CS 126 Lecture P6:
Recursion

Why Learn Recursion?

* Master a powerful programming tool
* Gain insight of how programs (function calls) work
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Outline

e \What is recursion?
* How does it work?
* Examples
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[ CO% 126 Lecture Pé: Recursion ]

G;nrliw'. pregram: ane that calls H“‘B

MATHEMATICAL INDUCTION:
& To prove S(M)
" pri prove (sl
= prove 5(N), assuming 3(k] for all k(N

Ex: "friangla numbars”
e+ 1+ 31+ 3+ ...+ H= HMNH
= trivially true for N = =

Taki*adFgF ..t N
Zp e i FAdF ot W=+ N
= [N=i]Ns2 = N = H{N+ilra
r RECURSION:
s To E-hElI‘l‘l'. F{M]

" compute f(a)
® compute §(N), using #(kl for k(N

Ex: friangle numbers
ine tri{int W}

if (N == 0] return 0;
return B + tri{H-1)3
"n,, ¥




( Humber conversion _j

& To conveart an integer N to binary
= stop if W is e
swerite 1 M oadd, e i N even
+« move left one positien
= canvart WS a

43 o
il 10
10 olo
1010

01010

101010

. iz + B #+ 2 = a2

#* Easiest way te convert feo binary by hand
# Corresponds diractly te a recursive program

[ Resursive number conversion ]

= Computer prints from left to right
#need to convert WSz, then print right bit

void convert(int M)
{

if (H/2 » D) econvart(MN/I);:
prinef("%e", ‘0's H % 2)p

]
Proof of correctness:

W= a=e(N / 3] + (N % 32}

Indentation level denotes
convert (42} )
oyt (31) statements belonging
=10y to same “invocation”
convesk(5)
aavask 2]
anvart (1]
priotf (®17) i
prinef{"0"} [}
printfi=in] |
printfiTa") o]
]
]

printfi 1=}
!ri-ntfl_'l:l':l

§ Warks to convert to any bose
{change 3" 1o "B everywhere in code)

“Plojo|o-42



Democonvert()
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Outline

* What-isrecursion?
* How does it work?

* Examples
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Function “Environment”

*\When a function executes, it lives in an “environment”

* What’s an “environment”?
- Value of local variables (scratch space)
- Which statement the computer is executing currently
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Implementing Recursion
r funetion call requires EHJGLEH +1.]

= s5¢et the values of the pnrqnﬂﬂrﬁ
# save the "enviFonmént
s jump to the first instruction in the function
execute the function
¢ restore the ‘environment
» continue at the instruction after the call
k “return address” (part of r.hwrnnm.n 1)

\rg)

4 Use pushdown stack for save/restore
call: push environment
return: restore environment from stack
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Demo Use of Stacks to Implement
Function Calls

Stack

CS126
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[— Stack details for numbar conversion ]

® ' Envirenmendt'

is value of N

fuﬂ:*l:iln-_n call: push W to stach

refurn:

soconwart (42 )
convaert {21}
comvart (10)
convert (5]
convart(d)
B canvyart{l)

pop stach to N

H stack contents

- printf(®1¥}) 1
; [return for 1] (2) [42 21 10 5
L ———
- printf (*d=)
e
. [return for 2] @ 42 1 10
e
o printE{ 1"}
d e —
H [return Eor 5] Eﬁ} 42 21

2 pEintE("D")

i [zaturn for 10]
- primtf{=1"}

5 [return for 211

» princE{*07)

N [return for 42]

G b=

T fopped P




Removing Recursion

base case; repeat {
some code;
some code; push environment;
recursion; }
- base case;
more code; repeat {
} pop environment;
more code;

We can remove recursion from any 'Fu'nr.'ﬂqﬂ
by using an explicit stachk
= Helps us understand nature of the computation
(ne other reason to do so)
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Removing Recursion

{ { {
) repeat
base case; some code;
some code; push environment;
_ }
recursion; = base case;
. repeat {
more code; pop environment;
} more code;
}
}
Ex: number conversion
=
void convert (int N) ‘*5\

{
STACKinit () ;
while (N > 0) { STACKpush(N); N = N/2; }
while (!STACKempty())
printf ("%c", ‘0’+ STACKpop() % 2);

