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Abstract. A classicalpaperof Myerson[18] shavs how to constructan optimal (revenue-maximizing)
auctionin a modelwherebidders'valuesaredravn from known continuousdistributions. In this paper
we shav how to adaptthis approachto nite supportdistributionsthat may be partially unknavn. We

demonstratéhata Myerson-styleauctioncanbe constructedn time polynomialin thenumberof bidders
andthe sizeof thesupportsets.Next, we considetthe scenariovherethe mechanisndesigneknows the

supportsets but notthe probability of eachvalue.In this situation,we shav thatthe optimalauctionmay

belearnedin polynomialtime usinga weakoraclethat,giventwo candidateauctions returnsonewith a

higherexpectedrevenue.To studythis problem,we introducea new classof truthful mechanismsvhich

we call orderbasedauctions We shav thatthe optimalmechanisms anorderbasedauctionandusethe

internalstructureof this classto prove the correctnes®f our learningalgorithmaswell asto boundits

runningtime.

1 Intr oduction

The problemof designingan optimal single-itemauction,i.e., nding away to allocatean object
to oneof the n potentialbuyersso asto maximizethe sellers revenueis fundamentato auction
theory Arguably for mary practicalapplicationsrevenuemaximizationis more importantthan
efciency, i.e., assigningthe objectto the bidder who valuesit most, and, perhapssurprisingly
ef cient auctionsarenotalwaysoptimalandvice versaAs mostof thestandardauctionformatsare
efcient, to extractthe maximumpro t for the sellerone needsto constructa more sophisticated
mechanisnthatis speci cally tailoredto this task.

The rst optimal auctionfor the simplestpossiblecaseof independenvaluesand continuous
distributions was describedoy Myersonin 1981[18]. In Myersons paper it is assumedhatthe
mechanisndesigneiknows the bidders' (continuous)aluedistributions (the particularrealization
of eachbidders value,however, is known to this bidderonly, asis commonin auctiontheory);the
optimalallocationandpaymentrule dependbn this information.More speci cally, for eachbidder
i, Myersons auctioncomputeghevirtual bid ¢; = ¢;(w;; D;) basedon his actualbid w; andvalue
distribution Dj. It thenallocateghe objectto the bidderwith the highestvirtual bid; the price that
thewinnerpaysis the smallestamounthe couldbid andstill win theauction,i.e., histhresholdbid.
This paymentrule ensuredhat the auctionis truthful; in particular it guaranteeshatthe highest
bidderi cannotpro t from bid shadingj.e., submittinga lower bid wCthatis feasible,.e., belongs
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to the supportof the ith bidders distribution, and still satis es ¢;(w® D;) > G, whereg; is the
second-highestirtual bid.

In this papeywe considethetaskof constructinganoptimalmechanisnundera setof assump-
tionsthatdiffer from thosemadeby Myersonin two importantaspects:rst, we focusonthecase
whenthebidders'valuedistributionsarediscreteandsecondywe assumehatthesedistributionsare
only partially known to themechanisndesigner

We startby shaving how to adaptMyersons approacho thesituationwhenbidders'valuations
aredravn from nite supportdistributions,i.e., bidderi's valuefor the objectis an elementof a

thanthe continuousone(we provide severalexampleswvherethisis likely to bethe case)theproofs
in [18] malke useof the continuity assumptiorandcannotbe applieddirectly in our case Also, our
auctionscanbedesignecindimplementedn polynomialtime, while therunningtime of Myersons
auctionsdepend®on the choiceof representatiofor the continuoudistributions;in particularit is
not clearif the 2 attening® proceduradiscussedn subsequensectiongalsoknown as2ironing®)
canbecarriedoutin polynomialtime.

Wethenaddressvhatmary considerasigni cant shortcomingof Myersons approachpamely
the assumptiorthat the mechanisndesignerhasfull informationaboutall bidders' value distri-
butions.We considera learningscenariojn which we are given the setof eachbidders possible
values,but not the probability of eachvalue,andareallowedto run a sequencef auctionsandto
obsere their outcomes(A moregeneralscenariojn which the informationaboutthe distribution
supportds absenttoo, is the subjectof futurework.) We assumehatthe biddersarenot strategic,
i.e.,in eachroundthey behae asif thiswereasingle-shoggame While thisassumptiommayappear
unrealistic,it is justi ed in the casewhenratherthanhaving n bidderswho repeatediyparticipate
in our auctionswe have n biddertypes eachcorrespondingo a nite supportdistribution, andin
eachroundwe obsenre anew participantof eachtype.

Our mainresultis thatit is possibleto learnthe optimalauctionevenif we only getto obsere
theexpectedpro t of eachauction.Indeedthe problemwould have beenmucheasieiif we hadfull
accesso bid statistics,asthis would allow usto estimatethe probability of eachvalue.However,
in practicethe biddersareoftenreluctantto revealtheir truevaluesandinsiston someform of data
protection.For example,they may requirethatthe auctionis run by a trustedthird party or uses
cryptographyto presere dataintegrity; in fact, cryptographicauctionmechanism$ave recently
receved alot of attention[19,17]. If thisis indeedthe case the only courseof actionavailableto
themechanisndesigneis to try out several candidatesolutions,obsere their expectedpro ts, and
pick the bestone.We shav thatin this setting,thereis a way to choosethe candidatanechanisms
adaptvely soasto arrive atthe optimal solutionaftera polynomialnumberof trials.

