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We askif analogcomputerscansolveNP-completeproblemsef®ciently.Regardingthis asunlikely, we formulatea
strongversionof Church'sThesis:thatanyanalogcomputercanbesimulatedef®ciently(in polynomialtime) by a digi-
tal computer.From this assumptionandthe assumptionthat P ¹ NP we candraw conclusionsaboutthe operationof
physicaldevicesusedfor computation.

An NP-completeproblem,3-SAT, is reducedto theproblemof checkingwhethera feasiblepoint is a local optimum
of anoptimizationproblem. A mechanicaldeviceis proposedfor thesolutionof this problem. It encodesvariablesas
shaft angles and uses gears and smooth cams. If we grant Strong Church's Thesis, that
P ¹ NP,anda certain``Downhill Principle'' governingthephysicalbehaviorof themachine,we concludethat it cannot
operatesuccessfullywhile usingonly polynomialresources.

We nextproveStrongChurch'sThesisfor a classof analogcomputersdescribedby well-behavedordinarydifferen-
tial equations,whichwecantakeasrepresentingpartof classicalmechanics.

We concludewith a commenton therecentlydiscoveredconnectionbetweenspinglassesandcombinatorialoptimi-
zation.

1. Introduction

Analogdeviceshavebeenused,overtheyears,to solvea varietyof problems.Perhapsmostwidely
known is the Differential Analyzer [4,26], which hasbeenusedto solve differential equations.To
mentionsomeother examples,in [25] an electronicanalogcomputeris proposedto implementthe
gradientprojectionmethodfor linearprogramming.In [18] theproblemof ®ndinga minimum-length
interconnectionnetwork betweengiven points in the plane is solvedwith movableand ®xedpegs
interconnectedby strings; a locally optimal solution is obtainedby pulling the strings. Another
methodis proposedtherefor this problem,basedon thefact thatsoap®lmsform minimal-tensionsur-
faces. Many other examplescan be found in bookssuchas [14] and [16], including electricaland
mechanicalmachinesfor solvingsimultaneouslinearequationsanddifferentialequations.

Given the large body of work on the complexity of Turing-machinecomputation,and the recent
interestin thephysicalfoundationsof computation,it seemsnaturalto studythecomplexityof analog
computation.This paperpursuesthefollowing line of reasoning:it is generallyregardedaslikely that
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P ¹ NP Ð that certain combinatorialproblemscannotbe solved ef®cientlyby digital computers.
(Herewe usethe termef®cientto meanthat the time usedby an``ideal'' digital computeris bounded
by a polynomial function of the sizeof the taskdescription.See[9] for discussionof this criterion.)
We mayaskif suchproblemscanbesolvedef®cientlyby othermeans,in particular,by machinesof a
naturedifferent from digital computers.We thuscometo askif NP-completeproblemscanbesolved
ef®cientlyby physicaldevicesthatdo not usebinaryencoding(or, moregenerally,encodingwith any
®xedradix).We lump suchdevicestogetherunderthetermanalogcomputer; in whatfollows we will
usethe term analogcomputerto meanany deterministicphysicaldevicethat usesa ®xednumberof
physicalvariablesto representeachproblemvariable.This descriptionis admittedlyvagueandcer-
tainly non-mathematicalÐ we meanit to capturethe intuitive notion of a ``non-digital'' computer.
(Moreaboutthis in thenextsection.)

We want to emphasizethat the questionof whetheran analogcomputercansolvean NP-complete
problem ``ef®ciently'' is a question about the physical world, while the P = NP question is a
mathematicalone. However, mathematicalmodels of various kinds provide a formalism that is
apparentlyindispensablefor the understandingof physical phenomena.An important connection
betweenthe mathematicalworld of computationandthe physicalworld of computinghardwarewas
discussedby Church. In his 1936paper[6] he equatedthe intuitive notion of effectivecalculability
with the two equivalentmathematicalcharacterizationsof l -de®nabilityandrecursivity. Turing [28]
then showedthat this notion is equivalentto computabilityby what we havecometo call a Turing
machine,sothat the intuitive notion of effectivecalculability is now characterizedmathematicallyby
``Turing-computability.'' This is generallyreferredto as``Church'sThesis,'' or the ``Church-Turing
Thesis.'' In ourcontextweexpressthis asfollows:

Church's Thesis(CT): Any analogcomputerwith ®nite resourcescan be simulatedby a digital
computer.

Whatwe will cometo demandis morethanthat:we areinterestedin ef®cientcomputation,compu-
tation that doesnot use up resourcesthat grow exponentiallywith the size of the problem. This
requirementleadsusto formulatewhatwecall

StrongChurch'sThesis(SCT):Any ®niteanalogcomputercanbesimulatedef®cientlyby a digital
computer,in the sensethat the time requiredby the digital computerto simulatethe analogcom-
puteris boundedby apolynomialfunctionof theresourcesusedby theanalogcomputer.

Evidently we will needto give a characterizationof analogcomputersandthe resourcesthat they
use.This is discussedin the next section. Following that, we arguethat certainnumericalproblems
areinherentlydif®cult (i.e. not polynomial)for analogcomputers,eventhoughtheyareeasyfor digi-
tal computers.

Somethinglike our StrongChurch'sThesiswasdiscussedrecentlyby Feynman[8] in connection
with theproblemof building a (digital) computerthatsimulatesphysics.Hesays:

``Therule of simulationthat I would like to haveis that thenumberof computerelementsrequired
to simulatea largephysicalsystemis only to beproportionalto thespace-timevolumeof thephysi-
cal system.I don't wantto haveanexplosion.''
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Wewouldarguethat``proportionalto'' bereplacedby ``boundedby apolynomialfunctionof,'' in the
spirit of moderncomputationalcomplexitytheory.

A classof mechanicaldevicesis proposedin Section5. Machinesin this classcanbe usedto ®nd
local optimafor mathematicalprogrammingproblems. We formalizethe physicaloperationof these
machinesby a certain``Downhill Principle.'' Basically, it statesthat if, in our classof mechanical
devices,there are feasible ``downhill'' directions, the statevector describingthe physical system
movesin suchadirection. Wealsodiscussmeasuringtheresourcesrequiredby thesemachines.

In Section 6 we reduce 3-SAT (the problem of whether a Boolean expression in
3-conjunctivenormal form hasa satisfyingtruth assignment),to the problemof checkingwhethera
given feasiblepoint is a local optimumof a certainmathematicalprogrammingproblem. This shows
thatmerelycheckingfor local optimality is NP-hard.

In Section7 a mechanicaldevicein the classmentionedaboveis proposedfor the solution of 3-
SAT. Naturally,theef®cientoperationof this machineis highly suspect.Be carefulto noticethat the
operationof any machinein practiceis a physicsquestion,not a questionsusceptibleof ultimate
mathematicaldemonstration.Our analysismust necessarilybe basedon an idealizedmathematical
model for the machine. However, we can take the likelihood of
P ¹ NP, plus the likelihood of StrongChurch'sThesis,asevidencethat in fact sucha machinecannot
operatewith polynomiallyboundedresources,whatevertheparticularlawsof physicshappento be.

Theparadigmthatemergesfrom this line of reasoningis thenthefollowing:

If a strongly NP-completeproblemcan be solvedby an analogcomputer,and if P ¹ NP, and if
StrongChurch'sThesisis true, thenthe analogcomputercannotoperatesuccessfullywith polyno-
mial resources.

