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We askif analogcomputerscansolve NP-completeproblemsef®ciently.Regardinghis asunlikely, we formulatea
strongversionof Church'sThesis:thatany analogcomputercanbe simulatedef®cientlyin polynomialtime) by a digi-
tal computer.From this assumptiorand the assumptiorthat P ¢ NP we can draw conclusionsaboutthe operationof
physicaldevicesusedfor computation.

An NP-completgproblem,3-SAT, is reducedo the problemof checkingwhethera feasiblepoint is a local optimum
of an optimizationproblem. A mechanicableviceis proposedor the solutionof this problem. It encodes/ariablesas
shaft angles and uses gears and smooth cams. If we grant Strong Church's Thesis, that
P1 NP, anda certain" Downhill Principle" governingthe physicalbehaviorof the machine we concludethatit cannot
operatesuccessfullywhile usingonly polynomialresources.

We nextprove StrongChurch'sThesisfor a classof analogcomputerglescribedy well-behavedrdinarydifferen-
tial equationswhich we cantakeasrepresentingartof classicamechanics.

We concludewith a commenton the recentlydiscoveredcconnectiorbetweenspin glassesand combinatorialoptimi-
zation.

1. Introduction

Analogdeviceshavebeenused,overtheyearsto solveavariety of problems. Perhapsnostwidely
known is the Differential Analyzer [4,26], which hasbeenusedto solve differential equations.To
mention someother examplesjn [25] an electronicanalogcomputeris proposedio implementthe
gradientprojectionmethodfor linear programming.In [18] the problemof ®ndinga minimum-length
interconnectionmetwork betweengiven points in the planeis solvedwith movableand ®xedpegs
interconnectedby strings; a locally optimal solution is obtainedby pulling the strings. Another
methodis proposedherefor this problem,basedon the fact that soap®Imsform minimal-tensionsur-
faces. Many other examplescan be found in bookssuchas[14] and[16], including electricaland
mechanicamachinedor solving simultaneoudinear equationsanddifferential equations.

Given the large body of work on the complexity of Turing-machinecomputation,and the recent
interestin the physicalfoundationsof computationjt seemaaturalto studythe complexity of analog
computation. This paperpursueghefollowing line of reasoningit is generallyregardedaslikely that

2 This work wassupportedn partby ONR GrantsN00014-83-K-0275nd N00014-83-K-0577NSF GrantECS-8120037,
U. S. Army Research-DurhanGrant DAAG29-82-K-0095,and DARPA ContractN00014-82-K-0549.1t appearedn
Mathematicst Computersn Simulation28(1986)91-113.



P 1 NP B that certain combinatorialproblemscannotbe solved ef®cientlyby digital computers.
(Herewe usethe term ef®ciento meanthat thetime usedby an “ideal" digital computeris bounded
by a polynomialfunction of the size of the taskdescription.See[9] for discussionof this criterion.)
We may askif suchproblemscanbe solvedef®cientlyby othermeansjn particular,by machineof a
naturedifferentfrom digital computersWe thuscometo askif NP-completeproblemscanbe solved
ef®cientlyby physicaldevicesthatdo not usebinary encoding(or, moregenerally,encodingwith any
®xedradix). We lump suchdevicestogethemunderthe term analogcomputey in whatfollows we will
usethe term analog computerto meanany deterministicphysicaldevicethat usesa ®xednumberof
physicalvariablesto representachproblemvariable. This descriptionis admittedly vagueand cer-
tainly non-mathematicab we meanit to capturethe intuitive notion of a “"non-digital" computer.
(More aboutthisin thenextsection.)

We wantto emphasizeéhat the questionof whetheran analogcomputercan solvean NP-complete
problem ““ef®ciently" is a questionabout the physical world, while the P = NP questionis a
mathematicalone. However, mathematicalmodels of various kinds provide a formalism that is
apparentlyindispensablefor the understandingof physical phenomena.An important connection
betweenthe mathematicalvorld of computationandthe physicalworld of computinghardwarewas
discussedy Church. In his 1936 paper[6] he equatedthe intuitive notion of effective calculability
with the two equivalentmathematicatharacterizationsf | -de®nabilityand recursivity. Turing [28]
then showedthat this notion is equivalentto computabilityby what we havecometo call a Turing
machine sothattheintuitive notion of effective calculabilityis now characterizednathematicallyby
“Turing-computability.” This is generallyreferredto as™ Church'sThesis," or the ""Church-Turing
Thesis." In our contextwe expresghis asfollows:

Church's Thesis(CT): Any analogcomputerwith ®nite resourcesxan be simulatedby a digital
computer.

Whatwe will cometo demands morethanthat: we areinterestedn ef®cientcomputationcompu-
tation that doesnot use up resourceshat grow exponentiallywith the size of the problem. This
requirementeadsusto formulatewhatwe call

StrongChurch'sThesis(SCT): Any ®niteanalogcomputercanbe simulatedef®cientlyby a digital
computer,in the sensethat the time requiredby the digital computerto simulatethe analogcom-
puteris boundedoy a polynomialfunction of theresourcesisedby the analogcomputer.

Evidently we will needto give a characterizatiorof analogcomputersandthe resourceghat they
use.This is discussedn the next section. Following that, we arguethat certainnumericalproblems
areinherentlydif®cult(i.e. not polynomial) for analogcomputersgventhoughthey areeasyfor digi-
tal computers.

Somethinglike our StrongChurch's Thesiswas discussedecentlyby Feynman[8] in connection
with the problemof building a (digital) computerthatsimulatesphysics He says:

“Therule of simulationthat| would like to haveis thatthe numberof computerelementsequired
to simulatea largephysicalsystemis only to be proportionalto the space-timesolumeof the physi-
cal systeml don't wantto haveanexplosion."



We would arguethat ™ proportionalto” bereplaceddy "boundedoy a polynomialfunctionof,” in the
spirit of moderncomputationatomplexitytheory.

A classof mechanicaldevicesis proposedn Section5. Machinesin this classcanbe usedto ®nd
local optimafor mathematicaprogrammingproblems. We formalize the physicaloperationof these
machinesby a certain "Downhill Principle." Basically, it statesthatif, in our classof mechanical
devices,there are feasible “"downhill" directions,the state vector describingthe physical system
movesin suchadirection. We alsodiscusameasuringheresourcesequiredby thesemachines.

In Section 6 we reduce 3-SAT (the problem of whether a Boolean expression in
3-conjunctivenormal form hasa satisfyingtruth assignment)to the problemof checkingwhethera
givenfeasiblepointis alocal optimum of a certainmathematicaprogrammingproblem. This shows
thatmerelycheckingfor local optimality is NP-hard.

In Section7 a mechanicaldevicein the classmentionedaboveis proposedfor the solution of 3-
SAT. Naturally,the ef®cientoperationof this machineis highly suspect.Be carefulto noticethatthe
operationof any machinein practiceis a physicsquestion,not a questionsusceptibleof ultimate
mathematicabdemonstration.Our analysismust necessarilybe basedon an idealizedmathematical
model  for the machine. However, we can take the likelihood of
Pt NP, plusthelikelihood of StrongChurch'sThesis,asevidencethatin fact sucha machinecannot
operatewith polynomially boundedesourcesywhateverthe particularlaws of physicshapperto be.