We modelthe scenariowhenthe auctionis run by a third party by consideringan oraclethat
givenadescriptiorof anauctionmechanismoutputstheexpectedpro t of thismechanismWe em-
phasisahattheterm oracle'is only usedto highlightthefactthatthewe getno extra infortmation
aboutthe outcomeof the auction;our oracledoesnot have superpolynomiatomputationapower
andcanbeimplementedy runningtheauctionsufciently mary times.First, we considetthe sim-



pli ed modelwheretheoraclereturnsthe exactvalueof theexpectedpro t. Wethengeneralizeour
resultsto amorerealisticsetting wherethe oraclereturnsan -approximatiorto theexpectedoro t.

To usethis model(and,moregenerally to beableto subcontractunningthe auction),we must
be ableto encodean auctionsuccinctly This is not a trivial task:the total numberof possiblebid
vectorsis K", andthereforethe numberof admissibleallocationrulesis exponentialin K ". To
resol\e this problem,we proposea new classof truthful mechanismsor nite supportvaluedis-
tributions, which we call order-basedauctions and shav that the optimal mechanisnbelongsto
this class.Orderbasedauctionshave mary otherattractie propertiesbesideshaving a compact
representatiorinamely an orderbasedauctioncanbe viewed asa permutationof sizenK + 1),
they allow efcient winner determinationand paymentcomputation,and are easyto implement
in a cryptographicallysecuremanner Therefore we believe thatthis conceptmay be of indepen-
dentinterest.especiallyin relationto designingrevenue-maximizingnechanism$or the casevhen
bidders'valuesarenot necessarilyndependentBy choosingour candidatesolutionsamongorder
basedauctionswe reducethesizeof thesearcrspacedo just(nK + 1)!; also,it allows usto provide
the oraclewith a compactdescriptionof anauction.We thenshav thatto nd anoptimalauction,
it sufces to make O(n?K ?) callsto an evenwealer oraclethat cancomparethe expectedpro ts
of any two auctiongclearly this oraclecanbe simulatedby theexpectedpro t oracle).Thismeans
thatthe optimalauctioncanbelearnedundertruly minimalinformationalassumptions.

Relatedwork To the bestof our knowledge,the problemof constructingan optimal auctionfor
nite supportdistributionswas rst addressethy BergemannandPesendorfef5], who describea
solutionfor distributions which satisfyan additionalregularity constrain18]; our agumentsfor
theregularcasecloselyfollow thoseof [5], andareprovidedherefor completenessnly. A solution
for the generalcasewas obtainedsimultaneouslyand independenthby Cheng[8]; however, he
doesnot considerthe incompleteinformation scenariostudiedin Section5. A numberof papers
have investigatedearningand prot maximizationin online auctions(see,e.g.,[12,13,4,6,15,
14]). However, in mostof thesepaperst is assumedhatthe biddersare symmetric,while we are
interestedn thecasewhenall n biddershave differentvaluedistributions.A moregenerabpproach
is taken by Aggarwal andHartline[1], Blum andHartline [3] andBalcanet al. [2], who consider
attribute auctions,in which biddersmay have publicly known attributes;our modelcanbe viewed
within this framewvork, whereattributescanbeidenti ed with bidders'valuedistributions(or, in the
caseof learningscenariothe supportsets).Ronen[20] and Ronenand Saberi[21] studyoptimal
auctionsin the casewherebidders' value distributions are not necessarilyndependenthowever,
their lower boundsdo not applyin our scenarioTheresultspresentedn this paperhave appeared
in [10].

2 Preliminaries and notation

are independentandomvariables;the value v; of the bidderi is dravn from a nite setW; =



wkjk = 1;:::;K , accordingo adistritution Di; weassumav! < < wK . Thedistritution

gt+ + gk Ourresultscanbeeasilygeneralizedo thecasevhensetswWy; : : : ; Wy, have different
sizesWheneerwediscussomputationakf ciency, weassumehatall gi" ; wi" arerationalnumbers
whoserepresentatiosizeis polynomialin n andK . In whatfollows, “polynomial’ awaysmeans
“polynomialin the sizeof the problemdescription',i.e., ‘polynomialin n andK '.

SetW = W; W;,D = (Dy;:::;Dp); anelemenof W isdenotedbyw = (Wq;:::;Wp).

We assumehatthe numberof biddersandtheir valuedistributionsarecommonknowledge(we
relax this assumptiorin Section5); however, the actualvaluationof eachbidderis known to this
bidderonly. Ourgoalis to designanoptimal,i.e., revenue-maximizingnechanisnior thepair G =
(W; D) thatis individually rational, i.e., no biddercanlosemone by participatingin the auction.
By therevelationprinciple [18], we canrestrictoursehesto incentve-compatiblenechanismsn
which the equilibrium stratgy for eachbidderis to reveal his true value.An incentive-compatible
mechanisnmis completelyde ned by its allocationrule Q : W 7! [0;1]" andpaymentrule M :
W 7! R": givena bid vectorw, Qj(w) is thlg probability that bidderi wins, andM(w) is the
paymento bidderi. Forarny w 2 W we have i”:p Qi(w) 1,Qj(w) 0. Notethatwe do not
requirethatoneof thebidderswins, i.e.,weallow  _; Qi(w) < 1: thesellercankeepthe object

if it is pro table for him to do so.