R e RS R SR
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Tail Recursion

‘int tri(int N) g
{ \
if (W == 0) return 0;
return ¥ + tri(N-1};
\ 1 “TRE Exi(int W) ) N
{ int t;

for (£ = 07y H > 03 H+4) £ += H;

return t;

} _______.-"'

* If single recursive call is the last action, don't need a s

*Why?
- nothing to do after recursion => no need to remember stu
no need for stack
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Possible Pitfall with Recursion

Simple recursive programs
can consume excessive resources |

; R

Ex: Compute binomial coefficients .l "
int £(int N, int k) Y ¢ 941

{ e 1o §

Y

if ((k < 0) || (k > W)) return O; ¥

if (M == 0) return 1;
return £(N=-1, k) + £{H=-1, k=1):
¥ s

sSeems to run for a Eng time to compute f(3e, 15l

hy?
: Recomputes intermediate results

| e
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Possible Pitfall with Recursion
# 3impler example: hard way to compute 2N

int f£{int H) 2
{ -~ e, é
if (N == 0) return 1; 21 2
return £({(H-1)+£{M-1); £~ ".f \
a' Y 2t Y
BEESEEE e / P AT N
Y 3 5% g T Y 3

: i 5
TOREE TR, roportisnal e 1y Sx PN L
e o PRI RN B OB

» b0 NOT use these programs!

Solution: PYNAMIC PROGRAMMING
save away intermediate results

see Sedaewick., section c.2 Py

Randy Wang
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* \Whatisrecursion?
* How-does-itwork?
* Examples

CS126 7-17 Randy Wang



Divide-and-Conquer

NN
AR -

FMany computations are ﬁ
na+ Iy expressed as recursive pr ms
ITERATION

ancather way te write "for' loop

"BIVIRE and CONGWER"
solve a problem by dividing inte samaller ones

Ex: root finding via "'bisection”
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Finding Root via Bisection

float bisectr(flocat 1, float r)

{
float m;
m= (1L + x) / 2;
if ((r - 1) < epsilon) return m;

if (£E(m) > 0.0)
return bisectr(m, r);
else

return bisectr(l, m);
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Bisection for Integer Functions

- — -

(-'::nt bisectr(int 1, int r) \\
{
int m;
m= (1 +1x) / 2;
if (£(m) == 0) return m;

if (r <= 1) return -1;
if (£(m) > 0)

return bisectr(m+l, r);
else

return bisectr(l, m-1);

& y
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Binary Search

Suppose an array A has N integqers, in order
0 1 2 3 4 5 [ 7 8 9 10 11 Il

fOJT 2 2 s & 13 21 3¢ 55 89 (@ad)233 I
SEARCH PROBLEM: is a given integer v in A?

* Observations:

- An array is a function mapping integer indices to content

- A sorted array is a monotonically increasing function

SOLUTION: use abave program with
nt fiint k) { return ¥ - a

Ex: v 2 144
E 1 r m_£{m) '/a[k]'V
15 N # v
7T 13 8+ -
1 13 11 - k
6 16 18 @

(°2)
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Traveling Salesman Problem
AN

Given a set of points, find the shortest tour
connecting all the points

® Recursive solution for trying all possibilities
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Traveling Salesman Problem

set of cities whose order -~ ~ o h >
haven't been decided ” o o
AT T -, —~
l\ ‘ - A 7 7 N
== \,\ - ! v \
A - - // |
/, / //
try all undecided cities”” ./ 7
as the Nth stop N __ _setof cities whose order
____ have been decided

= Becursive sclutien for frying all pessibilities

S O g LA

imtt 4§ x"l
AF { B == 1) { checklengthil; rstuarng }
for {(d = 17 i «= M; f&+])

€ /VISI'[ ith city as the last (Nth) step

dwwap (i, M) §

wimie (m@-1i7——=Decide the positions of th
: mwapid. H); other undecided cities
¥
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Traveling Salesman Problem

visit(3) [1 2 3§

(visit(2) [1 2]{3}
/

visit(1) [1]RR3Dvisit(1) [2]{1 3}
2¥ (visit(1) [3]{1 2D

Cumber of } Godes whoseposmona Codes whoseposition
undecided nodeg \are not decided are already decided

