Average number of compares for QUICKSORT with distinct keys

Recurrence from recursive program
1
CN:N—1+N Z (Cj_1+CN_j)
1<G<N

Change jto N +1— jin second sum

2

Cn=N-1+— Z Cj_]_.

N 1<j<N

Multiply both sides by N

2
NCy=N(N-1)+= 3 Cju
1<j<N

Subtract same equation for N — 1
NCN - (N - 1)CN—1 =2N + 2CN—1

Rearrange terms
NCN = (N + 1)CN—1 +2N

Divide by N(NV +1)
Cn Cn_1 N 2

N+1 N  N+1

Telescope
Cn

N+1

=2(Hyn+1 — 1)

Approximate
Cy=~2NInN



Average number of compares for QUICKSORT with equal keys

Recurrence for average number of comparisons

1
Clzy,...,zp) = N+1+ = > z;(C(21,
N 1<G<N

Multiply both sides by N =z, +...+z,

NC(xq,...,2p) = NN — 1)+ Z zjC(zq, ...,
1<5<N

Subtract same equation for zo, ..., x, (With D(x; .

(x1+...+xn)D(x1...,xn)=x%—x1+2x1(x2+.

Subtract same equation for zq,...,x,_1

(x1+...+vz)D(xq,...,2p) — (1 +...+2,_1)D(21, ..

Simplify, divide by N
D(Jfl, .- -,xn) = D(Jfl .- '71:71—1)

Telescope (twice)

Clzy,...,zp) = N—n+2 Y

1<k<j<n

.. ,:1:]-_1) + C($j+1 .- xn))

rj_1)+ Z 2;C(x 41, . .
1<j<N

,xn)-

coxp) =C(xq, ..., xn) — Clx, ..., 1))

Lotxy)+ Z ziD(xq, ...,

2<j<n

G Tp—1) = 2212 + Xy D(21, . .

2x1x
+ 14n
r1t...tx,

T
Tpt... .tz

Tj-1)

. ,xn—l)



Upper bound on QUICKSORT entropy

Quicksort entropy definition

_ Prpy
@= ...+
1<k<j<n Pk T---TDj

Separate double sum

Q:ZPkZL

1<khen  hejen Pt -+ D)

Substitute qij = (pit+... +pj/pi) (note: 1 =¢; < Qii+1) < -+ < Gin < 1/pi)

= Y m ¥ (chj—q%(j—l)

1<k<N  k<j<n Ik

Bound with integral
dkn 1

Q< Zpk/ —dx

1<k<n Uk X

Simplify

Q< Y pngm< > p(—Inp)=HIn2
1<k<n 1<k<n