3 Auction designfor known distrib utions

In this section,we shawv how to designanoptimal nite supportauctiongivena full descriptionof
eachbidders valuedistribution.

First, we shav thatin the optimal auction,the paymentrule (and hencethe auctionees rev-
enue)canbeexpressedsafunctionof theallocationrule andderive the expressiorfor the sellers
expectedrevenueasa function of the allocationrule. Later, we will usethis expressiorto pick the
optimalallocationrule.

De ne thevirtual utility ¢k of thebidderi whosevalueis wk to be

1 Gk

k+1 k
: W; )
gik

Theorem 1. Theseller's revenuefrom an optimal truthful auctionwith allocationrule Q canbe

expresseds . "
_X< X< X Kioounn Kn \ ~Ki K1 ... ~kn .

Ro = Qi(wit;iiwim)ct grtiiigen: (1)

ki=l  kn=1 i=1



Proof De ne
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Thatis, g (w;) istheexpectedorobabilitythatbidderi winsif hereportshisvalueasw; andeveryone
elsedraws their valuesat randomandreportsthemtruthfully, andm; (w;) is his expectedpayment
underthis scenarioTo simplify the notation,we setgt = ¢ (wX) andm¥ = m;(wk).

Given a bid vectorw, the utility of atruthful bidderi is Uj(w) = w;Qi(w) M;(w). Note
thatthis de nition of utility assumeshatthe paymentmadeby an agentis not conditionalon his
winning the auction;rather the probability of this eventis incorporatednto the paymentrule. The
individual rationality constraintsaysthatU;(w)  Oforalli = 1;:::;n,w 2 W. Theexpected
utility of a truthful bidderi canbe expressedasa function of his expectedprobability of winning
andhis expectedpaymentu; (wi) = wig(w;)  m;(w;). Setuk = u;(wk).

Sincethe mechanismis truthful, whenbidderi's valueis wk, he cannotincreasehis utility by
reportingwik 1, andvice versathatis

Uw 5w Uiw sw D+ wi wf HQiw ;wf b
and
Ch oUW sw) W wE HQiw w):
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Rewriting theseinequalitieswe get

W W HQiw swf D) Uiw w) Uiw sw D w wE HQiw 5wl ()
or, averagingover otherbidders'values,
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Hence for ary incentve compatiblemechanismhereexistq{ 2 [c{ 1;q{]suchthat
uf=ufs o wow D
j=2
Asuk = wkgt  mk, theexpectedpaymeniof theith bidderwhenhis valueis wk equals
Xk
1

mk = whgf  uj W w He: 3)
j=2



Thereforejf hisvalueis dravn from W; accordingo D;, his expectedoaymentis computedas

X X XX
Pi=  mig= ul+  widg g wow hd;

k=1 k=1 k=1 j=2

or, changinghe orderof summation,
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wherewe de ne w *1 = wK . Any mechanisnihatchoosesf*! betweerg® andd*? is truthful,

andall suchmechanismsllocatethe objectin the sameway, soary choiceof qik"l within these

boundsonly affectsthetotal payof, but notthebidders'behaior. As theoptimalmechanismmaxi-

mizesthesellersrevenuejt hasgk™ = ¢, and by thesameargumentu? = Oforalli = 1;:::;n,
k=1::;K
Usingthe de nition of virtual utility, we Banexpressthe expectedpaymentof theith bidderin

anoptimal auctionwith allocationrule Q as |, c‘cfg¥. Usingthe expressiorfor ¢, we derive

thatthe overall sellers revenuefrom anoptimalauctionwith allocationrule Q is givenby (1). t

Theorem1l implies that we shouldselectQ so asto maximizeRq. However, our choiceis
restrictedby incentive compatibility andindividual rationality constraintsNext, we give a simple
descriptiornof all allocationrulesthatcanbe completedo anincentve compatibleandindividually
rationalmechanism.

conditions:

P
i L, Qi(w) 1foranyw 2 W
(i) Qj(w) Oforanyw 2 W,i=1;:::;n
(i) Qiw #;wk)  Qi(w ;;w™).
Proposition 1. Anyincentive-compatiblenedhanismhasa valid allocationrule. Corversely given
avalid allocationrule Q, themetanism(Q; M ) whosepaymentule M is givenby

Mi(w wf) = wiQiw pwl) (W wl HQiw iwf Y (@)
j=2
satis esincentivecompatibilityandindividual rationality, andits expectedevenues givenby (1).

Proof If (Q;M) is anincentve-compatiblenechanism(i) and(ii) aresatis edby de nition, and
(i) follows from (2), which hasbeenshavn to hold for all incentve-compatiblenechanisms.



