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Abstract

A geodesic is a parameterized curve on a Riemannian manifold goveynaddcond order partial differential
equation. Geodesics are notoriously unstable: small perturbations afitderlying manifold may lead to dra-
matic changes of the course of a geodesic. Such instability makes itltibatse geodesics in many applications,
in particular in the world of discrete geometry. In this paper, we considgeadesic as the indicator function of
the set of the points on the geodesic. From this perspective, we presewt@oncept callelizzy geodesicand
show that fuzzy geodesics are stable with respect to the Gromov-Héwdidtance. Based on fuzzy geodesics, we
propose a new object calletie intersection con guratiofor a set of points on a shape and demonstrate its effec-
tiveness in the application of nding consistent correspondences betsggse sets of points on shapes differing
by extreme deformations.

Categories and Subject Descriptofsccording to ACM CCS) 1.3.3 [Computer Graphics]: Picture/Image
Generation—Line and curve generation

1. Introduction

The shortest geodesic between two points on a complete Rie-
mannian manifold is the path whose length is shortest. This
path conveys much richer information about the underlying
manifold than the geodesic distance itself. However, there
may exist multiple shortest geodesics between two points
on a manifold, which makes the shortest geodesic notori-
ously unstable. Small perturbations of the underlying mani-
fold may lead to a dramatic change of the shortest geodesic, Figure 1: The sum of the fuzzy geodesics between all pairs
and thus it is dif cult to use geodesics in shape analysis ap- 0f marked points.

plications.

To overcome this limitation, we propose a new concept
called fuzzy geodesicsThe fuzzy geodesic for any two Comparing to the geodesic distance which by de nition
pointsp andq is a function over the underlying manifold in-  is stable with respect to the Gromov-Hausdorff distance,
dicating for every poink how long is the shortest path from  fuzzy geodesics encode much richer geometric information.
p to g throughx in comparison to the shortest geodesic from In many applications, a set of feature points is often used
p to q directly. The main value of this formulation is that to represent a shape, where the spatial relationship between
it provides a stable way to utilize geodesics in shape anal- these feature points is important, but dif cult to express.
ysis applications. We prove that fuzzy geodesics are stable With the help of fuzzy geodesics which act like a set of
with respect to perturbations as measured by the Gromov- fuzzy ropes bounding the shape (Figue we introduce
Hausdorff distance (Secti@). a new way to describe the spatial arrangement of a set of
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points on a manifold using the intersection pattern of pair-
wise fuzzy geodesics, which we calfitersection con g-
uration(Section4). We nd that differences in thisnter-
section con gurationare effective at distinguishing correct
point correspondences from incorrect ones during experi-
ments with a variety of meshes differing by extreme defor-
mations (Sectio).

2. Background and related work

A geodesic on a Riemmannian manifdidl is a curveg:

I M such that the changing rate of the tangent vectay of
(given by the covariant derivative) vanishes at any poirg.on
The geodesic is a classical concept in differential geometry
and has been studied extensivel{CPJ. The geodesic dis-
tance between any two poinpsq 2 M, denoted asiyi(x;Yy),

is the in mum of the lengths of all path joining;q. If
the manifoldM is complete, there must exist a minimiz-
ing geodesic joiningo; q that attains the geodesic distance,
which we will call the geodesic betwegnq for the remain-
der of the paper.

image of the geodesig on the manifoldM, also denoted
asg The indicator function ofy denoted agg, is de ned

as follows:cg(x) = 1 if x2 gand O otherwise. The indica-
tor functioncg is an equivalent representationgfThe idea

of fuzzy geodesic is basically to obtain a smoothed indica-
tor function. However, naively smoothing the indicator func-
tion will not make it stable due to the existence of multiple
minimizing geodesics between two points. To overcome this
problem, we introduce the fuzzy geodesic, which is de ned
as follows.

De nition 3.1 Given a parametes > 0, thefuzzy geodesic
between any two points p and g on a Riemannian manifold
M is de ned as a functioiGq: M ! R:

jdu(xp)+ dw(x6) dw(P.ai .
S

Gpa(¥) = exp

1)

Intuitively, the fuzzy geodesiG,SJ;q(x) indicates for every
point x how long is the shortest path fromto q throughx
in comparison to the shortest geodesic frprto q directly.

