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Abstract

In this report we presem a modi cation to the existing Monte Carlo method for capacitance
extraction in a VLSI design. We analyzethe new method, called the Evasive walk and
show how it can provide substanial savingsin the running time. We alsosuggestanother
modi cation to the corvertional method, but do not analyzeit.

We also preseit someanalyseson the expected number of stepsfor a random walk in
the convertional Monte Carlo method. Also a claim regarding the near-optimality of a
Finite Elemert meshmadein the rst stageof this project is disproved, by producing a
courter example.
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Chapter 1
In tro duction

Estimating the electric potential or eld at a point or in a regionis one problem in elec-
trostatics engineersare often confrorted with. This may be required if, for instance, the
engineerwants to verify that a certain con guration doesnot create high electric elds at
certain points. More recerily issuesn VLSI designhave alsoposedsud problems. In par-
ticular, in a VLSI designit is the capacitancebetweenthe conducting paths that decides
the maximum speedat which the circuit canwork. Henceit is important to estimate this
capacitancefor a particular design. Thus capacitanceestimation forms part of the \inner
loop" of VLSI design. As sud it is important that this estimation be as fast as possible,
with out sacri cing accuracy It is this problem that prompted us to look into related
electrostatic problems.

Even though the laws of electrostaticsare very rigorous, solving a problem analytically
may be next to impossible. This has given rise to many approximate methods for solving
sud problems.

There arenumerouswell establishedmethods of solvingthis problem, aswell established
asthe problem itself. Broadly these methods fall into two classes:deterministic methods
and Monte Carlo methods which employs random walks on the domain. Methods of
both theseclasseshave beenin existencefor a long time. It seemghat traditionally more
important work wasdoneon the deterministic front, though substartial amourt of researt
has goneinto the other classalso.

In this project we have proposeda modi cation to the corvertional Monte Carlo
method. Chapter 2 explainsthe problem and the corvertional Monte Carlo method, and
Chapter 3 preserts the new method. The modi cation is analyzedand it can be shavn
atleast for somecasedo be moree cient than the convertional one. But it is expectedto
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2 CHAPTER 1. INTRODUCTION

perform well in more generalcasegoo.

An important questionregardingthe Monte Carlo method is the expected number of
stepsbeforea walk terminates. Chapter 4 investigatesthis (for the corvertional method).
An approad is deweloped and boundsare derived for a simple situation. Also an alternate
approad is discussed.

Chapter 5 is relatedto FEM. A claim concerningthe Finite Elemen Mesheswvas made
during the rst stageof this project. Here we disprove that claim by producing a courter
example. Chapter 6 cortains a few obsenations on FEM as well as the Monte Carlo
method. An unanalyzed modi cation to the latter is suggested,which can sene as a
starting point for further investigationsalongtheselines.



Chapter 2

Preliminaries

2.1 Intro duction

In this chapter we brie y introducethe standard methods of solvingthe voltage estimation,
or capacitanceestimation problem. We start o by setting up the model in which we shall
work.

2.2 The Problem

Our model consistsof a metallic box with smallermetallic pieces(or conductors)suspended
inside it. All the pieceshave rectilinear geometry with facesparallel to the co-ordinate
planes. Often we also considerthe obvious 2D version of this.

The problemisto nd the capacitancebetweentwo setsof conductors(i.e., capacitance
betweenead pair of conductorsone eat taken from the two sets). As a special case,the
problem could be to determinethe ertire capacitancematrix (excluding self capacitance).
The generalmethod is to evaluate the charge at ead conducting piece, by holding one
of them at unit potertial and the remaining at zero potertial. This givesone column of
the capacitancematrix. To evaluate the charge one can useGauss'law by calculating the
integral of the normal electric eld acrossa Gaussiansurfacearound ead elemen.

The Monte Carlo method calculatesthis integral by samplingpoints from the Gaussian
surface, and for ead point estimating (the relevant componert of) the electric eld at
that point. This in turn is done by taking random walks from the point, until it hits a
conductor. Section2.4 talks about one sud method.

The Finite Elemert method (FEM) can also be usedto solwe the sameproblem. It
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4 CHAPTER 2. PRELIMINARIES

involves rst nding the potertial (as a function of the spacepoint) and then estimating
the aforemetioned integral. Sincethe potential is givenasa piecewisgolynomial function,
it is possibleto ewvaluate the integral exactly. The details of the FEM method and related
issuescan be found in many standard referenceq11][13[1][6].

2.3 Green's Function

The electric potertial or voltage in free spacesatis es certain restrictions. This is what
essetially de nes the problem. The basic equation governing potertial in free space(no
charges)is the Laplace'sequation:

R

r2u=

2

Q

This is often written as
u=2~0

Usingidertities in calculuscollectively calledthe Green'sTheorems,we canderive many
interesting properties of the potential function. For one, we have that sud a function in a
closedregionis uniquely determinedby its valueson the boundary of that region. Another
property of sud a function is the averageproperty: the valueof u at the centre of a sphee
is the arithmetic mean of its valueson the surface. This property is put to direct usein
the Monte Carlo methods.

The averageproperty can be generalizedover any surfaceusing the notion of Greeris
function. Considera closedregion boundedby the surfaceS. Also x somepoint P
inside . Let U(Q;P) denotethe potential at Q dueto the chargeinducedon a grounded
sheetconductor with the form of the surfaceS, by a unit chargeat P. The ideais then
the function G(Q;P) = rl+ U(Q;P), wherer is the distanceP Q, vanishesat all points on
S. Then we can write

RR :
u(P)=  Su(QER"ds

where we have dropped a constart factor. G(Q;P) is called the Greers function for the
region and the pole P. Soif we can determine the Green'sfunction for a region (for
ewery pole), then we have an explicit solution for the Dirichlet problem?! Evidently for
complicatedregion geometries there is no simple way of determining the Green'sfunction
or its normal derivative at the boundary.

IDetermining the existene of Green's function for a region is not a simple problem though it might
look like a physically evidert function. In fact there are regionsfor which Green'sfunction doesnot exist!



2.4. A MONTE CARLO METHOD 5

By abuseof notation, in the sequelwe shall refer to the normal derivative of Green's
function as Green'sfunction.

