THE MECHANICAL SOLUTION OF SIMULTANEOUS
EQUATIONS.

BY
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I. SYNOPSIS.

Many problems encountered by engineers and research investigators in
diverse fields are made cumbersome by the necessary solution of large numbers of
simultaneous equations. The solution of such equations presents no theoretical
difficulty, but as the number of unknowns to be obtained simultaneously, and,
consequently, the number of equations to be solved, increases, the labor involved
in their solution mounts rapidly. .

Early in 1934, research was started at the Massachusetts Institute of Tech-
nology which has resulted in the construction of a machine for the solution of
linear simultaneous equations with real coefficients. An experimental model of
this machine was built in 1934, which, though mechanically crude, was so success-
ful in its operation as to encourage the construction of a larger machine. The
second machine, now in operation, was designed for the direct solution of nine or
fewer simultaneous equations. It lends itself, moreover, to the solution of a
larger number of equations, provided certain restrictions in their form are met.
The theory upon which the machine is based is such that a larger machine capable
of solving a larger number of equations directly may be built.

This research has been undertaken in the belief that a few such machines at
educational or research centers, available for general use, will be of help in ad-
vancing progress in engineering and research.

II. THEORY UPON WHICH MACHINE IS BASED.

The theoty upon which the machine is based may be
explained by reference to the following set of simultaneous
equations:

anx, + apxy + Dy = o, (1)
X1 + apxe + Dy = 0. (2)

A single equation is reproduced mechanically as shown
in Fig. 1. The coefficients a1; and @, and the constant term
D, are set as distances on tipping plates, to the right or left
of the plate pivot depending upon the algebraic sign of these
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quantities. The equation is represented by a flexible steel
tape, fixed at points 4 and B, and with a fixing clamp at C.
That portion of the tape above the tipping plates (shown
dotted) has as its function the maintenance of tension in the
system during motion, and need not be considered further in
an examination of the principles upon which the machine
functions. The top and bottom runners, riding on horizontal
rails as shown, ensure that the tapes leading away from the
tipping plates will always be essentially vertical.

With the quantities a1, @2 and D, set on their respective
plates, let the three plates be leveled, and the clamp at C
tightened so that no movement of the tape can occur at that
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Elevation showing arrangement of plates and tapes for a two-equation machine.

point. If an angular motion is now introduced at any one of
the three plates, there are, if only the action of the one tape
shown in Fig. 1 is considered, an infinite number of positions
which the other plates may assume. For any given position
of the plates, however, the following equation holds, assuming
that the total length of the tape between points 4 and C
remains unchanged:

2a1 sin & + 2ay, sin B 4+ 2D;sin y = o. (1a) .
Dividing this equation by 2 sin v we obtain

sin « sin 8
o + 01— + D, = o, (Ib,\)
sin v sin v

an
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which is equivalent to equation (1) if

sin « sin 8
=x and = =
sin v

s Xs.
sin v
If now two tapes act simultaneously on these same three
plates, and in the same manner as that just described, the
distances ax, a2 and D, being set on plates 1, 2 and 3, re-
spectively, for the second tape, and if the same procedure is
followed in first leveling all plates, and then introducing a
certain angular movement at any one plate, the remaining
two plates must undergo a definite corresponding rotation.
The sine of the angles through which plates 1 and 2 have
rotated give the values of x; and x, to a certain scale. The
actual values of these unknowns are obtained by dividing
their relative values by the sine of the angle through which
plate 3, upon which the constant terms of the equations have
been set, rotates.

III. DESCRIPTION OF MACHINE AS BUILT.

The machine as actually built consists of a heavy steel
rectangular frame, within which rotate ten slotted steel plates
(see Figs. 2, 3 and 4). Nine of the ten plates represent the
nine unknowns for which the machine is built; on the tenth
plate the constant terms of the equations are set.

Each plate has ten longitudinal parallel slots. In nine of
these slots ‘“middle runners’” may be moved in order that
the coefficients to the unknowns and the constants of the
equations may be set. The tenth slot is utilized by a sine
reading mechanism from which the sine of the angle through
which a plate rotates may be read directly.

Nine tapes, each about sixty feet in length, represent the
nine equations for which the machine is designed. The slots
in which are placed the middle runners used for setting coeffi-
cients and constants of a given equation, and the tape which
represents that equation, all lie in a vertical plane.

The middle runners may be unclamped, and moved freely
to their approximate positions for the equations to be solved.
Micrometer screws then enable one to make a setting to an
accuracy of one two thousandth of an inch, which corresponds
to four significant figures on the coefficient and constant scales.
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Algebra in terms of metal. General view of new machine for solving simultaneous equations.
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Inasmuch as the machine reproduces the equations geo-
metrically, careful design and construction were essential.
The frame itself is rigid so that it will not substantially
distort elastically when operated. In order to minimize tape
strains, over one thousand ball bearing pulleys are used,
reducing friction to a practical minimum.

