an algorithm, called
IR-ONS, that achieveslogarithmic internal regret. In
the full version of the paper, we prove:

Theorem 6. Assumethat the market has variability

parameter . Thensetting =0, = gp=,and = 1,
we have
20n3 T
InternalRegret(IR-ONS) log n—z
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4. Exp erimen tal Results

We implemented the algorithms preseried in (Agar-
wal & Hazan, 2005) and (Hazan et al., 2006) as well
asthe algorithms of Cover (1991), the Multiplicativ e
Weights algorithm of Helmbold et al. (1998), and the
uniform CRP. We also applied the technique of Stoltz
and Lugosi (2005) to the algorithms of Helmbold et al.
(1998) and this paper to get variants which minimize
internal regret. We implemented Online Newton
Step with parameters =0, = 1,and = . Un-
lessotherwise noted, we omit the results for IR-ONS
becauseit was inferior to ONS.

We performedtests on the historical stock market data
from the New York Stock Exchange (NYSE) used by
Cover and Helmbold et al. In addition we randomly
selectedportfolios of various sizesfrom a set of 50 ran-
domly chosenS&P 500 stocks? and performed experi-
ments over the past 4 yearsdata from 12" Decenber,
2001 to 30" November, 2005 obtained from Yahoo!
Finance.

Table 1. Abbreviations usedin the experiments.

BCRP Best CRP
UCRP Uniform CRP
Universal (Cover, 1991)

MW (Helmbold et al., 1998)

IR-MW Internal regret variant of MW
ONS Online Newton Step
IR-ONS Internal regret variant of ONS
Performance Measures. The performance mea-

sures we used were Annualized Percertage Yields
(APYs), Sharpe ratio and mean-variance optimalit y.

4.1. Performance vs. Portfolio Size

To measurethe dependenceof the performanceof var-
ious algorithms on portfolio sizewe picked 50 setsof n
random stocks from the data set, for valuesof n rang-
ing from 5 to 40. All algorithms wererun on the data,
trading once every two weeks. The choice of trading
period was to permit completion of the Universal al-

1Since we implemented Cover's algorithm by random
sampling, there is a small degreeof variabilit y in the mea-
suremerts recorded here. We used 1000 samples, which as
suggestedby (Stoltz & Lugosi, 2005), is su cien t to get a
good estimate of the behavior of that algorithm.

°The set of stocks used was RTN, SLB, ABK, PEG,
KMG, FITB, CL, PSA, DOV, NKE, AT, NEM, VMC, D,
CPWR, NVDA, SRE, HPQ, CMX, LXK, GPC, ABI, PGL,
QLGC, OMX, QCOM, KO, PMTC, SWK, CTXS, FSH,
HON, COF, LH, KMG, BLL, WB, OMX, K, LUV, DIS,
SFA, APOL, HUM, CVH, IR, SPG, WY, TYC, NKE.

gorithm in reasonabletime. The trading period did
not seemto a ect the relative performance of the al-
gorithms. The results are shavn in Figure 4.

24

UCRP

— = Universal

- - - MW
IR-MW

—©— ONS

221

201

mean APY

12

5 10 15 20 25 0 % 40
Number of Stocks

Figure 2. Performance vs. Portfolio Size

The improvemert in the performance of ONS with
increasing number of stocks is quite stark. The rea-
son for this seemsto be that ONS doesan extremely
good job of tracking the best stock in a given port-
folio. Adding more stocks causessomegood stock to
get added, which ONS proceedsto track. Other al-
gorithms behave more like the uniform CRP and so
averageout the increasein wealth due to the addition
of a good stock. Figure 3 showvs how ONS tracks CMC,
which out-performs Kin-Ark for the test period, in a
dataset composedof Kin-Ark and CMC (also usedby
Cover) while other algorithms have a nearly uniform
distribution on both the stocks. This is the reason
ONS outperforms all other algorithms on this dataset,
as can be seenin Figure 5.

