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Bounds on Maximum Throughput for Digital 
- -  

Communications with Finite-Precision 
and Amplitude Constraints 

Abstract -The problem of finding the maximum achievable data rate 
over a linear time-invariant channel is considered under constraints 
different from those typically assumed. The limiting factor is taken to be 
the accuracy with which the receiver can measure the channel output. 
More precisely, we consider the following problem. Given a channel with 
known impulse response h( t ) ,  a transmitter with an output amplitude 
constraint, and a receiver that can distinguish between two signals only 
if they are separated in amplitude at some time 2,) by at least some small 
positive constant d, what is the maximum number of messages, N,,,,,, 
that can he transmitted in a given time interval [O, TI? Lower bounds on 
N,, ,  can he easily computed by constructing a particular set of inputs to 
the channel. Our main result is an upper bound on N,,, for arbitrary 
h ( f L  The upper bound depends on the spread of h ( f ) ,  which is the 
maximum range of values the channel output may take at some time 
t o  > 0 given that the output takes on a particular value a at time f = 0. 
For a particular h ( f ) ,  computing the spread in discrete-time is equiva- 
lent to solving a linear program with bounded variables and one equality 
constraint. Solutions to linear programs in this class can be obtained 
very fast using, for example, a linear-time algorithm due to Witzgall. 
Numerical results are shown for different impulse responses, including 
two simulated telephone subscriber loop impulse responses. Assuming 
that the receiver resolution d is small, the upper bound is typically two 
to four times the lower bound for the cases examined. 

I. INTRODUCTION 

N THE MOST elementary view of a communication I channel, we choose from among a set of N possible 
signals to transmit, and must then distinguish which was 
transmitted by measurements at the receiver over a finite 
length of time T .  If we limit the resources that can be 
used at the transmitter, characterize the distortion caused 
by the transmission channel, and limit the accuracy with 
which the received signal can be measured to f d /2, 
there is some maximum value to N for a given signaling 
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time T ,  say N,,,(T, d). The maximum channel throughput 
(MCT), can then be defined by 

This formulation for bounding communication rate was 
anticipated as early as 1928 by Hartley [ l ]  (also see [2]). 

This definition of channel throughput is motivated by 
the study of high-speed transmission over single twisted- 
wire pairs. Transmission errors in this case are caused by 
effects that are not easily modeled by random noise, such 
as precision of analog-to-digital conversion, circuit nonlin- 
earities, timing inaccuracies, and residual intersymbol in- 
terference. Thus, the MCT is an entirely deterministic 
notion, in contrast with the Shannon capacity, which is 
based on a probabilistic model of the channel. 

We will consider here the problem of estimating this 
MCT in situations where the limiting resource at the 
transmitter is the dynamic range of the electronics, which 
leads naturally to an amplitude constraint on the trans- 
mitter waveforms, and where the channel can be accu- 
rately modeled as linear and time-invariant. Furthermore, 
we will assume that the uncertainty in the amplitude of 
the received signal is determined by a single parameter d ,  
the receiver discrimination. More precisely, we assume 
that two received signals can be distinguished when and 
only when they differ in amplitude by at least d at some 
point in the time interval [0, TI. If U , ;  . ., U ,  are inputs to 
the channel defined on [O, TI and y,; . ., y, are the 
corresponding outputs, then 

max {NI min sup l y j ( t ) - y j ( t ) 1 2 d  (1.2) 

where it is assumed that lu(t)l I 1 for all t. Put another 
way, the MCT is a measure of achievable transmission 
rate with a limit on the L, norm of the input, and an L, 
criterion for discrimination at the receiver. The corre- 
sponding notion using the L ,  norm at both transmitter 
and receiver is called €-capacity [31. 

I - - 
i + i  O S I S T  U ,  ; . ' , 11,v 

I s i , j s N  
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I t  is shown in [4] that N,,,(T,d) is easily evaluated for 
the case h ( t )  = Ape'. It is also shown that there exists a 
maximizing set of inputs u l ;  . . , u N  such that lu,(t>l = 1 
for all t .  Here we give upper and lower bounds on 
N,,,(T, d )  for any T > 0, d > 0, and impulse response 
h(t) .  

