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Abstract

This paper has two parts. In the first part we give an alternative (and much
simpler) proof for the best known lower bound of Q(D log (N/D)) for randomized
broadcasting in radio networks with unknown topology. In the second part we give
an O(N log® N )-time randomized algorithm for gossiping in such radio networks.

This is an improvement over the fastest previously known algorithm that works in
time O(N log* N).

1 Introduction

We consider two classical problems of distributing information in communication net-
works: broadcasting and gossiping. In broadcasting, the goal is to distribute a message
from a distinguished source node to all other nodes in the network. In gossiping each
node in the network holds a message, and the goal is to distribute each message to all
nodes in the network. In both problems we want to use as less time as possible to finish
the task.

We are interested in broadcasting and gossiping in radio networks. The radio network
is an abstraction of communication networks with minimal assumptions and features and
it can model many situations. Communication in radio networks and variants thereof
have been widely studied for a long time [6, 16, 1, 4, 19, 18, 8, 9, 10, 12, 11, 17].

A radio network is modeled as a directed graph where nodes represent distributed
processors and each edge represents a relation of one node being in the range of another.
However the processors have no knowledge of the network topology. A node u can
receive a message in a time step if and only if exactly one of its neighbors is transmitting
in that step. If two or more nodes in the neighborhood of u transmit then a collision
occurs and none of the messages is received by u. Furthermore u cannot distinguish such
collisions from the situation where none of its neighbors is transmitting. Also, a node
does not know whether its transmissions were successful or not. The model is described
in detail in the next section. See [20, 15, 3, 4, 9] for a discussion on this model and
related models.

This model is suited for channels with high noise and unreliable collision detection,
which is the case in some applications where it is difficult to distinguish a collision from
the background noise. Further the topology of the network is considered unknown to
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the processors, which makes it suitable to model mobile networks or networks with dy-
namically configured topology or unreliable links. ! Thus algorithms for radio networks
have potentially wide applications. On the other hand one is also interested in lower
bounds in this model, because along with efficient algorithms in less stricter models (for
instance see [14, 13]) it demonstrates the importance of the various components in the
communication model.

In this work we explore the power of randomization in broadcasting and gossiping

in radio networks. Chlebus [7] surveys the state of the art in randomized protocols for
radio networks.
Previous results. For deterministic broadcasting in unknown radio networks, the best
currently known upper bound is due to Chrobak, Gasieniec and Rytter [10]. Their
algorithm runs in time O(N log® N) in a network with N nodes (throughout this paper
log refers to logarithm to the base 2 and In refers to the natural logarithm). Their
algorithm is non-constructive in the sense that they show the existence of such algorithms
without explicitly constructing one. Recently Indyk [17] gave a constructive solution
with similar bounds. The best known lower bound is a simple Q(NV log N) bound, due
to Bruschi and del Pinto [5], and independently Chlebus et al [8]. For randomized
broadcasting we often assume that the diameter of the network, D, is also known to
the algorithm. Bar-Yehuda, Goldreich and Itai [4] gave a randomized algorithm that
achieves broadcast in expected time O(D log N +log? N). Kushilevitz and Mansour [18]
established a lower bound of Q(Dlog (N/D)). This lower bound matches the upper
bound for elogN < D < N 1=¢ for all € > 0. In this work we give an alternative (and
simpler) proof for the same lower bound.

For deterministic gossiping in radio networks with unknown topology, Chrobalk,
Gasieniec and Rytter [10] presented the first sub-quadratic algorithm whose running
time is O(N3/2log? N). Again their algorithm is non-constructive and a constructive so-
lution with similar time bound was recently provided by Indyk [17]. Chrobak, Gasieniec
and Rytter also gave a randomized O(N log? N)-time algorithm for gossiping in radio
networks with unknown topology [11]. In this work we give a randomized algorithm
running in time O(N log® N).

