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Abstract

We consider the problem of approximating the minimum

average response time in on-demand data broadcasting

systems. The best approximation factors known for this

problem involve resource augmentation. We provide the first

non-trivial approximation factors in the absence of resource

augmentation, achieving an additive O(
√

n)-approximation,

where n is the number of distinct pages. Our result can be

extended, for any ε > 0, to a (1 + ε)-speed, additive O(1/ε)-

approximation algorithm. Prior to our work, no non-trivial

approximation factor was known for the case of ε < 1.

1 Introduction

We consider the problem of minimizing the average
response time in on-demand data broadcasting systems.
In this setting, clients communicate with a powerful
server through two independent networks: a network
for sending requests to the server (uplink), and a “listen
only” network from the server to the clients (downlink).
Typically, the capacity of the downlink is much higher
than the capacity of the uplink. Clients send requests
to the server for data items that, say, they cannot find
locally, and these requests are queued up at the server
upon arrival. At each time step, the server chooses a
data item among the unsatisfied requests, broadcasts
it, and removes the request from the queue. Once a
client makes a request, it monitors the downlink until it
receives the data item it is waiting for.

Denote the data items by p1, . . . , pn. We assume
that time is slotted and each data item can be broadcast
in a single time slot. Let the request sequence be
r1, . . . , rm. Request ri is for some particular page pj and
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it arrives at the server at time ai. Clearly, more than
one request can arrive at the same time slot. Denote
by bi the time in which request ri is satisfied. The
response time of a request is defined to be the time that
elapses from the arrival of the request at the server till
the time it is satisfied, i.e., the wait time of request ri

is bi − ai. We assume that a request cannot be satisfied
in the time-slot in which it arrived, thus the minimum
response time for any request is at least 1. We want
to find a broadcast schedule that minimizes the average
response time, defined to be (

∑m
i=1(bi − ai))/m.

Previous Work and Our results: Our paper
focuses on the offline version of the minimum average
response time problem, where the request sequence is
known in advance to the scheduling algorithm. This
problem was shown to be NP-hard by Erlebach and
Hall [6]. The algorithmic work on the problem has
focused on resource augmentation where the server is
given extra speed compared to the optimal algorithm.
A k-speed algorithm is one that allows a server to
broadcast k pages in each time slot. Kalyanasundaram
et al. [9] gave a 1

ε -speed, 1
1−2ε -approximation algorithm

for any fixed ε, 0 ≤ ε ≤ 1/3. Gandhi et al. [7]
have given a 1

α -speed, 1
1−α -approximation algorithm

for any α ∈ (0, 1/2]. Erlebach and Hall [6] gave a 6-
speed 1-approximation algorithm for the problem which
was improved to a 4-speed 1-approximation algorithm
by [7]. Finally, Gandhi et al. [8] give a 3-speed, 1-
approximation.

Despite much research on the problem, a non-trivial
1-speed approximation for broadcast scheduling remains
an elusive goal. A related question is whether there is
an algorithm that achieves a non-trivial approximation
guarantee with < 2-speed.

A common technique for dealing with hard schedul-
ing problems is to consider algorithms that have perfor-
mance similar to optimum for arbitrarily small speed up
factors. Formally, an algorithm is called fully scalable
if for any arbitrary ε > 0, it is a (1 + ε)-speed, O(1)-
approximation algorithm1. Intuitively, a fully scalable
algorithm guarantees that a system will perform close

1For 0 < ε < 1, (1 + ε)-speed means that one page can be

broadcast in every time slot and an extra page every 1/ε time
slots.



to optimum unless it is operating close to its full capac-
ity. A detailed discussion on fully scalable algorithms
and their implications can be found in [10].

We give here the first non-trivial approximation in
the absence of extra speed. We show that an LP-based
approach can be used to obtain an additive O(

√
n)-

approximation2 where n is the number of distinct pages.
We also give the first fully scalable algorithm for this
problem. In particular, for any ε > 0, we give a (1 + ε)-
speed, additive O(1/ε)-approximation algorithm.