Theparadigmthatemergedrom this line of reasonings thenthefollowing:

If a strongly NP-completeproblem can be solvedby an analogcomputer,andif P* NP, andif
StrongChurch'sThesisis true, thenthe analogcomputercannotoperatesuccessfullywith polyno-
mial resources.

We will thenprovea restrictedform of StrongChurch'sThesis,for analogcomputergyovernedoy
well-behavedifferential equationsThis suggestshat any interestinganalogcomputershouldrely on
somestrongly nonlinearbehavior,perhapsarising from quantum-mechanicahechanismshowever,
the problem of establishingStrong Church's Thesis (or even the Weak Thesis) in the case of
guantum-mechanicalr probabilisticlawsis anopenproblem.

2. SomeTerminology

We know what a digital computeris; Turing haslaid out a modelfor what a well-de®nedligital
computatiormustbe: it usesa ®nitesetof symbols(without lossof generality{0,1}) to storeinforma-
tion, it canbein only one of a ®nitesetof statesandit operatedy a ®nitesetof rulesfor moving
from stateto state.lts memorytapeis not boundedn lengtha priori, but only a ®niteamountof tape
canbe usedfor any one computation. Whatis fundamentabhboutthe ideaof a Turing Machineand
digital computationin general,is that thereis a perfectcorrespondenceetweenthe mathematical
model and what happensn a reasonablevorking machine.Being de®nitelyin one of two statesis
easily arrangedn practice,andthe operationof real digital computerscan be (andusually is) made
veryreliable.

In orderto discusghe applicationof the Turing machinemodelto solving computationaproblems,
we needsome additional terminology. A probleminstanceis a ®nite string of bits, of length L,
togetherwith an interpretation of the bit string that speci®eshe encodingof a particularcomputa-
tional problem. The integer L is termedthe size of the input. It is with respectto L that the



complexity of computationis measured|f a computationrequiresno morethanL¥ steps,for some
®xedk, we sayit is polynomial otherwisewe sayit is exponential

We now turn to the task of formulating modelsfor analogcomputersandto a discussionof how
analogcomputersare appliedto solving computationaproblems. An analogcomputeris anindexed
family of physicaldevices parametrizedy a setof probleminstancesfor which solutionsareto be
obtained. Mathematicalmodeling of the operationsof the devicesdependson the mathematical
representatiofor the underlyinglaws of physicswhateverthoselawsmaybe.

Someadditional restrictionsare assumedo hold. First, for eachprobleminstance,the problem
variables(determinedirom the interpretationof the bit string) are encodedwithin the corresponding
physicaldeviceasvariableswhosemathematicatiescriptionsare speci®callyconstrained.Eachphy-
sicalvariableis modeledby a quantitytaking valuesin a normed ®nite-dimensionalteal spacevhose
dimension doesnot dependon the probleminstance. As an example the value of a problemvariable
x may be encodedy the angulardisplacemenbf a shaft,by anelectric®eldin 3-spaceby a magnetic
®eldstrength,etc. This restrictionis to be comparedwith the useof binary encodingof variablesin
digital computers.A "“physicaldigital computer” would allow encodingthe valuen for the variablex
with k = O(logn) distinctelectric®elds shaftanglesetc.

A secondrestrictionconcernghe decodingprocessvherebythe solution of eachprobleminstance
is obtainedasa function of the physicalvariablesafter operationof the physicaldevice. It is essential
to modelthe inherentaccuracylimitations of physicalsensorghat mustbe employedto “readout"
the solutionto eachinstancepy assuminghateachanalogcomputemasanassociate@bsolutepreci-
sion e. Werequirethatfor anyprobleminstancethe solutionobtainedfrom the physicaldevicedoes
not changewhenthe physicalvariablesrangeoveran e-neighborhoodde®nedisingthe mathematical
modelfor physicalvariables)of their nominal values(i.e. the valuesgeneratedy the mathematical
modelof thedevice).

We wantto point out a distinctionrelatedto the precisionissue. All mathematicamodelsmay be
regardedas idealizationsof physicalreality due to unmodeledand imperfectly modeledeffects. In
orderto discusghe operationof physicaldevicesusingmathematicaimodels,it is importantto insure
thatthe modelsarerobustin the sensehatthe physicalbehaviormpredictedby the mathematicamodel
is not more sensitiveto small changesn the modelthanis the underlying physicalsystemto small
perturbations.However,it is adif®culttask,in generalto comeup with suitablequanti®cationsf the
notion of smallchangesn a model.We would arguethat for the purpose®f investigatingthe limita-
tions on analogcomputationarising from computationalcomplexity theory, the use of ““idealized"
analogcomputerswhosephysical operationcorrespondgpreciselyto its mathematicablescriptionis
appropriate. In somecasesit will be possibleto incorporatesomerobustnessn the mathematical
modelexplicitly throughthelimited precisionpropertydescribedabove.

Finally, we makea generalassumptiorthat the physicaldevicesusedfor analogcomputationexhi-
bit causal,deterministicbehavior: given a completedescriptionof the device (model) at any time
instantt g, the descriptionof the device(model)at timest > tq is uniquelydeterminedoy the external
input actingon the device(model) during the interval [tg,t]. We thusrule out quantum-mechanical
systemsalthoughin Section9 quantummechanicss discussedby meansof anexample.

Now thatwe havea generaframeworkin which to studyanalogcomputationthroughmathematical
models,we needto de®neour notion of the resourcesusedby an analogcomputer. Intuitively, we
associatghysicalresourcesvith the operatingcostsof the physicaldevice. Thusthe physicalsize,the
mass, the initial stored energy, and the time interval of operationof the device are amongthe
resourcesused. In addition, the mathematicalmodel obtained from applying physical laws will



involve physicalvariablesand possiblytheir time andspatialderivatives. The maximummagnitudes
of all suchquantitieswill alsobe regardedasresourcerequirements.As an example,for a particle

describedoy Newtonianmechanicsthe maximum displacementyelocity, accelerationand applied

forceareall resourcedn additionto the massandthetime of operationof the device.

3. Combinatorial vs. Numerical Problems

An input string of lengthL bits canencodea numberaslargeas2', andthis createsa fundamental
roadblockpreventingthe ef®cientsolution of certaincomputationalproblemswith an analogcom-
puter. To illustrate the problem,supposewne wantto comparetwo positive integers,n; andn,. We
imaginethe following analogcomparator.Createtwo particleswith equalchargeshavingmassesn;
and m,, respectively. Placethemin a uniform electric ®eld. The transittime from a ®xedstarting
positionto another®xedendingpositionis proportionalto &ym; , sothe particlewith the smallermass

arrivesatthe goalline ®rst.Thetime complexityof the computationis T(L) = O( {_minz} i ).
=1,

We areleft to decidehow the massesreto encodethe numbers.In orderto obtaina machinethat
doesnot dependon the speci®grobleminstancethe encodingshouldbe a monotonicfunction. Sup-
posewe let (ym; = f(n;). Thenif f is a polynomial,the time T(L) is exponentialin L. To keepthe
time complexity polynomial, therefore we shouldchoosef to be logarithmic. But this leadsto accu-
racy problems:for adjacentarge numbersthe massewill be so closetogetherthat we will haveto
makethe physicalsize of the machineexponentiallylargeto discriminatebetweenthe arrival times.
(Or whatis the samething, we will needto discriminatebetweentimes that are exponentiallyclose
together.)