For the oppositedirection,notethatfor the paymentule M de ned by (4), we have

Uiw iiwf) = wiQiw iiwl) Miw iwf) = v w HQiw w0
j=2

which meanghat (Q; M ) satis esindividual rationality For incentve compatibility it sufces to
shaw thatforary | < k

Uw iw)  Uiw ) + (Wi whQi(w i wi)

and

Uw w) Ui 5w (wf w)Qiw 3 w):

To provethe rst inequality setQ{ = Qi(w i;w{) andobsere that

Uw ;wf) Uw sw)= W w hHo! W w HQl= wf whQl:
j=1+1 j=1+1
5)
Thesecondnequalitycanbeveri ed in asimilarmanner
To analyzethe expectedrevenue,obsere thatthe expectedpaymentof theith bidderis given

by expression(3), in which u? is setto 0 andd = ¢ *. Repeatinghe argumentin the proof of
Theoreml, we seethattheexpectedrevenueof (Q; M) is givenby (1). t

Remarkl. If Q only takesvalues0 and1l, the expressiorfor M in Propositionl canbesimpli ed
to

n _ 0

amountthathecanbid andstill win theauction,i.e., his thresholdbid.

Regular distributions If foralli = 1;:::;n, k= 1;:::;K  1wehaect c*,ie.allcfare

monotonein k (the valuedistributionsthat have this propertyare calledregular), the revenuecan
be maximizedpointwise.Thatis, for ary k = (ky;:::;kpn), we setlg = argmaxf c'{l; T ;cﬁn g

andhenceRgo  Rq.



Remark?2. This allocationrule resolhes dravs by giving the objectto the lexicographically rst

bidderamongthe oneswith the highestvirtual utility. Any otherdraw resolutionrule, eitherde-
terministic or probabilistic,would also producea valid Q which optimizesthe sellers revenue.
However, undera probabilisticrule, it may happenthat a bidderwho doesnot getthe objectstill

paysanon-zeraamount.Thatis, eventhoughthemechanisnwill beindividually rationalin expec-
tation (over the coin tossesf Q), particularrunsof the mechanismmay leave somebidderswith

negative surplus.To avoid this, we opt for an (admittedlyunfair) deterministiaule.

Remark3. Obsere thatwhenall virtual utilities are negative, we do not allocatethe objectat all.
While this may seemcounterintuitive, it allows usto chage higherpriceswhenthe biddershave
highvalues.

General distrib utions If the virtual utilities c arenot monotonein k, de ning Q in this manner
may not producea valid allocationrule asit may happenhatQ;(w i;wi" H> Qi(w i;wik). On
the otherhand,for ary ck thatare monotonein k, the allocationrule that givesthe objectto the
bidderwhosebid maximizesc}‘ amongall bidsis truthful. In whatfollows, we shav thatfor each
i, one can constructa monotonesequence! by 2 attening out® ¢ K so that the resultingauction
is optimal. This techniquewas rst introducedin [18], whereit wasappliedto continuousvirtual
utility functions(which maybenonmonotonaswell).

Intuitively, to computeck, we constructa piecavise linearfunctionthatconsistof K segments

thencomputeits lower ervelope (which is corvex by de nition) andsetc to be the slopeof the
sgmentof thelower envelopethatcorrespondto c}‘. More formally, recallthatG}‘ = gi1+ + gik
andletH¥ = clgl+ +cfgf.fork = 1;:::;K . SetG? = 0;H? = 0,andletLi(z) : [0;1] 7! R
bethelower ervelopeof theset (G2 HP);:::;(GK;HK) R2, thatis,
n 0
Li(z) = min HK+@ )H

0 k;I K; 2[0;1]
Gk+1 )Gl=z

SetLk = L;(GK); obserethatL? = H? = 0andLKX = HX.Dened = (LK LK Y)=¢.
Lemmal. Wehavec ! foralli=1;:::;n,k=1;::;K 1
Proof. Thevaluec!‘ is theslopeof Li(z2) betweerL!‘ 1 andL!‘. SincelL(z) is acorvex function,

thesequenceX is nondecreasing k. t

Theorem 2. Let Q bean allocationrule that givesthe objectto the lexicographically r st bidder
amongthe oneswith the highestvalue of c}‘. ThenQ is an optimal valid allocationrule for G =
(W; D).
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Fig. 1. NonrgularcaseSincec! = (H* H%=(G! G°% > (H? HYH=(G? G?!) = ¢, wereplacebothc! and
Gwithct == (H?2 HY=G® G° = (c!g'+ ?g?)=(g' + ¢?).

Proof. Sincect aremonotonein k, Q is a valid allocationrule. To prove optimality, let Q bean
arbitraryvalid aIIoca'gonruIe onW. Considetthe expectedoaymentP; of theith bidderunderthis
rule.WehareRg = L, Pi, where

X X K 1
Pi=  dgd= (Hf Hf D= HEG™ ¢ HOGH+ HF
k=1 k=1 k=1

P n
SetRg =  {_; Pi, where

X K1
P = dg= L o) Lgt+ LI

k=1 k=1
Obsenre that

K 1
PooPi= (L HOET d) (H? LG (H LG
k=1
SinceL (z) isalowerenvelopeH? = Lo andHK = LK. Hence,
X XK1
Ro Re= (P Pi)= (L HO9E™ g

i=1 i=1 k=1

Furthermoreforalli = 1;:::;n,k = 1;:::;K,wehaveLK HF 0. Sincethesequencef
is monotonen K, thisimpliesthatRqg ~ Rg.