We will thenprovea restrictedform of StrongChurch'sThesis,for analogcomputersgovernedby
well-behaveddifferentialequations.This suggeststhatanyinterestinganalogcomputershouldrely on
somestronglynonlinearbehavior,perhapsarising from quantum-mechanicalmechanisms;however,
the problem of establishingStrong Church's Thesis (or even the Weak Thesis) in the caseof
quantum-mechanicalor probabilisticlawsis anopenproblem.

2. SomeTerminology

We know what a digital computeris; Turing haslaid out a model for what a well-de®neddigital
computationmustbe: it usesa ®nitesetof symbols(without lossof generality{0,1}) to storeinforma-
tion, it canbe in only oneof a ®nitesetof states,and it operatesby a ®nitesetof rules for moving
from stateto state.Its memorytapeis not boundedin lengtha priori, but only a ®niteamountof tape
canbe usedfor any onecomputation.What is fundamentalaboutthe ideaof a Turing Machineand
digital computationin general,is that there is a perfectcorrespondencebetweenthe mathematical
model andwhat happensin a reasonableworking machine.Being de®nitelyin one of two statesis
easilyarrangedin practice,andthe operationof real digital computerscanbe (andusually is) made
very reliable.

In orderto discusstheapplicationof theTuring machinemodelto solvingcomputationalproblems,
we needsomeadditional terminology. A problem instanceis a ®nite string of bits, of length L,
togetherwith an interpretationof the bit string that speci®esthe encodingof a particularcomputa-
tional problem. The integer L is termed the size of the input. It is with respectto L that the
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complexity of computationis measured.If a computationrequiresno more than L k steps,for some
®xedk, wesayit is polynomial; otherwisewesayit is exponential.

We now turn to the task of formulating modelsfor analogcomputersand to a discussionof how
analogcomputersareappliedto solving computationalproblems. An analogcomputeris an indexed
family of physicaldevices,parametrizedby a setof probleminstancesfor which solutionsareto be
obtained. Mathematicalmodeling of the operationsof the devicesdependson the mathematical
representationfor theunderlyinglawsof physics,whateverthoselawsmaybe.

Someadditional restrictionsare assumedto hold. First, for eachproblem instance,the problem
variables(determinedfrom the interpretationof the bit string) areencodedwithin the corresponding
physicaldeviceasvariableswhosemathematicaldescriptionsarespeci®callyconstrained.Eachphy-
sicalvariableis modeledby a quantitytakingvaluesin a normed,®nite-dimensional,realspacewhose
dimension doesnot dependon theprobleminstance.As anexample,thevalueof a problemvariable
x maybeencodedby theangulardisplacementof a shaft,by anelectric®eldin 3-space,by amagnetic
®eldstrength,etc. This restrictionis to be comparedwith the useof binary encodingof variablesin
digital computers.A ``physicaldigital computer'' would allow encodingthevaluen for thevariablex
with k = O(logn) distinctelectric®elds,shaftangles,etc.

A secondrestrictionconcernsthe decodingprocesswherebythe solutionof eachprobleminstance
is obtainedasa functionof thephysicalvariablesafteroperationof thephysicaldevice. It is essential
to model the inherentaccuracylimitations of physicalsensorsthat mustbe employedto ``readout''
thesolutionto eachinstance,by assumingthateachanalogcomputerhasanassociatedabsolutepreci-
sion, e. We requirethat for anyprobleminstance,thesolutionobtainedfrom thephysicaldevicedoes
not changewhenthephysicalvariablesrangeoverane-neighborhood(de®nedusingthemathematical
model for physicalvariables)of their nominal values(i.e. the valuesgeneratedby the mathematical
modelof thedevice).

We want to point out a distinctionrelatedto the precisionissue. All mathematicalmodelsmay be
regardedas idealizationsof physical reality due to unmodeledand imperfectly modeledeffects. In
orderto discusstheoperationof physicaldevicesusingmathematicalmodels,it is importantto insure
that themodelsarerobustin thesensethat thephysicalbehaviorpredictedby themathematicalmodel
is not moresensitiveto small changesin the model than is the underlyingphysicalsystemto small
perturbations.However,it is adif®culttask,in general,to comeupwith suitablequanti®cationsof the
notionof small changesin a model.We would arguethat for thepurposesof investigatingthe limita-
tions on analogcomputationarising from computationalcomplexity theory, the useof ``idealized''
analogcomputerswhosephysicaloperationcorrespondspreciselyto its mathematicaldescriptionis
appropriate. In somecasesit will be possibleto incorporatesomerobustnessin the mathematical
modelexplicitly throughthelimited precisionpropertydescribedabove.

Finally, we makea generalassumptionthat thephysicaldevicesusedfor analogcomputationexhi-
bit causal,deterministicbehavior: given a completedescriptionof the device(model) at any time
instantt0, thedescriptionof thedevice(model)at timest > t0 is uniquelydeterminedby the external
input actingon the device(model)during the interval [ t0 ,t ]. We thusrule out quantum-mechanical
systems,althoughin Section9 quantummechanicsis discussedby meansof anexample.

Now thatwe havea generalframeworkin which to studyanalogcomputationthroughmathematical
models,we needto de®neour notion of the resourcesusedby an analogcomputer. Intuitively, we
associatephysicalresourceswith theoperatingcostsof thephysicaldevice.Thusthephysicalsize,the
mass,the initial stored energy,and the time interval of operationof the device are among the
resourcesused. In addition, the mathematicalmodel obtainedfrom applying physical laws will
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involve physicalvariablesandpossiblytheir time andspatialderivatives.Themaximummagnitudes
of all suchquantitieswill also be regardedas resourcerequirements.As an example,for a particle
describedby Newtonianmechanics,the maximumdisplacement,velocity, acceleration,andapplied
forceareall resourcesin additionto themassandthetime of operationof thedevice.

3. Combinatorial vs.Numerical Problems

An input stringof lengthL bits canencodea numberaslargeas2L , andthis createsa fundamental
roadblockpreventingthe ef®cientsolution of certaincomputationalproblemswith an analogcom-
puter. To illustrate the problem,supposewe want to comparetwo positive integers,n1 andn2 . We
imaginethe following analogcomparator.Createtwo particleswith equalchargeshavingmassesm1
andm2 , respectively. Placethem in a uniform electric ®eld.The transit time from a ®xedstarting
positionto another®xedendingpositionis proportionalto Ö

���

mi , sotheparticlewith thesmallermass
arrivesat thegoalline ®rst.Thetime complexityof thecomputationis T(L) = O(

{ i =1,2}
min Ö

���

mi ).

We areleft to decidehow themassesareto encodethenumbers.In orderto obtaina machinethat
doesnot dependon thespeci®cprobleminstance,theencodingshouldbea monotonicfunction. Sup-
posewe let Ö

���

mi = f(n i ). Thenif f is a polynomial, the time T(L) is exponentialin L. To keepthe
time complexitypolynomial, therefore,we shouldchoosef to be logarithmic.But this leadsto accu-
racy problems:for adjacentlargenumbersthe masseswill be so closetogetherthat we will haveto
makethe physicalsizeof the machineexponentiallylargeto discriminatebetweenthe arrival times.
(Or what is the samething, we will needto discriminatebetweentimes that areexponentiallyclose
together.)