2.4 A Monte Carlo metho d

The Monte Carlo method consistsof taking random walk from the point of interest until
the walk hits a boundary, and getsabsorbed. The return value of the walk is the potertial
at the point of absorption. To take a stepin the walk, someempty regionaround the point
is chosen,and the walk hopsto a point on the surfaceof this region with the probability
distribution asthe Green'sfunction for the region. (Seenote at the end of the last section.)
In particular, if a sphereis chosenasthe region,then the probability distribution is uniform.
The return value of the randomwalk is an unbiasedestimator of the potential at the start
point. See[8]for the details. In [2] a square(or cube, in 3D) is used,and the correspnding
Green'sfunction is derived (as an in nite series),by variable separation. The probability
distribution of the rst step may be chosensud that the expected value of the walk is
(somecomponert of) the electric eld at the start point, also. This is usedin conjunction
with random sampling for the start points of the walk over a Gaussiansurfaceto get an
estimator of the integral of the normal componert of the electric eld (which by Gauss'Law
equalsthe chargein the conductor enclosedby the Gaussiansurface,and there by givesa
column of the capacitancematrix whenwe choosethe boundary conditions appropriately.)

A naive form of this isthe xed grid randomwalk, in which a( ne) grid is superimposed
on the domain, and the random walk moves from one grid point to a neighbouring grid
point, all neighbours chosenwith equalprobability. Clearly this is aninfeasibleprogramme
for capacitanceestimation, but could be usedto nd the Green'sfunction for someregion
other than a squareor a sphere,which in turn can be usedin the above method.

2.5 Conclusion

In this chapter we have discussedhe setting of our problem and alsothe standard methods
of solving them. In the next chapter we give a modi cation to the Monte Carlo method
mertioned above.



Chapter 3

The Evasive Walk Metho d

3.1 Intro duction

In this chapter we proposea variation to the Le Coz-lversonalgorithm [2] for capacitance
extraction in a VLSI design. We also analyzethe new algorithm and investigate when it
is guararteed to perform better than the former.

3.2 Motiv ation

First let us seewhat would be a good performanceindicator of our Monte Carlo method,
and then we will seehow it can be optimized. The expected error from a single walk is
the variance of the return value for a single walk, and the expected value for the error in
the averageis that variance divided by the total number of walks taken. * We should
considerthe total number of stepswe should take, to bring down the total error below a
xed threshold. So (expectedvalue of) total error total number of stepstaken cansene
as a good indicator of how good (or rather how bad) the method is. For a large number
of walks this can be appraximated by variancein onewalk  expected number of stepsin
onewalk. This is the standard performanceindicator usedfor this kind of methods, and
we shall alsoadopt it.

Next, we seethat to reducethis, one might try and reducethe variancein a single
walk, provided we take carethat the expected number of stepsfor a walk doesnot go up

INote that we are assumingthat the di erent walks are independert. It is of coursepossibleto think
of situations were correlating the walks can help reduce the total error. But we shall not consider that
here. In any case,such a correlation can be extendedto the modi ed walks we are proposing also.
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3.3. THE METHOD 7

too much. The modi cation in the next sectioncan be thought of as an attempt at this.

The way we are trying to reducevarianceis by getting as much information as possiblein

a deterministic way and usingthe random walk only to extract the remaining information.

In e ect, we achieve reduction in varianceby returning valueswhich lie in the rangeOto 1,

in placeof just 0 or 1 (asin the usual methods). But the method alsoleadsto an increase
in the expected number of stepsbeforetermination, and hasto be carefully tuned to get
the maximum benet out of it.

3.3 The Metho d

For the sake of simplicity, we considerthe related problem of estimating the potertial at
a point in the domain, given that one (or more) conductor is at unit potential and the
rest grounded. Later we shall shov how it can be extendedto the problem of capacitance
estimation in a straightforward way.

As in the earlier algorithm [2], we also have random walks starting from the point
of interest. But we usea di erent step, called the evasivestep as explained belon. As
earlier, we make a hop to the maximal empty squarearound the point. But there are
two important di erences: (i) we avoid capture - i.e., we jump only into the open areas
or windowsin the surrounding squareand (ii) the cortribution from the walls - the area
on the maximal square bordering a conductor - are calculated separately and added to
the return value of the subsequen part of the walk, which is weigheddown so that the
expected value doesnot change. Thus at any point in the walk we keepthe cortribution
to the potential accunulated sofar, and a weight for the cortribution from the rest of the
walk. On taking an ewasiwe step, the cortribution to the potertial of the last point in the
walk from the walls surrounding it weighedby the weigh is addedto accunulated value.
Also, the weight is multiplied by the weight of the windowsto get the new weight for the
next step.

In principle we may usethis evasive stepin lieu the usual step, at any step of the walk.
But aswe shall see,it is advantageouswhen usedinitially for a few steps,beforereverting
to the usual steps.
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3.4 One-Step Evasive Walk

Let us analyzethis new method vis a vis the earlier one. The quantity we are interested
in is Variance of a singlewalk  Expected number of stepsin a single walk. The rst
analysiswe presen is for the so-calledOne-stepevasive walk. Here only the rst stepis
taken evasiwely.

Our model is then the following: from the ewaluation point, we grow the maximal
squarewhich has someregion of walls and the rest windows In most casesthere will be
only onepieceof wall, on a singleconductor and henceof constarnt potential. But we shall,
in this analysisallow the possibility that there are di erent piecesof walls. Also we shall
not insist that the potentials are 0-1, but just requirethat they be constart in ead wall. In
the one-stepevasive method, we calculate (analytically, or from look-up tables) the weigh
of the cortribution from the di erent piecesof walls, say p; for the i-th piece,and multiply
the constart potential for that piece,say b by p; to get tth total cortribution from that
piece. The weigh for the remainingwalk isthengq= 1 =1 p ng then take a
hop to the windows, and weigh the return value from it by g, and add it to , hp to get
the return value from the ertire walk. Let us call the random variable correspnding to
the return value from the rest of the walk (i.e., after the rst hop) X. Then the random
variable denoting the value of the ertire walk is given by

X
Y= hp+ X
i
Now random variable for the usual method can be written as
bh w:p: (with probability) pp 1 1 n
X w:p: q

Z =

Further, let the expectednumber of stepsfor the two walks be denotedby E; Y and E; Z.
If ExX =t,wehave E4xY = 1+tand E;Z = 1+qt. Let =VarZE;Z VarYE;Y. We
shall showv belown that  will always be non-negative (and in fact almost always positive).

