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Abstract —The problem of finding the maximum achievable data rate
over a linear time-invariant channel is considered under constraints
different from those typically assumed. The limiting factor is taken to be
the accuracy with which the receiver can measure the channel output.
More precisely, we consider the following problem. Given a channel with
known impulse response /(t), a transmitter with an output amplitude
constraint, and a receiver that can distinguish between two signals only
if they are separated in amplitude at some time 7, by at least some small
positive constant d, what is the maximum number of messages, N,
that can be transmitted in a given time interval [0, 7]? Lower bounds on
Nax €an be easily computed by constructing a particular set of inputs to
the channel. Our main result is an upper bound on N, for arbitrary
h(t). The upper bound depends on the spread of /(s), which is the
maximum range of values the channel output may take at some time
t, > 0 given that the output takes on a particular value « at time 7 = 0.
For a particular /(t), computing the spread in discrete-time is equiva-
lent to solving a linear program with bounded variables and one equality
constraint. Solutions to linear programs in this class can be obtained
very fast using, for example, a linear-time algorithm due to Witzgall.
Numerical results are shown for different impulse responses, including
two simulated telephone subscriber loop impulse responses. Assuming
that the receiver resolution d is small, the upper bound is typically two
to four times the lower bound for the cases examined.

I. INTRODUCTION

N THE MOST eclementary view of a communication
Ichannel, we choose from among a set of N possible
signals to transmit, and must then distinguish which was
transmitted by measurements at the receiver over a finite
length of time T. If we limit the resources that can be
used at the transmitter, characterize the distortion caused
by the transmission channel, and limit the accuracy with
which the received signal can be measured to +d /2,
there is some maximum value to N for a given signaling
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time T, say N,,,.(T,d). The maximum channel throughput
(MCT), can then be defined by

log Nyo(T', ) b
T

This formulation for bounding communication rate was
anticipated as early as 1928 by Hartley [1] (also see [2].

This definition of channel throughput is motivated by
the study of high-speed transmission over single twisted-
wire pairs. Transmission errors in this case are caused by
effects that are not easily modeled by random noise, such
as precision of analog-to-digital conversion, circuit nonlin-
earities, timing inaccuracies, and residual intersymbol in-
terference. Thus, the MCT is an entirely deterministic
notion, in contrast with the Shannon capacity, which is
based on a probabilistic model of the channel.

We will consider here the problem of estimating this
MCT in situations where the limiting resource at the
transmitter is the dynamic range of the electronics, which
leads naturally to an amplitude constraint on the trans-
mitter waveforms, and where the channel can be accu-
rately modeled as linear and time-invariant. Furthermore,
we will assume that the uncertainty in the amplitude of
the received signal is determined by a single parameter d,
the receiver discrimination. More precisely, we assume
that two received signals can be distinguished when and
only when they differ in amplitude by at least d at some
point in the time interval [0, 7). If u,," - -,u, are inputs to
the channel defined on [0,T] and y,,---,yy are the
corresponding outputs, then

MCT (d) = lim /s (1.1)

Npo(T',d)
= max (N| min sup |y(0)-y()|]=d} (1.2)
Wy, Uy . i*j 0<t<T

<i j<

where it is assumed that ju(¢){ <1 for all ¢. Put another
way, the MCT is a measure of achievable transmission
rate with a limit on the L_ norm of the input, and an L,
criterion for discrimination at the receiver. The corre-
sponding notion using the L, norm at both transmitter
and receiver is called e-capacity [3].
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It is shown in [4] that N, (T,d) is easily evaluated for
the case h(r)= Ae™*. It is also shown that there exists a
maximizing set of inputs u,, - -,u, such that |u ()] =1
for all . Here we give upper and lower bounds on
Npaux(T,d) for any T >0, d>0, and impulse response

h(e).