Thedif®culty is causedby the fact that thesizeof a physicalquantity(massin this case)is usedto
encodea numberthat is binary-encodedin the input sequence.We can statethis result in general
termsasfollows.

Theorem 1. Supposean analogcomputerencodesan input variablex that appearsin the input string
in binary form by thephysicalquantityf(x) . Supposethat thenumberof differentvaluesthat maybe
takenonbyx is not boundedby anypolynomialin L, thesizeof a probleminstance.Thenthenormof
thephysicalvariablef(x) is not boundedbyanypolynomialin L.

Proof. Let e be the absoluteprecisionassociatedwith the analogcomputer,and supposethat f(x)
takesits valuesin p-dimensionalspace(wherep is ®xedover all probleminstances).If the norm of
f(x) is boundedby thepolynomialL k , thevolumeof thecorrespondingspherein p-dimensionalspace
is O(Lpk) . Howeverin orderto bedistinguishable,eachpossiblevalueof f(x) mustbesurroundedby
a sphereof diametere, andhencevolumeO(1) with respectto L. Clearly, therecanbeonly polyno-
mially manyvaluestakenonby f(x) . This provestheresultby contraposition.

�

This resultshowsthe futility of searchingfor (asymptoticallyef®cient)analogcomputersto solve
problemsinvolving largenumbers.NP-completeproblemssuchasthePARTITION problemandthe
INTEGER KNAPSACK problemfall in this class. However,it turns out that thereare other NP-
completeproblemswhoseprobleminstancesconsistonly of input stringscorrespondingto numbers
that are boundedby somepolynomial in L, the size of the instance. This is the classof so-called
stronglyNP-completeproblems,andit containssuchproblemsasHAMILTON CIRCUIT, 3-SAT,and
others[9].
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4. A Polynomial Analog Machine

Our exampleof comparingtwo integersshowsthatsomeproblemsthatare``easy'' for digital com-
puters,e.g.solvablein linear time, areinherentlydif®cult for analogcomputersbecauseof thenature
of thenumericalrepresentationof analogquantities.We now provideanexampleto showthatanalog
computerscanbefoundthatdo in fact solvesome(``easy'') combinatorialproblemswith polynomial
resources.Theseproblemscannothavenumbersencodedin the input string that get exponentially
large. After that we will turn to the more interestingclassof seeminglyintractableproblems,the
stronglyNP-completeproblems.

Considerthefollowing problem:

GRAPH CONNECTIVITY: Given a graphG = (V, E ) andtwo distinguishedverticess,t Î V, is
thereapathin G from s to t?

Notice that an instanceof this problemcanbe encodedin sucha way that the largestnumberin the
problemdescriptionis only polynomially largeasa functionof the lengthof theinput,L. We will call
suchproblemscombinatorial. This problemcanbe solvedin polynomial time on a Turing machine,
andwe saythat suchproblemsarein Digital P-time. The amountof tapeusedby a Turing machine
computationcanbeno largerthanthe numberof time steps,andit usesno resourcesotherthantime
andtape(``space'').Therefore,a problemin Digital P-timeis alsoguaranteedto useno morethana
polynomial amountof resourceson a Turing machine.On the other hand,an analogcomputercan
conceivablyoperatesuccessfullyin polynomialtime but requireanexponentialamountof someother
resource,suchastorqueor instantaneouscurrent.We will thereforewant to insist that a ``fast'' and
well behavedanalogcomputationusetotal resourcespolynomialin theinput description.

It is now easyto showthat GRAPH CONNECTIVITY canbe solvedby an analogmachinewith
polynomialresources.Makeanelectricalnetworkout of thegraph,asshownin Fig. 1, puttinga wire
of constantresistanceper unit length whereverthereis an edge,and joining the wires at the nodes.
Apply a voltagesourceof size|V| volts betweennodess andt, andmeasurethe current.If thereis a
pathbetweens andt therewill be a resistanceof at most |V| ohmsbetweenthem,anda steady-state
currentof at least1 amperewill ¯ow. If thereis no path,the resistancewill be high andthe current
will ultimatelygo to zero.
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Thetime requiredfor theoperationof this analogcomputerwill dependon theparasiticcapacitance
of the circuit, which will determinethe effectiveRC time constantof the circuit. If the wire lengths
grow linearly with thenumberof edges|E|, thetotal capacitanceseenby thevoltagesourcewill beno
worsethanproportionalto |E| 2. Similarly, the total resistancewill be no worsethanproportionalto
the length of the longestwire and the numberof edges,and so also O(|E| 2 ). Hence,to distinguish
betweenthe caseswherethereis andis not a path(in thepresenceof ®xedprecision)takestime pro-
portionalto theRCtime constant,which is O(|E| 4 ). It is alsoclearthat the total sizeandpowercon-
sumptionof thenetworkarealsopolynomialin |E|.

We thushaveat leastoneproblemwhereananalogcomputeroperatessuccessfullywith polynomial
resources.A key question,then, is whetherthereis a stronglyNP-completecombinatorialproblem
(nonnumericalin the sensedescribedabove)that canbe solvedwith polynomial resourcesby some
analogcomputer. After somepreliminaries,we will describea machinethat ostensiblysolvessucha
problem:3-SAT. Weareableto predictthatthis machinecannotoperateef®ciently.

5. A Classof Mathematical Programming Machines

Considerthefollowing instanceof a linearprogrammingproblem:

max z = 2x1 + x2

w = x1 + x2 £ 1 (5.1)

x1 ³ 0, x2 ³ 0

Theoptimumsolutionof (5.1) is x1 = 1, x2 = 0 (seeFig. 2).

We proposethe following analogcomputerfor this problem. Eachof the variablesx1, x2 will be
representedby the angularposition of a shaft. Shaft positionscanbe negatedby a simple 1:1 gear
couplingandcanbemultiplied by a constant -| c| by a 1:c gearcoupling(seeFig. 3). Two shaftposi-
tionscanbesubtractedwith a differentialgear(seeFig. 4). Thedifferential forcestheanglesp, q, r to
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satisfytheequationp - q = r. A full descriptionof it canbefoundin [20]. (Differentialsareusedin
automobiletransmissions.)To preservesymmetry,we shallmaketheassumptionthat thedifferential
addsthe anglesp andq; this canbe accomplishedeasilyby incorporatinginto it an inverter for the
angleq.

We use the aboveprimitives for multiplication by a constantand summationto solve (5.1), as
shownin Fig. 5. We havefour shaftswhoseangularpositionsrepresentthevariablesx1, x2, w andz.
Their angularpositionsarenot independent;the differentialsandgearcouplingsenforcethe relation-
ships:z = 2x1 + x2, w = x1 + x2. Hencewe havetwo degreesof freedom. We cansettheangular
positionsof any two shaftsto any desiredvalues,andthis will ®x the angularpositionsof the other
two shafts. The constraintx1 + x2 £ 1 canbe imposedby putting a stopat position 1 of the shaft
representingw = x1 + x2. The constraintsx1 ³ 0, x2 ³ 0 can be imposedsimilarly, by putting
stopsat positions0 of theshaftsrepresentingx1 andx2.