Thedif®cultyis causedy the fact thatthe size of a physicalquantity (massin this case)is usedto
encodea numberthat is binary-encodedn the input sequence.We can statethis resultin general
termsasfollows.

Theorem 1. Supposan analogcomputerencodesan input variable x that appearsin the input string
in binary form by the physicalquantityf(x) . Supposehat the numberof differentvaluesthat maybe
takenon by x is not boundedoy any polynomialin L, the sizeof a probleminstance. Thenthe normof
the physicalvariable f(x) is not boundedby any polynomialin L.

Proof. Let e be the absoluteprecisionassociatedvith the analogcomputer,and supposethat f(x)
takesits valuesin p-dimensionalspace(wherep is ®xedover all probleminstances).If the norm of
f(x) is boundedby the polynomialLL¥, the volumeof the correspondingpheren p-dimensionakpace
is O(LPX) . Howeverin orderto be distinguishablegachpossiblevalueof f(x) mustbe surroundedy
a sphereof diametere, andhencevolumeO(1) with respecto L. Clearly,therecanbe only polyno-
mially manyvaluestakenon by f(x). This provestheresultby contraposition.

This resultshowsthe futility of searchingfor (asymptoticallyef®cient)analogcomputergo solve
problemsinvolving largenumbers. NP-completeproblemssuchasthe PARTITION problemandthe
INTEGER KNAPSACK problemfall in this class. However,it turns out that there are other NP-
completeproblemswhoseprobleminstancesconsistonly of input stringscorrespondingo numbers
that are boundedby somepolynomialin L, the size of the instance. This is the classof so-called
stronglyNP-completgroblemsandit containssuchproblemsasHAMILTON CIRCUIT, 3-SAT, and
otherg[9].



4. A Polynomial Analog Machine

Our exampleof comparingtwo integersshowsthat someproblemsthatare “easy" for digital com-
puters,e.g.solvablein lineartime, areinherentlydif®cult for analogcomputersecausef the nature
of the numericalrepresentationf analogquantities. We now providean exampleto showthatanalog
computerscanbe foundthatdo in fact solve some(" easy") combinatorialproblemswith polynomial
resources.Theseproblemscannothave numbersencodedin the input string that get exponentially
large. After that we will turn to the more interestingclassof seeminglyintractableproblems,the
stronglyNP-completeproblems.

Considerthefollowing problem:

GRAPHCONNECTIVITY: GivenagraphG = (V, E) andtwo distinguishedverticess,t 1 V, is
thereapathin G fromstot?

Notice that an instanceof this problemcanbe encodedn sucha way that the largestnumberin the
problemdescriptionis only polynomially largeasa function of the lengthof the input, L. We will call
suchproblemscombinatorial This problemcanbe solvedin polynomialtime on a Turing machine,
andwe saythat suchproblemsarein Digital P-time The amountof tapeusedby a Turing machine
computationcanbe no largerthanthe numberof time steps,andit usesno resource®therthantime
andtape (" space"). Thereforea problemin Digital P-timeis alsoguaranteedo useno morethana
polynomial amountof resourceson a Turing machine.On the other hand,an analogcomputercan
conceivablyoperatesuccessfullyin polynomialtime but requirean exponentiabmountof someother
resourcesuchastorqueor instantaneousurrent.We will thereforewantto insistthata " “fast" and
well behavedanalogcomputatiorusetotal resourcegpolynomialin theinput description.

It is now easyto showthat GRAPH CONNECTIVITY canbe solvedby an analogmachinewith
polynomialresourcesMake an electricalnetworkout of the graph,asshownin Fig. 1, putting a wire
of constantresistanceper unit lengthwhereverthereis an edge,andjoining the wires at the nodes.
Apply a voltagesourceof size|\ volts betweennodess andt, and measurahe current.If thereis a
pathbetweens andt therewill be a resistanceof at most|\ ohmsbetweenthem, and a steady-state
currentof at leastl amperewill ow. If thereis no path,the resistancewill be high andthe current
will ultimatelygoto zero.

volts =

I
-
I

'

Fig. 1. An electrical network o solve GRAPH CONNECTIVITY in polynomial time.



Thetime requiredfor the operationof this analogcomputemwill dependon the parasiticcapacitance
of the circuit, which will determinethe effective RC time constantof the circuit. If the wire lengths
grow linearly with the numberof edged B, the total capacitanceeenby the voltagesourcewill be no
worsethan proportionalto |g?. Similarly, the total resistancewill be no worsethan proportionalto
the length of the longestwire and the numberof edges,and so also O(|H?). Hence,to distinguish
betweenthe casesvherethereis andis not a path (in the presencef ®xedprecision)takestime pro-
portionalto the RC time constantwhichis O(|H#). It is alsoclearthatthe total sizeand powercon-
sumptionof the networkarealsopolynomialin | H.

We thushaveat leastoneproblemwherean analogcomputeroperatesuccessfullyith polynomial
resources.A key question,then,is whetherthereis a strongly NP-completecombinatorialproblem
(nonnumericain the sensedescribedabove)that canbe solvedwith polynomial resourcedy some
analogcomputer. After somepreliminaries,we will describea machinethat ostensiblysolvessucha
problem:3-SAT. We areableto predictthatthis machinecannotoperatesf®ciently.

5. A Classof Mathematical Programming Machines

Considetthefollowing instanceof alinear programmingproblem:
max z = 2Xq + Xy
W=X;+Xx, £1 (5.1)
X130, x3%30

Theoptimumsolutionof (5.1)isx; = 1,X, = 0(seeFig. 2).

STTTTITTIRITTTTT N,

\ N\
N\

= ]r

Fig. 2. An instance of LINEAR PROGRAMMING.

We proposethe following analogcomputerfor this problem. Eachof the variablesxy, x, will be
representedby the angularposition of a shaft. Shaftpositionscan be negatedby a simple 1:1 gear
couplingandcanbe multiplied by a constant-| ¢ by a 1: c gearcoupling(seeFig. 3). Two shaftposi-
tionscanbe subtractedvith a differential gear(seeFig. 4). Thedifferentialforcestheanglesp, g, r to



satisfytheequationp - g = r. A full descriptionof it canbe foundin [20]. (Differentialsareusedin
automobiletransmissions.)To preservesymmetry we shall makethe assumptiorthat the differential
addsthe anglesp andq; this canbe accomplishedeasily by incorporatinginto it an inverterfor the
angleq.