In the online setting, for the minimum average re-
sponse time problem, we can show a lower bound of
Ω(
√

n) without speedup and a lower bound of Ω(1/ε)
with a speedup factor of (1+ ε), on the competitive fac-
tor of any randomized online algorithm. In [9, Lemma
7], an Ω(n) lower bound on the competitive ratio of de-
terministic algorithms is given. Edmonds and Pruhs [4]
gave a (4+ε)-speed, O(1+1/ε)-competitive online algo-
rithm. Later, they [5] showed that a natural algorithm,
Longest Wait First, is 6-speed, O(1)-competitive. An-
other measure that has been studied in the literature is
minimizing the maximum response time (of a request).
For this problem, Bartal and Muthukrishnan [2], gave
an O(1)-competitive algorithm.

2 The Algorithm

Our starting point is an integer linear program (ILP)
for the broadcast scheduling problem as in [7, 8]. We
solve the fractional relaxation of this ILP. The relaxed
solution may be viewed as broadcasting pages fraction-
ally at each unit of time such that total fraction of all
the pages broadcast in any unit of time does not exceed
1. A request for a page p arriving at a time t is con-
sidered satisfied at time t′ if t′ is the earliest time such
that the total amount of page p broadcast during the
interval (t, t′] is at least 1. The idea of our algorithm is
to round this fractional solution by applying a thresh-
old rounding scheme whereby we independently choose
a broadcasting threshold αp ∈ [0, 1] for each page p. A
page p is now scheduled for its first broadcast as soon
as αp units of p are broadcast in the fractional solution.
Thereafter, each time an additional unit of fractional
broadcast of p is completed, we schedule it for broad-
cast. Finally, we broadcast the pages in the order in
which they are scheduled by this procedure. It is not
difficult to show that the expected cost of this schedule
is no more than the cost of the fractional relaxation.
The problem is that the schedule designed above may
not be feasible in that there are multiple pages that are
scheduled for broadcast at any given point in time. The

2Our result is equivalent to a multiplicative
O(max(1,

√
n/OPT)) approximation.

heart of the analysis is to show that with (1 + ε)-speed,
the expected backlog at any point in time is O(1/ε), and
without speed, it is O(

√
n).

The LP Relaxation: Let yp
t′ = 1 iff page p is

broadcast at time t′, and let xp
tt′ = 1 iff a request for

page p at time t is satisfied at time t′ > t. Let rp
t denote

the number of requests for page p at time t. Relaxing the
integrality constraints on xtt′ and yt gives the following
linear program.

min
∑

p

∑
t

T+n∑
t′=t+1

(t′ − t) · rp
t · x

p
tt′(2.1)

subject to xp
tt′ ≤ yp

t′ , ∀p, t, t′ > t(2.2)
T+n∑

t′=t+1

xp
tt′ ≥ 1, ∀p, t(2.3)

∑
p

yp
t′ = 1, ∀t′(2.4)

xp
tt′ , y

p
t′ ≥ 0 ∀p, t, t′(2.5)

The Rounding Scheme: The algorithm proceeds
as follows:

1. Solve the linear program above to obtain an opti-
mal solution of value OPTLP.

2. For each page p, pick αp ∈ [0, 1] uniformly and at
random (independently for every page).

3. For i = 0, 1, 2, . . ., let tpi denote the earliest time at
which a total of i + αp fraction of page p has been
broadcast in the optimal LP solution.

4. Tentatively schedule a broadcast of page p at times
tp0, t

p
1, . . .. This schedule is the tentative schedule.

(Note that it can be infeasible since multiple pages
could be broadcast at the same time instant).

5. Assign each tentatively broadcast page to a distinct
time slot in a greedy fashion as follows: (a) Any
page tentatively broadcast at time t is assigned
to a time slot t′ ≥ t. (b) In the final broadcast
schedule, pages that are tentatively broadcast at
time t precede pages that are tentatively broadcast
after time t.