Our results. In section 3 we give an alternative proof for the Q(Dlog (N/D)) lower
bound on randomized broadcasting algorithms. Specifically we show that any random-
ized algorithm that completes radio broadcasting with (1) probability must have ex-
pected running time Q(D log (N/D)). Our proof is essentially different from, and much
simpler than the previous one [18], which is complicated and involves a reduction from
the general case to a special “uniform” case. We hope that our proof will give a fresh
view of the lower bounds for the problem, and may help in bridging the gap between
the known upper and lower bounds.

In section 4 we give a randomized O(N log® N )-time algorithm for gossiping in radio
networks with unknown topology. Our basic algorithm is Monte Carlo type and it
has the following characteristics: for any 0 < € < 1, in time O(N log? N log (N/¢))
it completes gossiping with probability at least 1 — e. This easily yields a Las Vegas
algorithm with expected running time O(N log® N). Our algorithm follows the one
in [11], and the essential difference is that we replace a deterministic procedure (called

'For gossiping to be meaningful, we require that the underlying network is strongly connected. For
broadcasting to be meaningful, we require that all nodes are reachable from the source. These are the
only assumptions on the network topology.



LTDBROADCAST) in that algorithm by a new randomized procedure, thereby answering
a question posed in [11].

Finally in section 5 we note that a linear time deterministic gossiping algorithm exists
for symmetric networks, which is asymptotically optimal. Previously it was known that
a linear time deterministic broadcasting algorithm exists for symmetric networks [8]. But
the similar result for gossiping seems to have been unobserved before.

2 Preliminaries

A radio network [4, 9] is modeled as a directed graph G(V, E) where |[V| = N. Sometimes
the diameter of the graph D is also known. 2 The nodes of the graph represent processors
in the network and they are assigned different identifiers from the set {1,2,...,N}. A
directed edge from node v to node v means that u can send messages to v, and we
say that v is an out-neighbor of u and u is an in-neighbor of v. Time is divided into
discrete time steps. All nodes have access to a global clock and work synchronously. A
node v receives the message from its in-neighbor u in a step if and only if u is the only
in-neighbor of v that is transmitting in that time step.

An algorithm is a distributed protocol that for each node v and each time step ¢,
specifies the action (including Transmit or Receive) of v at step ¢, possibly based on all
past messages received by v. The model allows unlimited computational power, and all
computations are carried out between time steps; but a node can do only one Transmit
or Receive operation in a time step. If v transmits at time step ¢ the algorithm also
specifies the message (the message is allowed to be arbitrarily long).

A broadcasting algorithm is an algorithm initiated by a distinguished node called
the source that holds a message. The aim of the algorithm is to distribute this message
to each node in the network. The running time of a Monte Carlo broadcasting algorithm
is the smallest ¢ such that for any connected network topology,® and for any assignment
of identifiers to the nodes, the probability of completing the broadcast no later than at
step t is Q(1). For a Las Vegas algorithm, the running time is defined as the expected
time of completion. A gossiping algorithm solves the problem in which each node holds
a message and the aim is to deliver all the messages to all the nodes. The running time
for a gossiping algorithm is defined similar to that of broadcasting algorithm.

Both of our upper and lower bounds are based on some observations about a special
family of networks denoted by D,, which we define next. Here m could be any positive
integer.

Source
Destination

Intermediate

Figure 1: The graph family D,,.

2This is the case in our lower bound.
3By connected we mean each node is reachable from the source.



Definition 2.1 The network family D,, is the set of all networks of the following type.
There are totally m + 2 nodes: one source, one destination and m intermediate nodes
(Fig. 1). There are edges from the source to all intermediate nodes, and there are edges
from some intermediate nodes (at least one) to the destination.

We consider broadcasting on family D,,,. Initially only the source holds the message
and it transmits first. After that every intermediate node gets the message. Now the
goal is to let the destination get the message as early as possible. It is easy to show that
any error-free deterministic algorithm for D,,, must use at least m steps in the worst case,
using an adversarial argument to construct an instance of D,, to beat any algorithm
running for fewer steps. On the other hand, there exists a randomized broadcasting
algorithm that runs in O(logm) time. We give one below; a similar algorithm appears
in [4].