In the discrete Setting, Computing the geodesics has beenlt attains the maximum value of one at pOintS on the short-

studied extensivelyHap83%. Mitchell et al. MMP87] pre-

sented an algorithm to compute the shortest geodesic be-

tween any two points on a polygonal surface, and Surazhsky
et al. proposed a fast implementatid®d9K 05]. Dijkstra's
algorithm can also be used to nd approximate geodesics by
working with a graph formed by the mesh's 1-skeleton.

The convergence of geodesics has also been stud-

ied [HPWO06 DLQ9], where a discrete representation (e.g.,
polygonal surface or point set) is considered as an ap-
proximation of some smooth manifold. The convergence of

geodesics studies if a shortest path on the discrete represen-

tation converge to a geodesic on the smooth manifold when
the approximation error of the discrete representation to the
smooth manifold goes to zero. Hildebrandt et ldPW0§

and Dey and LiPL09] show the subsequence convergence

of geodesics from polygonal surfaces and point clouds re-
spectively.

However, the convergence of geodesics does not imply it
is stable. In particular, geodesics are not stable at cut points.
A cut point of a geodesigissued from the poinp is the
point whereg ceases to be minimizing. The cut locus pf
is all cut points on the geodesics issued frpnif there are
multiple geodesics betwegm g, thenp is on thecut locus
of g and vice verse. Therefore, if a geodesic passing through
two points that are close to each other's cut locus, small per-
turbations may lead to dramatic change of that geodesic.

3. Fuzzy Geodesics

In this section, we de ne fuzzy geodesics, and show their
stability with respect to perturbations.

De nition: To de ne fuzzy geodesics, let us consider the

est geodesic(s) betwegnand q and less values (between
zero and one) at other points (Figi®ke If there are multiple
shortest geodesic@ﬁ;q(x) reaches maximum on all of them.

The parametes controls the fuzziness. The bigger the
is, the fuzzier fuzzy geodesics are. In the extreme, when
goes to in nity, G,SJ;q becomes a constant function 1. When
s goes to O,G,S);q(x) becomes the indicator function of all
minimizing geodesics betwegng. In between, larger val-
ues ofs produce fuzzy geodesics with larger values at points
further from the shortest geodesics (Fig@ye

The time complexity of computing the fuzzy geodesic
between two points is the same as that of computing the
geodesic distance from two sources to all other points. In
particular, on a triangle mesh withvertices, if we use Di-
jkstra's algorithm to approximate geodesic distance over the
1-skeleton of the mesh, the complexity of computing fuzzy
geodesic between a pair of point€énlogn).

It should be noted that the fuzzy geodesics de nition is
very general (it depends only on a distance metric), and thus
fuzzy geodesics can be computed for a wide variety of input
types, including meshes, point clouds, graphs, etc., as long
as a distance between points can be de ned.

Stability: To analyze the stability of fuzzy geodesics, we
consider how the fuzzy geodesic function changes in re-
lation to the Gromov-Hausdorff distance as a shape de-
forms [Gro99. The Gromov-Hausdorff distance is com-
monly used to measure shape deformatidnS()5SMCO07,

and thus it provides a good measure for how similar two
shapes are. Our goal is to show that two shapes with a small
Gromov-Hausdorff distance provably have a small differ-
ence in their fuzzy geodesics.
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Figure 2: Fuzzy geodesics between two xed points with the
parameters equals0:05% 5%, 500%of the geodesic diam-
eter respectively from left to right. Both front (top) and back
(bottom) are shown.

Formally, the Gromov-Hausdorff distance between two
metric spaceéX;dy) and(Y;dy), denoteddg(X;Y), is de-
ned as

don(X;Y) = nf d(1(0;9(1) @
wheref : X! Zandg:Y! Z areisometric embeddings
into the metric spac& anddj is the Hausdorff distance in
the spac&. Note that the usual embedding of a surface into
R® by inclusion is often not isometric as the geodesic dis-
tance between two points on the surface is different from
their Euclidean distance iR®. Nevertheless, such a spate
does always exist. For example, the producK@&ndY with

the metricdy + dy is a possible choice &.