Overview of the Analysis: We break up the
analysis of this scheme into two parts. (1) First,
we show that the expected wait time of the tentative
schedule is at most OPTLP. (Ignoring infeasibility of
the tentative schedule). (2) Second, we account for the
delay due to the fact that pages that might be actually
broadcast later than their tentatively scheduled times.
The following property of the rounding scheme will be
useful: Consider a time interval [t1, t2], where the total
fractional broadcast of page p is

∑t2
t=t1

yp
t = i+β, where



i is an integer and β ∈ [0, 1). Then, the number of times
that page p is tentatively assigned to be broadcast in
this interval is either i or i + 1. The probability that p
is broadcast i + 1 times is exactly β.

It is easy to see that for any p,t1 and t′, if∑t′

t=t1+1 yp
t < 1, then xp

t1t′ = yp
t , and if

∑t′

t=t1+1 yp
t ≥ 1,

then xp
t1t′ = max(0, 1 −

∑t′−1
t=t1+1 yp

t ). Otherwise, the
solution to the LP can be improved trivially.

The following lemma easily follows from these ob-
servations:

Lemma 2.1. The expected wait time of the tentative
schedule is at most OPTLP.

Proof. Consider a request for page p that arrives at
time t1. Let t′ be the time this request is satisfied in
the tentative schedule. Since αp is chosen uniformly at
random in (0, 1], the probability that t′ ≥ z, is exactly
equal to the probability that αp >

∑z−1
t=t1+1 yp

t which
is exactly equal to max(1 −

∑z−1
t=t1+1 yp

t , 0). Thus the
probability that t′ = z is exactly Pr[t′ ≥ z] − Pr[t′ ≥
z+1] = xp

t1,z. It follows that E[t′−t1] =
∑

z(z−t1)x
p
t,z,

which is exactly the cost of serving this request in the
LP solution.

3 Analysis

We view the process of constructing the feasible sched-
ule from the tentative schedule as follows: There is a
queue Q, whenever a page p is tentatively scheduled at
time t, we add p to Q at time t. At every time step, if Q
is non-empty, we broadcast the page at the head of Q.
If we are considering the case with a 1 + ε speedup, we
broadcast 2 pages from the head of Q if t is an integral
multiple of 1/ε and 1 page otherwise. We will use Q(t)
to denote the length of the queue at time t.

Let us consider the response time F p
t for a request

R for page p that arrives at time t. Let t′ be the first
time after t such that p is scheduled tentatively. Then,
F p

t is at most t′ − t + Q(t′).
Let E[F p

t ] denote the expected response time for R
in the feasible schedule, where the expectation is taken
over all the random choices of αi for all pages i.

Let E(p, t, t′) denote the event that t′ is the first
time after t when p is scheduled tentatively. Then the
above discussion implies that,

E[F p
t ] = E[t′ − t + Q(t′)|E(p, t, t′)]

By linearity of expectation, this is equal to E[t′ −
t|E(p, t, t′)] + E[Q(t′)|E(p, t, t′)].

By Lemma 2.1 we know that E[t′ − t|E(p, t, t′)] is
exactly the LP cost for request R. We will henceforth
focus on the second term.

The next lemma shows that conditioning in the
second term can be removed without any substantial
loss. Intuitively, as t′ is the first time after t when p is
scheduled tentatively, the choice of t′ is only dependent
on the choice of αp. Hence, if we first fix t′ and then
choose αp uniformly at random, the only difference is
that p may not be tentatively scheduled at t′. We make
this precise below.

Lemma 3.1. E[Q(t′)|E(p, t, t′)] ≤ E[Q(t′)] + 1

Proof. Say p = p1. Consider an arbitrary choice
of αp2 , ..., αpn and fix their values. For any t1, t2,
let A(α, t1, t2) denote the number of pages that are
scheduled tentatively in the interval (t1, t2] when αp1 =
α. Then, for any α and α′ such that 0 ≤ α,α′ ≤ 1, and
for any times t1 and t2, it is easy to see that our rounding
procedure implies that |A(α, t1, t2)−A(α′, t1, t2)| ≤ 1.