VarZEzsZ VarYExzY
E.Z(VarZ VarY) VarY(ExY ExZ)
(1+ qgt)(VarZz ¢?VarX) o?VarXpt

VarZ o?VarX = VarZz ovarX + g1 gVarX
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But we have,

varz avarX = [E(Z) GEQA [EZ)? oEX)]
= [ pH] [ ph + gEX)*  g(EX)?]

X X i X
= pbf  ( ph)*+ pgEX)? 2gEX( ph)
i i X i
o ph)?+ pgEX)*  20EX ( - ph)
| S lx—
o ph)?+ pgEX)* 20EX p BLL
Os S 1, |

wherewe usedCaudy-Stwartz inequality ( u:lg jujjvy; Butting u= (IO py; P [ P p,)
andv = (p praq; P Poag; i P Phan), wegetp . pkfF  ( ,ph)?). Substituting this we
arrive at

2 Os B 1, 3

pa4(1+ qt) @ —i;’ihz EXA + Varx5

This tells us that the is always non-negative and is equalto O only if all i are equal,
sy h = by and EX = band VarX = 0 (we are assumingp;q 6 0). This meansthat X
should return b with probability 1, which in generalis not possible.

Sowe have the following result.

Result 3.1 It is alwaysbetter to usethe evasivestepfor the rst stepof the randomwalk,
than usethe usual step throughout.

Naturally, the next questionis whether it will be better to usemore evasive steps. For
this we could comparethe two cases:usingn 1 evasive stepsversususingn evasiwe steps,
before switching to the usual kind of steps. As longas stays positive it is better to use
the latter. But we cannotexpect to stay positive for all n. This is becauseasn increases
to in nit y the variance of the evasive walk doesnot go to zero, and so after somen the
evasive walk would be de nitely worsethan the usualwalk. Sowe would like to determine
the n at which  starts becomingnegative. Below we pursuethis goal.
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3.5 (n 1)-Step Evasive vs n-Step Evasive Walk

As in the previous section we shall de ne random variables correspnding to the two
cases.The rst n 1 stepsare idertical for both the walks. After n 1 steps,the walk
would have accunulated somevalue by then, and it would have someweight attached to
it. Considerall possiblen 1-stepevasive walks, indexedby i belov (We are implicitly
assumingthat there are only a nite number of sucd walks. This is justied becausein
a real implemertation only a nite number of possiblewalks arise due to nite precision.
But in fact, the argumeris can be madeto hold ewven for uncourtably many walks, with
discreteprobabilities replacedby cortinuousdistributions.) Let a; denotethe accunulated
value for the i-th walk, and ; its remaining weight. For corveniencewe shall assumethat
the maximal squarefrom the last point of any walk hasonly one pieceof wall (or rather, all
piecesof walls have the samepotertial), at potential . Sowe setup our random variables
asfollows (whereini rangesover all (n  1)-step evasive walks):
Z=a + Zj w.p: w; where Z; = Xiowips g
i wp: p  wherep+g=1
and
Y=a+Y, wp:w whereY; = ;(gX;+ ph)

P
HereX; denotesthe restof the i-th randomwalk. Notethat , w; = 1. Putting Ex X; = t;
we have ExY = n+ ,wt and ExZ = n+ ,wqt;. Beforewe derive the expression
for = VarZEzZ VarY E:Y let usewaluate a few expressionghat will be usefulin

deriving .
i =Varz; VarY;=E(Z? E(Y?=pg (VarX;+ (b EX;)?

Let EZi = EY, = ;= i(gEX;+ ph).Then
X X
varY = wi(a+ 2 i+ E(Y?) (1 wia+ )’
i i
For conveniencewe intro ducetwo newrandom variablesasseiated with the (n  1)-step

walks: A = g for the i-th walk and = ; for the i-th walk. Then
X X X X
VarY = wVarYi+ ( wi(a+ ) ( wa+ )= wVarY+Var(A+)

Also, VarY; = ( ig)*VarX;. Now we can write

X X X
=( w)dn+ wgt) (  wpt)varyY
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To simplify the rest of the calculations, we make a few assumptionshere. While they
are not always justi able, theseassumptionshelp us derive an expressionfor  which can
give us someinsight into when taking further evasive steps makesthe walk worse. Also
theseassumptionsare modeled after a simple situation which we shall take up later. The

assumptionsare asfollows: t; = t, b = b ;= andp=q = forall i. Then we have

pp= =1+ )=p sy andqg = 1=1+ )= g, s&. Also we note thaFt) Xi isa0-1random

variable, and henceVarX; = 2 where ; = EX;. Alsolet = Wi . Now we get
X

= (. wii)(n+a) ptvary

pqi 2 2b + )(n+ q)
pt of %)+ VarA + 2Cov (A; )
pg® n((b  )*+( N +ptb )3
pt(VarA + 2Cov (A; ))

Let usconsiderfor awhile what this tells us. Thereis a positive term and thereis a negative
term. The positive term dependsdirectly on 2, which could be consideredas falling with
n exponertially, and the negative term could be consideredas increasingwith n. Soonce

becomesnegative for a particular n for all higher n it will get more negative. Soit is
a good choice to use evasiwe stepsin the beginning and then switch to the usual steps.
One particularly interesting interpretation of the above expressionis obtained considering
when the negative term is zero: if all a are constant this is achieved. There are two
possiblecases (i) n = 2, asall 1-steplong walks will have the samea; and (ii) the walk
is guararteed not to stepinto the vicinity of the conductor at unit potertial within n 1
steps. In both thesecasest is better to carry out the n-th step alsoasan evasiwe step. In
case(ii) the assumptionthat b = b would mean, in a realistic situation, that b= 0, and
hence = pq?(n + pt ?).

Result 3.2 If pi;qg;ti and ; are assumé to be constant for all the n-step long walksfor
eachn ng, thenit is alwayshetter to usethe evasivestepsfor the rst no stepsprovided
no no-step long walk \goes near" the conductor at unit potential.

Note that we are being consenative whenwe say that the walk should be evasive only
aslong asit is guararteedto be away from the conductor at unit potertial, becausethen
though the negative term would appear, might still be positive.