Considerthe caseQ = Q. By constructionwheneer LX < HK, i.e., H¥ doesnot lie on the
lower envelope,the slopeof L (z) doesnotchangeat G¥, which meanghatck = c!‘*l , andhence
qik = qi"+1 . ConsequenthfRq = Rg. Now, let (Q% M 9 beanarbitrarytruthful auctionfor (W; D).
SinceQ mustbe a valid allocationrule, Rgo  Rgo. On the otherhand,Q maximizesRq, i.e.,
Rqo RQ. Finally, we have shavn thatRQ = RQ, SORqo RQ. Hence Q achiavesthemaximal
revenuefor G= (W; D). u

4 Order-basedauctions

In the optimalauctiondescribedabove, the objectis givento the bidderi with thehighest attened
virtual utility, who then payshis thresholdbid, i.e., minfw{ j ¢ ¢ g, whered is the second
highest attenedvirtual utility (if j precedes in thelexicographicordering,” ' shouldbereplaced
with "> "). Alternatively, theoptimalauctioncanbedescribedsfollows: all bidders'possiblevalues

virtual utilities c; also,a cutof point is selectedo separatehe pointswith ck < 0 from those
with c}‘ 0. Theauctionthenproceedssfollows. All biddersdrav theirvaluesandreportthemto
the mechanismwhich marksthe respectie pointsin the ordering;the cutof pointis marked,too.
The bidderwhosebid correspondso the rightmostmarked point wins; if all bidsareto the left of
the cutoff point, theitem remainsunallocatedTo determinghewinner's paymentthe mechanism
scangheorderingfrom left to right startingatthesecondightmostmarkedpointtill it comesacross
a(possiblyunmarled) pointthatcorrespondso anelemenif thewinner's distribution supportihis
is theamountthatthewinneris requiredto pay

Clearly onecancombinethesameprocedurevith adifferentorderingof thenK + 1 points.For
example,it is easyto seethatorderingthe pointsaccordingo their actualvalueswould give riseto
thesecondriceauction.Moreover, while notall (nK + 1)! orderingscorrespondo valid auctions,
it is easyto seewhich onesdo: anecessargndsufcient conditionis thateachbidders valuesare
placedin increasingorder i.e., for ary bidderi andarny two elementsvy < wp, wy;We 2 W, it
shouldbethe casethatw; is placedbeforew,. We formalizethis ideaasfollows.

De nition 2. For anyn biddess by;:::; b, whosevaluationsare drawnfromthe setswWy;:::; Wy
and a bijectivefunction : f(i;k) ji = L:::;nk = 1.0, Kg[ f2g 7! f0;:::;nK g that
satises (k) < (;k+ D forali = 1;:::;n, k = 1;:::;K 1 (we call any sut

a valid ordering, an orderbasedauctionA is conductedas follows. Each bidderi submitshis
bid ; = (i; k) to the center;if k; 62f1;:::;K g, the centerrejectsit and cancelsthe auc-
tion. If no bids are rejected,seti = argmaxt ( ;) ji = L::;ng. If (i) > (?), the

bidderly wins the auction, otherwise the item remainsunallocated.In the former case de ne

minfwk j (i ;k) > pog.

We alusenotationby writing (wik) insteadof (i; k); note,however, thateven if wi"

treat (wf) and (w]) asdistinctobjects.

=wj',we



Proposition 2. Any order-basedauctionis truthful: if v; = wik, thenbidderi's dominantstrategy
is to bid (i; k).

Proof. Obserethattheallocationrule of ary orderbasedauctionis monotondn thebidders value
andthe winner payshis thresholdbid. It hasbeenshavn in [13] thatary suchauctionis truthful;
theamgumentis similar to thatusedby Vickrey in [22] to prove thetruthfulnessof the second-price
auction. u

Oncethe optimal orderingis chosenjt canbe storedasa tableof sizenK + 1; afterwards,
the winnerandhis paymentare determinecbasedon integer comparison®nly. This suggestshat
the orderbasedrepresentatiotlis likely to be usefulif the auctionis to be run repeatedlyandthe
valuedistributions remainunchangedor if we have plenty of time for pre-processingandhence
canconstruct ) but thenhave to runtheauctionin realtime. Also, it canbe usedto implementthe
optimalauctionin acryptographicallysecuranannemby generalizinghe method=f [19] and[17].
Anotherimportantapplicationof this conceptis in the incompleteinformationscenariadiscussed
in thenext section.

5 Learning the optimal auction

The resultsof Section3 provide a polynomial time algorithm for designingthe optimal auction

to anoraclethatgivendescription®f two orderbasedauctionscantell uswhich of themhashigher
expectedrevenue.

Let R(A) denotethe total expectedrevenueof anauctionA. We assumehatwe have a prob-
abilistic procedureCompare ( ; 9 that given ary two valid orderings and °with probabil-
ity at leastl satis es the following: if R(A ) < R(A o) , Compare ( ; 9 = 1;if
R(A ) > R(A o)+ ,Compare ( ; 9=0;ifjR(A ) R(A 0)j , theproceduranayreturn
eitherOor 1.