II. A Lower Bounp oNn THROUGHPUT

The output of the channel at time ¢ is y(¢) = h * u(t),
where u(t) is the input, A(¢) is the channel impulse
response, and the asterisk denotes convolution. The input
that maximizes the output at time 7, subject to the
constraint |u(s)] <1, 0<s < T, is clearly

u*(t) =sign h(T —1t), 0<t<T, (2.1)
in which case the output at time T is
T
c(T) Efo |h(1)|dr. (2.2)

The minimum time it takes to distinguish N channel
outputs is defined as

T.(N,d)= min {T
St Uy

u,

min  sup !y,-(t)—y,-(t)lzd}
] 0<t<T
(2.3)

where it is assumed that d <2[7|h(¢)|dt. For the case
N = 2 a set of inputs that achieves T, = T,,,,.(2, d) is clearly
w () = — u,(¢) = u*(¢), where 7T, satisfies

d
C(TO)=§. (2.4)
We can define a mapping of M source bits (N =2%
messages) to a channel input u/(t), 0 <t < MT, as fol-
lows:
M
ut) = Y b guolt —(k=1T] (2.5)
k=1
where b, , is either 1 or —1 corresponding to the kth bit
of message i, 1<i<2M and uy()=u*(t), 0<t<T,
ut)=0, t>T. If the period T=T, as given by (2.4),
then, using linearity, it is easily verified that

max, ., < yrlt*u;(t) —h *u(t)=d

for any i+ j. In this case the time it takes to distinguish
2™ messages is exactly MT,,.

Consider now applying the preceding inputs to a chan-
nel with impulse response 4(¢)=t, and restrict the num-
ber of inputs to be N=4. Fig. 1 shows the outputs
corresponding to four inputs given by (2.5), where the b,
are the four possible two bit sequences. Since h(t)> 0,
t> 0, the inputs are u,(1) = —u,(1)=1,0<r<2T, and

_ _ _ 1, O0<t<T
us(1) = = uy(1) {—1, T<r<2T
Because of the overshoot that occurs when the input
switches from 1 to —1, or vice versa, if T =T, then the
maximum distance between any two distinct outputs over
the interval [0,27 + 8], where § is a fixed sampling delay,

(2.6)

672~

412

212

—272

—4T12

Fig. 1. Outputs ¢ *u,(¢) where u(1)=1, u(t)=—1, u3(t) = —ult),

and u(r) switches from [ to — 1.

is greater than d. The period T can therefore be de-
creased to T'<T, (thereby increasing the rate) so that
max, ., cop gl *uf)—hxul)=d, i+#j It is as-
sumed in Fig. 1 that T=T7".

Given that the inputs have the form (2.5), the output of
the channel can be sampled at times nT +8, n=1,2,- -,
and a simple threshold detector can be used to detect
each bit sequentially. In particular, if at time ¢;; = nT + 4,
y{t,)— y{t,)=d, where y,(t) = h +u /1), then the thresh-
old level is set to y;; =[y{(z;))+ y;(t;)]/2. If the received
output r(t;))>y,;, then the receiver excludes u; as a
possible transmitted signal, and if r(z;;) <y,;, then u; is
excluded. The sampling phase 8 should be chosen so that
the distance between outputs at sampling times is maxi-
mized. Fig. 1 indicates that for the minimum 7 there may
be a fixed delay 6 between when a bit is transmitted, and
when it is detected. A more revealing illustration of this
point is given in Fig. 2, which shows an impulse response
consisting of two pulses separated by a delay. The optimal
delay & that maximizes the distance d is shown in Fig. 2.

Theorem 1. Given any h(¢) and discrimination d >0,
then
1

MCT(d) 2 - (2.7)

where T satisfies

6+ T &
ma h(t)|dr— | |h(t)|dt
ox [0 et = [0(0) |

d
=max[C(5+T)-2C(3)] = 5. (28)
5
Proof: Consider the set of inputs having the form
(2.5), where

0<t<T
t>T

and 8 and T are chosen according to (2.8). Assume that
for the distinct inputs u; and u;, b, , = —b; , for some

(1) :<sgnh(T+5—t),

>

. (29)
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ky=1 and that b, , = b; , for k <k,. Then
|y1(k()T+6)_y[(kl)T+8)|

= /("k[’T+5h(k‘,T+ 5— s)(u,(s)—uj(s))ds

k,T
Th(k(,T +8—5)(b;k,— bjs,)