Thus the value of αp1 can only have limited effect
on the number of pages that are scheduled tentatively.
We now show that this affects the queue lengths, Q(t),
in a limited way too. Formally, we now show that if
arrival sequences do not differ (in the sense above) by
too much, then queue lengths do not differ either.

Let A = (a(1), a(2), . . . , ) and D = (d(1), d(2), . . . , )
be two sequences of non-negative integers. Viewing A
as an arrival sequence and D as a departure sequence,
A and D determine a queueing system S(A,D, t) as
follows: S(0) = 0 and S(t) = max(0, S(t − 1) + a(t) −
d(t)). For our purposes, a(t) will be the number of pages
tentatively scheduled at time t and d(t) will denote the
number of pages that can be broadcast from the queue
Q at time t. In particular, d(t) will be 1 at all times
if ε = 0. Otherwise if ε > 0, then d(t) = 2 at times
that are integral multiples of 1/ε and has the value 1
otherwise.

Fact 3.1. Let A and Ã be two sequences such that for
any 0 < t1 < t2, |

∑t2
i=t1+1(a(i) − ã(i))| ≤ B. Let S =

S(A,D, t) and S̃ = S(Ã,D, t), then |S(t)− S̃(t)| ≤ B.

Proof. (of Fact) Let t be the first time where |S(t) −
S̃(t)| ≥ B + 1. Without loss of generality suppose
that S(t) > S̃(t). Let t0 be the last time before time
t when S(t) = S(t0). Since then S has had exactly
S(t) +

∑t
x=t0+1 d(x) arrivals, so S̃ must also have at

least S(t)+
∑t

x=t0+1 d(x)−B arrivals during the interval
(t0, t]. So, S̃(t) must be at least S(t)−B, but this gives
a contradiction.

Recall that in our setting, we have that |A(α, t, t′)−
A(α′, t, t′)| ≤ 1 for any choice α and α′ for αp1 . Thus,
setting B = 1 in the fact above, we obtain that for
every fixed choice of αp2 , . . . , αpn and any choice of



α and α′ for αp1 , the corresponding queue lengths at
any time t′ differ by at most 1. Taking expectation
over all αp2 , . . . , αpn

, we have that |E[Q(t)|(αp1 =
α)] − E[Q(t)|(αp1 = α′)]| ≤ 1. In particular, choosing
α′ uniformly at random in [0, 1) and choosing α such
that E(p, t, t′) holds, implies that E[Q(t′)|E(p, t, t′)] ≤
E[Q(t′)] + 1.

Thus, we will only focus on bounding the expected
value of E[Q(t)]. In particular, we do not worry about
the conditioning on the event E(p, t, t′).

Theorem 3.1. In the setting with (1 + ε)-speed, at
any time t = 1, 2, . . . , T + n, the expected queue size,
E[Q(t)] = O(1/ε)

Proof. Fix a k > 2
ε . We bound the probability that

Q(t) ≥ 2k(1 + ε). Let us consider the most recent time
te < t when the queue was idle (i.e. it did not have any
page to broadcast).

We divide the time into blocks of intervals of length
k. Let Ij denote the time interval (t−jk, t−(j−1)k], for
j = 1, . . . , dt/ke. Let ηj denote the event that te ∈ Ij .
Let H(p, t1, t2) denote the number of number of times
that p is scheduled tentatively in the interval (t1, t2],
and let H(t1, t2) =

∑
p H(p, t1, t2).