11. A LOWER BOUND ON THROUGHPUT 

The output of the channel at time t is y ( t ) =  h * u(t>,  
where d t )  is the input, h ( t )  is the channel impulse 
response, and the asterisk denotes convolution. The input 
that maximizes the output at time T ,  subject to the 
constraint l u ( s ) l s  1, 0 I s s T ,  is clearly 

U * ( ? )  = s i g n h ( T - t ) ,  O I t s T ,  (2.1) 

in which case the output at time T is 

C (  T )  = lT1h(  t )  Idt. (2.2) 
0 

The minimum time it takes to distinguish N channel 
outputs is defined as 

(2 .3)  

where it is assumed that d < 2/,;"lh(t)l dt. For the case 
N = 2 a set of inputs that achieves To = Tmin(2, d )  is clearly 
u, ( r )  = - u,(t) = u*(t) ,  where TI,  satisfies 

We can define a mapping of M source bits (N = 2M 
messages) to a channel input u, ( t ) ,  0 st 2 M T ,  as fol- 
lows: 

. 

M 

U , ( t >  = b , . k U O [ t  - ( k  - ' I T ]  (2.5) 
k = l  

where b,,k is either 1 or -1 corresponding to the kth bit 
of message i, 1 s i 1 2 ~ ,  and u , ( t ) = u * ( t ) ,  O s r  s T ,  
u, , ( t )  = 0, t > T .  If the period T = To as given by (2.4), 
then, using linearity, it is easily verified that 

m a x , , . ~ . M , l h * U , ( t ) - h * U , ( t ) 1 2 d  

for any i f  j .  In this case the time it takes to distinguish 
2M messages is exactly MT,,. 

Consider now applying the preceding inputs to a chan- 
nel with impulse response h ( t ) =  t ,  and restrict the num- 
ber of inputs to be N =  4. Fig. 1 shows the outputs 
corresponding to four inputs given by (2.5), where the b,,k 
are the four possible two bit sequences. Since h(t ) > 0, 
t > 0, the inputs are u , ( t )  = - u , ( t )  = 1, 0 I t 5 2 T ,  and 

Because of the overshoot that occurs when the input 
switches from 1 to - 1, or vice versa, if T = To,  then the 
maximum distance between any two distinct outputs over 
the interval [0,2T + 61, where 6 is a fixed sampling delay, 

-4T2 -2T21 \,*U2 

\ 
Fig. 1. Outputs t * u , ( t )  where u l ( t ) = l ,  u 2 ( t ) = - l ,  u , ( t ) = - u & t ) ,  

and u,(r) switches from 1 to - 1. 

is greater than d. The period T can therefore be de- 
creased to T '  < TI,  (thereby increasing the rate) so that 
max,, i, . 2T,+Slh * u, ( t>  - h * u,(t)l = d ,  i f j .  It is as- 
sumed in Fig. 1 that T = T'. 

Given that the inputs have the form ( 2 . 3 ,  the output of 
the channel can be sampled at times nT  + 6, n = 1,2,. . . , 
and a simple threshold detector can be used to detect 
each bit sequentially. In particular, if at time t,, = nT  + 6 ,  
y,(t, ,)- y,(r,,) = d ,  where y , ( t )  = h * u , ( t ) ,  then the thresh- 
old level is set to y,, = [y,(t , , )  + y,(t, ,)]/2. If the received 
output r ( t , , )  > y,,, then the receiver excludes U ,  as a 
possible transmitted signal, and if r ( t , , )  < y,,, then U ,  is 
excluded. The sampling phase 6 should be chosen so that 
the distance between outputs at sampling times is maxi- 
mized. Fig. 1 indicates that for the minimum T there may 
be a fixed delay 6 between when a bit is transmitted, and 
when it is detected. A more revealing illustration of this 
point is given in Fig. 2, which shows an impulse response 
consisting of two pulses separated by a delay. The optimal 
delay 6 that maximizes the distance d is shown in Fig. 2. 

Theorem 1: Given any h( t )  and discrimination d > 0, 
then 

1 
T MCT( d )  2 - (2 .7)  

where T satisfies 

max (/ '+'lh( t )  Idt - / " A (  t )  l d t )  
6 6  

d 
8 2 

= max [ C (  6 + T )  -2C( a) ]  = -.  (2 .8 )  

Proof Consider the set of inputs having the form 
(2.5), where 

and 6 and T are chosen according to (2.8). Assume that 
for the distinct inputs U ,  and U , ,  b,,All  - - b,,k,, for some - 
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k,, 2 1 and that bt.k = b,.k for k < kll .  Then 

sgn h( k0T + S - s)  ds 

. ~ , ~ ( t ’ + (  k,, - k ) T )  dt‘ I 1  
since T and 6 are chosen so that (2.8) is satisfied. Conse- 
quently, with the set of inputs previously defined, k,,  bits 
can be communicated in time k,,T + 6, so that 

ko 1 2 lim -- -- 0 (2 .11)  
k,,+mkoT+S T ’  