Now it is time to worry about what e ect the assumptionswe madehave on this result.
As it turns out, if we drop thoseassumptions may becomelesspositive, or even negative.
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For instance, if we drop the assumptionthat g and p; are constart for all i, and assume
insteadthat ; = isconstar for all i, then a negative term appearsin ~ which is girectly

related to the varicheVariq = ¢ ( ;9)% Specically with p= Eip, = ,wp

andg=Eq, =( ;wpg)? n+pg?? 2 tVarg.

3.6 An example

Here is a situation where the assumptionswe made above actually hold, and hencethe
evasive walk out-performsthe usualmethod. The walks start near(on the Gaussiansurface
around) a large conductorat potertial 0. The starting point is nearenough,sothat for the
rst ng stepsno walk can hit another conductor. Further the conductor is large enough
that for the rst ng stepsthe maximal squarewill have onefull edge(face,for the 3D case)
borderingit. Soour assumptionsare satised asp, = p= 1=4 (1=6for 3D), = = (?1)n
andh = g = Oforall n ng. In addition we needt; = t a constart. Note that it is
reasonabldo assumehat t; 4 unlessthe walk canescag to in nit y. Still, to be concrete
we may modify the situation to an (in nite) parallel plate capacitor.

Let us seehow much more e cient the evasive walk is, i.e, to get the sameerror
tolerance, what fraction of the number of walks required usually, suces now with ng
evasive walks. For this we compute (VarY E Y)=(VarZyEs Zo), whereZ, correspndsto
the usualwalk with Ex Zg=tandVarZy= o(1 o), o beingthe potertial at the start
point. Y corresmpndsto the ng-stepevasivewalk. E; Y = ng+tandVarY = 2¢%( 2),
where = ,=.

ExYVarY _ o of )(No+1t) o (Nno+t)
E: ZoVarZg t 0(1 0) t

Putting = g"° and substituting valuesfor g;t, we get

ExYVarY 3 Mo
= (ne=%4+1) =
E, ZovarZo (0 ) 2
So the total number of steps neededis reduced exponertially with ngy. Of course, ng
cannot grow inde nitely, asthen the assumptionswe made will not hold any more. But
it is clearthat even for modest valuesof ng a substartial improvemern is acieved. In 3D

the advantage is slightly dampened,with 3/4 beingreplacedby 5/6 (and ny=4 by ny=6).
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3.7 Practical Issues

In this section we discussa few practical implemenation issues. The most important

implemertation detail, that we have not worried about till now is the generation of a
randompoint in the maximal squareaccordingto a distribution. Sincethe method involves
a large number of steps,and this hasto repeatedfor ewvery step, it is vital to have a fast
implemertation for this. The generalmethods usedinvolve a large lookup table, and a
pseudorandom number generator (with uniform distribution). In the usual Monte Carlo
method we haveto choosea random point from a square(or cube) with the sameprobability

distribution. But in the modi cation suggestedabove we needto choosea random point

from the windows and in generalead stepwill have adi erent window geometry Oneway

to generaterandom points in the window would be to usethe usual method coupledwith

rejection sampling But if the wall areais substartial, this canbring about a correspnding
slow down in choosinga point in the window. Another possibility is asfollows: we shall have
alookup table, from which givenany segmen (squarefor 3D) on the maximal square(cube
for 3D), we can nd out the total cortribution from it (i.e., the integral of the probability

distribution over that segmeh or square). After nding out the maximal square, rst we
will break up its facesinto segmets (or squares)and nd out the total weight of eat of
thesesegmets (or squares)using this lookup table. Then a random number is generated
and one of the segmets (in the window region) is chosen. Next within a segmeh a point

can be chosenwith the help of the usual lookup table.

The secondimplemertation detail is, how to get the deterministic part of the potertial
and the remaining weight. But it is clear that the above mertioned new table can very
well sene the purpose.

Thus we have seenthat by maintaining someextra table and allowing a few extra table
lookups per step, the new method can be e ciently implemerted. But the extra table
lookups per step would reducethe bene ts of the method slightly and we cannot usethe
evasive step for as many stepsaswould otherwise have beenpossible. But we would like
to point out onenotable exception,wherethe evasive step doesnot take any extra time at
all. This is whenthe wall comprisesof one(or more) full faceof the maximal square. Then
the weight from the walls is just 1/4 (1/6 for 3D) and the usual random point generation
method can be applied to the remaining 3 faces(after choosingone facerandomly).
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3.8 Conclusion

In this chapter we have presened a modi cation to an earlier Monte Carlo method for
capacitanceestimation. Though the algorithm is presenied for voltage estimation at a
point, it is straightforward to extend it to a capacitanceestimation algorithm, by taking
the rst step accordingto the distribution for electric eld, and choosingthe start points
from a Gaussiansurfacearound a conductor.

It hasbeenshown that the modi cation canreducethe total number of stepsrequired
substartially (atleastin somecases).lt is still an open questionasto whenis the optimal
point to switch awalk from the evasive modeto the usualmode, which canassurg(probably
a higher) reduction in number of stepsin more general cases. Other possibilities like
increasing the absorbanceprobability gradualy from O (the ewasiwe case)to the usual
probability (normal step) have not beenconsidered.



Chapter 4

Life of a Walk

4.1 Intro duction

An interesting (and di cult) problem regarding the Monte-Carlo method outlined in 2.4
is to estimate the expected number of stepsa walk starting at a point would take before
it terminates. We try and derive someboundson this below.

4.2 Mixing and Av eraging

Let us seewhy the problem is dicult. A simple way to look at it is that it is atleast
as complicated as the problem of nding the potertial itself. In the latter problem the
solution correspndsto taking 0-1return valuesfrom the walk and averaging,while in the
former it is the length of the walk which is the return value of eat walk. But the expected
number of steps,as a function of the starting point is in fact much more complicatedthan
the potential. This is becauseit is intimately linked to the maximal squares,making it
highly discontinuous for one. So an accurate estimate of the expected number of stepsis
not being attempted. What is still possibleis to get boundson it, or somesort of average
value over all start points.

Let us rst make a naive attempt at getting an upper bound. From ewery point if the
termination probability is atleast p, then the expected number of stepsis not more than
1=p. Soit would seemthat an estimate on the minimum termination probability will give
us someupper bound. But this immediately runs into di cult y, asthere are points with 0
termination probability. But the setof sud points is a 0 area(or rather O probability) set,
and their cortribution to the expectation should be very small. It is this intuition that we

15
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would like to make rigorous. There are two ways to exploit this idea.