Clearly, if ηj holds, then at the end of time t− (j−
1)k, the queue length, Q(t − (j − 1)k), can be at most
H(t − jk, t − (j − 1)k). Moreover, as the queue always
transmits at full capacity after time t − (j − 1)k until
time t, it must be the case that at least (1 + ε)(j − 1)k
pages are transmit during the interval t− (j − 1)k and
t. Since there are Q(t) untransmitted pages at time t, it
must be that case that at least Q(t) + (1 + ε)(j − 1)k−
H(t − jk, t − (j − 1)k) pages were tentative scheduled
during (t− (j − 1)k, t]. Hence,

H(t− (j − 1)k, t) ≥ Q(t)−H(t− jk, t− (j − 1)k)
+(1 + ε)(j − 1)k

As H(t − jk, t) = H(t − jk, t − (j − 1)k) + H(t −
(j − 1)k, t), we have that

H(t− jk, t) ≥ Q(t) + (1 + ε)(j − 1)k

Thus we have that,

Pr[Q(t) ≥ 2k(1 + ε)|ηj ](3.6)
≤ Pr[H(t− jk, t)− (1 + ε)(j − 1)k ≥ 2k(1 + ε)]

We now focus on bounding the right hand side of
equation 3.6. Let sp(t1, t2) denote

∑t2
t=t1+1 yp(t). By

our rounding procedure, since each αp is chosen uni-
formly in (0, 1], it follows that Hp(t1, t2) is dsp(t1, t2)e

with probability frac(sp(t1, t2)) and is bsp(t1, t2)c oth-
erwise. Hence, ĥ(p, t1, t2) = Hp(t1, t2) − bsp(t1, t2)c is
a Bernoulli random variable with mean frac(sp(t1, t2)).
Thus, we can simplify the right hand side of equation
3.6 as follows.

Pr[H(t− jk, t)− (1 + ε)(j − 1)k ≥ 2k(1 + ε)]

= Pr[
∑

p

ĥ(p, t− jk, t) +
∑

p

bsp(t− jk, t)c

−(1 + ε)(j − 1)k ≥ 2k(1 + ε)]

= Pr[
∑

p

ĥ(p, t− jk, t)− E[
∑

p

ĥ(p, t− jk, t)]

+
∑

p

sp(t− jk, t)− (1 + ε)(j − 1)k ≥ 2k(1 + ε)]

≤ Pr[
∑

p

ĥ(p, t− jk, t)− E[
∑

p

ĥ(p, t− jk, t)]

≥ k(1 + ε) + εjk]

≤ Pr[
∑

p

ĥ(p, t− jk, t)− E[
∑

p

ĥ(p, t− jk, t)]

≥ k + εjk](3.7)

The third last step follows as
∑

pbsp(t1, t2)c =∑
p sp(t1, t2) −

∑
p frac(sp(t1, t2)) =

∑
p sp(t1, t2) −∑

p E[ĥ(p, t − jk, t)] and the second last step follows
as

∑
p sp(t− jk, t) ≤ jk.

As the events ηj are mutually disjoint events for
different j, it follows that

Pr[Q(t) ≥ 2k(1+ε)] =
∑

j

Pr[Q(t) ≥ 2k(1+ε)|ηj ]·Pr[ηj ]

and hence that

Pr[Q(t) ≥ 2k(1 + ε)] ≤ max
j

Pr[Q(t) ≥ 2k(1 + ε)|ηj ]

Let pj,k denote Pr[
∑

p(ĥ(p, t − jk, t) − E[ĥ(p, t −
jk, t)]) ≥ k + εjk]. By equations 3.6 and 3.7 we have
that

Pr[Q(t) ≥ 2k(1 + ε)] ≤ max
j

pj,k

As a final simplification, for j ≤ 1/ε, we will ignore
the contribution of the term εjk in k + εjk and simply
upper bound pj,k by

Pr[
∑

p

(ĥ(p, t− jk, t)− E[ĥ(p, t− jk, t)]) ≥ k](3.8)

On the other hand, for j > 1/ε, we will upper bound
pj,k by

Pr[
∑

p

(ĥ(p, t− jk, t)− E[ĥ(p, t− jk, t)]) ≥ εjk](3.9)



Since the random variables ĥ(p, t − jk, t) are inde-
pendently distributed for different p, we apply a version
of Chernoff bounds as stated in Lemma 3.2 below.3.