If X;Y are bounded, then we have the following equivalent
de nition, see MS05 and the references therein.

deh(X;Y) = ifngmaﬁA(f);B(g):C(f;g)g 3
wheref : X! Yandg:Y! X areany function and
A(f) = sup jdx(xi;x2) dv(f(x1); f(x2))j and
X1;%22 X
B(f) = sup jdv(y1y2) dx(9(y1);9(y2))j and
y1;y22 Y
C(f;9) = “

sup jdx(x9(y)) dv(f(x);y)i:
X2 X:y2Y

As the de nition of fuzzy geodesics only involves the dis-
tances, the stability of fuzzy geodesics follows from the def-
inition of the Gromov-Hausdorff distance in a straightfor-

ward way. For the same reason, fuzzy geodesics can be ex-
tended and de ned on any metric space and thus we state our

stability theorem in this more general setting.
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Figure 3: Illustration of Theoren8.2

Theorem 3.2 For any two bounded metric spac€X;dy)
and(Y;dy), there exist the maps:fX! Y andgVY! X
such that

1. for any two points ¥ x2 2 X,

4dGHS(X:Y) and
4dgH(X;Y)
—

kKGixe G fix):fxy) KL

KGixe 9 G F(xy):f(xK1

2. for any two pointsy,y», 2 Y,

S s 4dgH(X;Y)
KGuye T G gypakt  — g and
S s 4dgH(X:Y)

KGiye G gy 1 — g

Before proving it, some explanation of this theorem is in
order. Although the theorem holds for any two metric spaces,
to understand the theorem, one can think afs a small per-
turbation ofX, see Figure. The mapf; g are the maps that
almost retain the Gromov-Hausdorff distance, see 8qn(
When perturbation is smalf; g give the correspondence be-
tweenX and its perturbed versioi. Now let us consider
the rst two inequalities in the theorem. For any two points
X1;X2 on X, we want to see how much the fuzzy geodesic
Gx:x, Changes after perturbation. Sintex;); f(x2) are the
corresponding points ofy;x, after perturbation, it is natu-
ral to comparesy,;x, With Gr(x,):(x,) - We can compare them
over the spacX (given by the rst inequality), or over the
perturbed spac¥ (given by the second inequality). The last
two inequalities in the theorem can be explained in a similar
way.

Proof We rst prove the rstinequality. See= dgn(X;Y).
If e= 0, thenX andY are isometric to each other. LEbe an
isometric map fronX to Y andg be its inverse. Obviously,
the inequality holds in this case. Now assuewe 0. From
Eqn@), for anyh > 0, there exist the maps: X! Y and
g:Y! Xsuchthatforany?2 Y, we have

dy(f(x1); f(x2))j < e+ hand

jdx(9(y);x1)  dv(y: f(x1))j < e+ hand
jdx(a(y):x2)  dv(y: f(x2))j < e+ h:

Note that bothGy,, g and Gy .4, are the functions

jdx (X1;%2)



J. Sun & X. Chen & T. A. Funkhouser / Fuzzy Geodesics and GensBparse Correspondences For Deformable Shapes

4. Intersection Con guration

In this section, we introduce a model for structural differ-
ences between point sets based on fuzzy geodesics. Intu-
itively, we note that the pairwise fuzzy geodesics within a
set of potential point correspondences form a set of “fuzzy
ropes” bounding the shape (Figutg and the crossing pat-
tern of those “ropes” is indicative of the structural arrange-
ment of the points. Therefore, we aim to represent a shape
by the pattern of fuzzy geodesic intersections, which we call

Figure 4: Changes of fuzzy geodesics due to the change of ItS intersection con guration

topology.

overY. For any pointy 2 Y we have

dx (x1;x2))
dv (f(xq); f(x2)))i

i (dx(a(y);xa) + dx(9(y); %2))
(dy (y; F(x)) + dv(y; F(x2))
< 3(e+ h)
Hence

3(eth)

iGase(dy) G ?(Xl);f(xz)(Y)j <jl e < @(5)

which shows the rst inequality by choosing= e=3. The
other inequalities can be proved in a similar way. Note that
the mapf;g can be chosen so that all four inequalities hold
for xed f;g. [

The Lipschitz constant is proportional to the reciprocal of
the parametes. This means controls the stability of the
fuzzy geodesics. Smadl makes fuzzy geodesics less stable
but more precise while big makes fuzzy geodesics more
stable but less precise. When the Gromov-Hausdorff dis-
tance betweelX;Y is small, we can afford to use small

to obtain both stable and precise fuzzy geodesics. However

when the Gromov-Hausdorff distance betweg€lY are big,
we have to use big to have stable fuzzy geodesics. Conse-
quently fuzzy geodesics are becoming less precise.