We use the above primitives for multiplication by a constantand summationto solve (5.1), as
shownin Fig. 5. We havefour shaftswhoseangularpositionsrepresenthe variablesxq, X5, w andz
Their angularpositionsare not independentthe differentialsandgearcouplingsenforcethe relation-
ships:z = 2x; + X5, W = X1 + X,. Hencewe havetwo degreeof freedom. We cansettheangular
positionsof any two shaftsto any desiredvalues,andthis will ®x the angularpositionsof the other
two shafts. The constraintx; + x, £ 1 canbe imposedby putting a stop at position 1 of the shaft
representingv = x1 + X,. The constraintsx; 3 0, X, 3 0 can be imposedsimilarly, by putting
stopsat positions0 of the shaftsrepresenting; andx..

Supposehat we startthe machineat the feasiblestatex; = 0, X, = 0. Thenwe can maximize
z = 2X; + X (underthe constraintsof (5.1)), by simply rotating the shaft representingz towards
increasingvalues,asfar as possible. Sincethe angularpositionsx, andx, alwayssatisfy the con-
straintsimposedby the stops,the maximumangularposition of the z shaftwill bethe optimum solu-
tion of (5.1).

Now considerthe dynamicsof the machine. As we start rotating the z shaft towardsincreasing
valuesof angularposition,2x; + X, will increasérom 0to 2. SincetheXq, X5, andw shaftsareleft
alone(exceptfor the stops),we arebasicallyusingonly onedegreeof freedom. Thustherearemany
feasiblepathsfrom the initial point (x4, X5)=(0, 0) to the®nalpoint (x;, X2)=(1, 0); the onefol-
lowedwill bedetermineddy the relativevaluesof the variousfriction coef®cientsnsidethe machine.
For example assumehat the shaftrepresenting, is muchharderto turn thanthe shaftrepresenting
X». Then,aswe areincreasingg, it is possiblethatx; remainsat position0, andx, = z Thatis, the
differential enforcingz = 2x; + X, ~chooses"to distributethe anglez as:x, = z, x; = 0. How-
ever,whenw reached, w cannotincreasdurther becausef the stopat positionw =1. At this point,



X, cannotincreaseany more, but if the force appliedto the z shaftis large enoughto overcomethe
resistanceof the x, shaft,x; will startincreasing.Sincew = x; + X, £ 1, X, will decreasantil it
reacheghe stopatpositionx, = 0. Thisway,thepathp; shownin Fig. 6 will befollowed.

In generala pathlike p will be followed; p hasthe propertythatit is directedtowardsincreasing
valuesof z. The actualpath p will be determinedby the machine'spreferreddirectionin the state
spaceat eachstate. This is determinedby the relative friction coef®cientsnside the machine. We
ensurethat the directionstowardsincreasingvaluesof z are achievedby forcing z forward, with a
forcegreaterthanthetotal frictional resistance.

Theabovecanobviouslybe extendedo the generainstanceof linearprogramming:

n
min z = Sc¢jx;
j=1

n
Sainj £bi, i = 1,2,...,m
i=1

;% 0, j=1,2,...,n.

(Withoutlossof generalitywe canassumehatc;, a;;, andb; areintegers.)

The summationof morethantwo variablescanbe doneusinga tree of differentials. For example
Yy = X1 + X + X3 + X4 canbeenforcedasimplied byy = [(X1 + X5) + (X3 + X4)]; thatis, y will
be the outputof a differential whosetwo inputsarethe outputsof two differentialswith inputsxy, X»
andxs, X4, respectively.

The problem of exponentially large numbers appearsquite vividly here. For example, the
coef®cientsa;; and c; will determinethe ratios of the gearcouplings;we do not want themto be
exponentiallylarge. Also, evenif the coef®cientsare small, a variable (encodedby an angle) may
becomeexponentiallylarge; this is obviously an undesirablesituation. In orderto get ef®cientsolu-
tions, we mustrestrictthe inputs of the machineto instancesvherethesephenomenalo not occur.
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Thatwill beaccomplishedy assuminghataninstanceneverhasnumberggreaterthansomepolyno-
mial function of L, the size of the input encoding. That is, from now on we will assumethat the
optimizationproblemswe dealwith arecombinatorialin the senseof Section3.

An initial feasiblesolutioncanbe obtainedasfollows: Assumeinductively thatwe havea feasible
solutionx?® = (x9, ..., x%) for the®rstk constraints

n
Sainj£bi, i=l,2,...,k.
i=1

n
Sak1,jX” £ bysg
j=1
thenx? is afeasiblesolutionfor the ®rstk + 1 constraintsptherwiseminimize
n

SakeiX;
j=1
subjectto the ®rstk constraintswith initial feasiblesolutionx®. If its minimum valueis £ by+1, the
valueof x = (X4, . .., X,) thatdoesthis is a feasiblesolutionfor the ®rstk + 1 constraintsptherwise
the problemis infeasible.
This techniguecanbefurtherextendedo the mathematicaprogrammingproblem

min z = f(x)

gi(x)£0, i=1,2,...,m (5.2)
assumingpf coursethatwe havethe devicesthat canenforcetherelationsy; = g;(Xy,...,X,) and
z = f(Xq,...,X,). Thenalocal optimumx™ will be found; the machinewill move (in the state

space)rom its initial stateto x™ alonga paththatis directedtowardsdecreasingaluesof z. In Fig. 7
we depicta devicethatrealizesa smoothfunctionf.



-11-

For example,if f is the function of onevariablez = x2, this device,calleda ““squarer," enforces
z = x? betweerthe angularpositionsof two shafts. More complexrelationshipsanbe enforced For
instancez = x-y canbe enforcedwith two squarersthreedifferentialsanda 1:4 gearcoupling, as
implied by theformulaz = [(x + y)? - (x - y)?]/4 = x-y.

We call suchdevices"MathematicalProgrammingMachines." With them,the feasiblespacecan
be mappedout by simply rotating the x4, . . ., X, shafts;eachcombinationof angularpositionsof
these shafts correspondgdo a point in the feasible space. When, in our attemptto ®nd a local
optimum,we rotatethe z shafttowardsdecreasingalues,we aretracingout somepathin thefeasible
space.

An importantrestrictionis thatthesemachinesanonly ®ndlocal optima. Considerfor instancean
optimizationproblemwith anonconveXeasiblespacefor example

min z
undertheconstraint
z £ h(x).

Assumethat x° is a local minimum of h (but not a global minimum). Putz® = h(x°). Then,if we
initialize the machineto (x°, z°) andtry to decreas¢he valueof the positionof the z shaft, this shaft
will not move. The reasonis that thereis no way for it to move in the feasiblespacefrom point
(x°, %) to apoint (x*, z*), wherez” < z°, without ®rstpassingthrougha highervalueof z. The
machinewill tendto move(in thefeasiblespace)o anewstate(xy zg suchthatzp< z°; it tendsto
movealonga directionsuchthat the projectionof the gradientof the objectivefunction on this direc-
tion is negative(sincewe aretrying to decreasehe value of the objective function). We formalize
this intuitive notion by the following principle.