Supposethat we start the machineat the feasiblestatex1 = 0, x2 = 0. Then we can maximize
z = 2x1 + x2 (under the constraintsof (5.1)), by simply rotating the shaft representingz towards
increasingvalues,as far aspossible. Sincethe angularpositionsx1 andx2 alwayssatisfy the con-
straintsimposedby the stops,the maximumangularpositionof thez shaftwill be theoptimumsolu-
tion of (5.1).

Now considerthe dynamicsof the machine. As we start rotating the z shaft towardsincreasing
valuesof angularposition,2x1 + x2 will increasefrom 0 to 2. Sincethex1, x2, andw shaftsareleft
alone(exceptfor thestops),we arebasicallyusingonly onedegreeof freedom. Thustherearemany
feasiblepathsfrom the initial point (x1 , x2 ) = (0, 0) to the®nalpoint (x1 , x2 ) = (1, 0); theonefol-
lowedwill bedeterminedby therelativevaluesof thevariousfriction coef®cientsinsidethemachine.
For example,assumethat the shaftrepresentingx1 is muchharderto turn thanthe shaftrepresenting
x2. Then,aswe areincreasingz, it is possiblethatx1 remainsat position0, andx2 = z. That is, the
differential enforcingz = 2x1 + x2 ``chooses''to distributethe anglez as:x2 = z, x1 = 0. How-
ever,whenw reaches1, w cannotincreasefurtherbecauseof thestopat positionw =1. At this point,
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x2 cannotincreaseany more,but if the force appliedto the z shaft is largeenoughto overcomethe
resistanceof the x1 shaft,x1 will start increasing.Sincew = x1 + x2 £ 1, x2 will decreaseuntil it
reachesthestopat positionx2 = 0. This way, thepathp1 shownin Fig. 6 will befollowed.

In general,a path like p will be followed; p hasthe propertythat it is directedtowardsincreasing
valuesof z. The actualpath p will be determinedby the machine'spreferreddirection in the state
spaceat eachstate. This is determinedby the relative friction coef®cientsinside the machine. We
ensurethat the directionstowardsincreasingvaluesof z are achievedby forcing z forward, with a
forcegreaterthanthetotal frictional resistance.

Theabovecanobviouslybeextendedto thegeneralinstanceof linearprogramming:

min z =
j =1
S
n

c j x j

j =1
S
n

a i j x j £ b i , i = 1, 2, . . . , m

x j ³ 0, j =1, 2, . . . , n.

(Without lossof generalitywecanassumethatc j , a i j , andb i areintegers.)
The summationof morethantwo variablescanbe doneusinga treeof differentials. For example

y = x1 + x2 + x3 + x4 canbeenforcedasimplied by y = [ (x1 + x2 ) + (x3 + x4 )]; that is, y will
be theoutputof a differentialwhosetwo inputsaretheoutputsof two differentialswith inputsx1, x2
andx3, x4, respectively.

The problem of exponentially large numbers appearsquite vividly here. For example, the
coef®cientsa i j and c j will determinethe ratios of the gearcouplings;we do not want them to be
exponentiallylarge. Also, evenif the coef®cientsare small, a variable(encodedby an angle)may
becomeexponentiallylarge; this is obviouslyan undesirablesituation. In orderto get ef®cientsolu-
tions, we must restrict the inputsof the machineto instanceswherethesephenomenado not occur.
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Thatwill beaccomplishedby assumingthataninstanceneverhasnumbersgreaterthansomepolyno-
mial function of L, the size of the input encoding. That is, from now on we will assumethat the
optimizationproblemswedealwith arecombinatorialin thesenseof Section3.

An initial feasiblesolutioncanbeobtainedasfollows: Assumeinductively that we havea feasible
solutionx0 = (x1

0 , . . . , xn
0 ) for the®rstk constraints

j =1
S
n

a i j x j £ b i , i = 1, 2, . . . , k.

If

j =1
S
n

ak +1, j xj
0 £ bk +1

thenx0 is a feasiblesolutionfor the®rstk +1 constraints;otherwiseminimize

j =1
S
n

ak +1, j x j

subjectto the®rstk constraintswith initial feasiblesolutionx0. If its minimum valueis £ bk +1, the
valueof x = (x1 , . . . , xn ) thatdoesthis is a feasiblesolutionfor the®rstk +1 constraints;otherwise
theproblemis infeasible.

This techniquecanbefurtherextendedto themathematicalprogrammingproblem

min z = f(x)

g i (x) £ 0, i = 1, 2, . . . , m (5.2)

assuming,of course,thatwe havethedevicesthatcanenforcetherelationsy i = g i (x1 , . . . , xn ) and
z = f(x1 , . . . , xn ). Then a local optimum x* will be found; the machinewill move (in the state
space)from its initial stateto x* alonga paththat is directedtowardsdecreasingvaluesof z. In Fig. 7
wedepictadevicethatrealizesasmoothfunctionf.
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For example,if f is the function of onevariablez = x2, this device,calleda ``squarer,'' enforces
z = x2 betweentheangularpositionsof two shafts. More complexrelationshipscanbeenforced.For
instancez = x.y canbe enforcedwith two squarers,threedifferentialsand a 1:4 gearcoupling,as
implied by theformulaz = [ (x + y)2 - (x - y)2 ] /4 = x.y.

We call suchdevices̀ `MathematicalProgrammingMachines.'' With them,the feasiblespacecan
be mappedout by simply rotating the x1 , . . . , xn shafts;eachcombinationof angularpositionsof
theseshafts correspondsto a point in the feasible space. When, in our attempt to ®nd a local
optimum,we rotatethez shafttowardsdecreasingvalues,we aretracingout somepathin thefeasible
space.

An importantrestrictionis that thesemachinescanonly ®ndlocal optima. Considerfor instancean
optimizationproblemwith anonconvexfeasiblespace,for example

min z

undertheconstraint

z £ h(x) .

Assumethat x0 is a local minimum of h (but not a global minimum). Put z0 = h(x0 ). Then,if we
initialize themachineto (x0 , z0 ) andtry to decreasethevalueof thepositionof thez shaft,this shaft
will not move. The reasonis that there is no way for it to move in the feasiblespacefrom point
(x0 , z0 ) to a point (x* , z* ), wherez* < z0, without ®rstpassingthrougha highervalueof z. The
machinewill tendto move(in thefeasiblespace)to a newstate(x¢, z¢) suchthatz¢< z0; it tendsto
movealonga directionsuchthat theprojectionof thegradientof theobjectivefunctionon this direc-
tion is negative(sincewe are trying to decreasethe valueof the objectivefunction). We formalize
this intuitive notionby thefollowing principle.

Downhill Principle. Let S be a MathematicalProgrammingMachinewhoseshaftpositions(state
variables)x i satisfythesetof relations(5.2). Thenif we startit at a feasiblestatex0 andapplya force
to theshaftrepresentingthevariablez in thedirectionof decreasingz, it will moveif andonly if there
is a feasibledirection(in thestatespace)towardsdecreasingvaluesof z.