First oneis what we refer to asmixing. In simple terms, supposethat the probability
that a walk starting from any point would terminate in h stepsis atleast p, then the
expected number of stepsis not more than h=p. Another way to seethis would be to
considerthe transition matrix H assaiated with the Markov chain correspnding to the
random walk. The points in the domain form the statesin the Markov chain. * We shall
adopt the corvention that the termination state doesnot appearin H in which caseit will
not be a stochastic matrix (eac row will then sumup to 1). Let the (column) vector
denoting the expected number of stepsstarting at eat point (state) be T. Then we have
T =1+ HT, wherel is a (column) vector with ead entry equalto 1. If we are given
that the random walks terminate (i.e., nite expected number of steps),then the solution
to this could be written as

T=( H)M=(@U+H+H2+::)1

If we knew that no row of H summedup to morethan ead ertry in T could be bound
by 1+ + 2+ :::=1=1 ). This is the samecaseaswe consideredn the beginning of
the last paragraph,with p= 1 being the minimum termination probability. In other
words there are rows in H which sum up to one. Mixing can be illustrated as follows:

T=(+H+H2%+::)1= (I+H"+H™ +::)(+H+::+H" H1 h(+HM+H™+::0)1

Now it is possibleto have all rowsin H" sumup to < 1. Thus by letting the walk mix
for h steps,we can get a better bound on the expected number of steps. Another way to
look at this would be to considerthat the probability of termination from any point in h
stepsis atleast 1 and therefore the expected number of \ h-steps" before termination
is boundedabove by 1=(1 ).

But it is still not clear how we can get an estimate for h, or what we should choose.
The next sectiondealswith this.

But beforewe explain that idea, let us indicate what we meanby \averaging". As we
sav the expected number of stepsis a highly discortinuous function. Soone might think
of smootheningit out, i.e., by looking at an averagevalue over a set of points. Section4.4
takesa look at this possibility.

LWe are implicitly assuminga nite number of states here. This is justi able asin any real-life imple-
mentation only nite precisionwill be used. But in fact, if we considerthe transition function, instead of
the transition matrix, this assumptionis not required.
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level 1

Figure 4.1: Levels around an isolated squareconductor (p = 1=8)

4.3 An upper bound

The transition matrix H is a very unwieldy oneand it would be very di cult to dealwith
it. To make things more manageableve shall rst divide the domaininto regions(or levels
aswe shall call them). We do this in sud a way that from any point at a level there will
be a minimum probability of p to move to an inner level. The innermost level will have a
termination probability of atleast p. An outer level in fact includesthe inner levels also,
i.e., it is a supersetof the inner levels.

Sincewe are trying to establishan upper bound, ead region should be represeted by
the point in it with maximum expected number of steps(existenceof sud a point would
have beenatricky question,but againbringing nite precisionargumerts into picture saves
us from further trouble). Then the expectednumber of stepsfor ead regionis represeted
in terms of (i.e., as1 + a weighted averageof) that of the other regions. Further, we shall
allow changing the weights towards the \safer" end, i.e, someweight from an inner level
can be shifted to an outer level, becausethe represetative point in the outer level has
expected number of stepsnot lessthan that of any of the inner level represemativ es.

We demonstratethe construction of levelsin a simplegeometry rst, andtry and argue
how it can be extendedto a generalcon guration later. This geometryis in 2D and
consistsof one (unit) square conductor, surrounded by a much larger bounding square
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Level 2

Level 1

Level O

Figure 4.2: The outer Levels around the outer boundary (p = 1=4)

(say of sidea). We shall take p = 1=8 and decompsethe region of interest into levels.
The only assumptionwe needabout the nature of the probability distribution along the
maximal squareis its symmetry (about the diagonalsand the perpendicular bisectorsof
the sides). First let us start growing levelsaround the inner square. Figure 4.1 shavs these
levels. Figure 4.2 shows the levelsfor the outer bounding box, with the higher levels being
supersetsof the lower ones. Now we choosean imaginary square,inside which the former
levelsand outsidewhich the latter levelsare chosen.We choosean imaginary squareof size
P a for this purpose. This choiceis sud that the levels inside and outside the imaginary
squareare equal in number, 1log,a = h, say. Now from any level there is a route to an
absorbingstate of length not morethan h and a guararteed minimum transition probability
of p. Note that the levelsinside the imaginary squarehave their route to the inner square
and the onesoutside it to the outer square. Now by our earlier obsenations we get the
following result. Soan upper bound for the expected number of stepsbeforetermination
for any walk is given by h=pg" = 0(8%'°gzalog a) = O(a*?log, a).

In fact, the levelsin the outer areahave their p as 1/4. We can put this to someuse
by choosingthe imaginary squareof sizea®®, sothat h;8"  h,4" wereh; = Zlog,a is
the number of inner levelsand h, = %Iogza is the number of outer levels. This leavesus
with the following result
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Figure 4.3: Levelsaround anisolated squareconductor, assuminguniform Green'sfunction
(p=18)
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Figure 4.4: Graph for upperbound: for the inner levels

Result 4.1 An upper bound for the expected number of stepshbefore termination for any
walk in the simple geometry descriled aloveis given by O(a'?log, a).

In a generalcon guration the way levels are formed will be more complicated. But a
useful substitute for a in the above result seemdo be the maximum distanceto a \neigh-
bouring" conductor to the conductor sizeratio. This suggeststhat if we have relatively
small conductorswith lot of free spacebetweenthe conductorsthe walks will take longer
to terminate.

Tigh ter bounds

A more careful analysisof the levels above can give us a slightly tighter upper bound. But
sincewe do not considera ner decommsition (for easeof analysis),the new bound is not
substartially better than the onein Result4.1.
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Figure 4.5: Graph for upperbound: for the outer levels

For corveniencewe make the assumptionthat the probability distribution along the
maximal squareis uniform. Then the levels (in the inner area) becomeslightly modi ed
as shown in Fig 4.3. We already know that the probability of moving into an inner level
is atleast 1/8. But with the remaining probability, the walk stays within one higher level.
More precisely with atmost 3/4 probability it movesout of the currert level (into a higher
level), and with the remaining probability it stays in the samelevel. Figure 4.4 shovs
this. For the outer area,levels are grown asshawn in Figure 4.2, and Figure 4.5 shows the
probabilities (sudh that we get an upper bound). Supposethere are h; levels inside the
imaginary squaredividing the inner and outer areas,and h, levels outside it. Note that
h,+ h, log,a = h, say. The expected number of stepsfor the inner and outer graphs
are O(6":) and O(3"?) respectively. Then we choosehy,h, sud that thesetwo quartities
are approximately equal: h,=h; = log6=log3, giving 3" = 6"2 = a%%3, We put this down
below.