Downhill Principle. Let S be a MathematicalProgrammingMachinewhoseshaftpositions(state
variables)x; satisfythe setof relations(5.2). Thenif we startit atafeasiblestatex® andapplyaforce
to the shaftrepresentinghevariablez in the directionof decreasing, it will moveif andonly if there
is afeasibledirection(in the statespaceowardsdecreasingaluesof z.

The Downhill Principle simply statesthatif thereexistsa feasible downhill" path(i.e. a feasible
pathin the statespacesuchthat z decreasealongthis path)and “downhill" is a preferreddirection
for the stateof the system(this is ensuredy forcing z towardsdecreasingalues),thenthe statewill
follow such a path. The Downhill Principle comprisesour mathematicalmodel of physics for
MathematicalProgrammingMachines. It appearsto be realistic and adequatefor our purposes;
clearly whetheror not it holdsis a physicsquestion,not a mathematicabne that is susceptibleto
proof.

Whenwe operatea MathematicalProgrammingMachineasdiscussedbove we arerelying on this
principle. Theresourcesequiredfor this operationarethe sizeof the machine the torquerequiredto
movethe z shaftif it is going to move,andthe time requiredfor signi®canimotion to take place(in
termsof athresholdmeasurablenotion). The size of the machineis clearly polynomialin the size of
the instance pecausef our restrictionthatthe instancenot encodeexponentiallylargenumbers. The
guestionof whetherthe otherresourcesequiredfor successfubperationarepolynomialremainsto be
investigated.
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6. Checkingfor Local Optimality is NP-hard

We intendto usethe machinesdescribedn the previoussectionto attemptto solve an “interest-
ing" problem,thatis a problemthatis at leastNP-completeThe following decisionproblemis NP-
hard[9]:

QUADRATIC PROGRAMMING: Given a linear objective function, constraintsinvolving qua-
dratic functions,and a constantk, doesthereexist a vectorthat makesthe value of the objective
functionlessthanor equalto K, while satisfyingthe constraints?

We couldtry to solve QUADRATIC PROGRAMMING with the machinesdescribedn the previ-
oussection. However,sincethesemachinescan only ®ndlocal optima, for certaininitial conditions
(i.e. certaininitial valuesof the variables)the machinewould getstuckat a local optimum. Thenwe
would haveto rotatebackthe z shaft(i.e. the shaftrepresentinghe value of the objectivefunction),
changethe valuesof the other shafts,andtry again. Obviouslywe cannotassertthat this procedure
requirespolynomialtime. (It is interestingto notethatan electricalnetworkfor solving quadraticpro-
grammingproblemsis proposedn [5], but it is basedon suf®ciencyof the Kuhn-Tuckerconditions,
anddependdor its operationon positivede®nitenessf the quadraticform. At ®rstthis might seemto
be anothercandidatdor ananalogmachinethatsolvesan NP-completgroblem,butin fact Quadratic
programmingwith a positive-de®nitenatrix canbe solvedin Digital P-timewith avariantof theellip-
soidalgorithm[19, Chapterl5, Problem16].)

If, however,we wereaskedonly to ®nda local optimum, we would needto try only once,rotating
the z shafttowardsdecreasing/aluesuntil it getsstuck. This point mustbe a local optimum by the
Downhill Principle. Thereis of coursethe questionof how long we would needto rotateit, which
depend®n how far thelocal optimumis from theinitial state. But this problemwould alsodisappear
if we knewwhatthis ~“candidate"local optimumis; we couldinitialize the machineto this point and
thenjust try to rotatethe z shaft. If it doesnot move thenthis point is a local optimum; if it does
move,thenit is not.

Accordingto the above,if we wantto showthat our machinesolvesa hard problem,we needto
show that the question, “Given a feasible point x° of an optimization problemP, is x° a local
optimumof P?" is at leastNP-complete.We are going to prove nextthatit is NP-hard. First we
de®nevhatwe meanby local optimum

Let P betheoptimizationproblem:forx T R",

min f(x)
gi(x) £0, i=1,2,...,m
We saythatafefilsiblepointxO is alocal optimumof P if andonly if thereexistsane> 0 suchthatfor
everyfeasiblex T N(x?, e), f(x) 3 f(x°), whereN(x°, e) is theneighborhoolk - x| £ e.
Local Optimality Checking,or LOC for short,is thefollowing decisionproblem:
LOC: Givenanoptimizationproblem:forx T R",
min f(x)
gi(x) £0, i=1,2,...,m (6.1)
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andafeasiblepointx°, is x° alocal optimum?

For the encodingproblem,we canassumehatf andeachg;, i =1, 2, ..., m, is restrictedto be a
compositionof functionstakenfrom a ®xedsetS = { f; , ..., fx}; hencewe canhavea ®xedsym-
bol for eachf;. Functioncompositioncanberepresentedsusual,by parentheses.

Theorem 2. LOC is NP-hardfor optimizationproblem(6.1) evenif the functionsinvolvedare (a)
linear and piecewisdinear or (b) linear and quadratic.

Hencethe searchor local optimain nonlinearoptimizationis a very hardproblemindeed. Evenif
we have a candidatepoint we cannotdecidein polynomial time if it is or isn't a local optimum
(assuming?t NP).

Proof. To proveTheorem2, we reduce3-SAT to LOC. Forreference3-SAT is the following prob-
lem, which is oneof the earliestknown NP-completgroblems andwhich is stronglyNP-completeas
well [9].

3-SAT: Givena setof BooleanvariablesX, , - - -, X,, , andgiven B, a Booleanexpressiornn con-
junctive normalform with exactly3 literals perclause:
B=1(Z11 +Zio+ Z13)(Zoy + Zop +2Z23) - (Zm + Zm2 + Zm3)

whereeachliteral Zj, is eithersomevariableX; or its negationX;, is therea truth assignmenfor
thevariablesX; which makesB TRUE?

For eachinstanceof 3-SAT, we will constructan instanceof a problemin real variablesx;. By
example for eachclausein B thatlookslike
(X1 + X3 + X7)

we write aninequalityof theform

X1 + X3 + X7 3 Xg (6.2)
onrealvariablesxg, Xj, X;, i=0, 1,...,n. Also, we addtheconstraints
Xi £f(x;), i1=1,2,...,n (6.3)

wheref is the piecewisdinearfunction
f(x) = (44- 5x)/3

In general,if the literal X; appearsn the clause,we include the termx; in the l.h.s. of (6.2); if the
literal X; appearsn theclauseweincludethetermx;.
The optimizationproblemis

max Xg

subjectto the constraintsof the form (6.2) (therewill be m suchconstraintsf B hasm clauses)and
(6.3).
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Call this problemREAL 3-SAT, andlet B¢betheinstanceof REAL 3-SAT correspondingo B.

Claim 1. For eachsatisfyingassignmens of B, there existsa direction (d;,...,d,) T R" anda
direction(dy,...,d,) T R"

where

(di, d;) = (3, -1) if X; = TRUE

and

(di, dj) = (-1,3) if X;
in A, suchthat

Xo = Q,

(X1y--+4Xp) = (dq,...,dpn) q,

(X1,...,Xp) = (dq,...,dp)q,
is afeasiblesolutionofB¢for anyq 2 0.