(ky—1)

uy[s—(kg—1)T] ds
+ [“ (kT +5 - 5)
0

Z (bi.k - bj.k)”n[s —(k—=1)T]ds
k <k,
T (kT +5—s)
kT

> (bi.k - b/,k)”o[s_(k -1)T]ds

k> ky
koT
= (bi,k(,_bj.k[,)/ h(koT +8—s)
(ko= DT
-sgnh( kT +86—s)ds
5
+fh(5_t,) b (bi,k_bj,k)
0 k> kg

-u(,(t’+(k[,—-k)T)} dr'

> 2[“T|h(z')|dr'—2[5|h(t')|dz'=d, (2.10)
I 0

since T and & are chosen so that (2.8) is satisfied. Conse-
quently, with the set of inputs previously defined, k, bits
can be communicated in time k,7 + §, so that

log N, (ko T +8,d)

MCT(d) = lim
ky— k()T + 6
li Ky ! 2.11
> =—. 0O .
ke kT +6 T (2.11)

If h(t) > 0 for all ¢, (2.8) says that if the input is initially
1, and subsequently switches to —1 at time T, then the
maximum value of the output is d /2. If h()= Ae ™
where 4 and a are positive constants, then the & that
maximizes the left-hand side of (2.8) is zero for any 7.
Consequently, the preceding lower bound for the MCT is
1/T where C(T)=4d /2. It is shown in [4] that this is
exactly the MCT, so that the method for constructing
inputs (2.8), (2.9) maximizes the data rate in this case. Of
course, it is apparent that this method gives a data rate
equal to the MCT whenever the optimal inputs have the
form (2.5).

II1. AN UpPER BOUND ON THROUGHPUT

One way of upper bounding the number of distinguish-
able signals, N, is to consider the following question:
Given that we have control over the (bounded) input of
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the channel, and that the output of the channel is con-
strained to take on a given value « at a given time ¢, how
far apart can we spread the output at some future time
T? Let h denote the channel impulse response, so that
the output at time ¢ is y(#)=h = u(t), where u is the
input and the asterisk denotes convolution. Then the
largest and smallest outputs at time 7" are

o (T—t,e)= sup (WD) =a,|u(s)|<1}
—x“<(3..s‘)§T

(3.1a)

o (T-ta)= [i?sf) P(T)y(1) =, Ju(s)| <1}
—x<s=<T

(3.1b)

and the spread function is defined to be, for 1 > 0,

o(r,a)=c (r,a)— 0 (1,a). (3.2)
The spread function is not necessarily a monotonically
increasing function of 7.

Before proceeding to the precise statement of results,
we first give an overview and discussion of what follows.
For a large set of impulse responses H, which will subse-
quently be defined, we prove the following upper bound
on the MCT. For any impulse response in H let 7 be the
first time at which the spread o(7,0)=d. Then
MCT(d) <1/7 in bits/s. The reason for choosing a =0
is that this value maximizes the spread for any fixed =
(see Theorem 3). An alternative statement of this upper
bound is that for any h(-) € H, if the data rate is R, then
the maximum separation between pairs of outputs can be
no greater than o(1/R,0).

It is easily verified that this upper bound is always
greater than or equal to the lower bound given by Theo-
rem 1. In particular, if it is assumed that the inputs have
the form given by (2.5), then the symbol period T must be
greater than 7 to guarantee a separation of d between
any two distinct outputs. Otherwise, if 7 <7, then by the
definition of 7, two channel inputs corresponding to mes-
sages which differ in only bit cannot “spread apart” by d
in one symbol period T.