If h ( t )  2 0 for all t ,  (2.8) says that if the input is initially 
1, and subsequently switches to -1 at time T ,  then the 
maximum value of the output is d / 2 .  If h ( t ) =  Ae-ar 
where A and a are positive constants, then the 6 that 
maximizes the left-hand side of (2.8) is zero for any T .  
Consequently, the preceding lower bound for the MCT is 
1 / T  where C ( T )  = d/2. I t  is shown in [41 that this is 
exactly the MCT, so that the method for constructing 
inputs (2.8), (2.9) maximizes the data rate in this case. Of 
course, it is apparent that this method gives a data rate 
equal to the MCT whenever the optimal inputs have the 
form (2.5). 

111. AN UPPER BOUND ON THROUGHPUT 

One way of upper bounding the number of distinguish- 
able signals, N,;,,, is to consider the following question: 
Given that we have control over the (bounded) input of 

the channel, and that the output of the channel is con- 
strained to take on a given value a at a given time t ,  how 
far apart can we spread the output at some future time 
T? Let h denote the channel impulse response, so that 
the output at time t is y ( t ) =  h * d t ) ,  where U is the 
input and the asterisk denotes convolution. Then the 
largest and smallest outputs at time T are 

and the spread function is defined to be, for T 2 0, 

cT( 7, a )  = cT+ (7, a )  - U - (  7 ,  a ) .  ( 3 . 2 )  

The spread function is not necessarily a monotonically 
increasing function of T. 

Before proceeding to the precise statement of results, 
we first give an overview and discussion of what follows. 
For a large set of impulse responses H ,  which will subse- 
quently be defined, we prove the following upper bound 
on the MCT. For any impulse response in H let ? be the 
first time at which the spread a(?, 0) = d. Then 
MCT(d) I l / i  in bits/s. The reason for choosing a = 0 
is that this value maximizes the spread for any fixed T 

(see Theorem 3) .  An alternative statement of this upper 
bound is that for any h( .) E H ,  if the data rate is R, then 
the maximum separation between pairs of outputs can be 
no greater than a(l/R,O).  

I t  is easily verified that this upper bound is always 
greater than or equal to the lower bound given by Theo- 
rem 1. In particular, if it is assumed that the inputs have 
the form given by (2.9, then the symbol period T must be 
greater than ? to guarantee a separation of d between 
any two distinct outputs. Otherwise, if T < ?, then by the 
definition of ?, two channel inputs corresponding to mes- 
sages which differ in only bit cannot “spread apart” by d 
in one symbol period T.  

Although our upper bound is not very tight for many 
impulse responses in the set H (see the numerical exam- 
ples in Section VII), it gives the exact MCT for the case 
of the exponential impulse response h(r)  = Ae-“‘, a 2 0 
(which is in the set H ) .  In this case the state of the 
channel at time t can be taken to be the output y ( t ) .  
Consequently, given y( t ) ,  the output at time T ,  where 
T > t ,  is independent of the input ~ ( s )  for s < t .  The 
function c ~ + ( c ~ - )  is therefore determined by selecting the 
input U ( S )  for t < s < T to maximize (minimize) y ( T ) ,  i.e., 
4 s )  = 1( - 1). In this case we therefore have that U ‘ ( ~ , 0 )  
= t- C(T), where C(T) is defined by (2.2). Therefore 
c ~ ( ~ , 0 )  = 2 C ( 7 ) ,  and the upper bound agrees with the 
lower bound given by Theorem 1 (see the discussion 
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Fig. 2. Impulse response for which optimal sampling delay 6 > 0. 

following (2.1 I)). In general, of course, y ( T )  depends not 
only on y ( t ) ,  but also on U($) for s < t ,  so that u ( T , O )  will 
be strictly greater than C ( T ) ,  which implies that the 
preceding upper bound on MCT will be strictly greater 
than the lower bound. 