The algorithm is executed in parallel by all the nodes. The procedure names are
subscripted by an identifier referring to the node. We use the variable v for this purpose.

Procedure DECAYINGBROADCAST, (m)
for i — 1 to logm + 1 do
with probability 1/2¢~! Transmit

DECAYINGBROADCAST runs in O(logm) time and achieves a constant success prob-
ability. To see this, note that if there are k edges connecting intermediate nodes to the
destination, then in the i-th round the success probability is k/2°~1(1 — 1/2°=1)*=1. So
in round ¢ = [log k| + 1 this probability is lower bounded by a constant, at least 1/8. In
the next section we shall see that the running time of this algorithm is asymptotically
optimal.

3 The Q(Dlog(N/D)) Lower Bound For Randomized Radio
Broadcast: A Simple Proof

In [18] an Q(Dlog (N/D)) lower bound for randomized (Las Vegas type) broadcasting
algorithm was established. Here we give an alternative proof of the same result. We
think our proof is interesting not only because it is much simpler than the previous one,
but also it uses a completely different approach. We hope that our proof will open a
new line of attack for proving lower bounds on similar problems.

We state the theorem for directed networks first, but see the remark at the end of
this section. Below, the algorithm is allowed to know N and D.

Theorem 3.1 For any Monte Carlo broadcasting algorithm (i.e., randomized broad-
casting algorithm that errs with probability 1 — Q(1)) there is a network with N nodes
and diameter D, in which the algorithm takes Q(Dlog (N/D)) expected time.

The proof of Theorem 3.1 is based on the following well-known Yao’s minimax prin-
ciple ([21], Theorem 3).

Lemma 3.2 (Yao’s minimax principle [21]) Let 0 < A\ < 1/2. Let P be a probability
distribution over the set of inputs. Let A denote the set of all deterministic algorithms

44success” means the destination receives the message.



that err with probability at most 2\ over P. For A € A let C(A,P) denote the expected
running time of A over P. Let R be the set of randomized algorithms that err with
probability at most \ for any input, and let E(R,I) denote the expected running time of
R on input I. Then, for all P and all R € R,

min C(A,P) < 2max E(R,I)
AcA I

The power of this principle is that it reduces the task of proving randomized lower
bound to that of proving deterministic lower bound. In order to prove Theorem 3.1,
we pick a probability distribution over a suitable family of networks with N nodes
and diameter D, such that any deterministic algorithm that errs with probability 1 —
Q(1) for this distribution has expected running time Q(D log (N/D)). This implies the
lowerbound for randomized algorithms with error probability % — Q(1); but since any
Monte Carlo algorithm— i.e., a randomized algorithm with error probability 1 — (1),
can be repeated a constant number of times to achieve an error probability of % —Q(1),
the lower bound extends to all Monte Carlo algorithms. This is the approach used in our
lower bound argument. On the other hand, the proof of [18] is based on direct analysis
of randomized algorithms.

We first give two lemmas that together establish a lower bound for deterministic
algorithms that finish broadcasting on network family D,,, with (1) probability.

Lemma 3.3 There exists a probability distribution P over D,, such that the probability
for the destination to get the message in any one deterministic step is O(1/logm).

Proof: We partition D,, into m subfamilies | J;*, D,, where D, is the set of networks
with exactly k intermediate nodes connected to the destination. We pick P in two steps.
First for each k (1 < k < m) we assign weight ¢/(klogm) to subfamily DF,, where c is a
normalization factor such that the weights add up to 1. When m is large c is close to In 2.
Then for each DF we evenly distribute its total weight to all (ZL) networks belonging
to it. In other words, each network with exactly k£ intermediate nodes connected to the
destination is assigned weight ¢/(k (") logm).