View showing upper side of tipping plate. The middle runners used for setting coefficients or
constants on this plate, and corresponding top and bottom runners riding on their rails, may be
seen.

IV. OPERATION OF MACHINE.

While the best technique for the operation of the machine
has not been definitely established, the following outline will
permit an estimate of the labor involved. The middle clamps
(at ““C,” Fig. 1) are first loosened, which permits complete
freedom of motion within the machine. The plates to be
used are then approximately leveled, and all plates are
clamped so that they cannot rotate. The coefficients and
constants are systematically set on the proper middle runners
and their settings checked. In the setting of these middle
runners, most of the time required for solution is involved.
The setting of a coethcient requires about the same time which
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Fi6. 4.

View showing under side of tipping plate. The under side of the middle runners for this plate, and
the corresponding top and bottom runners riding on their rails, may be seen.
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would be needed to turn off an angle on a transit. When
these settings are complete, the middle clamps are tightened,
only for the tapes in use, and the plates which are in use are
unclamped. In this way it is possible to utilize only the
portion of the machine required. Any of the plates involved
in the solution of the given equations may now be rotated
freely, but those plates which will undergo the largest rotations
during solution will turn the most easily. Such a plate is
found by trial, and used as the driving plate. This plate is
rotated clockwise about 40 degrees, and brought to rest with
an  oscillating motion which tends to eliminate the detri-
mental effect of friction in the machine. As the driving
plate is rotated, the other participating plates also rotate.
The sine mechanism is then read on each participating plate.
Dtiving the machine from the same plate, the plates are then
brought back through their horizontal position until approxi-
rmately the same motion has taken place in the opposite
direction from that originally introduced, and again brought
' to rest with an oscillating motion. The sine mechanisms are
. again read. The value of any given unknown is then given
by dividing the algebraic difference of the readings of the
sine mechanism for the plate representing that unknown, by
the algebraic difference of the readings from the sine mechan-
ism for the plate upon which the constants have been set.
Once the coefficients and constants have been set on the
machine, the actual operation and interpretation of results
require only a few minutes.

The total time required to solve nine simultaneous equa-
tions on the machine, to an accuracy of three significant
figures, is estimated at from one to three hours, depending
upon the equations themselves. This time will undoubtedly
be reduced when more experience has been acquired in the
technique of operation.

The solution of similar equations employing a keyboard
calculator might be expected to require in the neighborhood
of eight hours.

V. RESULTS OBTAINED FROM MACHINE.

The accuracy obtained in a given solution will depend
upon the equations involved. Certain sets of equations,
VOL. 222, No. 1332—50
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bordering upon instability, will be difficult to solve, regardless
of the method used, while other sets will yield excellent
accuracy with little effort. The following two conclusions
have however been reached:

1. For the usual set of equations, the errors in the values
of the unknowns as given by the machine will not exceed one
per cent. of the largest unknown, as read directly from the
machine after one operation. In many cases, much better
accuracy will result.

2. By successive approximations, arbitrary accuracy can
be obtained. The machine is well suited to this procedure.
If the results obtained from the first solution are substituted
in the original equations and the corresponding constants
computed, they will in general differ by a small amount from
the actual constants of the equation. This difference is easily
obtained with a computing machine. If now the equations
are solved again, using in place of the constant terms in the
original equations the differences in the constants thus
obtained, the new solution yields the corrections to be applied
to the unknowns as determined from the first solution. This
procedure involves the re-setting of only the constant terms
on the machine, hence progresses rapidly. It may be repeated
successively to give results to any degree of accuracy required.

An important factor which greatly increases the scope of
the machine is the development of a method whereby more
than nine equations can be solved by the machine. This
expansion is limited by the form of equations which can be
thus solved, but it is nevertheless applicable to many im-
portant problems. The usual type of simultaneous equations
encountered by the structural analyst in the investigation of
stresses in an indeterminate structure furnishes an example of
the type which can be solved in this manner by the machine.
In the development of this use of the machine, eighteen
simultaneous equations resulting from a slope deflection
solution of a building frame acted upon by lateral loads were
solved with an accuracy of between four and five significant
figures. It is estimated that under the proper conditions a
machine solution of this kind would take seven and one-half
hours. The time required for a corresponding solution by a
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keyboard calculator is estimated at 32 hours. As the number
of unknowns increases, the time saved by mechanical solution
becomes increasingly important.

VI. FUTURE INVESTIGATIONS.

Our research on this type of mechanism is by no means
complete. Minor changes in the present machine are con-
templated. More exhaustive tests will undoubtedly show
that the tapes now on the machine have neither the optimum
flexibility nor initial tension. The technique of operation is
as yet imperfect. There is every reason to believe that the
accuracy as obtained from a single set of readings can be
improved.

The relative success of the present machine indicates that
a machine capable of directly solving a larger number of
equations is feasible. The development of an automatic
means of setting coefficients and constants would add greatly
to the practicability of a larger machine, leading to large
savings in time of solution.
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