The proof of the preceding upper bound assumes that 
the spread function has certain monotonicity properties, 
which are defined in the Appendix. The set H is the set 
of impulse responses for which the associated spread 
functions satisfy these properties. Conditions that an im- 
pulse response must satisfy to be in H are derived in the 
Appendix (see Theorems 7 and 8), and are stated in (3.81, 
(3.9). Although we have not been able to prove that the 
preceding upper bound holds for any h( t ) ,  neither have 
we found a counterexample. That is, we have not found 
an h( t )@ H and a set of inputs such that the resulting 
lower bound on MCT is greater than l/?. Whether or 
not such an impulse response exists remains an open 
question. 

An upper bound on MCT that holds for arbitrary 
bounded and piecewise continuous h( t )  can be obtained 
by modifying the spread function in such a way that the 
monotonicity properties referred to in the preceding 
paragraph are always valid. This new modified spread 
function, S(T ,  a ) ,  has the property that S(T ,  a )  2 U ( T ,  a )  
for any T and cy (see (3.31, (3.4)). For any impulse re- 
sponse h( t )  let T *  be the first time at which S(T*,O)= d 
(see (3.6)). Then it will be shown that MCT(d) I 1 / ~ * .  If 
h ( t ) E  H ,  then T + = ? ;  however, in general, T *  < 7  for 
h ( t )  E H .  

The rest of the paper is organized as follows. Our main 
result is Theorem 2, which, given any bounded and piece- 
wise continuous impulse response, states a lower bound 
on the minimum time it takes to distinguish N channel 
outputs for fixed receiver discrimination d. This directly 
implies the preceding upper bound on MCT, and an 
upper bound on the maximum separation between chan- 
nel outputs for a fixed number of inputs and time interval 
[O,Tl (see (3.12), (3.13)). Computation of the spread func- 

tion, which determines the upper bound on MCT for 
h E H ,  is then considered in Sections IV-VI. In general, 
computation of the spread for arbitrary h( t )  is difficult 
(see [SI). However, in the discrete-time case it is shown in 
Section IV that the calculation of spread is equivalent to 
solving a linear program with bounded variables and one 
equality constraint. The derivation of a fast algorithm for 
solving linear programs in this class is presented in Sec- 
tions V and VI. Upper and lower bounds on MCT for 
some specific sampled impulse responses are subse- 
quently presented in Section VII. Two of the examples 
correspond to existing subscriber loop twisted-wire pairs. 

A. Statement of Results 

h(t),  we define the following functions 
To compute an upper bound on the MCT for arbitrary 

S + ( t , a )  = sup a+(s , cy ' )  (3.3a) 
O < S < I  

- ~ ~ / l ~ ~ ! I 0 1 ' I a  

S - ( t , a )  = inf ~ - ( s , a ' )  (3.3b) 
O < S I l  

01 I 01'5 ll/lll ,  

and 

S + ( t , a ) = a +  sup ( S + ( t , a ' ) - a ' )  (3.4a) 

S - ( t , a ) = a -  inf ( a ' - S - ( t , a ' ) )  (3.4b) 

where llhll, = /c;"lh(s)l ds. Also, S( t ,  a )  = S'(t ,  a )  - 
S - ( t , a ) ,  and S ( t , a )  is defined similarly. Note that 
U ( T ,  a )  5 S(T ,  a )  for any T and cy. 

The proof of the next theorem is given in the Ap- 
pendix. Throughout the rest of the paper it will be as- 
sumed that h( .) is bounded and piecewise continuous. 

Theorem 2: For any impulse response h ,  discrimination 
d > 0, and positive integer fi, 

a<a'lll/7111 

- l l / l [ I , I u ' < a  

Tmin( N ,  d )  2 n T *  (3.5) 
where T,,,(N, d )  is defined by (2.3), 2"- ' < N I 2", and 
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. ,, (3.6) Theorem 3: For any fixed T ,  a + ( ~ , a )  is a concave 
function of a. Also, 

I t  will be shown (see Theorem 7) that supn S ( T , ~ ) =  
s ( T ,  0). 2 )  S U ~ , ( T ( T , ~ ) = ( T + ( T , ~ ) - - ( T ~ ( T , ~ ) .  

