
Average number of compares for QUICKSORT with distinct keys

Recurrence from recursive program

CN = N − 1 +
1
N

∑
1≤j≤N

(Cj−1 + CN−j)

Change j to N + 1− j in second sum

CN = N − 1 +
2
N

∑
1≤j≤N

Cj−1.

Multiply both sides by N

NCN = N (N − 1) +
2
N

∑
1≤j≤N

Cj−1.

Subtract same equation for N − 1

NCN − (N − 1)CN−1 = 2N + 2CN−1

Rearrange terms
NCN = (N + 1)CN−1 + 2N

Divide by N (N + 1)
CN
N + 1

=
CN−1

N
+

2
N + 1

Telescope
CN
N + 1

= 2(HN+1 − 1)

Approximate
CN ≈ 2N lnN



Average number of compares for QUICKSORT with equal keys

Recurrence for average number of comparisons

C(x1, . . . , xn) = N + 1 +
1
N

∑
1≤j≤N

xj(C(x1, . . . , xj−1) + C(xj+1 . . . xn))

Multiply both sides by N = x1 + . . . + xn

NC(x1, . . . , xn) = N (N − 1) +
∑

1≤j≤N
xjC(x1, . . . , xj−1) +

∑
1≤j≤N

xjC(xj+1, . . . , xn).

Subtract same equation for x2, . . . , xn (with D(x1 . . . xn) ≡ C(x1, . . . , xn)− C(x2, . . . , xn))

(x1 + . . . + xn)D(x1 . . . , xn) = x2
1 − x1 + 2x1(x2 + . . . + xn) +

∑
2≤j≤n

xjD(x1, . . . , xj−1)

Subtract same equation for x1, . . . , xn−1

(x1 + . . . + xn)D(x1, . . . , xn)− (x1 + . . . + xn−1)D(x1, . . . , xn−1) = 2x1xn + xnD(x1, . . . , xn−1)

Simplify, divide by N

D(x1, . . . , xn) = D(x1 . . . , xn−1) +
2x1xn

x1 + . . . + xn

Telescope (twice)

C(x1, . . . , xn) = N − n + 2
∑

1≤k≤j≤n

xkxj
xk + . . . + xj



Upper bound on QUICKSORT entropy

Quicksort entropy definition

Q =
∑

1≤k<j≤n

pkpj
pk + . . . + pj

Separate double sum
Q =

∑
1≤k<n

pk
∑

k<j≤n

pj
pk + . . . + pj

Substitute qij = (pi + . . . + pj/pi) (note: 1 = qii ≤ qi(i+1) ≤ . . . ≤ qin < 1/pi)

Q =
∑

1≤k<N
pk

∑
k<j≤n

qkj − qk(j−1)

qkj

Bound with integral

Q <
∑

1≤k<n
pk

∫ qkn

qkk

1
x
dx

Simplify
Q <

∑
1≤k<n

pk ln qkn ≤
∑

1≤k<n
pk(− ln pk) = H ln 2