Although our upper bound is not very tight for many
impulse responses in the set H (see the numerical exam-
ples in Section VII), it gives the exact MCT for the case
of the exponential impulse response h(t)= Ae ™™, a =0
(which is in the set H). In this case the state of the
channel at time ¢ can be taken to be the output y(¢).
Consequently, given y(¢), the output at time 7, where
T >t, is independent of the input u(s) for s <t. The
function o*(o7) is therefore determined by selecting the
input u(s) for  <s < T to maximize (minimize) y(7T), i.e.,
u(s)=1(—1). In this case we therefore have that o *(7,0)
=+ C(7), where C(7) is defined by (2.2). Therefore
o(7,0)=2C(7), and the upper bound agrees with the
lower bound given by Theorem 1 (see the discussion
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h(t)

Fig. 2.

following (2.11)). In general, of course, y(T) depends not
only on y(¢), but also on u(s) for s < ¢, so that o(7,0) will
be strictly greater than C(7), which implies that the
preceding upper bound on MCT will be strictly greater
than the lower bound.

The proof of the preceding upper bound assumes that
the spread function has certain monotonicity properties,
which are defined in the Appendix. The set H is the set
of impulse responses for which the associated spread
functions satisfy these properties. Conditions that an im-
pulse response must satisfy to be in H are derived in the
Appendix (see Theorems 7 and 8), and are stated in (3.8),
(3.9). Although we have not been able to prove that the
preceding upper bound holds for any A(¢), neither have
we found a counterexample. That is, we have not found
an h(r)& H and a set of inputs such that the resulting
lower bound on MCT is greater than 1/7. Whether or
not such an impulse response exists remains an open
question.

An upper bound on MCT that holds for arbitrary
bounded and piecewise continuous A(¢) can be obtained
by modifying the spread function in such a way that the
monotonicity properties referred to in the preceding
paragraph are always valid. This new modified spread
function, S(r,a), has the property that 5(r,a) > o(r,a)
for any 7 and a (see (3.3), (3.4)). For any impulse re-
sponse h(t) let 7* be the first time at which S(r*,0)=d
(see (3.6)). Then it will be shown that MCT(d) < 1/7*. If
h(t)€ H, then 7*=7; however, in general, 7* <7 for
h(t) & H.

The rest of the paper is organized as follows. Our main
result is Theorem 2, which, given any bounded and piece-
wise continuous impulse response, states a lower bound
on the minimum time it takes to distinguish N channel
outputs for fixed receiver discrimination d. This directly
implies the preceding upper bound on MCT, and an
upper bound on the maximum separation between chan-
nel outputs for a fixed number of inputs and time interval
[0, 7] (see (3.12), (3.13)). Computation of the spread func-

———
OPTIMAL DELAY &

Impulse response for which optimal sampling delay 6 > 0.

tion, which determines the upper bound on MCT for
h € H, is then considered in Sections IV-VI. In general,
computation of the spread for arbitrary A(¢) is difficult
(see [8]). However, in the discrete-time case it is shown in
Section IV that the calculation of spread is equivalent to
solving a linear program with bounded variables and one
equality constraint. The derivation of a fast algorithm for
solving linear programs in this class is presented in Sec-
tions V and VI. Upper and lower bounds on MCT for
some specific sampled impulse responses are subse-
quently presented in Section VII. Two of the examples
correspond to existing subscriber loop twisted-wire pairs.

A. Statement of Results

To compute an upper bound on the MCT for arbitrary
h(t), we define the following functions

S*(t,a) = sup o (s,a) (3.3a)

O<s<t

~|hfa' <«
S (t,a)= inf o (s,a) (3.3b)

O<s<t

asa'és\[h\l,

and

S*(t,a)=a+ sup (S*(t,a)—a’) (3.4a)

a<a' < |,

S (tia)=a-— HI”inp (a'— 8 (t,a')) (3.4b)
) fa<a

where |All, = [J1h(s) ds. Also, S(t,a) = S*(t,a) —

S7(t,a), and S(t,a) is defined similarly. Note that
o(r,a) < 8(r,a) for any 7 and a.

The proof of the next theorem is given in the Ap-

pendix. Throughout the rest of the paper it will be as-

sumed that A(-) is bounded and piecewise continuous.
Theorem 2: For any impulse response #, discrimination
d > 0, and positive integer N,
T,.(N,d)=nr* (3.5)
where T, (N, d) is defined by (2.3), 2" 7' < N < 2", and

min
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T*=inf{7’ supE(r,a)=d}. 0 (3.6)

It will be shown (see Theorem 7) that sup, S(7,a)=
S(r,0).