We are now ready to bound pj,k and hence estimate
E[Q(t)].

1. In the case when j ≤ 1/ε: Clearly for any values of
j and k, E[

∑
p ĥ(p, t−jk, t)] ≤ E[H(t−jk, t)] ≤ jk

which is at most k/ε for j ≤ 1/ε. Applying lemma
3.2 to equation 3.8, with δ = k and observing that
µ ≤ jk ≤ k/ε, we get that pj,k ≤ e−kε/4.

2. In the case when j ≥ 1/ε: Applying lemma 3.2
to equation 3.9 with δ = εjk and observing that
µ ≤ jk, we get that

pj,k ≤ e−εjk·ε/4 < e−εk/4

The last step follows as j ≥ 1/ε.

Thus for all values of j, we have that,

pj,k ≤ e−εk/4

and hence that Pr[Q(t) ≥ 2k(1 + ε)] ≤ e−εk/4 or
equivalently Pr[Q(t) ≥ k] ≤ e−εk/8(1+ε) Thus,

E[Q(t)] =
∑
k≥1

Pr[Q(t) ≥ k]

≤ 2/ε +
∑

k≥2/ε

Pr[Q(t) ≥ k]

≤ 2/ε +
∑

k≥2/ε

e−εk/8(1+ε)

= O(1/ε)

This implies the desired result.

Lemma 3.2. Let X1, . . . , Xn be Bernoulli Random vari-
ables where pi denotes the probability that Xi = 1. Let
µ =

∑
i pi, then

Pr[
∑

i

Xi ≤ µ + δ] ≤ e−δ min(1/5,δ/4µ)

Proof. We use the following additive version of the
Chernoff bound (Theorem A.1.10 page 267, [1])

Pr[
∑

i

Xi ≤ µ + δ] ≤ eδ−µ ln(1+δ/µ)−δ ln(1+δ/µ)

Let x = µ/δ, then the right hand side of the term can
be written as e−δ((x+1) ln(1+1/x)−1). Now, observing that
(x + 1) ln(1 + 1/x) − 1 is decreasing in x, and that its
value is 3 ln 5/3 − 1 > 1/5 at x = 2. For x > 2, it is at
least (x + 1)(1/x− 1/2x2)− 1 = 1/2x− 1/2x2 ≥ 1/4x.
This gives us the desired bound.

3Since, µ = E[
∑

p
ĥ(p, t − jk, t)] can be arbitrarily small in

our case, we need to use a special version of the Chernoff bounds,
where µ appears in the denominator of the exponent.

3.1 The case when ε = 0: We now consider the case
when there is no resource augmentation. Setting ε = 0
in equation 3.6, we have that

Pr[Q(t) ≥ 2k|ηj ] ≤ Pr[H(t− jk, t)− (j − 1)k ≥ 2k]

By equation 3.7 this implies that,

Pr[Q(t) ≥ 2k|ηj ](3.10)

≤ Pr[
∑

p

(ĥ(p, t− jk, t)− E[ĥ(p, t− jk, t)]) ≥ k]

Using the standard Chernoff bound (Theorem
A.1.4, page 265 in [1]), we know that if X is the sum of
n iid Bernoulli random variables then, Pr[X − E[X] ≥
a] ≤ e−2a2/n. Since

∑
p ĥ(p, t−jk, t) is a sum of at most

n Bernoulli random variables we get from equation 3.10
that

Pr[Q(t) ≥ 2k|ηj ] ≤ e−2k2/n

Finally, as

Pr[Q(t) ≥ 2k] ≤ max
j

Pr[Q(t) ≥ 2k|ηj ]

we have that

Pr[Q(t) ≥ 2k] ≤ e−2k2/n

Thus,

E[Q(t)] =
∑
k≥1

Pr[Q(t) ≥ k] ≤
∑
k≥1

e−k2/2n

Upper bounding e−k2/2n as e−i2/2 for k ∈ [i
√

n+1, (i+
1)
√

n], the sum
∑

k=1 e−k2/2n is at most

√
n · (

∞∑
i=0

e−i2/2) = O(
√

n)

Thus we have shown that

Theorem 3.2. The randomized algorithm constructs a
schedule with O(

√
n) expected additive cost.