FALSE

Proof. Thesevaluesof thereal variablessatisfythe inequalities(6.2) becausesachl.h.s. hasat least
onetermthatequals3q (at leastoneliteral is TRUE. The sumof the othertwo termscanbeno less
than- 2q, sinceeachof themis either3q or - . Also, the constraintg(6.3) are satis®edsinceif
X; = 3-qthenf(x;) = - gandif x; = - gthenf(x;) = 3-q; in bothcases; £ f(x;)

Claim 2. If B¢hasafeasiblesolutionwith Xg > 0, thenB is satis®able.

Proof. If xg > 0 then eachl.h.s. of (6.2) must have a positive term. If X; is positive, put
Xi = TRUE if x; is positive,put X; = FALSE No variablecanbe setboth TRUE and FALSEby
that rule, sincewe cannothaveboth x; andx; positive;this follows directly from (6.3). Thusevery
clausehasatrueliteral andB is satis®able.

We have:

B is satis®able= (by claim1) x° = (0, ..., 0) is notalocal optimumof B¢3
Bdnasafeasiblesolutionwith Xo>0=> (byclaim2) B is satis®able.

ThereforeB is satis®abléf andonly if the feasiblepointx® = (0, ..., 0) is not a local optimum of
B¢ro obtaina reductionto LOC whenthe functionsinvolved are only linear and quadratic we write
(6.3)as

xi £ (- 5%; + 4Ixi)/3, (6.4)
whichis equivalento

X; £ (- 5%; + 4y;)/3,
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Yi £[xi.
Thisis equivalentto
Xj £ (- 5Xi + 4yi)/3,
y? £ x? (6.5)
Yi 3 0.

7. A 3-SAT Machine

We could attemptto solve the ““piecewise-linear"versionof REAL 3-SAT with a Mathematical
ProgrammingMachineif we could ®nda machinethat realizesthe piecewiselinear function f(x).
However,sucha machineprobablycannotbe realized,becausef the discontinuity of the derivative
of f atx = 0. (Considerwhathappensf we movethe shaftrepresenting with constantvelocity past
the point x = 0: the velocity of the shaftrepresentings = f(x) will be discontinuous.)However,in
the “"quadratic” versionof REAL 3-SAT, only smoothfunctionsareinvolved. We can constructa
machineimplementingREAL 3-SAT using differentials,gearcouplingsand a squarer. The squarer
canbeimplementedy a devicelike the oneshownin Fig. 7, with f(x) = x2.

However,we choosenot to try to implement(6.5), in orderto avoid the introductionof the n new
variablesy;,i =1, 2,...,n. Insteadwe write (6.4)as

Xi + B5X;/3 £ 4|xj|/3 <= (3x; + 5x;)/4 £]|x|. (7.1)
We denoteby SQ the setof continuouslydifferentiablefunctionsF (x) satisfying

F(x) = x2 if x30

F(x) £0 if x£0.

If F(x) is afunctionin SQ', it canbeimplementedwith a devicesimilar to the squarerand(7.1)is
equivalento

F((3x; + 5x)/4) £ x?.
Hencewe will try to implementthe optimizationproblem

max Xg (7.2)
underm constraintf theform

X1 + Xz + X7 % Xg (7.3)
andundern constraintof the form

F((3x; + 5x;)/4) £ x?. (7.4)

This optimizationproblemis equivalentto the two optimizationproblemsdiscussedn the previous
section.

As discussedn Section5, we can®ndout if the pointx® = (0,. .., 0) is alocal optimumby ini-
tializing the machineto x° andthenapplyinga torqueto the shaftrepresentingg. If we acceptthe
Downhill Principle,x? is not a local optimumif andonly if the shaftrepresenting, moves. A way
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to interpretthis conclusionintuitively is to saythatif ““in®nitely accurate"analogdevicescould be
built, thenthey couldbe usedto solve3-SAT arbitrarily fast.

To summarizehe discussiorso far, we havearrivedat a MathematicalProgrammingMachinethat
solves3-SAT by testingthe local optimality of the origin in the derivedproblem,REAL 3-SAT. The
machineusesonly gearsand smooth camsand is only polynomially large. If we grant Strong
Church'sThesisthatP* NP, andthe Downhill Principle,we mustconcludethatsucha machinetakes
exponentialesources.

Thereare two ways to follow up on this ®nding. The ®rstis an experimentalstudy to test the
hypothesighat the 3-SAT machinerequiresexponentialresourcess predictedby our theory. Alter-
nately,we canreplacethe Downhill Principlewith a moredetailedmathematicamodelfor the opera-
tion of the machine,for instanceone basedon classicalNewtoniandynamicalequationsthis model
can be examinedin detail with a view toward an analytical veri®cationof the hypothesisfor an
“ideal" analogcomputer. We have carried out a lengthy study to con®rmthat the prediction of
exponentiaresourcecomplexityis not alteredby taking into accountthe precisionof gearratios,the
precisionof the numbers3/4 and 5/4 in (7.4), and the precisionof the initial shaft positions. One
speculatioraboutthe machineis thatfor polynomially boundednput torque,the time for operationis
exponentialwith ergodicitysomehowplayinga signi®cantole.

In the next sectionwe show how to simulateef®cientlyanalogcomputersdescribedoy a classof
ordinary differential equations. Therefore we canconcludethat no machinethat canbe modeledby
(7.2)- (7.4) canbe describedy suchdifferentialequations.

8. SCT for Analog Computers Describedby a Classof Ordinary Differential Equations

Ourinterestin this sectionwill be directedtowardsa classof ““generalpurpose"analogcomputers,
as opposedio specializeddevicesdesignedfor solving particularcombinatorialproblems. We will
introduce a class of differential equations,togetherwith an interpretationof their computational
processesyhich corresponds$o a modelfor analogcomputersof the BushDifferential Analyzertype
[4]. The ®rststepstoward a theory of analogcomputationweretakenby C. Shannonwho showed
that an interconnectionof primitive devicesb adders,scalarmultipliers, and integratorsb con-
strainedby somenatural conditionsto ensurewell-posednessgeneratesgunctions solving ordinary
differential equationsof a particularform [26]. Pour-El[22] addedsomenecessarglaborationson-
cerningexistenceof uniquesolutions. This work derivedthe following form for the differential equa-
tionscorrespondingo a (Bush)analogcomputer:

dv(t)
dt

wherethe matrix A andvectorb haveentriescomposeaf linear combinationf the componenfunc-
tionsof Y(t) = (1,t,y.(t), --- ,yn(t))¢. Heret T |, acompactntervalof therealline.