It is interesting to see the stability of Fuzzy geodesics un-
der topological changes. As seen from Figdravhen the
topological changes are local (e.g. middle picture in Fig-
ured), it does not change Fuzzy geodesics very much, while

those that short cut the different parts of the shape (e.g.

right picture in Figured) can change Fuzzy geodesics a lot,
which is predicted by the stability theorem as it changes the
Gromov-Hausdorff distance a lot. One way to make it stable

Before de ning the intersection con guration, we rst de-
ne the intersection of two fuzzy geodesics, which is also a
function.

De nition 4.1 For any two pairs(p;g) and(u;v) on a Rie-
mannian manifold M, thetersectiorof the fuzzy geodesics
Gpig and Cuy, denoted P, is their point-wise multiplica-
tion, namel pig: M ! R:

1509 = Gpa(®) Guv(¥): ()
It is obvious that the intersection of two fuzzy geodesics is
also stable with respect to the Gromov-Hausdorff distance,
but the error becomes quadratic in terms of the Gromov-
Hausdorff distance. Th@-norm ki pigkp of the intersec-
tion function tells how much two fuzzy geodesics intersect,
which is a stable isometric invariant. In particular, for small
s, kI ¢gkp with 1 p< 1 contains the information of
Gauss curvature arournpgas the geodesic disk of a xed ra-
dius has big area if the Gauss curvature is negative and small
area if it is positive.

Now we are ready to introduce our intersection con gu-
ration, which basically records how much each pair of fuzzy
geodesics intersects.

De nition 4.2 Given a set of points S fsgl, in X, its

"intersection con guration, denotetCsg, is a four dimen-

sional square matrix of size m where the erfnyj; k;l) is
the p-norm of the intersection of the fuzzy geodeSigcs
andGss, namelyiC s(i; j; k;1) = ki & 5 I Kp.

For a set oin points the complexity of intersection con-
guration is O(m ). Note the matrixIC g has three fold
symmetry adCg(i; j; k1) = 1Cs(j;i; k1), ICs(i; j; k1) =
ICg(i; j;1;k) andIC «(i; j; k;1) = 1C g(k;1;i; j). For a trian-
gle mesh withn vertices, the complexity of computing all
pairwise fuzzy geodesics ®(mnlogn+ n?n) and thus the
total complexity of computing the intersection con guration

against those changes is to de ne fuzzy geodesics based onof S is O(mnlogn + m4n), if we use Dijsktra algorithm to

diffusion distances, which we leave as future work.

In what follows, to simplify the notation, when there is
no confusion, we will drop the parametein our notations.
For example Gp,q denote the fuzzy geodesic betwepy
for some xeds.

approximate geodesic distances.

Finally, we propose a new way to determine the compat-
ibility of a set of point correspondence based on intersec-
tion con guration, which we callntersection con guration
distance Speci cally, given a correspondence froto Y,
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namely a set of pointS2 X andamah: S! Y, we wantto
measure how good the maps. The intersection con gura-
tion distance evaluates the mags the difference between
ICsandICyg with the proper labeling re ecting the map
h. Formally,

De nition 4.3 Given a sparse correspondence: s =
fsgl,! Y from X to Y, we de ne the intersection con-
guration distance as

ICD(h) =

A IICs(s:8:59) 1C g (h(s);h(s));h(s);h(s))]
ikl
where we abuse the notation and dende(s;; sj; S; S) the
entry inlC g corresponding to the pairgs; sj); (s ).