Now look at any deterministic step and suppose that j (1 < j < m) intermediate
nodes are transmitting in that step. Over the distribution P we picked, the success
probability is easily seen to be

Note that we have used the fact k(?j) = m(f__ll) In order to show that this probability
is O(1/log m) we only need to show that for any 7,

> (m__11) = 0(m/j) (1)

ol
—_

m—j

When j = 1 it is obviously true. So we assume that j > 1. Let A = (k_l)/(f:f); then
for k > 1, App1 /A =(m—j5—k+1)/(m—k) < (m—j+1)/m. Also A} =1, so the
left side of equation 1 is bounded by the sum of an infinite geometric series with initial
value 1 and decreasing ratio (m — j + 1)/m. This series sums to m/(j — 1) < 2m/j. O



We define the running time of a deterministic algorithm on a network as the time
taken till broadcasting succeeds when the algorithm runs on that network. Thus if
the algorithm succeeds before it terminates (as the algorithm may not realize that it
succeeded), by our definition it will have a shorter running time than the actual running
time. In the following lemma it is this definition of running time that is used?®.

Lemma 3.4 QOver the probability distribution P in Lemma 3.3, the expected running
time of any deterministic broadcasting algorithm for D,, that errs with probability 1 —
Q(1) is Q(logm).

Proof: Let p = (1) be the success probability of the algorithm over P. Let ¢ be the
smallest number such that the algorithm succeeds for p/2 fraction (according to P) of
the inputs in at most ¢ steps. Thus for at least p/2 fraction, the algorithm runs for
at least t steps. So the expected running time is at least tp/2. But by Lemma 3.3, to
succeed in p/2 fraction of P needs t = Q(log(m)p/2) = Q(logm) steps. O

Remark: By Yao’s minimax principle Lemma 3.4 implies a Q(logm) lower bound for
Monte Carlo algorithms for D,,, and thus DECAYINGBROADCAST given in section 2
(with an initial transmission by the source) is asymptotically optimal.

To prove the general lower bound of Q(Dlog (N/D)) we construct a family Fn p
of networks with O(N) nodes and diameter ©(D) and prove the lower bound for this
network family. Again we pick a probability distribution P* over Fy p and prove the
lower bound on the expected running time (over P*) of any deterministic algorithm that
errs with probability 1 — €(1). As discussed earlier, Theorem 3.1 then follows as the
result of Yao’s minimax principle.

Figure 2: Structure of the network family Fn p.

Figure 2 illustrates the structure of Fn p. It consists of D layers G'i through Gp
and each Gj; is a network in D,, where m = [N/D|. Note that the graph is directed
from left to right, and there are no edges within each layer. Every network in Fy p has
O(N) nodes and diameter ©(D). The probability distribution P* is picked by letting
each G; (1 <i < D) independently comply to the probability distribution P specified
in the proof of Lemma 3.3. That is, P* = P® P ® --- ® P. The intuition is that on
each layer the algorithm is expected to run Q(log (N/D)) steps and so the total time is
Q(Dlog (N/D)). Following is the proof of Theorem 3.1.

Proof: It suffices to prove that the expected running time over P* of any deterministic
algorithm A that errs with probability 1 — Q(1) is Q(D log (N/D)).

Swhich makes the lower bound stronger than using the actual running time.



Let t; (1 < i < D) be the number of steps A spends on layer G; (i.e., the duration for
which the message does not reach S; after reaching S;_1). They are random variables. If
the message never reaches S; then ¢; is 0. The expected running time of A is E(Zf): (i) =
lezl E(t;). We would like to use Lemma 3.4 to prove that E(t;) = Q(log (N/D)). But
there are a few issues.

Before the message reaches the layer GG; the nodes could already be running some
algorithm, and hence the real running time of the algorithm on that layer is more than
t;. But, note that in our network a node never receives messages from other nodes
in its layer or the layers ahead, since there are no such edges. Further we may let
the nodes know the entire topology of the previous layers (the arguments below will
still hold), and hence the nodes can simulate whatever message they receive before the
broadcast message reaches them. Thus it does not help the algorithm do any better, in
this distribution of inputs, to start the algorithm before it gets the broadcast message
for the first time.