Onewayto implementsuchaproceduras by sellingsufciently mary copiesof theobjectusing
eachof the candidateauctionsand observingthe winners' paymentsthe numberof trials needed
to estimatethe expectedrevenueof eachauctionup to a small additve error can be computed
using Chernof—-Hoeflding bounds.This approachassumeghat eachof the n biddersis willing
to buy a large numberof units, dravs the value of eachunit independentlyfrom his distrikution,
andis myopic, i.e., treatseachauctionas a single-shotgameratherthan considerghe impact of
his behaior in this auctionon subsequenauctions.Clearly this situationis unlikely to occurin
practice;however, it becomeanore plausibleif insteadof n bidderswe considem biddertypes
whereall biddersof the sametype have the samevaluedistribution, andin eachauctionwe obsere
onerepresentate of eachtype. For instancewhenselling airplanetickets, typesmay correspond
to different social groups(students soldiers,retired people,businessmen)and the biddersmay



be consideredmyopic becausdhey are unlikely to be interestedn anotherticket from the same
provider in thenearestuture.

Note,however, thatour modelis independendf how thecomparisororacleis implementedby
subcontractinghetaskof revenueestimationwe eliminatethe issueof incentive compatibilityand
canfocuson combinatorialspect®f the problem.

5.1 Monotonevirtual utilities

In this subsectionye focuson the casewheneachbidders virtual utilities satisfyck  d for ary
k < I. To handlethecasemax;f ( j)g< (?) togethemwith othercaseswe introduceabidderO
whoalwaysbids? , i.e.,wesetWg = fwgg; (:8 = 0.Let sy beanorderingobtainedoy swapping

sth andtth point:  1(s) = [Si](t), ) = [S;{](s), wheres;t 2 0;:::;nK g.

Lemma 2. Supposdhat for somei 6 j ands nK 1lwehave (wf) ='s, (W)= s+ 1
ThenR(A ) < R(A if andonlyif ¢ > ¢, (?) s+ 1,andforallj°6 j wehave
(wh) s+ 1.

[s;s +1] )

Proof Let Q andQ®betheallocationrulesassociatesvith and [s;s+1] » Fespectiely. Recallthat
the expectedrevenueof anauctionwith allocationrule Q is

n #
X XX . kK "
Rq = Lo Qi(wyt; i we" )G gyt iiigp"
ki=l  kn=1 i=1

By replacing with [s.s+1), we only changeheallocationrule at pointsof theform

thatsatisfyQ; (w) = 1 (in particular if (WJ-I) < (?), thereareno suchpointsandtherevenue

doesnot change).The contrikution of ary suchpointto R(A ) is c} g'{l .22 gkn . For the modi ed
auction,we have Qw) = 1 for ary suchw andhencethis point's contritution to R(A 5541y ) IS

gkt ::: gkn . Hence this interchangéncreaseshetotal revenueif andonly if ck > q andthereis
anon-zeroprobabilitythatthe j th biddercanwin WhenbiddingwjI . It is easyto seethatthelatter
conditionis equialentto stipulatingthat (?)  (w/) and (wl)  (wjo) foraryj°6j.

Givenaccesso Compare ( ; ), wecan nd theoptimalorderingby asimpleBubbleSort -
like algorithm presentedn Figure 2. Essentiallythe algorithm attemptsto permutetwo adjacent
pointsandchecksf thisleadsto a higherrevenue;thisis repeatedintil thereareno morelocalim-
provementsTheorderin which the pairsof pointsareconsidereds the sameasin BubbleSort

Theinputto ouralgorithmis thespaceW of all possiblevalues We usethefollowing notation:

(t) = i iff thereexistsak 2 [1;K]suchthat (wX) = t,i.e., (t) istheidentityof thebidderwho
downs®thetth point.



LocalOpt . (W):

1.Set (w})=i,i=0;:::;n 1, (?)= n,andextend toavalid orderingin anarbitraryway.
2.Fori=1;:::;n  1:
3. if Compare ( ; n 1)) =1
set °= [n 1a) = Pn tnoio1-
4.Fori=1;:::;nK:
5. Forj =0;:::;nK  1:
6. if (j)6 (+1)
7. if Compare ( ; p; +1) = 1,56t = [jj 41 -
8. Output .

Fig.2. Theprocedurd_ocalOpt . (W)

It is easyto analyzethe performanceof this procedurédor thecase = 0, i.e., assuminghat
with probability 1 , the comparisonoraclereturnsa correctanswerno matterhow small the
differencebetweerR(A ) andR(A o) is.

Proposition 3. LetAqp: betheoptimalauctionfor W, andlet  betheoutputof LocalOpt . (W)
Thenwith probabilityatleastl  ((nK )2+ n) ,wehaveR(A ) = R(Agpt).

Proof. Theprocedur&gComparg. ( ; ) is calledat most(nK )2 + n times;with probability atleast
1 ((nK)2+ n) , eachtime it returnsthe correctresult. Supposethat this is indeedthe case.

put the correspondinglementin the nth position;supposéhatthis elementis x. At this moment,
all elementdo theleft of x have virtual utilities thataresmallerthanthatof x; it is easyto seethat
this remainstrue throughoutthe algorithm.During the secondphasg(lines 4—7), we transposg th
pointand(j + 1)stpointif andonly if | (x) andthevirtual utility of  1(j) is greatethanthe
virtual utility of ~ %(j + 1) (thisincludesthecase (j) = (j + 1): we do not permutethepoints,
and by monotonicity the virtual utility of  1(j) is lessthanthe virtual utility of  1(j + 1)).
Usingastandargroofof correctnesfor BubbleSort , we canseethatin theendthepointsto the
rightof x (includingx itself) aresortedaccordingo their virtual utility. Therelative orderingof the
pointsto theleft of x doesnot matter sinceirrespectie of it, they contritute 0 to the total revenue.
Therefore one canpermutethesepointsto transformthe orderingproducedby the algorithminto
the optimalordering(whereall pointsaresortedaccordingo theirvirtual utility) withoutchanging
thetotal revenue which meanghatthe orderingproducedoy the algorithmis optimal. u

Thisanalysiscanbe extendedo thecase > 0.