The intersection con guration distance measures how
similar crossings of fuzzy geodesics are, and thus we ex-
pect it is low for corresponding point set within the same
semantic class, and high for other

5. Experiment: Finding Sparse Correspondences

In this section, we investigate how intersection con gura-
tions, in particular intersection con guration distances, can

be useful for detecting consistent correspondences between

sets of points on two shapes differing by a non-rigid de-
formation. This application is extremely important, as nd-

ing correspondences is at the core of many shape analysis

applications yKZHCO1(. A common approach is to enu-
merate sets of candidate point correspondences and the
choose the sets that minimize an error function measur-
ing dissimilarities in the spatial con gurations of corre-
sponding points. The challenge is to de ne a discriminat-
ing and stable error function. Several error functions have
been proposedBBK06,BR07,ZSCO 08,JZvK07,0SG08
WGQO8LF09], most of which are aimed at measuring devi-
ations from a particular transformation space — e.g., isome-
tries. Thus, they are suitable for applications where those
types of deformations are expected (e.g., tracking of time-
varying cloth surfaces). However, they are often not ade-

n

Model n m FP (s)| IC(s)
Human 10.1| 5.0 15.1 2.3
Hand 8.0 | 6.0 14.1 3.3
Ant 75 | 9.0 10.3 2.7
Octopus | 8.8 | 8.0 13.6 3.5
Armadillo | 21.1 | 186 | 33.8 19.0

Table 1: Average complexity and timing statistics (averaged
per category)n: number of vertices in thousands of a model;
m: number of feature point$;P: time in seconds to compute
HKS function and extract feature point§}: time in seconds
to compute intersection con guration;

is both stable and descriptive of structural arrangements of
points. The remainder of this section, describes experiments
to test this hypothesis.

Data set: Our test meshes were chosen from the Watertight
Models Track of SHREC 2007 Benchmaf&BP07 (Water-

tight in short). We test every pair of meshes within the fol-
lowing categories: Human, Ant, Octopus, Hand, Armadillo
and Fourleg (these classes were chosen because they contain
deformable shapes). The meshes were used directly without
any preprocessing, such as smoothing or simpli cation .

Point feature detection: For each mesh in the data set, we
extract a sparse set of feature points from the surface. While
many methods are possible for this step, we provide one that
chooses points from the maxima of a function which is in-
variant under isometry (with the goal of nding points likely

to correspond within the same object class). The function
we use is the heat kernel signature (HKS) proposed by Sun
et. al [SOGO09 at one large time scale (as we are looking
for global correspondences). This function can be computed
ef ciently (empirically linear in the number of vertices in
the mesh) as only a few eigenfunctions are needed to esti-
mate HKS for a large time scale. In addition, we use per-
sistent homology to measure the persistence of each max-
imum [ELZ0Q] where the ltration is induced by the HKS
function, and then sort all the maxima in the decreasing or-
der of their persistence. To avoid noisy maxima, we choose
the rst mmost persistent maxima as our sparse point set.

guate for modeling intra-class differences between shapes,
where shape variations retain the same structure (same partdntersection con guration computation: For each mesh in

in the same arrangement), but are not well-described by a the data set, we compute the intersection con guration of the
single transformation (e.g., a giraffe versus an antelope). extractedm point features. In these computations, we xed
Other methods have measured differences in skeletal graphthe parametes to be 10% of the geodesic diameter which
structures [HSKKO01, ATCO 10]. However, they are gener-  is evaluated as the maximum over all geodesic distances be-
ally not stable — i.e., the skeletal graphs extracted for two tween any pair of points in the chosen sparse point set. We
objects of the same class may not have the same topology,compute intersection con guration using 1-norm.

which complicates the comparison of these skeletal graph

Correspondence searchFinally, for every pair of meshes
structures.

in the same object class, we consider combinations of point
Our approach is to measure differences between candi- correspondence sets and evaluate the ICD error measure for
date correspondences using finéersection con guration each one. We log the ICD computed for correspondence sets
distance(ICD) described in the previous section. We hy- that are both correct and incorrect and then gather statistics
pothesize that this approach will be effective, since the ICD to analyze how well the ICD is able to discriminate between
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Figure 5: intersection con guration distance vs. consistency of pairwise geodksiance. The histograms of the following
three statistics over all pairs within the same categdid): when the rst correct permutation appear§?): the number of
correct ones in the rst k permutations where k is the the number of eitme the ground truth se{3): when all correct
permutations are included.

them. We compare our results to ones computed using differ- 5.1. Permutation results

ences of pairwise geodesic distances between corresponding . . . .
feature pointsBBKO]. Our rstexperiment investigates the effectiveness of the ICD

error measure when both the sparse poingset sgZ ; and
its imageh(S) are given but the exact map between them
is unknown. There are totally! possible permutations be-