Still we cannot immediately apply Lemma 3.4, because: (i) E(t;) is over P* but
Lemma 3.4 is about P; (ii) we should take into account the possibility that the algorithm
can “learn” from history and behave differently on networks with identical G;; in other
words, t; not only depends on the topology of GG; but also those of G; through G;_;.
Below we take care of both these subtleties.

Fix a layer 7 and consider the success probability on this layer: this is no less than the
overall success probability and hence is ©2(1). Now we partition the input space of A into
finer subspaces such that: (i) within each subspace layers G through G;_; are all fixed;
(ii) each subspace has equal weight (for this we may subdivide some instances having
the same layers G; through G;_; into finer subspaces). Since in P*, G; is independent
of the earlier layers, for each subspace restricted to G;, the distribution is P. Within
each subspace the algorithm behaves identically on G;. For each subspace consider the
probability of success at the layer G;, conditional to that subspace (i.e., for fixed G
through G;_1). Then, in at least (1) fraction of the subspaces the algorithm must have
Q(1) success probability. These subspaces are called good. We apply Lemma 3.4 to each
good subspace to get a Q(log (N/D)) lower bound on Ep(t;), where the expectation is
over the subspace (with distribution P in G;). Taking the expectation over distribution
P* amounts to averaging over all subspaces. Since there are §2(1) fraction good subspaces
the expectation Ep-(t;) is also Q(log (N/D)).

We do this for each i and the lower bound follows by linearity of expectation. O

Remark: In [18] the lower bound is stated for symmetric (or undirected) networks,
but with the additional restriction on the algorithm that a node (other than the source)
cannot transmit until it receives a message for the first time. Note that if we make the
edges in F p undirected, and impose the above restriction on the algorithm, the proof
holds again. Then our result is the same as in [18].

4 The O(Nlog® N) Randomized Algorithm for Gossiping

In this section we give an O(N log® N )-time randomized algorithm for gossiping. The
algorithm is an improvement over the recent work in [11], which gives an O(N log* N)-
time randomized algorithm. Our algorithm uses the same outline as that of the algorithm
there, but replaces a limited-broadcast protocol used there, by a more efficient randomized
protocol.



[11] describes their algorithm in terms of Distributed Coupon Collection. There a
simple randomized and distributed procedure DiSTCOUPONCOLL is described, in which
each node is a bin and each message a coupon. In a time step, each bin can be opened
or left closed; if at some time step exactly one bin is opened all the coupons in that
bin are collected. There may be many copies of a coupon in the network. The aim of
Di1sTCoUPONCOLL(s) is to collect all coupons (i.e., at least one copy of each message),
and for that each node repeats for s times the following: with probability 1/N open
itself. Lemma 4.1 proved in [11], tells us how large an s we need for a good probability
of collecting all coupons.

Lemma 4.1 [11] If we have N bins and N coupons and each coupon has at least K
copies (each copy belonging to a different bin), then for any constant e, 0 < & < 1, if we
run DISTCOUPONCOLL(s) with s = (AN/K)In(N/e), with probability at least 1 — ¢ all
coupons will be collected.

The overall algorithm in [11] is as follows: there are log N stages, and in each stage
(with high probability) the number of copies of each message in the network is doubled;
when stage i begins K = 2 copies of each message should be present in the network. For
this, in stage i the DISTCOUPONCOLL is performed (4N/K)In(N/e) times so that at the
end of the stage each message would have got collected. When a node is opened, it does
a limited broadcast to double the number of copies of its coupons. Using a deterministic
procedure called LTDBROADCAST, this takes time O(K log? N). Thus each stage takes
O(N log? Nlog(N/e)) time and has an error probability of €. Since there are log N
stages, with € = ¢/log N, the overall error probability is bounded by e and the total
time is O(N log® N log(N/e)).