The following exampleshowsthat the notion of analogcomputationconsideredoy Shannonand
Pour-Eldoesnot accountfor thelimitationsthatareinherentin the generaimodelof analogcomputer
developedin previoussections. From work of Plaisted[21] it is known that solution of the NP-
completePARTITION problemis equivalentto the evaluationof a particularde®niteintegral. The
integralmay be computedasthe solutionto a differential equationof the form (8.1). However,PAR-
TITION is not strongly NP-complete and a specializationof the argumentausedin Section3 shows
that the analog variablesassociatedwvith the differential equationare not polynomially bounded.

A(Y(1)) = b(Y(1)) . Y(to) = Yo (8.1)
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(Certainderivativesgrow exponentially,which cannotbe remediedby scalingthe independentari-
ablet® t/t, while keepingthetime interval of interestpolynomially bounded.)

From our perspectivethe Shannon/Pour-Blvork, with its emphasison computability,concernghe
weak form of Church's Thesis. The PARTITION example suggeststhat further restrictionsand
interpretationsof the differential equationmodel are necessaryn orderto capturethe inherentaccu-
racy limitations of analogcomputationor to makea meaningfulstatemenaboutcomplexity.

Ourrestricteddifferentialequationmodelis derivedfrom theform

dy(t)
dt

whereC(Y(t)) is a vector of rational functionsof the elementsof Y(t) = (1,t,y1(t), - --,yn ()G
This form is equivalentto (8.1) whenA is nonsingular. We assumehat the analogcomputerhasa
precise(e.g.external)clock sothatthe ®rsttwo component®f Y(t) areredundanandt may be used
to parametrizethe functions (y,(t), - - - ,yn(t))¢= y(t). Then (8.2) may be replacedby the
equivalentform

MO =y .0, vito) = vo 83)

We make the usual assumptionfor well-posednes®f the model, namely that f obeysa uniform
Lipschitz condition:

[f(y1.t) - fy2, € Ny - yil, t1 1,

wherel doesnotdependont.

Our interpretationof the computationcarriedout by (8.3) is a variationon the standardnitial value
problemof computingthe valueof y(t;) given[tg,t;]1 1 andy,l R". Hereyg isthe input" to the
analogcomputemwhich thenoperate®vera ®xedtime intervalto generatéts ““output." We makethe
following quali®catiorto incorporatethe absoluteprecision,e, associatedavith the useof the differen-
tial equationto representhe operationof ananalogcomputer. The valuethatis providedasan " out-
put" isanyy” thatapproximatey(t;) in thesensehatly(ts) - y]|£ e.

We adoptasour measuref theresourcesisedby this analogcomputation

R = maxy(t) .

toEtEL

= C(Y(1)) , Y(to) = Yo (8.2)

This assumeshat (8.3) admitsa solutionwhosesecondderivativeexistsandis continuous. Sincethe
derivativey cannotgrow largein a ®xedtime interval without y being large, this is a conservative
measure.(In a typical electronicanalogcomputer,for example,the signaly appearsas a physical
(voltage)signalattheintegratingampli®erinput. Sincearealintegratorhas®nitebandwidth thetime
derivativeof its input mustbe boundedo assureaccurateéntegration.)

We summarizethis modelfor analogcomputation. It consistof the differential equation(8.3), with
the associated.ipschitz constant andabsoluteprecisionconstante. The solutionat time t; when
the initial conditionat time tq is yo andthe precisionconstante determinean equivalenceclassof
“output” vectors. The maximummagnitudeof the secondderivativeof the solutionvectoroverthe
interval[tg,t;], is usedasa measuref theresourcesequiredby the computation.

Our resultis that theseanalogcomputationscan be ef®cientlysimulatedby a digital computer the
strongform of Church'sThesis.
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Theorem 3. Thedifferential equationmodeldescribedabovecan be simulatedby a digital computer
in a numberof stepsboundedoy a polynomialin bothRand1/e.

Proof We give a constructiveproof basedon the Euler methodof numericalintegrationfor the system
(8.3). (Our approachis basedon standardechniquesn numericalanalysis;see[11].) For OEmEN,
sett,=to+mh where h=(t; - tp)/N. Thenwetakegy = yo and

Supposingthat g, is computedwithout roundoff error, the discretizationerror,ey, = gm - Y(tm),
satis®es

em+1 = €m + h[f(gm.tm) - f(Y(tm).tm)] - h? §(x)/2
for somex, t,, < x<tq,+1. UsingtheLipschitzconditiongives
llem+1l £lledi1+hl ) + h?R/2
which leadsto the bound
lleN| £ h R[exp(ts - tg)l - 1]/21
When ®xedpoint numericalcalculationsare used,we have a roundoff error sequence ,, due to
®niteprecisioncomputation. The numericalapproximations
On+1 = O + [Nf7 (gntm)]”
wherethe* denotesoundedvalue. We de®nehelocal roundofferrorby
dm = [hf" (dn,tm)]” - hf(gn.tm)
sothatwe maywrite

gz1+l = g:’n + hf(g:n,tm) +dpy

If we assumehafld Kk s, thenby anargumentsimilar to the one usedfor discretizationerror, we
obtain

IF NI £ s[exp(ts - to)! - 1]/hl

Usingthetriangleinequality,we may combinetheseboundsto obtainatotal errorbound
* R S
ly(te) - gdlE£h  + h2 [exp(ti- to)l - 1]/I (8.4)

In orderto obtaina solutionto the sameaccuracyasthe differential equationmodelfor analogcom-
putation,we mustchooses andh so that this boundis no largerthane. We havethe relationship
h = (t;- to)/N andwe takes = 1/N? for convenience.Thenit is clearfrom (8.4) thatthe number
of discretizationstepsmay be choserno be proportionalto R andto 1/e. Sincef is rational,eachstep
involvesadditions,multiplications,anddivisionsin orderto evaluatethe approximatesolutionvalue.
To obtainthe boundon local roundofferrorof s requireg log, (s)| bits of accuracyandsothe effort
in evaluatingeachapproximatevalue is proportionalto log3(s). With the choiceof s =1/N?2, the
numberof stepsrequiredby a digital computerto simulatethe analogcomputeris O(Nlog?N) , which
is boundedby a polynomialin R and1/e aswasto be shown. This completeghe proof.
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Whatremainds to describehow suchananalogcomputemay be usedto solvecombinatorialprob-
lems of the type describedearlier; we ®rsthavethe implicit encodingof eachcombinatorialvariable
asan analogvariable (possiblyvector-valuedout with ®xeddimension)which appearsas part of the
vectory(t). Theinitial valuey(ty) encodeghe valuesof the combinatorialinput quantities. Finally,
we assumdhat the solution of the combinatorialproblemmay be obtainedunambiguouslyfrom the
“output,” which is to saythat function assigningthe value of the combinatorialsolutionis constant
onthesets(quantizatiorbins)Q(yo) = {y" :|l(tf) - y]| £ €} .

In view of thetheoremabove this interpretatiorimplies the following result.

Corollary. If a combinatorialproblemcan be solvedon an analog computerof the type described
above thenit canbesolvedin polynomialtime ona Turing machine.