3.2 Derandomization The algorithm above can be
derandomized using standard techniques. First, we can
assume without loss of generality that αp are multiples
of 1/nT 2. We claim that this adds at most one to the
expected response time of a request. To see this, we
can simply round down the values of yp

t to the closest
multiple of 1/nT 2. The probability that any page p
is tentatively scheduled at a different time is at most
nT/nT 2 = 1/T . In the worst case, we assume that
this event simply adds T to the response time of each
request. Hence the expected response time of each
request goes up by at most 1.



The main idea is that instead of choosing αp uni-
formly at random, we choose them from a 4-wise inde-
pendent family of random variables. As αp are multiples
of 1/nT 2, there exists such families of size O(n4T 8). We
now show that the expected value of Q(t) at any time
t is still O(

√
n) when ε = 0 and O(1/ε) when ε > 0.

The analysis is similar as previously, except that instead
of the Chernoff bound, we use the following low inde-
pendence tail inequalities on l-wise independent random
variables, which can be found in [3].

Lemma 3.3. ([3]) Let l ≥ 4 be an even integer. Sup-
pose, X1, . . . , Xn are l-wise independent random vari-
ables taking values in [0, 1]. Let X = X1 + . . .+Xn and
µ = E[X], and let A > 0. Then,

Pr[|X − µ| ≥ A] ≤ 1.004
(

nl

A2

)l/2

(3.11)

Pr[|X − µ| ≥ A] ≤ 8
(

µl + l2

A2

)l/2

(3.12)

We first consider the case when ε > 0. Using the
notation in Theorem 3.1, we know that Pr[Q(t) ≥
2k(1 + ε)] ≤ maxj pj,k, and by equations 3.8 and 3.9
that

1. For j ≤ 1/ε, pj,k is at most

≤ Pr[
∑

p

ĥ(p, t− jk, t)− E[
∑

p

ĥ(p, t− jk, t)] ≥ k]

2. For j ≥ 1/ε, pj,k is at most,

Pr[
∑

p

ĥ(p, t− jk, t)− E[
∑

p

ĥ(p, t− jk, t)] ≥ εjk]

As αp are 4-wise independent family of random vari-
ables, it follows that ĥ(p, t − jk, t) are 4-wise indepen-
dent for different values of p. So, applying equation 3.12
with l = 4, A = k and observing that µ ≤ jk, we get
that

pj,k ≤ 8
(

4jk + 16
k2

)2

≤ 8
(

20
εk

)2

for j ≤ 1/ε

For the case when j > 1/ε, applying equation 3.12
with l = 4 and A = εjk, we have that

pj,k ≤ 8
(

4jk + 16
ε2j2k2

)2

≤ 8
(

20
ε2jk

)2

≤ 8
202

ε2k2

Thus for all j, we have that pj,k = O(1/k2ε2) and hence,

Pr[Q(t) > 2k(1 + ε)] = O

(
1

ε2k2

)

Thus,

E[Q(t)] =
∑

k

Pr[Q(t) > k]

≤ 2/ε +
∑

k>2/ε

Pr[Q(t) ≥ k]

= 2/ε +
∑

k>1/ε

O

(
1

ε2k2

)
= O(1/ε)

Finally, we consider the case when ε = 0. By
equation 3.10 we have that,

Pr[Q(t) ≥ 2k|ηj ] ≤ Pr[ĥ(t− jk, t)−E[ĥ(t− jk, t)] ≥ k]