® Takes N! steps

(visit(1) [3]{2 1D(v|5|L(J.9rf2]'{3 1)

¢ Can’'t run for very large N
no computer can ever run this
to completion for N = 100 [100! ) 10%150]

[stay tuned]
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[: Recursion: Drngnn Curve _]

Fald & strip of papar in half n times
unfold ta right angles

L B
5 M >
T

b

n &g




( quwin-’ a brusn'ﬂ- Curve ]

Use simplest turtle graphics
F: move forward one step (pen down)
L: turn left
R: turn right

FLPLFEFLFLFRFRPF

(=T r L & ®rR B

CLLRTLRRLLLHHLRR__:)

Intuition of Algorithm

C Left turn Phs
B

Left turn
As Right turn

* AB is a smaller dragon curve by itself
*CB=AB
* ThereforeBC is the reverse ohB

* Therefore every turn alorgC is the opposite of the
corresponding turn oAB
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Recursive Program for Dragon Curve

C nogard(n-1)

LO

A dragon(n-1)

dragon(int n)
{
if (n == 0) { F(); return; }
dragon(n-1);
L();
nogard(n-1) ;
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Backwards Dragon Curve
dragon(int n) nogard(int n)

[ {
if (n==0) (F(); return ) 4f (n==0) { B(); return; }

dragon(n-1) ;\/ dragon(n-1);
L)} ~R();
nogard(n-1); /{ \ nogard(n-l)i
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dragon Demo

(] {13)
1 Tk Y011

(i} 110 midind

CpeET el
- o nE§ 1) Hogard (8]
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[ Alternate “dragen’ )

s Replace call o "nogard”
by nenrecursive version
dragen{int n}

{
int k;:

if (m == 0} { Flbr retarn; }
dragon(n-1}}
Li)r
for (E = n-32; k »>= 0; k==] |
{
dragen(k) ;
B}
¥
Fi)r

R
D)

FLFLFRFDR L FEFR)F
™

Dlz) by o)

i Peints out self-similarities in curve

Pl




{ Postscript lrﬁ-’#l‘l CUFr¥e j

# Easy to implement because of built-in
s turtle graphics
.stack (Adup repliates stack top)
sPassing args te recursive fupetions is frichy |
3 @ argiments and *scratch variablés” are on the stack!
FL { 90 rotate | dsf
FR { 90 neg rotats ] Sal
fFE { 2 0 rlinete ]} dal
fdragon
i dup 0 =3 »replicates top before popping for comparison
{ F pop }
{iﬂubgmdnthnngiﬂ}
: ST pushes two copies of (n-1) for the two recursive calls
fnogard
{ dup 9 =g
{F pow
{ 1 sub dup Adragon R nogard }
ifelses
} def
200 400 movers
15 dragen
stroks

k_ﬂiuip!g‘#
CAUTION:
1+NH lina 51.5...11\#:. in curve of ordar M

mr—

P

[ HoRrrecuriive d.rngn'n CUrve _]
_ Blg)
s — e ‘-H_"‘-\-
’ Bl1] Wizl
. -~ N >~ N
Bl M1} 300 M)
o~ . P s N

o Blel Wlel DBlel N{e) Dio)l Nisl Plol Nl

F L F L FRF LF L FRFRF

Te write down the whole dragen curve sequence
® first, put 'F in avery ofher space
® put L "R (alternating)
i every other rq.-.nl.nin.g space
¥ continue until dene

- W W

e B
-

m W om .

F
F
F
F

-
- " m o,
- m oW =
m Mm@

- W o ™
- oW W™
M XA

L
L L L
# Like Towers of Hamol (see Pedgawichk, section g.al
requires foo much storage (how much?)
‘rular funstion connects to binary numbers
batails? [challenge for the bored]

step 3t Lok ¥l bt b e lefd of vhe
—f4 Fugind paget [ e 1l Drrmid ‘-l'?d; (Rl I




What We Have Learned

* How recursion works

- A recursive call is no different from a “regular” call

- It involves saving the old environment for later return

* Learn to trace the execution of given recursive prograr

(using pictures)

* Learn to write simple recursion
- What's the base case?
- What's the induction case?

mns
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