In view of the proof of the theoremi|t is possibleto allow certainof the parametersf the differen-
tial equationto dependbn theinputin additionto theinitial valueyq. This maybeimportantin appli-
cationsbecausehe numberof variables,and hencethe dimensionof y(t), n, will generallydepend
on the input. We may allow n andthe complexity of the rational function componentsf f to grow
polynomially in the lengthof the input, andwe may allow the correspondind.ipschitz constant] , to
grow logarithmicallyin thelengthof theinput.

Recently,Hop®eldandTank[12] havediscussedolving the strongly NP-completeTRAVELING
SALESMAN PROBLEM (TSP)with an analogelectrical network whosedescriptionis given by a
coupledset of differential equations. Given a probleminstanceof TSP, they proposeto designthe
network in such a way that an associatedpotential (or Lyapunov) function achievesits global
minimum valueat an equilibrium point of the networkcorrespondingo the TSP solutionpath. Then,
if theinitial conditionsof the analogvariableslie in the region of attractionof this particularequili-
brium point, the steady-stateolutionprovidesthe desiredsolutionto the probleminstance. Empirical
studiesof 10-city and30-city probleminstancesaregivenin [12]; theyindicatethat while this analog
approachdoesnot provide a methodfor obtainingexact(i.e. optimal) solutionsto TSP instancesit
doesoffer a systematidechniquefor consistentlygeneratinggoodsuboptimalsolutions.

We view theseempiricalresultsasevidenceor thevalidity of SCT in this context,which differsin
somedetailsfrom that consideredn Theorem3 andits corollary. The analysisandinterpretationin
[12] reinforcesthis view, especiallyin regardto two dif®cultieswith constructingand operatingthe
network. First, the network and its associatedotential function dependon somefree parameters
(ampli®emains,etc.) thatmustbe choserby empiricalmeansn orderto ““tune" theanalogencoding
of TSP. Secondthe choiceof unbiasednitial conditionsis apparentiydif®cult becausef the sym-
metry in the network arising from multiple encodingsof TSP solution paths without regard to
equivalencef tours(with respecto startingcity andorientation).

Other points madeby Hop®eldand Tank suggestopics for further researchin analogcomplexity
theory. Theseinclude a study of the suboptimalsolutionsobtainedfor the TSP, a study of the "fail-
soft" fault-tolerancepropertiesof analogcomputersa studyof the useof penaltyfunctiontechniques
to obtain constraintsatisfactionin the underlyingcombinatorialproblem,anda detailedexamination
of proposedanalognetworksfor the solutionof othercombinatorialproblems,jncluding onesin Digi-
tal P-time. Examplesof thelatterarefoundin [13,27].
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9. The Spin GlassComputer

Recentwork onthe propertiesof certainmagneticalloys calledspin glassesasled to aninteresting
connectiorbetweenphysicsand combinatorialoptimization[1,15,17],andin fact suggests physical
device for solving an NP-completeproblem. The problem of ®nding a minimum-energyspin
con®guratior{the groundstate in aregularlattice modelcanbe expressea@sthe following problem,
whichis NP-completd15].

GROUNDSTATE OF A SPINGLASS: GivenanH” L~ Wrectangulatattice graph(H, L, W posi-
tive integers)with edgeshetweernverticesthatareadjacentin any of the threedirections,aninteger
interactionweightJ(e) for eachedgee, andanintegerK, the spinenergy is therean assignmenof
aspins(v) 1 {- 1, +1} for eachvertexv suchthat

- S J(u, v)s(u)s(v) £K ?
all edges(u, v)

The problemremainsNP-completevhend is restrictedto the values{ - 1, 0, +1}, sothe problem
is stronglyNP-complete.We canthenview a pieceof spinglassasa candidatgat leastin theory)for
a computerthat solvesa strongly NP-completeproblem,just aswith our 3-SAT machine.(We leave
asidethe problemof initializing the materialwith the problem inputs.” If thereis anyway at all of
settingan interactionweight, the total time for preparinga pieceof materialshouldbe no morethan
polynomialin the numberof lattice points.Similarly for readingoutputspinvalues.)

Theactualoperationof sucha spinglasscomputeris similar to the operationof a mathematicapro-
grammingmachine;it minimizesa multivariatefunction. By a naturalextensionof the point of view
discussedn this paper,suitably formalizedto accountfor quantummechanicalmodelsof systems
such as the spin glasssystem,we are led to a de®niteconclusionaboutthe time it takesfor our
hypotheticalpieceof spinglassto reachthe groundstate:if StrongChurch'sThesisis true,andif P!
NP, thenit musttakeanexponentiabmountof time. Note, however thatthis resultis worstcaseover
all inputs (interactionweightsJ). Thusit may be that almostall piecesof spin glassof a given size
will cool to the groundstatefast, and this prospectsupportsthe useof ““simulatedannealing” asa
heuristicfor combinatorialoptimizationproblems[17]. It is worth pointing out that animplementa-
tion of this heuristicrequiresa sourceof independentandomvariables,andso lies outsidethe realm
of complexitytheoryasdiscussedhere. Still, a proof of convergencéor this kind of stochastiaelaxa-
tion algorithmhasonly beenobtainedunderthe assumptiorof an annealingschedulanvolving loga-
rithmically decreasingemperaturgl10]; the resultingalgorithmrequiresexponentiakime which is in
agreementvith our predictionbasedn assumingstrongChurch'sThesisandP® NP.

10. Discussion

The questionof how ef®cientlywe can computewith general,non-digital, devicesappeargo be
dif®cultindeed. It toucheson problemsin both mathematicandphysics. We havetried in this paper
to establishsomelink betweernthe mathematicatomplexitytheoryof NP-completenesandclassical
physics,but we havenot dealtwith quantummechanicsor the problemof probabilisticbehavior We
haveshownthatthelikely hypothese® * NP andStrongChurch'sThesisleadto the conclusionthat
analog(non-digital) computersare no more ef®cienthandigital computersat leastin the worst-case
over probleminputs, and asymptoticallywith the problemsize. Of coursethesetwo hypothesesre
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importantopenquestionsput we havebeenableto provea restrictedform of StrongChurch'sThesis
andperhapsnoregeneraresultswill beforthcoming.

In recentwork of Bennett[2,3], therehavebeendiscussionshataregermaneo analogcomputation
andef®cientsimulation.He hassuggestedhat ef®cientsimulationof physicalsystemsip to theerrors
induced by uncontrollable(environmental)in uences should be possible. It is our view that the
effectsof uncontrollablein uencesmustbe incorporatednto the mathematicamodel of a physical
processgivenfor exampleby a systemof differential equationsasa fundamentapart of the descrip-
tion of the correspondingnalogcomputationaprocess.

As shownby our differential equationmodel, certain smoothnesgpropertiesof the mathematical
modelcanprovidea naturalmeasurdor theresourcesised. In particularit is the secondderivativeof
the analogvariablesthat appearsasthe naturalmeasurelt is interestingto note that in the work of
Pour-El and Richards[23,24], where it was shown that the three-dimensionailvave equationcan
transformcomputablenitial datainto noncomputableolutionvalues,impositionof continuity condi-
tionsonthe secondderivativewill preventthis phenomenon.
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