Theorem 3. Let Agp: bethe optimalauctionfor W, andlet  bethe outputof LocalOpt . (W).
Thenwith probabilityatleastl  ((nK)?+ n) ,wehaveR(A ) R(Agp) 2(nK +1).

Proof. First,we shav thatBubbleSort performswell evengiven afaulty® comparisororacle,
i.e.,it returnsanorderingthatis notvery differentfrom thetrue one.Next, we estimatehepro t of
anorderbasedauctionthatis 2close%o optimal.



A;a 6 alg,:::,a™ = maxfa j a 2 Ag. Supposehat we attemptto sort A in increasing
orderusingBubbleSort , butinsteadof comparingelement®f A directly, weusea deterministic
procedue Comp(X; y), which returnslify < x andOify > x+ .Ifjx vyj , the

procedue can return either O or 1; however, we require that Comp(x; y) is antisymmetricj.e.,

for anyi 2 [1;n] wehavejal) bj n .

Proof Leti bethevariableusedin the outerloop of BubbleSort , andletj bethevariableused
in theinnerloop. In whatfollows, the actionsof the algorithmwheni = i arereferredto asthe
ioth stageof the algorithm,andthe comparisonand, possibly permutation)of j th and(j + 1)st
elementduringtheith stages referredto asthej th stepof theith stage.

fori®=n i+ 1;:::;n wehae Compbo 1;b0) = 0; theproof proceeddy inductiononi.
First, considethe basecasei = 1. At the(n 1)ststep,wecomparghe(n 1)stelemenix
with thenthelementy. If x <y, thenComp(x;y) = 0, bothelementstayin place,andhence
Comphb, 1;bh) = 0.1f x > y+ ,thenComp(x;y) = 1, whenwe seth, = x, b, 1 = vy, we
obtainComp(b, 1;ln) = 0. 1f jx vyj , we interchange andy if andonly if Comp(x;y) = 1,
thereforeComp(ly, 1;b,) = 0.
Now, supposehatthe statements truefor all i° < i. Supposehatat the beginning of theith

Oforalli®2 [n i+ 2;n].Clearly theelements, i+1;:::;a, remainin placetill the(n i)thstep.
Letx betheelemeninthe(n i)thpositionbeforethe(n i)thstep.Setk = minfj jn i |

n 1;Comgu;v) = 0g, whereu andv aretheelementsn thej thand(j + 1)stpositionbeforethe
jthstep;if Comp(u;v) = Oforallj 2 [n i;n 1], setk = n. Until thekth step,we haveu = x,
vV = a+1:sinceComp(x; gj+1) = 1, wetranspose anda; .1 , andthereforeat the next step,we
arecomparingx anda; .+, . During the kth step,x anday+; arenottransposedThereforeduring
the subsequendtepswe comparega; anda; +1 ; by theinductionhypothesisComp(a; ;aj+1) = O,
sowe do nottransposehem.

Lk 1][ [k+ 2;n]. Moreover, by constructionComp(ly ;5 +1) = Oforj = k;k + 1.
Therefore for the outputof the sortingalgorithmwe have Comp(bt); bi*D ) = Oforalli =
L::::n  1,andhenceb  Hi+D +
To concludethe proof, we needthefollowing lemma.

Lemma 3. Suppose 1 n, andlet ( 1;:::; n) be a permutationof the setA =
f 1;:::; ngthatsatises ; 2+ n+ (n 1) .Thenwehavej ij n for



i+ (i 1) .Thereforethei smalleselement®f A, and,in particular ; satisfythisinequality
andhence i+ (@ 1.

Similarly, thereareatleastn i+ 1element®f A (namely i;:::; p)thatsatisfy +(n i)
i. Thereforethen i+ 1largestelementof A, and,in particular ; satisfythisinequalityand
hence i (n ). 9]

Applying thelemmato (a®;:::;a) and(b®);:::; "), we obtainthedesiredresult.  ti

determinedy monotonanondeceasingfunctionsd; : W; ! R,i = 1;:::;n,i.e, foranyi 8 | we
have (?) < (wf) < (w])ifandonlyif 0 < di(wK) < dj(w]), and (W) < (WK% for any
k < k® Supposelsothat bidderi's virtual utility c;() is monotoneandfor all k = 1;:::;K we
havejc (W) di(wX)j .ThenR(A9 R(A) 2 ,wheeA isanoptimalorderbasedauction
for (W; D).

Proof LetQ betheallocationrule associateavith A. We have seenthat

X X k1 knyeKi oK1 k
R(A) = Qi(wih; i, wa)e gyt iiigp:

event's contritution to thetotal revenueis i gkt < : gkn .