Timing: Tablelshows timing results collected onaPCwith 1 nans and h(S). We evaluate ICD for each permutation
Core2 Duo CPU 2.40GHz and 4GB of memory. For most y, ang check whether it discriminates good maps from bad
models tested, it takes around 10 seconds to detect a set of

ones.
feature points (FP) and compute their intersection con gura-

tion (IC). Computing the distance between two intersection For this experiment, we limit the data set to the four cat-
con gurations is almost instantaneous. egories for which our algorithm is able to extract point fea-
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X

Figure 6: The rst 16 permutations of Octopu22 and
Octopusl24based on ICD, which form a group similar to
the dihedral group [3. The top three rows show all rotations
Rot R; and the bottom three rows show all re ections Re f

R/, where Rot preserves the orientation, Ref reverses the
orientation, and Rs are self-rotation of Octopu$22

tures consistently for all meshes in the same category: Hu-
man, Ant, Octopus, and Hand. For each category, we estab-

lish a ground truth set of correspondences and test to see how,

well our methods recover them. Speci cally, we sort all pos-
sible permutations in the increasing order of their error mea-

Figure 7: The rsttwo permutations for two pairs of humans
and two pairs of ants.

tersection con guration distance performs much better than
the difference of pairwise geodesic distances.

For example, in the category of Octopus, each mesh has
self intrinsic symmetry group similar to dihedral groDg,
which has 16 elements. For each octopus (except Octopus
125 which only has four arms), our point selection algorithm
chooses 8 points on the tip of each arm. For each pair of
octopi, we measure the error of each permutation either by
its intersection con guration distance (green bars) or by the
differences of pairwise geodesic distances (red bars). As we
can see from Figurg, the intersection con guration distance
performs very well: the rst permutation is always correct
(1st column), and in more than 70% pairs, the rst 16 per-
mutations are all correct (2nd column). Fig@shows the
rst 16 permutations between a pair of octopi, which forms
a group similar tdDg. In contrast, from Figur®, the error
measure based on the difference of pairwise geodesic dis-
tances performs poorly: in about 40% pairs, there is no cor-
rect permutations in the rst 16 ones (2nd column) and one
needs to retrieve about2= 32,768 permutations in order
to nd all 16 correct permutations (3rd column).

The statistics for the category of Human and Ant are also

sure, and then search along this sorted list to see (1) when theshown in Figureb, which shows that the IDC performs very

rst correct permutation appears, (2) the number of correct
ones in the rstk permutations wherk is the the number of
elements in the ground truth set, (3) when all correct permu-
tations are included. The histograms of these three statistics
for each category are shown in Fig&:evhich shows the in-
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well: in almost all pairs of humans and ants, two correct per-
mutations have the smallest intersection con guration dis-
tances. Note we exclude Human 16 and Human 18 as they
are topologically different from the others. Figufeshows

the rst two permutations for two pairs of humans and two
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Figure 8: ICD: the intersection con guration distances of
the rst 10 permutations of a pair of ants and a pair of hu-
mans; GDD: the differences of pairwise geodesic distances
of the rst 10 permutations of a pair of ants and a pair of
humans. Note there are only two correct permutations for a
pair of humans or ants.

pairs of ants. One permutation maps the left to the left and

the other maps the left to the right. From Fig@&ewe can

see there is a gap in the ICDs between two consistent permu-
tations and others. In fact, similar phenomena are observed
in almost all pairs of ants and all pairs of humans

For Human, it appears that the differences of pairwise
geodesic distances perform also well. However, further ex-
amination shows that the differences of pairwise geodesic
distances can hardly distinguish the two correct permuta-
tions from the following two: 1) switching the left hand with
the right one but keeping the feet unchanged, i.e., mapping
the left to the left foot and the right foot to the right, 2)
switching the left foot with the right one but keeping the
hands unchanged, see Fig8rét is somehow a coincidence
that in about 90% pairs, the permutation with the smallest
difference of pairwise geodesic distances is correct (1st col-
umn). In fact, only in about 60% pairs, can the differences
of pairwise geodesic distances pick out both correct permu-
tations (3rd column).