o
©

o
©

©
Y

o
o
;

rrrrrr

055 —— o= e

Fraction of CMC in portfolio

©
N
T

0 1000 2000 3000 4000 5000 6000
Trading days

Figure 3. How ONS tracks CMC.
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4.2. Random Stocks from S&P 500

We tested the average APYs (over 50 trials of 10 ran-

dom stocks from the S&P 500 list mertioned before)
of the algorithms, for di erent frequenciesof rebalanc-
ing, namely daily, weekly, fortnightly and monthly. As
can be seenin gure 4 the performanceof the ONS al-

gorithm is superior to all other algorithms in all the

4 cases. As is expected the performance of all algo-
rithms degradesas trading frequency decreasesbut

not very signi cantly. The simple strategy of main-

taining a uniform constart-rebalanced portfolio seems
to outperform all previousalgorithms. This rather sur-

prising fact hasbeenobsened by Borodin et al. (2004)
also.

25

;
HElUCRP
Il Universal
B Mmw
CJIR-MW
M [_JoNs

Mean APY
-
@
|

=
o
T

daily weekly fortnightly

monthly
Trading frequency

Figure 4. Performance vs. Trading Period.

4.3. Cover's Exp erimen ts

We replicated the experiments of Cover and Helmbold
et al. on Iroquios Brands Ltd. and Kin Ark Corp.,
Commercial Metals (CMC) and Kin Ark, CMC and
MeiccoCorp., IBM and CocaCola for the same22year
period from 3 July, 1962to 315t Decenber, 1984. As
can be seenfrom Figure 5, ONS outperforms all other
algorithms except on the Iroquios Brands Ltd. and
Kin Ark Corp. dataset.

Figure 6 shavs how the total wealth (per dollar in-
vested)variesover the ertire period usingthe di erent
algorithms for a portfolio of IBM and Coke. The ONS
algorithm, and its internal regret variant IR-ONS, out-
perform even the best constart-rebalanced portfolio.

4.4. Stock Volatilit y

We took the 50 stock data set used in previous ex-
periments which had a history for 1000 days traded
fortnightly and sortedthem accordingto volatilit y and
createdtwo sets: the 10 stocks with largest and small-

30 ‘ —
Il UCRP

Il Universal
B Mw
T IRMW
— 1| L] ONS

25r

201

10r

0
Iroq.&Kin-Ark  CMC&Kin-Ark ~ CMC&MEI IBM&KO

Figure 5. Four pairs of stocks tested by Cover (1991) and
Helmbold et al. (1998).

25

---BCRP

N
o

15¢

Wealth achieved per dollar
[
o

o
T

3000 4000 5000

Trading days

2000

0 1000 6000

Figure 6. Wealth achieved by various algorithms on a port-
folio consisting of IBM and Coke.

est price variance. Then we applied the di erent algo-
rithms on the two di erent sets.

Figure 7 shows that the performanceof ONS increases
with market volatility whereas the performance of
other algorithms decreases.

4.5. Margins Loans

In line with Cover (1991) and Helmbold et al. (1998),
we also tested the casewhere the portfolio can buy
stocks on margin. The data set we tested on was the
22 year IBM and Coca Cola data mentioned earlier.
Results for this caseare givenin Table 4. The margin
purchaseswe incorporate are 50% down and 50%loan.
The ONS algorithm in fact enhancesits performance
edgeover other algorithms if margin loansare allowed.
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Table 2. Sharpe ratios for various algorithms on di eren t datasets.

Univ ersal UCRP MW IR-MW ONS
Iro.&Kin-Ark 0.4986 0.5497 0.5390 0.5078 0.4578
CMC & Kin-Ark 0.5740 0.6020 0.5980 0.5812 0.7466
CMC & Meicco 0.3885 0.3834 0.3856 0.3854 0.5177
IBM & Coke 0.5246 0.5376 0.5356 0.5295 0.5824

Table 3. Minim um variance CRPs for various algorithms on di eren t datasets. The number to the left of the slashis the

volatilit y of the minimum variance CRP and the number to the right is the volatilit y of the algorithm on the dataset.