Let
(3.7)

T= inf{*r supo(7,a) = d}.

Note that 7* <7 for any 4. It is shown in the Appendix
that if the impulse response A(t) satisfies

me|h(—s)idssjm|h(—s)|ds, (3.8)
where
h(t—s)
B(!)={S m>1, SSO}, (393)
B < h(t—s)
(t)—{SW<1, SSO}, (39b)

at time t=r* then 7*=7. For the impulse response
functions considered in this paper, this condition is true
for all ¢t so that the simpler upper bound MCT <1/7
applies. Note, in particular, that (3.8) is true for any
positive and nonincreasing impulse response. An impulse
response for which (3.8) is false for some values of ¢ is
h(s)=s,0<s<t,, h(s)=0 elsewhere.
Theorem 2 implies that

N T, d) < 2177771, (3.10)
for all positive T and d, so that
1
MCT(d) ST—*. (3.11)

Defining the max-min distance among N outputs in a
given time interval [0,T] as

dmax(N,T)= max min sup |y,-(t)—yj-(t)1 (3.12)
T

Uy Uy B # ] gy <
where 1<i, j< N, jut)] <1 for all £>0, and y(0)=0
for each i, then Theorem 2 and the proof of Theorem 1
imply that

d (2", n7) < sup8(t,0)

1 <7

(3.13a)

and

A (27,17 +8%) > sup2(C(7 + 8) —2C(8)) (3.13b)
1

for all >0, and positive integers n, where 8% is the
value of 6 that achieves the supremum on the right.

Solving the optimization problems embodied in (3.1)
and (3.2) enables us to upper bound the maximum
throughput of the channel. Before proceeding to the
computation of the spread function, we first prove some
elementary facts about " and o .

JEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 36, NO. 3, MmaYy 1990

Theorem 3: For any fixed 7, o*(7,a) is a concave
function of «. Also,

D o' (r,a)=—0 (1, —a)

2) sup,o{r,a)=0*(7,00— 0o (1,0).

Proof: Without loss of generality we can assume that
t=0 in (3.1). Let u,(s) and u,(s) be inputs such that
o' (T,a)=h*u(T) and o*(T,a,)=h+u,(T), so that
h*uf(0)=«a, and A * u,(0) = a,. Consequently,

hox[Bu,+(1—0)u,](0) = 0h +u,(0) +(1—8)h + u,(0)

=0a,+(1—80)a, (3.14)
where 0 <6 <1, and
00" (T,a,)+(1-0)o" (T, ;)
=0h*u(T)+(1—8)h+u,(T)
=h*[8u;+(1-0)u,|(T)
<o*[T,0a,+(1-0)a,], (3.15)

which proves that o* is a concave function of a. Property
1) is obvious from the definition of o* and o ~. Property
1) implies that o~ (7, a) is convex in a, so that o (7,a)—
o~ (r,a) is concave and is an even function of a. Conse-
quently, sup,(¢* — o) occurs at a = 0. O

IV. DiscrReTE-TIME FORMULATION AND LINEAR
ProGrAM

To calculate the spread function in practical situations,

"we consider the discrete-time case, and formulate the

optimization problems as linear programs. The channel
impulse response A(¢) and input u(t) are therefore vec-
tors, and ¢, T, and s are integer-valued. Continuous-time
computation of spread is considered in [8]. To make the
problem have a finite number of variables, we pick T
large enough so that the impulse response is negligibly
small for s > T, and consider the signal only in the range
0 < s <T. The output of the channel at time T is

T
y(T) = X h(T = s)u(s).

(4.1)
s=0
The calculation of ¢* then becomes
T
max Y A(T — s)u(s) (4.2)
s=10
subject to the constraints
I3
Y h(t—s)u(s)=a (4.3)
s=0
lu(s)| <1, s=0,---,T. (4.4)

This is a linear program with T +1 variables constrained
to lie in the unit cube, with one additional equality
constraint. To simplify the notation, we rewrite (4.2)-(4.4)
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