1) a + ( ~ , a ) =  - a p ( T ,  - a )  

Let Proof: Without loss of generality we can assume that 
t = O  in (3.1). Let u I ( s )  and u,(s) be inputs such that 
a + ( T , a , ) =  h * u , (T )  and a + ( T , a 2 ) =  h * u,(T), so that (3'7) 
h * u J 0 )  = a I  and h * u,(O) = a,. Consequently, 

Note that T * I ?  for any h.  It is shown in the Appendix 
that if the impulse response h ( t )  satisfies h [ e u ,  + ( 1  - o ) ~ , ]  ( 0 )  = oh * ~ ~ ( 0 )  + ( 1  - e ) h  * ~ ~ ( 0 )  

=oa,  + ( l - O ) a *  (3.14) 

where 0 I 0 I 1, and 
where 

oa+ ( T , a l )  + (1  - 0 ) a +  ( T , a , )  

> 1, s10 , (3.9a) B ( t ) =  s ~ { 1 h ( - s )  i h ( t - ~ )  

\ , "  I 

at time t = ~ * ,  then T * = + .  For the impulse response 
functions considered in this paper, this condition is true 
for all t so that the simpler upper bound MCT I l/? 
applies. Note, in particular, that (3.8) is true for any 
positive and nonincreasing impulse response. An impulse 
response for which (3.8) is false for some values of t is 
h ( s )  = s, 0 < s I til, h(s )  = 0 elsewhere. 

Theorem 2 implies that 

N,,,( T ,  d )  I2'T'7*', (3.10) 

for all positive T and d ,  so that 

1 
T *  

M C T ( d ) < - - .  (3.11) 

Defining the max-min distance among N outputs in a 
given time interval [O, TI as 

= e h  * u , ( T )  + ( I -  e ) h  * U , (  T )  

= h * [ o ~ ,  + ( 1  - e ) ~ , ]  ( T )  

- < a+ [ T , e a ,  + ( 1  - o ) 4 ,  (3.15) 

which proves that a+ is a concave function of a. Property 
1) is obvious from the definition of U +  and a-. Property 
1) implies that ( T ~ ( T , ( Y )  is convex in a ,  so that v + ( T , ~ ) -  

( T - ( T , ~ )  is concave and is an even function of a. Conse- 
0 quently, supu (a+ - U -  ) occurs at (Y = 0. 

IV. DISCRETE-TIME FORMULATION AND LINEAR 
PROGRAM 

To calculate the spread function in practical situations, 
we consider the discrete-time case, and formulate the 
optimization problems as linear programs. The channel 
impulse response h( t )  and input u ( t )  are therefore vec- 
tors, and t ,  T ,  and s are integer-valued. Continuous-time 
computation of spread is considered in [SI. To make the 
problem have a finite number of variables, we pick T 
large enough so that the impulse response is negligibly 
small for s > T ,  and consider the signal only in the range 
0 I s I T .  The output of the channel at time T is 

d,,,(N,T) = max min SUP l y , ( t ) - y , ( t > l  (3.12) 
t ' l ~ " ' 3 L ' %  1 2 1  O l f l T  T 

y ( T )  = h ( T - s ) u ( s ) .  (4.1) 
s = 0 where 1 I i, j I N, lu,(t)l I 1 for all t > 0, and y,(O) = 0 

for each i ,  then Theorem 2 and the proof of Theorem 1 
imply that The calculation of a+ then becomes 

T 

max h( T - s ) u (  s) (4.2) 
s = 0 and 

subject to the constraints 
dm,,(2" ,nT+6")  2 S U p 2 ( c ( T + 6 ) - 2 c ( 6 ) )  (3.13b) 

6 f 

for all T >  0, and positive integers n ,  where 6* is the h ( t - s ) u ( s ) = ( Y  (4.3) 
s = 0 value of 6 that achieves the supremum on the right. 

Solving the optimization problems embodied in (3.1) 
and (3.2) enables us to upper bound the maximum 
throughput of the channel. Before proceeding to the 
computation of the spread function, we first prove Some 
elementary facts about a+ and U-.  

[ U (  s) I 5 1 ,  s = 0; . . ,T .  (4.4) 

This is a linear program with T + 1 variables constrained 
to lie in the unit cube, with one additional equality 
constraint. To simplify the notation, we rewrite (4.2)-(4.4) 
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as 
maxg'x 

S 

f ' x  = a (4.5) 
1x1 I 1  

where g is the vector of impulse response coefficients and 
f is a shifted version of g. 

V. CHARACTERIZATION OF SOLUTIONS 

It is interesting to note that the dual program to (4.5) is 
the unconstrained I, approximation problem 

m;" { Ik - A f  II I + ha)  (5.1) 

where llxlll = C,Ix,I. This problem was considered by 
Laplace, among others [5],  who gave an O(n1ogn) algo- 
rithm for finding the optimal A .  Witzgall [61 shows that 
the linear program (4.5) can be solved directly by using a 
"weighted median" algorithm. Depending on the method 
for finding the weighted median, this leads to O(n log n )  
and O(n)  algorithms. We will next present a direct 
derivation of a somewhat different O(n log n )  algorithm, 
which will be fast enough for our application. 