Univ ersal UCRP MW IR-MW ONS
Iro. & Kin-Ark 0.4598/0.4948| 0.4929/0.4929| 0.4803/0.4928| 0.4606/0.4930| 0.4603/0.5451
CMC & Meicco 0.1911/0.2728| 0.1909/0.2723| 0.1909/0.2717| 0.1909/0.2718| 0.2070/0.3510
25 ‘ reward, R is the risk-free rate (typically the average
Bl UCRP rate of return of Treasury bills), and , is the stan-
20l B Universal| [ _dar_d deV|§1t|0n of _t_he re_turns pf the algorithm, Whl(_:h
M indicates its volatilit y risk. Higher the Sharpe Ratio
> IR MW the better is the algorithm at balancing high rewards
& 15 _JONS with low risk.
§ 10! The mean-\ariance optimal CRP for an algorithm is
S the CRP which achieves the samereturn as the al-
5l gorithm but has minimum variance. This is the least
risky CRP onecould have usedin hindsight to produce
H the samereturns. The closerthe volatilit y of the CRP
0 low high to that of the algorithm, the better the algorithm is
volatility avoiding risk.

Figure 7. Performance of algorithms on high and low
volatilit y datasets.

Table 4. Incorporating margin loans.

4.6. Sharp e Ratio and Mean-V ariance Optimal
CRPs

It is a well-known fact that one can achieve higher re-
turns by investingin riskier assets(Luenberger, 1998).
Soit isimportant to rule out the possibility of the ONS
algorithm achieving higher returns comparedto other
algorithms by trading moreriskily. Parameterslikethe
Sharpe ratio and the optimal mean-variance portfolio
are usedto measurethis risk versusreward tradeo .
Sharpe ratio is de ned as @ where Ry, is the av-
erageyearly return of the algorithm, which indicates

Table 2 shows that ONS haseither the best or slightly
smaller Sharpe ratio amongall algorithms. In Table 3,
it can be seenthat ONS has comparable volatilit y to
the minimum variance CRP, implying that ONS does
not take excessie risk in its portfolio selection. In the
caseof IBM & Coke and Kin-Ark & CMC, ONS beats

Alggg;m ARY, 1n207r2arg|n APY vil;tlh84marg|n the Best CRP in hindsight. Hencethe conceptof the
Universal 12.46 14'40 optimal mean-wariance CRP does not apply and the
' ' Its for thi itted.

MW 12.57 14.39 results for this caseare omitted
IR-MW 12.57 14.62 . _
ONS 13.68 16.15 4.7. Running Times

As expected, ONS runs slightly slower than MW, but
both are much faster than Universal. We measured
the running time (in seconds)of these algorithms on
the 22 year data setsmerntioned earlier. The machine
usedwasa dual Intel 933MHz P11 processowith 1GB
operated with Linux Fedora Core 3 operating system.
The averagerunning time, on the four data sets we
considered, was 4882 secondsfor the Universal algo-
rithm 2, whereasMW and ONS took 3.7 and 26.7 sec-
onds, respectively. This clearly shaws the signi cant
advantage of ONS over Universaland that it is compa-
rable with MW in terms of computational e ciency .

Swith 1000 samples.
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5. Conclusions

We experimentally tested the recertly proposedalgo-
rithms of (Agarwal & Hazan, 2005;Hazanet al., 2006)
for the universalportfolio selectionproblem. The On-
line Newton Step algorithm is extremely fast in
practice as expected from the theoretical guaranees.
Moreover, it seemsto be better than previous algo-
rithms at tracking the best stock.

It would be interesting to combine the anti-correlated
heuristic of Borodin et al. (2004) with the best stock
tracking ability of our algorithm. Another open prob-
lem is to incorporate transaction costsinto the algo-
rithm, asdone by Blum and Kalai (1999) for Cover's
algorithm.
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