Result 4.2 If the prolability distribution along the maximal squae is uniform, then an
upper bound on the maximum expected numtler of stepshefore termination of a walkin the
geometry discussd aloveis given by O(a%%83).

This result is marginally better than the earlier one, as it brought the exponert down
slightly (and got rid of the log term). If we drop the assumptionof uniform probability
distribution along the maximal squares,then we should work with inner levels as shovn
in Figure 4.1. Then there is a probability of transition to two levels up, and the bound
obtained in this way will be slightly higher than the onein Result 4.2.

The above bounds are not tight, atleast in the generalcase. If we do not make any
assumptionon the probability distribution alongthe maximal square(beyond its symme-
try), it is not possibleto get a good lower bound at all. The following exampletells us
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why. Supposethere are only 8 points on the squareto which the transition is possible,
with probability 1/8 ead. Also supposethat the points are located as follows: there are
two eat on a side, and they are located on either side of the midpoint of the side, but
in nitismally closeto eat other. Thentaking the inner areaasthe regioninsidethe square
of sidea=2, it is easyto seethat there are only two levels within the inner areaand one
outside it. Thus the expected number of stepsfrom any starting point is bounded above
by a constart.

But if we assumeuniform distribution alongthe maximal square,by similar (but more
tedious) argumeris a lower bound of loga can be established. But this bound is also
potertially very loose. It seemspossiblethat both the upper bound (which is polynomial
in @) and the lower bound can be tightened considerably

4.4 Average Exp ected Num ber of Steps

Rather than an upper bound on the expected number of stepsfor walks starting from all
possiblestarting points, one may like to ewaluate the averageexpected number of steps,
the averagetaken over the starting points of interest. The investigation in this sectionis
along theselines, though the usefulneswf the results we presen hereis questionable.
We considerthe transition matrix H again. Our rst aim is to setup an auxiliary
random walk, which has a steady state. For this we require the systemto be connected
(that is, from any point there is a non-zero probability path to any other point) and
aperiodic (that is, g.c.d of the all cyclescorntaining ead node is 1). The secondof this is
easily achieved by making the walk lazy, i.e by replacingH asH := %H + %I. (This does
not changethe expected number of stepsby more than a constart). To get the auxiliary
walk, we add a new state in place of the termination state, with transition probabilities
to other states given by v and to itself by z (sothat v:1+ z = 1). This can be thought
of as changing the absorbingwalls into somesort of bouncing walls, upon reading which
the walk is thrown to any point with a distribution given by v. To make the system
connected,we will retain only states readable from this bouncing wall state. Then this
systemwill have a (unique) steady state. This can be extendedto a steady state of the
systemwithout any statesdropped by introducing zeroprobability for thosestates. Below,

P
let G = denotethe stochastic matrix for this systemwhereP is the termination
vV oz

probabilities (in the original system). Also let = [ y] denotethe steady state (with y
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being for the bouncingwall, and for the interior points). Then

G = ) = H+yvandy=yz+ :P
) =yv(l H) tandy(l 2z2)= :P

From this wegetl y= :1=yv:T andusingy(l 2z)= :P the averagevalueof T,
averagedusing Vv is

viT 1 1

vii P 1 z

In particular if we put [vz] = [-2 :::ﬁ] (whereH isann n matrix), we get the true

n+l
averageof T as— ™ML L 1,

The problemwith the above expressioris that we do not have an estimate of the steady
state probability . But still the result is interesting. It makes preciseour intuition that
if there is only a limited areawith low termination probability, it hasonly a limited e ect
on the (average)expected number of steps. It tells usthat the correct way to averagethe
termination probabilities to this end, is using the steady state probability of the auxiliary

walk we de ned.

4.4.1 Estimate for the Fixed Grid Walk

The above deweloped tool can be put to usein estimating (a particular) averageof the
expectednumber of stepsin the caseof the xed grid randomwalk. In the xed grid walk
(in 2D) thereis a xed squaremeshon the domain, and the walk is a random walk on the
grid points, with uniform probability of moving to ead of its four neighbours. When the
walk hits a point on the boundary it getsabsorbed. This walk can be (in principle) used
to estimatethe potertial at a point.

Sincewe needthe steady state to be easily computable, we will require it to be the
uniform distribution. It is easily achieved in this caseby making the boundary points
to bouncebad to points from which it can be readed with a probability of 1/4 (and
remain at the samestate with the remaining probability), sothat the transition matrix
G is symmetric. So now the averageis over all the points neighbouring the boundary
points. Then the averagebecomes% 0] ﬁr{geﬂea , wherethe volume and areaare
measuredin number of grid points. Supposingthe \side-length" of the domain, measured
in number of grid points is N and volume O(N ?) (O(N 3) for 3D) and absorbingarea ( N)
(( N?) for 3D), we get the averageexpected number of stepsas O(N).
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4.4.2 Another average

Another possibleaveragefor expected number of stepsis discussedbelowv. Note that as
number of stepsincreaseshe probability of the walk surviving goesto zero. But suppose
it goesto zeroin a uniform way. More precisely supposethere is a probability distribution

suhthat H= ,where0O< < land sumsup to 1. Notethat islessthan 1
becauseour walk leaksout, i.e., H is not a pure stochastic matrix and (many of) its rows
sumup to lessthan 1. Then

H= ) (0 H)=@ )

) i: (I H)*
) 1—:1T
) T=1—

Thusif exists, then the above equation givesus an averageof T, averagedusing
Note that if is nearl, then this averageis very high. In other words, if the \leak" out of
the systemis small, then it takeslongerfor a walk to terminate, on the average.