The New Algorithm

Our new algorithm runs in two phases: in the first phase it does log N round-robins.
After this each message has at least log N copies in the network, which is necessary
for the next phase to have a good success probability. The second phase is identical
to the old algorithm, except that the LTDBROADCAST is replaced by a new procedure
RANDLTDBROADCAST given here. As we shall see, this allows us to save an asymptotic
factor of log N in the running time.

Recall that in section 2 we give a randomized procedure DECAYINGBROADCAST that
finishes broadcasting in D,,, with constant probability. Here we use it to send a broadcast
message to a new node with constant probability. In other words, if some nodes have not
got the message yet, then there exists one such node v such that at least one in-neighbor
of v has the message. Regarding v as the destination node (Fig. 1), one round of DE-
CAYINGBROADCAST gives a constant probability of making “progress”, that is, sending
the message to v. In RANDLTDBROADCAST we use repeated DECAYINGBROADCAST
for carrying out limited broadcast. In fact, if we repeat it O(NN) times we get a simple
O(N log N) algorithm for broadcast whose error probability can be easily bounded by a
constant by using Markov inequality. But in order to use this as a module in our final
algorithm we will need tighter Chernoff-type bounds.

RANDLTDBROADCAST, is also executed in parallel by all the nodes. Each node has
a local Boolean flag active,; initially this variable is set to True for some nodes (the
“open” bins) and set to False for all other nodes. Note that if during some round of



RANDLTDBROADCAST, node v receives a message, active, becomes True in the next
round.

Procedure RANDLTDBROADCAST,, (N, K)
for i < 1 to cK do { c is an absolute constant to be determined later}
Round ::
if active, then
DECAYINGBROADCAST, (N)
else
Receive for log N + 1 steps
if received a new message then
active, «— True

Analysis of RANDLTDBROADCAST  Time taken is clearly O(Klog N). We define
Boolean random variables X;, for 1 < i < ¢K, as follows. X; = 1 if a new node receives
the message or all nodes have already received the message at round 7. Otherwise
X; = 0. It is clear that if zlcfl X; > K the limited broadcast has succeeded in getting
the message to at least K new nodes. But X;’s are not independent of each other,
and we cannot directly use Chernoff Bounds. But they have the following property:
For all 20! settings of (z1,...,2_1), Pr(X; = 1|X; = 21,...,X;_1 = 2;_1) > 1/8,
as guaranteed by DECAYINGBROADCAST. This allows us to use Chernoff-Bound-like
argument to bound the error probability as summarized in the following lemma; a proof
is provided in the Appendix.

Lemma 4.2 When the network is initialized with a single node as active, in O(K log N)
time, RANDLTDBROADCAST (N, K ) succeeds in broadcasting the messages in that node to
at least K nodes with probability at least 1 —exp(—aK), where o can be made arbitrarily
large by choosing a sufficiently large c.

Now we are ready to analyze our final algorithm, RANDGOSSIP, shown below.

Procedure RANDGOSsSIP, (N, €)
Phase I:
for i — 1 to log N do
for j «— 1 to N do
if j = v then Transmit
else Receive
Phase II:
e «—¢/log N
for ¢ < loglog N to log NV do
Stage :
K« 2
si < (AN/K)In(N/e)
{now do DisTCOUPONCOLL(s;)}
for s; times do
with probability 1/N do active, « True
otherwise active, <+ False
RANDLTDBROADCAST, (N, K)




Analysis of RANDGOSsIP  Phase I takes time O(/NV log N). For phase II, each call to
RANDLTDBROADCAST takes O(K log N), and hence each stage takes O(N log N In(N/¢))
time, and the whole phase thus takes O(N log? N log(N/¢)) time, which dominates the
overall running time.