For the hand category, ICD again performs much better
than the differences of pairwise geodesics, see Figure
However, notice that there are more mispredictions in the
category of hand than in other categories. Further examina-
tion shows that most of the top misprediction are like the
map shown in the top right cell in Figu® which swaps
thumb with little nger and index nger with ring nger, and
in some sense is still spatially consistent. In fact, in about
80% pairs, the rst two permutations contains the correct
one (1st column and 3rd column in Figue In Figure9, its
rst column shows the rst permutation for each of two pairs
of hands, and its second column shows the rst two permu-
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Figure 9: Correspondences of hands. (a) the rst permuta-
tion for each of two pairs of hands, (b) the rst two permu-
tations of a pair of hands.

tations of a different pair. Although the rst one (top) is not
correct, it ips the hand in a consistent way as we explain
above.

5.2. Subset search results

In this section, we consider a harder problem: given a sparse
point setSx = fx gl 2 X and a point seBy = fyig{‘lol 2,
assuming thah(Sx) is contained inSy for each consistent
correspondende: Sy ! Y, ndaconsistent correspondence

h. This problem is more general in the sense that we lose the
assumption oh(Sx) = Sy. Now, h(Sx) Sy, a more typical
search scenario.

In this setting, althoughm is small, m° can be large
which prevents us from searching all possible maps from
Sk into Sy. Thus, some heuristic search strategy has to be
employed, such as branch-and-bou@MGPO03, priority-
driven searchfS0€, or belief propagation ASP 04]. In
the paper, we use a simple heuristic searching algorithm
called beam search.§w76] mainly to show that even for a
very sparse point set, its intersection con guration conveys
enough geometric information to distinguish the good map
from bad ones.

Beam search uses breadth- rst search to build its search
tree. Each node in the tree represents a map from a subset
of St into Sy. The tree starts with an empty root at level 0
and grows as follows. For each node at Iei\/egjeneratafnO
successors each of which adds one more pair fxgm to
one of points inSy. Update the ICD for the map represented
by each successor of any node at levebort them in the
increasing order of their error measures and only keep part of
them with small error measures as the nodes at [gvell).

In our implementation, we do not perform pruning in the rst
few levels. If we start to prune, we only keep the rstri”

of the total nodes on that level so that the number of nodes
on the afterward levels remains xed.

We apply beam search to the shapes in the category of
Armadillo and Fourleg. Note that for each pair shown in the
following gures, we map the left one into the right one,
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Figure 10: Correspondences for category armadillo

Figure 11: Correspondences for category fourleg

meaning we choose less points from the left one than from distances. We believe that combining intersection con gura-
the right one as stated in our problem. For Armadillo, we set tion with some local point signature like HKS can resolve
m= 10 andm’= 20 and we start to prune at level 5. For this ambiguity. However this is not the focus of the paper
Fourleg, we setm= 8 andm”= 15 and we start to prune  and we leave it as future work.

at level 5. It is possible that some shapes do not have the

prescribed number of maxima Finally, Figurel2 shows the correspondence of the small-

est intersection con guration distance for a couple pairs of

Figure10 and Figurell show the correspondence of the armadillos where some major parts of an armadillo are miss-
smallest intersection con guration distance on the leaf level iNg. When we map an armadillo with major parts missing
for a few pairs of armadillos and fourleg animals. As we into a complete one, as required by our assumption, the beam
can see, our intersection con guration distance can generally Search can still nd a reasonable correspondence.
nd a spatially consistent correspondence. However, there
are some failure cases. For example, in the pair shown in the
bottom rightmost cell in Figur&0, the point on the left hand
(pink) maps to the left ear while the point on the left ear In this paper, we have introduced a new concept, fuzzy
(cyan) maps to the tip to the nose. Also, in the pair shown in geodesics, based on which we de ne the intersection con g-
the bottom middle cell in Figur&l, a point on a leg (red) is uration associated with a set of points on a manifold, which
mapped to the bottom of the body. Nevertheless, in the above encodes the spatial relation between them. We demonstrate
two failed cases, further investigation shows that the correct its effectiveness in the application of nding consistent cor-
correspondences also have small intersection con guration respondences between sparse sets of points on shapes differ-

6. Conclusion
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Figure 12: Correspondences for two pairs of armadillos.
The armadillos on the left side have some major parts miss-

ing.

ing by extreme deformations. In the future, we would like to

investigate other theoretical properties of fuzzy geodesics, as

well as other applications.
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