The Downhill Principlesimply statesthat if thereexistsa feasible``downhill'' path(i.e. a feasible
path in the statespacesuchthat z decreasesalongthis path)and``downhill'' is a preferreddirection
for thestateof thesystem(this is ensuredby forcing z towardsdecreasingvalues),thenthe statewill
follow such a path. The Downhill Principle comprisesour mathematicalmodel of physics for
MathematicalProgrammingMachines. It appearsto be realistic and adequatefor our purposes;
clearly whetheror not it holds is a physicsquestion,not a mathematicalone that is susceptibleto
proof.

Whenwe operatea MathematicalProgrammingMachineasdiscussedabove,we arerelying on this
principle. Theresourcesrequiredfor this operationarethesizeof themachine,thetorquerequiredto
movethe z shaft if it is going to move,andthe time requiredfor signi®cantmotion to takeplace(in
termsof a thresholdmeasurablemotion). Thesizeof themachineis clearlypolynomialin thesizeof
the instance,becauseof our restrictionthat the instancenot encodeexponentiallylargenumbers.The
questionof whethertheotherresourcesrequiredfor successfuloperationarepolynomialremainsto be
investigated.
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6. Checking for Local Optimality is NP-hard

We intend to usethe machinesdescribedin the previoussectionto attemptto solvean ``interest-
ing'' problem,that is a problemthat is at leastNP-complete.The following decisionproblemis NP-
hard[9]:

QUADRATIC PROGRAMMING: Given a linear objective function, constraintsinvolving qua-
dratic functions,anda constantK, doesthereexist a vector that makesthe valueof the objective
functionlessthanor equalto K, while satisfyingtheconstraints?

We could try to solveQUADRATIC PROGRAMMINGwith the machinesdescribedin the previ-
oussection. However,sincethesemachinescanonly ®ndlocal optima,for certaininitial conditions
(i.e. certaininitial valuesof thevariables),themachinewould getstuckat a local optimum. Thenwe
would haveto rotatebackthe z shaft (i.e. the shaft representingthe valueof the objectivefunction),
changethe valuesof the othershafts,andtry again. Obviouslywe cannotassertthat this procedure
requirespolynomialtime. (It is interestingto notethatanelectricalnetworkfor solvingquadraticpro-
grammingproblemsis proposedin [5], but it is basedon suf®ciencyof the Kuhn-Tuckerconditions,
anddependsfor its operationon positivede®nitenessof thequadraticform. At ®rstthis might seemto
beanothercandidatefor ananalogmachinethatsolvesanNP-completeproblem,but in fact Quadratic
programmingwith apositive-de®nitematrix canbesolvedin Digital P-timewith avariantof theellip-
soidalgorithm[19, Chapter15,Problem16].)

If, however,we wereaskedonly to ®nda local optimum,we would needto try only once,rotating
the z shaft towardsdecreasingvaluesuntil it getsstuck. This point mustbe a local optimumby the
Downhill Principle. Thereis of coursethe questionof how long we would needto rotateit, which
dependson how far the local optimumis from theinitial state. But this problemwould alsodisappear
if we knewwhat this ``candidate''local optimumis; we could initialize themachineto this point and
then just try to rotatethe z shaft. If it doesnot move then this point is a local optimum; if it does
move,thenit is not.

According to the above,if we want to showthat our machinesolvesa hardproblem,we needto
show that the question,``Given a feasiblepoint x0 of an optimization problem P, is x0 a local
optimum of P?'' is at leastNP-complete.We aregoing to provenext that it is NP-hard. First we
de®newhatwemeanby local optimum.

Let P betheoptimizationproblem:for x Î Rn ,

min f(x)

g i (x) £ 0, i =1, 2, . . . , m

Wesaythata feasiblepoint x0 is a local optimumof P if andonly if thereexistsane> 0 suchthat for
everyfeasiblex Î N(x0 , e), f(x) ³ f(x0 ), whereN(x0 , e) is theneighborhood|| x - x0|| £ e.

Local Optimality Checking,or LOC for short,is thefollowing decisionproblem:

LOC: Givenanoptimizationproblem:for x Î Rn ,

min f(x)

g i (x) £ 0, i =1, 2, . . . , m (6.1)
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anda feasiblepoint x0, is x0 a local optimum?

For the encodingproblem,we canassumethat f andeachg i , i =1, 2, . . . , m, is restrictedto be a
compositionof functionstakenfrom a ®xedsetS = { f1 , . . . , f k }; hencewe canhavea ®xedsym-
bol for eachf i . Functioncompositioncanberepresentedasusual,by parentheses.

Theorem 2. LOC is NP-hard for optimizationproblem(6.1) evenif the functionsinvolvedare (a)
linear andpiecewiselinear or (b) linear andquadratic.

Hencethesearchfor local optimain nonlinearoptimizationis a very hardproblemindeed. Evenif
we have a candidatepoint we cannotdecidein polynomial time if it is or isn't a local optimum
(assumingP ¹ NP).

Proof. To proveTheorem2, we reduce3-SAT to LOC. For reference,3-SAT is the following prob-
lem, which is oneof theearliestknownNP-completeproblems,andwhich is stronglyNP-completeas
well [9].

3-SAT: Givena setof BooleanvariablesX1 , . . . , Xn , andgivenB, a Booleanexpressionin con-
junctivenormalform with exactly3 literalsperclause:

B = (Z11 + Z12 + Z13)(Z21 + Z22 + Z23) . . . (Zm1 + Zm2 + Zm3 )

whereeachliteral Z j k is eithersomevariableX i or its negationX� � i , is therea truth assignmentfor
thevariablesX i whichmakesB TRUE?

For eachinstanceof 3-SAT, we will constructan instanceof a problemin real variablesx i . By
example,for eachclausein B that lookslike

(X1 + X� � 3 + X7 )

wewrite aninequalityof theform

x1 + x
�

3 + x7 ³ x0 (6.2)

on realvariablesx0, x i , x
�

i , i =0, 1, . . . , n. Also, weaddtheconstraints

x
�

i £ f(x i ) , i = 1, 2, . . . , n (6.3)

wheref is thepiecewiselinearfunction

f(x) = (4|x| - 5x)/3

In general,if the literal X i appearsin the clause,we include the term x i in the l.h.s. of (6.2); if the
literal X� � i appearsin theclause,we includethetermx

�

i .
Theoptimizationproblemis

max x0

subjectto the constraintsof the form (6.2) (therewill be m suchconstraintsif B hasm clauses)and
(6.3).
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Call this problemREAL 3-SAT,andlet B¢betheinstanceof REAL 3-SATcorrespondingto B.

Claim 1. For eachsatisfyingassignmentS of B, thereexistsa direction (d1 , . . . , dn ) Î Rn and a
direction(d

�

1 , . . . , d
�

n ) Î Rn

where

(d i , d
�

i ) = (3, - 1) if X i = TRUE,

and

(d i , d
�

i ) = ( - 1, 3) if X i = FALSE

in A, suchthat

x0 = q,

(x1 , . . . , xn ) = (d1 , . . . , dn ) .q,

(x
�

1 , . . . , x
�

n ) = (d
�

1 , . . . , d
�

n ) .q,

is a feasiblesolutionof B¢for anyq ³ 0.

Proof. Thesevaluesof the real variablessatisfythe inequalities(6.2) becauseeachl.h.s.hasat least
oneterm thatequals3q (at leastoneliteral is TRUE). Thesumof theothertwo termscanbeno less
than - 2q, sinceeachof them is either 3q or - q. Also, the constraints(6.3) are satis®ed,sinceif
x i = 3.q thenf(x i ) = - q andif x i = - q thenf(x i ) = 3.q; in bothcasesx

�

i £ f(x i )
�

Claim 2. If B¢hasa feasiblesolutionwith x0 > 0, thenB is satis®able.