4.5 Conclusion

We have establishedbounds on the expected number of stepsfor any walk, considering
a simple case. It seemsthat thesebounds are not quite tight. We also consideredthe
\average" expected number of steps, and establishedsome interesting connectionswith

the steady state probability of an assaiated system. For the xed grid walk, an average
has beenexplicitly calculated.



Chapter 5

Finite Element Meshes

5.1 Intro duction

In the rst stageof this project, a claim was maderegarding nite elemen meshesused
for solving the Dirichlet problem, in the geometryof our interest. Sincethen the claim has
beendisproved. This chapter reviewsthe claim made, and the motivation behind it, and
alsopreselts the courter example.

5.2 The claim

The meshwe proposedis one with the minimum numter of elementswhich satis es the
aspect ratio bounds for all the elements This would mean that we shall try and use
elemerts as big as possible,only constrainedby the aspect ratio bound. Thus far from
the boundaries,in \large empty spaces"we can usebig elemeits and nearthe boundaries
(the holes), we shall be more careful and use smaller elemeits. The claim was that this
meshis a near-optimal mesh. In particular, it performsmuch better than a uniform mesh
with the samenumber of elemens. This is intuitiv ely appealing as we expect that an
optimal mesh would qualitatively take this kind of a con guration, using more smaller
elemens near boundarieswhich is where we might expect the function to be changing
faster, and larger elemeits where it is varying slowly. (The constrairnt of aspect ratio is
imposed,as otherwiseneedleshaped elemens can appear and the sti ness matrix can get
ill-conditioned. Also the standard results on convergenceof the FEM solution do not hold
with out this assumption.)

24
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Figure 5.1: Equipotential boundary segmets for the function x? y?2

Somesimple exampleswhere analytical solution is possibleactually demonstratethe
geometrically growing meshas better than the uniform mesh.

5.3 The counter example

Now we presen an examplewherethe geometrically growing meshperforms considerably
worsethan the uniform mesh. In fact, in this example,a uniform meshwith just the same
number of elemens asthe geometrically growing meshperformsbetter than the latter.

In 2D, considerthe following function u(x;y) = Re [(x + iy)"]. This satis es Laplace's
equation and can be realized, for instance when n = 2 by putting a boundary coin-
ciding with the four equipotertials as shovn in Figure 5.1. Suppose we use elemelts
with complete polynomials of degreen 1 as shape functions to get an FEM solution
for this problem. By shifting the origin to the certre of the elemen (Xo;Yo), we get
u= Re[((x+ Xg)+i(y+ Yo))"]. Then u can be written asa polynomial of degreen 1
and a degreen polynomial which is independent of (Xo;Yo). Sincewe are using complete
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polynomials of degreen 1 as the shape functions 0 approximates u exactly upto the
degreen 1 polynomial. Thenu 0 isindependen of (Xo;Yo). In other wordsthe error in
the FEM solution within any elemen dependsonly on the size(and shape) of the elemen
and is independen of the position of the elemen. Further, for an elemen of side-lengthh
the error in energyis O(h?"*1). Sowhen2n+ 1> 2 (2n+ 1> 3in 3D) it is better to use
uniform elemerns than a meshwith varying h. The main idea behind our exampleis then
this: the error is independen of the position of the elemen, and dependsonly on the size
of the elemen sud that uniform elemeits are optimal. Using big elemeits can make the
solution considerablyworse.

This exampledisprovesour optimistic claim that the as-big-as-pssiblemeshis always
better than a uniform meshwith the samenumber of elemets.

5.4 Conclusion

In this chapter we disproved a claim (madein the rst stageof this project), by producing
a courter examplewhereit fails. The courter exampleusesan in nite geometryand the
boundary is smooth. Theseare not quite accordingto the model of our problem. But even
if we approximate that geometryby a nite one, and approximate the smaooth boundary
by rectilinear pieces,the results essetially hold. (Approximating by rectilinear pieceswill

introduce cornersin the geometryand hencesingularities. But this doesnot considerably
a ect the function awayfrom the corners,and the results above hold).



Chapter 6

A Few Observ ations

6.1 Intro duction

In this chapter we collect a few obsenations which do not t anywhereelsein this report.
Theseinclude noteson someconnectionsbetweenthe FEM and the Monte Carlo method,
and a possiblemodi cation of the Monte Carlo method.

6.2 FEM and the random walks

The FEM discretizesthe domaininto elemers and assumes solution which is polynomial
in eat of theseelemerts. Then it nds out sud a solution which minimizes the energy
of the system. The nal solution is in terms of the value of the function (potertial) or
derivatives thereof at the nodes To get this solution one has to solwe a set of linear
eqguationsinvolving thesenodal valuesas variables.

Now considerwhat the Monte Carlo method does. The poterntial at ead point is an
averageof the potertial at points surroundingit. If a spherearoundthe point is considered,
the averageis a true average. Otherwise a weight function is involved. Now supposewe
discretizethe domain (and use summation instead of integration). Then the potential at
ead point is givenasa linear combination of the potertial of points aroundit. Thuswhile
solving the problem using random walks, we could think of it as solving a (huge) system
of linear equations.

But this apparent corresppndencethrough a system of equationsis exact only when
the FEM usesa uniform mesh,with linear shape functions (in 2D we may useequilateral
triangles with nodesat the vertices). Assumethat the uniform meshusedis a very ne

27
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one. Then we canassumethat the randomwalk actually usesonly the nodesof the meshes.
In that case,the systemof equationsset up by FEM is equivalent to that correspnding
to the random walk method. The usualrandom walk actually makeshopsto the maximal
squaresor circles. But we may consideran (impractical) method in which the hops are
to the neighbouring nodes. Soin the 2D meshmertioned above, ead interior point will
have six neighbours to hop to (with probability 1/6 ead). The nodesat the boundary
will be absorbing. Sothe randomwalk is performedon the nodesof the meshuntil it gets
absorked by a node at the boundary, and the return value is the potertial at the absorbing
node. The expectedvalue is the potertial at the starting node. Thus this leaves us with
an (impractical) strategy of solving the system of equationsfrom the FEM. The idea of
performing a random walk on the meshto solwe this systemcan be generalizedto solwe a
generalsystem of linear equations (satisfying certain conditions). In fact, this is exactly
the method by von Neumannand Ulam [3]. A modi cation of this method which hassome
similarities with the evasive walk we have proposedcan be found in [13]. For further notes
on this and related methods we refer the readerto [5] and the referencegherein.