The first phase is deterministic and there is no probability of error. In the sec-
ond phase, there are two sources of error: the RANDLTDBROADCAST and the DisT-
CoupoNCoLL. First we analyze the error probability due to RANDLTDBROADCAST
in the i-th stage. Recall that K > log N. Error probability for each invocation of
RANDLTDBROADCAST(N, K) is < exp(—aK) < 1/N?, by choosing a sufficiently large
¢, and for s; = O((N/K)log(N/e)) invocations it is O(log(N/e)/N). Thus (as long as €
is not exponentially small in N) the error probability due to RANDLTDBROADCAST in
phase IT is comfortably o(1). In fact, by choosing ¢ sufficiently large this error probability
can be driven down to any inverse polynomial in N.

Note that for K = o(log N), (N/K)exp(—aK) is not O(1). This is the reason for
having a separate first phase, so that before phase II starts, the number of copies per
message, K, is large enough.

For DisTCoUuPONCOLL in each stage, by Lemma 4.1 we bound the error probability
by €. Since we have ¢ = ¢/log N, and there are less than log N stages, the error proba-
bility due to DISTCOUPONCOLL is bounded by e. This dominates the error probability
of the overall algorithm. Thus we have proved the following result.

Theorem 4.3 For any given constant €, 0 < ¢ < 1, RANDGOSSIP (N, ¢) run on an N
node radio network completes gossiping in time O(N log? N log(N/e)) with probability
at least 1 — €.

Finally like in [11], this Monte Carlo algorithm can be converted into a Las Vegas
algorithm with expected running time O(N log® N ).

5 Gossiping In Symmetric Radio Networks

A radio network is symmetric if for any two nodes u and v, whenever there is an edge
from u to v, there is also an edge from v to w. If the underlying network is symmetric,
broadcasting can be done deterministically in linear time [8], which is asymptotically
optimal. Here we show that the same is true for gossiping in symmetric networks.

Theorem 5.1 There exists a deterministic algorithm that finishes gossiping in 5N — 4
rounds in any unknown symmetric radio networks with N nodes.

The complete algorithm is in the Appendix and here is a brief description. It has
three phases. The algorithm closely resembles the linear time broadcast algorithm in
[8]; in fact phase I and phase III of our algorithm together is essentially similar to the
broadcast algorithm there. We use an extra phase IT in which a “root” node gathers all
the messages in the network.

The first phase is a round-robin. After this each node v knows all its immediate
neighbours and stores them in a local list V,,. The second and the third phases are Depth-
First-Search (DFS for short) in the network, initiated by a pre-determined arbitrary root
node (say node 1). Though the nodes have no knowledge on the topology of the network,
they can carry out DFS in a distributed way, in linear time, as in [2]. In the DFS of
phase II, while the nodes “return” they send all the messages they collected up to their
parent in the search. At the end of phase II the root has all the messages. Another
round of DFS is used to distribute this message to all the nodes in the network.
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Appendix

A A Probability Lemma
Here we prove the claim we made when analyzing RANDLTDBROADCAST in section 4.

Lemma A.1 Suppose we have n = cK Boolean random wvariables X;, 1 < i < n sat-
isfying the following property: For all 21 settings of (x1,...,xi_1), Pr(X; = 1|X; =
Z1y...,Xi—1 = x;—1) > O, where § is an absolute constant.> We also assume that
¢ > 1/8. Then we have a Chernoff-Bound-like tail estimation for the random wvariable

X =3 X
Pr (X - ZXZ- < K> < e oK

i=1
Here o can be made arbitrarily large by setting c big enough.
Proof: The proof is a modification to the standard proof of the Chernoff Bound,

using the given assumptions. Let A > 0 be a parameter to be specified later; then
Pr(X < K) < E(e=*¥=K)). So we only need to bound the latter. In the follow-

ing, (z1,...,z,) € {0,1}"™ represents the values of an instance of the random variables
(X1,...,X,). For brevity, we denote the event X; = z; by simply z;, and write, for
instance, Pr(xi|$1, e ,:L‘Z‘_l) to mean PI‘(XZ = $Z|X1 =T1y.-- 7Xi—1 = 1’@'—1)-