Proof. If x0 > 0 then each l.h.s. of (6.2) must have a positive term. If x i is positive, put
X i = TRUE; if x

�

i is positive,put X i = FALSE. No variablecanbe setboth TRUEandFALSEby
that rule, sincewe cannothaveboth x i andx

�

i positive; this follows directly from (6.3). Thusevery
clausehasa trueliteral andB is satis®able.

�

Wehave:

B is satis®able==> (by claim 1) x0 = (0, . . . , 0) is not a local optimumof B¢==>
B¢hasa feasiblesolutionwith x0 > 0 ==> (by claim 2) B is satis®able.

ThereforeB is satis®ableif andonly if the feasiblepoint x0 = (0, . . . , 0) is not a local optimumof
B¢.

To obtaina reductionto LOC whenthe functionsinvolved areonly linear andquadratic,we write
(6.3)as

x
�

i £ ( - 5x i + 4|x i| )/3, (6.4)

which is equivalentto

x
�

i £ ( - 5x i + 4y i )/3,
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y i £ |x i| .

This is equivalentto

x
�

i £ ( - 5x i + 4y i )/3,

yi
2 £ xi

2 (6.5)

y i ³ 0.
�

7. A 3-SAT Machine

We could attemptto solve the ``piecewise-linear''versionof REAL 3-SAT with a Mathematical
ProgrammingMachine if we could ®nda machinethat realizesthe piecewiselinear function f(x).
However,sucha machineprobablycannotbe realized,becauseof the discontinuityof the derivative
of f at x = 0. (Considerwhathappensif we movetheshaftrepresentingx with constantvelocity past
the point x = 0: the velocity of the shaft representingy = f(x) will be discontinuous.)However,in
the ``quadratic'' versionof REAL 3-SAT, only smoothfunctionsare involved. We canconstructa
machineimplementingREAL 3-SAT usingdifferentials,gearcouplingsanda squarer.The squarer
canbeimplementedby adevicelike theoneshownin Fig. 7, with f(x) = x2.

However,we choosenot to try to implement(6.5), in orderto avoid the introductionof the n new
variablesy i , i =1, 2, . . . , n. Instead,wewrite (6.4)as

x
�

i + 5x i /3 £ 4|x i| /3 <==> (3x
�

i + 5x i )/4 £ |x i| . (7.1)

Wedenoteby SQ+ thesetof continuouslydifferentiablefunctionsF(x) satisfying

F(x) = x2 if x ³ 0

F(x) £ 0 if x £ 0.

If F(x) is a function in SQ+, it canbeimplementedwith a devicesimilar to thesquarer,and(7.1) is
equivalentto

F((3x
�

i + 5x i )/4) £ xi
2 .

Hence,wewill try to implementtheoptimizationproblem

max x0 (7.2)

undermconstraintsof theform

x1 + x
�

3 + x7 ³ x0 (7.3)

andundern constraintsof theform

F((3x
�

i + 5x i )/4) £ xi
2 . (7.4)

This optimizationproblemis equivalentto the two optimizationproblemsdiscussedin the previous
section.

As discussedin Section5, we can®ndout if the point x0 = (0, . . . , 0) is a local optimumby ini-
tializing the machineto x0 andthenapplyinga torqueto the shaftrepresentingx0. If we acceptthe
Downhill Principle,x0 is not a local optimumif andonly if the shaftrepresentingx0 moves. A way
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to interpretthis conclusionintuitively is to saythat if ``in®nitelyaccurate''analogdevicescould be
built, thentheycouldbeusedto solve3-SATarbitrarily fast.

To summarizethediscussionsofar, we havearrivedat a MathematicalProgrammingMachinethat
solves3-SAT by testingthe local optimality of theorigin in thederivedproblem,REAL 3-SAT. The
machineusesonly gearsand smooth cams and is only polynomially large. If we grant Strong
Church'sThesis,thatP ¹ NP,andtheDownhill Principle,wemustconcludethatsuchamachinetakes
exponentialresources.

Thereare two ways to follow up on this ®nding. The ®rst is an experimentalstudy to test the
hypothesisthat the 3-SAT machinerequiresexponentialresourcesaspredictedby our theory. Alter-
nately,we canreplacetheDownhill Principlewith a moredetailedmathematicalmodelfor theopera-
tion of the machine,for instanceonebasedon classicalNewtoniandynamicalequations;this model
can be examinedin detail with a view toward an analytical veri®cationof the hypothesisfor an
``ideal'' analogcomputer. We have carried out a lengthy study to con®rmthat the prediction of
exponentialresourcecomplexity is not alteredby taking into accountthe precisionof gearratios,the
precisionof the numbers3/4 and 5/4 in (7.4), and the precisionof the initial shaft positions. One
speculationaboutthemachineis that for polynomiallyboundedinput torque,the time for operationis
exponential,with ergodicitysomehowplayingasigni®cantrole.

In the next sectionwe showhow to simulateef®cientlyanalogcomputersdescribedby a classof
ordinarydifferential equations.Therefore,we canconcludethat no machinethat canbe modeledby
(7.2)- (7.4)canbedescribedby suchdifferentialequations.

8. SCT for Analog ComputersDescribedby a Classof Ordinary Differential Equations

Our interestin this sectionwill bedirectedtowardsa classof ``generalpurpose''analogcomputers,
as opposedto specializeddevicesdesignedfor solving particularcombinatorialproblems. We will
introduce a class of differential equations,togetherwith an interpretationof their computational
processes,which correspondsto a modelfor analogcomputersof theBushDifferential Analyzertype
[4]. The ®rststepstowarda theoryof analogcomputationweretakenby C. Shannon,who showed
that an interconnectionof primitive devicesÐ adders,scalarmultipliers, and integratorsÐ con-
strainedby somenaturalconditionsto ensurewell-posedness,generatesfunctionssolving ordinary
differential equationsof a particularform [26]. Pour-El[22] addedsomenecessaryelaborationscon-
cerningexistenceof uniquesolutions. This work derivedthefollowing form for thedifferentialequa-
tionscorrespondingto a (Bush)analogcomputer:

A(Y(t))
dt

dY(t)
� ��������� = b(Y(t)) , Y(t0 ) = Y0 (8.1)

wherethematrix A andvectorb haveentriescomposedof linearcombinationsof thecomponentfunc-
tionsof Y(t) = (1,t,y1 (t) , . . . ,yn (t))¢. Heret Î I , acompactintervalof therealline.

The following exampleshowsthat the notion of analogcomputationconsideredby Shannonand
Pour-Eldoesnot accountfor the limitationsthatareinherentin thegeneralmodelof analogcomputer
developedin previoussections. From work of Plaisted[21] it is known that solution of the NP-
completePARTITION problemis equivalentto the evaluationof a particularde®niteintegral. The
integralmaybecomputedasthesolutionto a differentialequationof the form (8.1). However,PAR-
TITION is not stronglyNP-complete,anda specializationof the argumentsusedin Section3 shows
that the analogvariablesassociatedwith the differential equationare not polynomially bounded.
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(Certainderivativesgrow exponentially,which cannotbe remediedby scalingthe independentvari-
ablet® t/t , while keepingthetime intervalof interestpolynomiallybounded.)