6.3 Maximal Rectangles as Hop Targets

This sectionexploresthe possibility of usingmaximal rectanglesinstead of maximal squares
ashop targets for the randomwalk method outlined in section2.4. No analysisis provided,

though. The possibleadvantagesand disadwantagesare pointed out. A further study of

this possibility could usethe following obsenations as a starting point.

The ideais to usethe maximal rectanglecortaining the current point asthe setof points
to choosethe next point in the walk from. The shape of this rectangle and the location
of the current point with respect to it keepvarying in eat step. Soit is infeasibleto use
precomputedGreen'sfunctions and tablesto generatepoints accordingto that probability
distribution. But what could be doneis, given the current point and the next point, we
could nd out the Green'sfunction at that point. This computation will involve evaluating
anin nite seriesto some nite precision. Giventhis oracle,we canusea simpler probability
distribution to choosepoints alongthe rectangle,and then scalethe return value by the
ratio of the actual Green'sfunction to this probability.

The disadwantages of this method are rather obvious: (i) extra time is required to
compute the Green'sfunction, (ii) by using a di erent distribution and later scaling the
return value may causethe variation to increase.
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But we can use sud a sheme advantageously as follows. In the usual method, one
hasto determinethe maximal squareewery step. But now we can break the domain into
rectangles(in fact, two layersof rectangles),sothat givenany point we have to only locate
the rectangleto which it belongs. Since a step takes the walk to a \neighbouring" (or
rather overlapping) rectangle, this can be done by trivially inspecting all the candidate
squares,aswe can assumethat there are only a constart number of them.

Secondly sincewe will be samplingstart points for the walks from a Gaussiansurface
around a conductor, it could be usefulif we could reusethe walks conductedfor one point
for the otherstoo. In the new scheme, one can take the sameset of walks for all points
within the samerectangle. Sothe walks will start from the rectangle,and the return value
of ead walk is addedto the cortribution to sampledpoints (the start points) by scaling
it appropriately. (Soonecould rst chooseall the points on the Gaussiansurface,or rst
conduct all the random walks starting from the rectangle. In the latter case,along with
the return valuesof the walks their rst point alsohasto be stored.) Thusthe sameset of
walks can be usedfor the whole of the segmen of the Gaussiansurfacefalling inside the
samerectangle.

Modi cations of this stheme(lik e usingthe modi cation only for the rst step, or using
it in conjunction with the evasive walk presented in Chapter 3) are also possible. We do
not attempt to weigh the above bene ts and drawbads againstead other and leave it as
an open question.

6.4 The dieren t metho ds

We concludethis chapter with a note on the di erent methods available.

FEM and the Monte Carlo method have beenin usefor quite sometime, in solving
potertial related problems. We refer the readerto a useful comparative study in [7]. The
Monte Carlo method is found suitable in 3D geometrieswith complicated geometries,due
to the easeof the sheme. FEM hasto discretizethe domain into elemerts, and this is
particularly dicult in 3D. Another place wherethe Monte Carlo method is preferredis
whenthe solution for the ertire domainis not required. This is the casewith our problem.
in which (the integral of) the eld hasto determined only over the Gaussiansurfaces
surrounding the conductors of interest. But when high accuracyis neededthe Monte
Carlo method takesa large number of steps,and may not be all that advantageous.

Recerly new methods have beendevisedfor capacitanceestimation (which we have
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not consideredin this project). Among the most notable are the multip ole accelerated
boundary-elemeh methods [9] which make the iterativ e solution of a densesystemof equa-
tions much faster. More recerlly an apparerily more e cient algorithm for accelerating
the boundary elememn method has beendeweloped [10]. Thesemethods are deterministic
and approximate. They take quite a lot of memory also. Unfortunately no comparisonis
available betweentheselatest techniquesand the Monte Carlo methods.



Chapter 7
Conclusion

The Monte Carlo method for the Capacitanceestimation problem is a promising approad
for a fast solution. In this project we investigatedcertain aspects of this method and have
preseried a modi cation to the corvertional method, called the Evasive method. It is
believed that this modi cation can speed-upthe algorithm substartially. But it is not yet
clear how to get the maximum bene t out of the proposedmodi cation in a generalcase.
Experimertation might be the bestway to ne tune the method.

We have alsogiven someboundson the expectednumber of stepsa random walk takes,
beforeit terminates. While the boundsare probably not very usefulfrom a practical point
of view, they are of theoretical interest. Apart from these bounds, we have also shovn
how the \average" expected number of stepsof a walk is related to certain \steady state
probability distributions" assaiated with the system.

Another modi cation to the convertional method is also suggested.This is the useof
pre-determinedrectanglesas hop targets for the random walk. The possibleadvantages
and disadwantages are discussed. The actual e ciency of the method is left as an open
problem.

The initial stagesofthe project involved an attempt to prove a claim we made,regarding
the (near) optimality of the Finite Element Meshes. But we have presened a courter
exampleto that claim in this report.

7.1 Further Steps

The crucial point left unresoled regardingthe evasive step method is whento changethe
evasiwe stepsto the normal stepsin a random walk. From the analysisgivenin this report
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we have beenable to concludethat atleastin somecasessubstartial savzings can be made
by usingthe evasive stepsaslong asthe walk is guararteed not to read the vicinity of the
conductor at non-zero(unit) potential. But under more generalconditions alsowe expect
signi cant savings to be made. Further investigation along this line could involve some
experimertation, including comparisonof the new method with the corvertional one.

It hasto be investigated whether the modi cation of using pre-determinedrectangles
is bene cial or not. The modi cation seemdo be a promising one,and again experimerts
may be the way to go. Another possibility is correlating the walks to reducethe variance.
One possibility in this regard is employing a strategy like the sequetial Monte Carlo
method [4]. But there will be practical di culties if we plan to usevarying probability
distributions alongthe maximal squares(or rectangles)for the di erent steps. Using sud
a modi cation only onceewery few stepsis a possibility.

A very important questionregardingthe Monte Carlo method is how well it compares
with the more recent methods (basedon boundary-elemeh method). Experimerts need
to be carried out to answer this question.

Rapid and accurate electrostatic analysisis an active researb topic, asit cortinuesto
nd applicationsin di erent areas.We hope that this project cortributes to this researt
in a useful way.
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