
















Distribution.  The first step to developing a mathematical model that explains these results is to 
understand the distribution of the probability p

k
 that the root is of rank k, when a LLRB (2-3) 

tree is built from random keys. We know this probability to be 0 for small k and for large k,  and 
we expect it to be high when k is 
near N/2. The figure at left shows 
the result of computing the dis-
tribution exactly for small N and 
estimating its shape for interme-
diate values of N. Following the 
format introduced in [10], the 
curves are normalized on the x 
axis and slightly separated on 
the y axis, so that convergence to 
a distribution can be identified. 
The irregularities in the curves 
are primarily (but not complete-
ly) due to expected variations in 
the experimental results. (These 
curves are the result of building 
10000 trees for each size, and are 
smoother than the curves based 

on a smaller number of experiments). Ideally, we would like to see convergence at the bottom to 
some distribution (whose properties we can analyze) for large N. Though it suggests the possibility 
of eventual convergence to a distribution that can be suitable approximated, this figure also exhibits 
an oscillation that may complicate such analysis. At right is shown a Tufte plot of the average for 
this distribution for a large number of experiments. This figure clearly illustrates a log-oscillatory 
behavior that is often found in the analysis of algorithms, and also shows that the dispersion is sig-
nificant and does not seem to be decreasing.  

Red path length.  How many red nodes are on the search path, on the average? This question would 
seem to be the key to understanding LLRB trees. The figure below shows that this varies (even 
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though the total is relatively smooth. Close examination reveals that the average number of reds per 
path increases slowly, then drops each time the root splits. One important challenge is to character-
ize the root split events. The remarkable 
figure at right shows that variability in 
the time of root splits creates a signifi-
cant challenge in developing a detailed 
characterization of the average number 
of red nodes per path. It is a modified 
Tufte plot showing that this quantity os-
cillates between periods of low and high 
variance and increases very slowly, if at 
all. This behavior is the result of aver-
aging the sawtooth plots with different 
root split times like the ones at the bot-
tom of the previous page. It is quite remarkable that the quantity of primary practical interest (the 
average path length) should be so stable (as shown in our first plot and in the sum of the black 
and red path lengths in the plot at the bottom of the previous), but the underlying process should 
exhibit such wildly oscillatory behavior. 
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