We begin with some observations that will allow us to 
simplify the discussion without loss of generality. Note 
first that if a is negative, we can multiply the single 
constraint equation by - 1, so we will assume cy 2 0. Note 
next that if any f ,  = 0 we can take x ,  = sgn(g,) and 
effectively eliminate x ,  from the problem. Also, if f ,  < 0, 
we can replace x , ,  f,, and g, by - x , ,  - f,, and - g,, 
respectively, again without changing the problem. There- 
fore, we will assume that f, > 0 for all i. Finally, it will be 
convenient to order the ratios g / f  in decreasing order, 

The problem described by (4.5) is that of maximizing a 
linear function on the set resulting from the intersection 
of a hyperplane and the unit cube. Intuitively, there 
should always be a solution that lies on a bounding edge 
of the hypercube. This can be stated formally as follows. 

Theorem 4: For given vectors g and f there is an 
integer k and optimal solution x to the linear program 
(4.5) with the property that Ix,I = 1 for all i # k .  

Proofi Suppose in an optimal solution there are two 
indexes j ,  k ,  j < k such that lxll f 1 and lxkl # 1. By opti- 
mality, x ,  and xk solve the problem 

gl /f I 2 g2 / f 2  2 . . . 2 g n  / f n .  

g J x J  + gkxk (5.2) 

(5.3) subject to f , x ,  + fkxk  = c 

where c is a constant. 

x ,  by x A  + 6 , .  In order to keep f ' x  = c we must have 
Consider what happens if we replace x, by x ,  + 6, and 

As, + fk'k = O. (5.4) 

6 J f , ( g J / f , - g , / f k ) .  ( 5 . 5 )  

Using that fact, the change in the cost of the solution is 

If g, / f ,  = g, / f , ,  the cost is unaffected, so we can in- 
crease 6, until either lx,l or lxLl = 1. Otherwise, we can 
increase the cost by choosing 6, positive, which is a 
contradiction. 0 

From now on, we will always use the symbol k to 
represent an index with this property 

I x , J= l ,  i # k .  (5.6) 
We can now characterize the solution more precisely. 

the property (5.6) for which 
Theorem 5: There is always an optimal solution with 

+1, j < k  
I { -1, j > k  

x .  = (5 .7 )  

Proofi Choose an optimal solution satisfying (5.6) and 
suppose first that lxkl < 1 and the ratios g, / f , ,  i = 

1,2,3;* . ,n  are distinct. 
If j < k it follows from (5.5) that increasing x ,  while 

respecting (5.4) increases the cost, so it must be that 
x, = + 1, by optimality. Similarly, if j > k we would be 
able to increase the cost by decreasing x , ,  so x ,  = - 1. 

When x k  = + 1, the same argument shows that all x ,  to 
the left of xk are +1, but not necessarily that the x ,  to 
the right are -1. In this case, we can satisfy the condi- 
tions of the theorem by changing k to the position of the 
rightmost + 1 in the sequence of x values. Symmetrically, 
choose the leftmost - 1 when x k  = - 1. 

Finally we can deal with the case when the g , / J  are 
not distinct by a perturbation argument. In that case, 
replace the vector g by g + E ( ' ) ,  where E ( ' )  is a sequence 
of vectors that converges to zero, in such a way as to keep 
the ratios g,/f ,  distinct. From the corresponding se- 
quence of optimal solutions, choose an infinite subse- 
quence with the same value of k = K .  Every member of 
this subsequence must be the same optimal solution given 
by the conditions of the theorem and 

VI. AN O(n log n> ALGORITHM 

Theorem 5 states that one way to solve the linear 
program (4.5) is to find the set of indices k such that 

k - 1  n 
f ,  - f ,  + fkxk  = (Y, where lxkl 1. (6.1) 

, = I  1 = k + I  

Theorem 6: Given any real vector f and positive con- 
stant a,  where f, > 0 and C:=,f, 2 a,  then there exists a 
unique k such that either (6.1) is true or 

k n 

cf,- c f , = a .  (6.2) 
r = l  f = k + l  

Proofi Let 
I n 

'1 = - ff + f , '  
i = I  , = ] + I  
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