We have E(e X =K)) = AKX E(e=?X), and

E(e_AX) = Z Pr(xy,...,2,) e~ Matotan)

(xlv"'vx’rl)

= Z (Pr(xn’wla . ,CCn_l) C Pr(xg’l’l)Pr(xl) e—)\(x1+...+xn))

(Z1,yeeyn)

= Z (Pr(xn—l‘xl, oo 7$n_2) . Pr<$l) e—)\(m1+..,+mn71)>

(IE1,...,£B7L,1)

X Z Pr(zp|z1,...,2p—1) e ATn
zn€{0,1}

Writing p = Pr(x, = 1|21,...,2,_1) e, and using p > 4,

Z Pr(zp|z1, ..., 20 1) e =1 —p) e +pe? < (1—6)+de
x7L€{071}

Then,

E(e XKy < M(1 - 68) + 67
X Z (Pr(mn_l\xl, e Tp—2) Pr(a:l)e_/\(xﬁ“'ﬂnfl))

(IE1,...,£B7L71)

SFor RANDLTDBROADCAST it is 1/8.
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Similarly we can bound the factor involving x1,...,x,_1 above, and continue the
simplification until we get

Pr(X < K) < eM[(1 = 68) + de "
Now we set A = In 5(16__51). Since ¢ > 1/0, A > 0. Plugging in this value of A above, we
have Pr(X < K) < e~ where,

a:clnG:é) —1n<5(1%51)>

It is easy to see that o can be made arbitrarily large by choosing ¢ big enough. O

B The Linear Time Gossiping Algorithm

The first phase of the algorithm is a simple round-robin, which allows each node to build
a list of all its neighbours:

RounDROBIN,,
for i < 1to N do
if © = v then
Transmit (v)
else
Receive
if received (u) then
add u to N,, {N, is the list of neighbours}

The next two phases are very similar to each other— each phase being essentially a
distributed DFS in the network.

DFS,:
M, — {m,}
for 2N — 2 time steps do {time step is either a Transmit or a Receive }
Receive {in the first time-step root node assumes it receives the CALL token}
if received (CALL, t,s) and t € N, then
remove ¢ from N, {this indicates that ¢ has been visited in the DFS}
if received (TOKEN,m,p,v) then
if TOKEN = CALL then
PID « p {the parent in the DFS tree}
else {TOKEN = RETURN}
append m to M,
if N, empty then
Transmit (RETURN, M,, v, PID)
else
remove a node u from N,
Transmit (CALL, My, v, u)
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The basic DFS algorithm itself is attributed to Awerbuch [2] in [8]. The algorithm
consists of passing a “token” around. The token message is of the form (TOKEN,msg,p,v)
whereby the token is passed from node p to node v. There are two kinds of token
messages: CALL and RETURN corresponding to the call and return in DFS. The CALL
token also serves the purpose of announcing that p has been visited by the DFS. When
a neighbour of p sees this message it will remove p from its neighbour-list. This ensures
that a node is never passed the CALL token twice. At the first time-step the root node
(v =1 say) assumes that it received a CALL token.

We put together these subroutines into our algorithm for gossiping in symmetric
networks.

Note that before the DFS can start N, has to be available at all nodes v. A first
phase of ROUNDROBIN ensures this. Phase II is used to gather all the messages in the
network, at one node. For this the DFS as shown in the figure is run. Each node returns
to its parent a list of messages of all its descendent nodes (the message in the CALL
tokens is not necessary). At the end of it, the root node receives all the messages.

In phase IIT again the DFS is run, but this time it is used to distribute the message
list gathered by the root to all the nodes. So when passing the CALL token, the message
received from the parent is passed along (and there is no need for the messages with the
RETURN tokens.)

The first phase has N time-steps. The second and the third phase each has 2N — 2
time-steps, because for each edge of the DFS tree there are two token transitions, one
for each direction. So gossiping in symmetric networks is finished in 5N — 4 rounds.
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