As ĥ(t− jk, t) is a sum of at most n 4-wise independent
Bernoulli random variables, applying equation 3.11 with
l = 4 and A = k, we get that

Pr[Q(t) ≥ 2k|ηj ] ≤ 1.004
(

4n

k2

)2

= O

(
n2

k4

)
As, Pr[Q(t) ≥ k] ≤ maxj Pr[Q(t) ≥ k|ηj ], we have that
Pr[Q(t) ≥ k] = O(n2/k4). Thus,

E[Q(t)] =
∑

k

Pr[Q(t) > k]

≤
√

n +
∑

k≥
√

n

Pr[Q(t) ≥ k]

=
√

n +
∑

k≥
√

n

O

(
n2

k4

)
= O(

√
n)

This implies the desired result.

4 Concluding Remarks

In the offline setting, nothing stronger than NP-
completeness is known for our problem even in the ab-
sence of speed. Perhaps a good starting point is to
derive non-trivial lower bounds on the integrality gap
of our LP formulation. We can construct an instance
where the integrality gap is a small constant, as follows.
The request sequence is:

Time 1: one request for page 1 and two requests for
page 2.

Time 2: one request for page 2 and one request for
page 3.

Time 3: one request for page 1 and one request for
page 2.



Time 4: one request for page 3.

An integral solution with cost 14 is 2, 3, 2, 1, 3,
starting from time 2. We now show that no other
integral solution can have a lower cost. Consider the
subproblem consisting of requests at time 3 and 4 only.
Any schedule for this must have total response time
at least 5. Moreover, any schedule with total response
time exactly 5, must transmit either page 1 or page 2
at time 4. Now consider the subproblem consisting of
requests at time 1 and 2. It is easy to check that the only
solution to this subproblem with total response time 8
is 1, 2, 3, starting from time 2. Note that, as page
3 is transmitted at time 4 in the latter solution, there
is no way of combining these two solutions. Thus, any
integral solution has total response time at least 14.

An optimal fractional solution is
1/2, 2/3, 1/2, 3, 1/2, starting from time 2, and
where x/y means that one half of page x and one
half of page y are broadcast together. The cost of the
fractional solution is 13.5, yielding an integrality gap of
14/13.5 ≈ 1.027.

In the online setting, even when randomization
is allowed, it is easy to establish lower bounds that
(coincidentally) match our offline upper bounds. We
outline these lower bounds below.

We first consider the case without speed. At time
t = 0, the adversary makes r distinct requests, denoted
by the set R. At time t = r/2, it requests a random
subset R′ ⊂ R of size r/2. Finally, starting at time r, it
requests a new page every unit of time, until time r + s.
Let S denote this set of requests. An optimal algorithm
will first serve the requests in the set R \R′ (during the
interval [0, r/2)), and then requests in R′ (during the
interval [r/2, r)), followed by the requests in the set S
(during the interval [r, s)). The total cost of the optimal
algorithm can be upper bounded by Θ(r2) + s.

To analyze the competitive ratio of a randomized
online algorithm, we use Yao’s minimax principle and
consider the expected cost of any deterministic algo-
rithm A under a request sequence generated by the dis-
tribution above. Let X be the set of requests served by
A by time r/2. Since R′ is chosen uniformly at random,
the expected size of (R \ X) ∪ R′ is at least 3r/4. As
a result, at time t = r, A is expected to have at least
r/4 unfinished requests from R. The expected cost of A
can thus be bounded from below by (r/4)s. Choosing
s = r2, we can bound the ratio of the expected cost of
A to the optimal to be Ω(r) = Ω(

√
n).

If the online algorithm has (1 + ε)-speed, then at
time t = r, expected number of unfinished requests from
the set R is (r/4)(1 − 3ε). Choosing s = Θ(r/ε), we
conclude that the online’s expected cost is Ω(1/ε) times
the optimal cost.
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