Fromour perspective,theShannon/Pour-Elwork, with its emphasison computability,concernsthe
weak form of Church's Thesis. The PARTITION examplesuggeststhat further restrictionsand
interpretationsof the differential equationmodelarenecessaryin orderto capturethe inherentaccu-
racylimitationsof analogcomputationor to makeameaningfulstatementaboutcomplexity.

Our restricteddifferentialequationmodelis derivedfrom theform

dt
dY(t)

� ��������� = C(Y(t)) , Y(t0 ) = Y0 (8.2)

whereC(Y(t)) is a vectorof rational functionsof the elementsof Y(t) = (1,t,y1 (t) , . . . ,yn (t)) ¢.
This form is equivalentto (8.1) whenA is nonsingular.We assumethat the analogcomputerhasa
precise(e.g.external)clock so that the®rsttwo componentsof Y(t) areredundantandt may beused
to parametrizethe functions (y1 (t) , . . . ,yn (t)) ¢ = y(t) . Then (8.2) may be replacedby the
equivalentform

dt
dy(t)

� ��������� = f(y(t) ,t) , y(t0 ) = y0 (8.3)

We make the usual assumptionfor well-posednessof the model, namely that f obeysa uniform
Lipschitzcondition:

|| f(y1 ,t) - f(y2 ,t)|| £ l || y1 - y2|| , t Î I ,

wherel doesnot dependon t.
Our interpretationof thecomputationcarriedout by (8.3) is a variationon thestandardinitial value

problemof computingthevalueof y(t f ) given[ t0 ,t f ] Í I andy0 Î Rn . Herey0 is the``input'' to the
analogcomputerwhich thenoperatesovera ®xedtime interval to generateits ``output.'' We makethe
following quali®cationto incorporatetheabsoluteprecision,e, associatedwith theuseof thedifferen-
tial equationto representtheoperationof ananalogcomputer.Thevaluethat is providedasan``out-
put'' is anyy* thatapproximatesy(t f ) in thesensethat|| y(t f ) - y* || £ e.

Weadoptasourmeasureof theresourcesusedby this analogcomputation

R =
t0 £t£t f

max || y
..

(t)|| .

This assumesthat (8.3)admitsa solutionwhosesecondderivativeexistsandis continuous.Sincethe
derivativey

.
cannotgrow large in a ®xedtime interval without y

..
being large, this is a conservative

measure.(In a typical electronicanalogcomputer,for example,the signal y
.

appearsas a physical
(voltage)signalat theintegratingampli®erinput. Sincea realintegratorhas®nitebandwidth,thetime
derivativeof its input mustbeboundedto assureaccurateintegration.)

Wesummarizethis modelfor analogcomputation.It consistsof thedifferentialequation(8.3),with
the associatedLipschitz constantl andabsoluteprecisionconstante. The solutionat time t f when
the initial condition at time t0 is y0 and the precisionconstante determinean equivalenceclassof
``output'' vectors. The maximummagnitudeof the secondderivativeof the solutionvectorover the
interval[ t0 ,t f ] , is usedasameasureof theresourcesrequiredby thecomputation.

Our result is that theseanalogcomputationscanbeef®cientlysimulatedby a digital computer,the
strongform of Church'sThesis.
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Theorem 3. Thedifferential equationmodeldescribedabovecanbesimulatedby a digital computer
in a numberof stepsboundedbya polynomialin bothR and1/e.

Proof We give a constructiveproof basedon theEulermethodof numericalintegrationfor thesystem
(8.3). (Our approachis basedon standardtechniquesin numericalanalysis;see[11].) For 0£m£N,
settm =t0 +mh where h =(t f - t0 )/N. Thenwe takeg0 = y0 and

gm+1 = gm + h f(gm,tm) , 0£m£N - 1

Supposingthat gm is computedwithout roundoff error, the discretizationerror, em = gm - y(tm) ,
satis®es

em+1 = em + h[ f(gm,tm) - f(y(tm) ,tm)] - h2 y
..

(x)/2

for somex, tm < x < tm+1 . UsingtheLipschitzconditiongives

|| em+1|| £ || em|| (1+hl ) + h2R/2

which leadsto thebound

|| eN|| £ h R[exp(t f - t0 ) l - 1] /2l

When ®xedpoint numericalcalculationsare used,we havea roundoff error sequencer m due to
®niteprecisioncomputation.Thenumericalapproximationis

gm+1
* = gm

* + [hf * (gm
* ,tm)] *

wherethe * denotesroundedvalue. Wede®nethelocal roundofferrorby

dm = [hf * (gm
* ,tm)] * - hf(gm

* ,tm)

sothatwemaywrite

gm+1
* = gm

* + hf(gm
* ,tm) + dm

If we assumethat || dm|| < s , then by an argumentsimilar to the one usedfor discretizationerror, we
obtain

|| r N|| £ s [exp(t f - t0 ) l - 1] /hl

Usingthetriangleinequality,wemaycombinetheseboundsto obtaina total errorbound

|| y(t f ) - gN
* || £ h

��

� 2
R

��� +
h2
s

�����

���

	

[ exp(t f - t0 ) l - 1] / l (8.4)

In orderto obtaina solutionto thesameaccuracyasthedifferentialequationmodelfor analogcom-
putation,we must chooses andh so that this boundis no larger thane. We havethe relationship
h = (t f - t0 )/N andwe takes = 1/N2 for convenience.Thenit is clearfrom (8.4) that the number
of discretizationstepsmaybechosento beproportionalto R andto 1/e. Sincef is rational,eachstep
involvesadditions,multiplications,anddivisionsin orderto evaluatethe approximatesolutionvalue.
To obtaintheboundon local roundofferrorof s requires| log2 (s )| bits of accuracy,andsotheeffort
in evaluatingeachapproximatevalue is proportionalto log2

2 (s ) . With the choiceof s =1/N2 , the
numberof stepsrequiredby a digital computerto simulatetheanalogcomputeris O(Nlog2N) , which
is boundedby apolynomialin R and1/easwasto beshown. This completestheproof.
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Whatremainsis to describehowsuchananalogcomputermaybeusedto solvecombinatorialprob-
lemsof the type describedearlier;we ®rsthavethe implicit encodingof eachcombinatorialvariable
asan analogvariable(possiblyvector-valuedbut with ®xeddimension)which appearsaspart of the
vectory(t) . Theinitial valuey(t0 ) encodesthevaluesof thecombinatorialinput quantities.Finally,
we assumethat the solutionof the combinatorialproblemmay be obtainedunambiguouslyfrom the
``output,'' which is to saythat function assigningthe valueof the combinatorialsolution is constant
on thesets(quantizationbins)Q(y0 ) = { y* : || y(t f ) - y* || £ e} .

In view of thetheoremabove,this interpretationimpliesthefollowing result.

Corollary. If a combinatorialproblemcan be solvedon an analog computerof the type described
above,thenit canbesolvedin polynomialtimeona Turing machine.

In view of theproof of the theorem,it is possibleto allow certainof theparametersof thedifferen-
tial equationto dependon theinput in additionto theinitial valuey0 . This maybeimportantin appli-
cationsbecausethe numberof variables,andhencethe dimensionof y(t) , n, will generallydepend
on the input. We may allow n andthe complexity of the rational function componentsof f to grow
polynomially in the lengthof the input, andwe mayallow thecorrespondingLipschitzconstant,l , to
grow logarithmicallyin thelengthof theinput.

Recently,Hop®eldandTank [12] havediscussedsolving the stronglyNP-completeTRAVELING
SALESMAN PROBLEM (TSP) with an analogelectricalnetwork whosedescriptionis given by a
coupledset of differential equations.Given a probleminstanceof TSP, they proposeto designthe
network in such a way that an associatedpotential (or Lyapunov) function achievesits global
minimumvalueat anequilibriumpoint of thenetworkcorrespondingto theTSPsolutionpath. Then,
if the initial conditionsof the analogvariableslie in the regionof attractionof this particularequili-
brium point, thesteady-statesolutionprovidesthedesiredsolutionto theprobleminstance.Empirical
studiesof 10-city and30-city probleminstancesaregiven in [12]; they indicatethatwhile this analog
approachdoesnot providea methodfor obtainingexact(i.e. optimal) solutionsto TSP instances,it
doesoffer asystematictechniquefor consistentlygeneratinggoodsuboptimalsolutions.

We view theseempiricalresultsasevidencefor thevalidity of SCTin this context,which differs in
somedetailsfrom that consideredin Theorem3 andits corollary. The analysisandinterpretationin
[12] reinforcesthis view, especiallyin regardto two dif®cultieswith constructingandoperatingthe
network. First, the network and its associatedpotential function dependon somefree parameters
(ampli®ergains,etc.) thatmustbechosenby empiricalmeansin orderto ``tune'' theanalogencoding
of TSP. Second,the choiceof unbiasedinitial conditionsis apparentlydif®cult becauseof the sym-
metry in the network arising from multiple encodingsof TSP solution paths without regard to
equivalenceof tours(with respectto startingcity andorientation).

Otherpointsmadeby Hop®eldandTank suggesttopics for further researchin analogcomplexity
theory. Theseincludea studyof the suboptimalsolutionsobtainedfor the TSP,a studyof the ``fail-
soft'' fault-tolerancepropertiesof analogcomputers,a studyof theuseof penaltyfunction techniques
to obtainconstraintsatisfactionin the underlyingcombinatorialproblem,anda detailedexamination
of proposedanalognetworksfor thesolutionof othercombinatorialproblems,includingonesin Digi-
tal P-time. Examplesof thelatterarefoundin [13,27].
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9. The Spin GlassComputer

Recentwork on thepropertiesof certainmagneticalloyscalledspinglasseshasled to aninteresting
connectionbetweenphysicsandcombinatorialoptimization[1,15,17],andin fact suggestsa physical
device for solving an NP-completeproblem. The problem of ®nding a minimum-energyspin
con®guration(thegroundstate) in a regularlattice modelcanbeexpressedasthe following problem,
which is NP-complete[15].

GROUNDSTATE OFA SPINGLASS:GivenanH´ L´ W rectangularlatticegraph(H, L, W posi-
tive integers)with edgesbetweenverticesthatareadjacentin anyof the threedirections,aninteger
interactionweightJ(e) for eachedgee, andanintegerK, thespinenergy, is thereanassignmentof
aspins(v) Î { - 1, +1} for eachvertexv suchthat

-
all edges(u, v)

S J(u, v) s(u) s(v) £ K ?

TheproblemremainsNP-completewhenJ is restrictedto the values{ - 1, 0, +1}, so the problem
is stronglyNP-complete.We canthenview a pieceof spinglassasa candidate(at leastin theory)for
a computerthat solvesa stronglyNP-completeproblem,just aswith our 3-SAT machine.(We leave
asidethe problemof initializing the materialwith the problem``inputs.'' If thereis anyway at all of
settingan interactionweight, the total time for preparinga pieceof materialshouldbe no morethan
polynomialin thenumberof latticepoints.Similarly for readingoutputspinvalues.)

Theactualoperationof sucha spinglasscomputeris similar to theoperationof a mathematicalpro-
grammingmachine;it minimizesa multivariatefunction. By a naturalextensionof thepoint of view
discussedin this paper,suitably formalized to accountfor quantummechanicalmodelsof systems
such as the spin glasssystem,we are led to a de®niteconclusionabout the time it takesfor our
hypotheticalpieceof spinglassto reachthegroundstate:if StrongChurch'sThesisis true,andif P ¹
NP, thenit musttakeanexponentialamountof time. Note,however,that this resultis worstcaseover
all inputs (interactionweightsJ). Thus it may be that almostall piecesof spin glassof a given size
will cool to the groundstatefast, and this prospectsupportsthe useof ``simulatedannealing'' asa
heuristicfor combinatorialoptimizationproblems[17]. It is worth pointing out that an implementa-
tion of this heuristicrequiresa sourceof independentrandomvariables,andso lies outsidethe realm
of complexitytheoryasdiscussedhere. Still, aproofof convergencefor this kind of stochasticrelaxa-
tion algorithmhasonly beenobtainedundertheassumptionof anannealingscheduleinvolving loga-
rithmically decreasingtemperature[10]; the resultingalgorithmrequiresexponentialtime which is in
agreementwith ourpredictionbasedonassumingStrongChurch'sThesisandP ¹ NP.

10. Discussion

The questionof how ef®cientlywe can computewith general,non-digital, devicesappearsto be
dif®cult indeed. It toucheson problemsin bothmathematicsandphysics. We havetried in this paper
to establishsomelink betweenthemathematicalcomplexitytheoryof NP-completenessandclassical
physics,but we havenot dealtwith quantummechanics,or theproblemof probabilisticbehavior.We
haveshownthat thelikely hypothesesP ¹ NP andStrongChurch'sThesisleadto theconclusionthat
analog(non-digital)computersareno moreef®cientthandigital computers,at leastin theworst-case
over probleminputs,andasymptoticallywith the problemsize.Of coursethesetwo hypothesesare
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importantopenquestions,but we havebeenableto provea restrictedform of StrongChurch'sThesis
andperhapsmoregeneralresultswill beforthcoming.

In recentwork of Bennett[2,3], therehavebeendiscussionsthataregermaneto analogcomputation
andef®cientsimulation.He hassuggestedthatef®cientsimulationof physicalsystemsup to theerrors
inducedby uncontrollable(environmental)in¯uences should be possible. It is our view that the
effectsof uncontrollablein¯uencesmust be incorporatedinto the mathematicalmodel of a physical
process,givenfor exampleby a systemof differentialequations,asa fundamentalpartof thedescrip-
tion of thecorrespondinganalogcomputationalprocess.

As shownby our differential equationmodel, certainsmoothnesspropertiesof the mathematical
modelcanprovidea naturalmeasurefor theresourcesused. In particularit is thesecondderivativeof
the analogvariablesthat appearsas the naturalmeasure.It is interestingto note that in the work of
Pour-El and Richards[23,24], where it was shown that the three-dimensionalwave equationcan
transformcomputableinitial datainto noncomputablesolutionvalues,impositionof continuity condi-
tionson thesecondderivativewill preventthis phenomenon.
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