The auctionA® may allocatethe objectto a bidderj, j 6 i, if djkj = maxf dkl;:::;dﬁ“;OQ, in
which casethe contritution to the total revenueis c}(j gkt ;1 gk . Thenwe have c}(j + d}(j
di ,andtherefore,c}(j di 2. Similarly, if A°doesnotallocatethe objectatall, we
haed < 0,c d+ ,andhenced! < ,andif Aallocatesheobjectto abidderj who bids
ijj , but underA the objectremainsunallocatedye have c}(j d}(j , d}(j 0; in bothof these
caseghetotal lossof revenueis atmost g '{1 oighn.

Summingover all possiblevaluesof w, we seethatusingtheorderingbasednds( );:::;dn()
ratherthancy( );:::; ¢y () decreasethetotal revenueby atmost2 . t

Remarkd. A similar statementanbe provedif the errorin valuationsis multiplicative ratherthan
additive: if the estimatediirtual utilities dj (wK) satisfy(1  )g(wK)  di(wk) (1 + )c(wk),
wehaeR(AY  1-R(A).

Therestof the proofis similar to thatfor thecase = 0. Theonly dif culty is thatin Propo-
sition 4 it is assumedhat the comparisonprocedureis deterministicand antisymmetric,while
Compare ( ; 9 hasneitherof theseproperties(and, indeed,if it is basedon a Monte Carlo



algorithm, thesepropertiescannotbe guaranteed)This can be resolhed by cachingthe results
of the previous calls: givensome and ©= | ., where  1(j) = x, (j + 1) =y,
we checkwhetherCompare () hasbeencalledbeforeon some ; and 9= [kk+1) Suchthat
11Kk) = x, Mk+1)=y,0or ;1k) =y, ,;Yk+ 1) = x.Intheformercasewe return
Compare ( 1; 9); in the latter case,we return1 Compare ( 1; 9. 1f nosuch 1; 9 were
found,we call Compare ( ; 9.
Also, asin Proposition3, therelative orderof the elementghatendup to theleft of x doesnot
matter andthevirtual utility of any suchelemenicannotexceedthevirtual utility of x by morethan
. In particular we canpermutethesepointswithout affectingthetotal revenuesothatthe condition
of Lemmas3is satis ed. t

EventhoughBubbleSort is notamongthe fastestsortingalgorithms,we choseto focuson
a BubbleSort -basedprocedurepecauset provides a bettermodel for learningin a real-life
scenarioanunsophisticatedelleris likely to prefera greedyalgorithm,which allows him to search
for a goodauctionby local improvement.Shaving that the optimal auctioncanbe foundin this
mannelis anargumentfor practicalapplicability of our model.

If, on the otherhand,we careaboutcomputationakf ciency, we canachie/e a betterrunning
time by usingMergeSort : by monotonicity we canassumehateachbidders pointsarealready
sorted,andall thatwe have to do is to meige thesen arraysof sizeK each.To mege arbitrary
sortedarraysof bids, we needto be ableto comparec}‘ and c} foralli < j;i;j = 1;:::;N

adjacenandqik;q' 6 0. Usingthisapproachye can nd theoptimalorderingusingO(nK logn)
comparisons.

5.2 Nonmonotonevirtual utilities

If somebidders'utilities arenotmonotondn k, we maybeunableto comparesomeof theelements:
if ()= ( +1),then |;; +1) isnotavalid ordering,sowe cannotcall Compare ( ; [;; +1)
andwe arenotguaranteethatthevirtual utility of ~ 1(j) is atmostthevirtual utility of  1(j + 1).
Fortunately it turnsout thatgiven accesg¢o Compare ( ; 9 we candesigna procedurethat is
capableof comparing attened virtual utilities c}‘, c} aslongasi 6 j;if i = j, thenby de nition
c CFO aslongask < k° Thereforewe canapplyary sortingalgorithmthatis basedn pairwise
comparisonse.g.,MergeSort

In the rest of this section,we explain how to compareck andc‘! for arbitraryi 6 j using
Comparé¢ ; 9 = Compargo( ; 9 asanoracle;the constructiorcanbe generalizedo the case
;> 0usingthetechniqueslevelopedin the previous subsection.

First, we needto generalizeLemmaz2 to the situationwhenwe move aroundmore thantwo
points.To thisend,for ary bidderi andary 1 k; k, K,wedene

I gikl + + gik2 G:<2 G:(l 1

k1 4K Ko ~k k ki 1
C_[kl;k2]= Cilgi1+ + Cizgiz _ H X2 Hil .



This quantityis naturallyrelatedto bidderi's attenedvirtual valuation.

Lemmab. Supposehat

do ez =decdett, (6)
Thend ) = o = = de Also,if ) > ™ *s] for someky; ko ks 2 [1;K ], and
di=  =d2,det = = dthenct = d forall k;l 2 [ki;ks].

Proof. Condition(6) meanghattheslopeof L (z) changeatG!‘1 1andG!‘z,butremainsconstant

betweenthesetwo points. Hence,for k 2 [ky;k,], the value of ¢t is the slopeof the line that
passeshrough(G*t % HX 1) and(G*?;H*?) i.e., d***?). To prove the secondstatementnote
thatif 42! > k2*13l then(GK?; HX2) lies abore theline thatconnectgG** *;HX 1) and
(G!‘s; H ik3). Thereforeit cannotbe a vertex of thelower ervelope,i.e., theslopeof L ;(z) doesnot

changeat (GF?; H ). t
Lemma 6. Supposehatfor somei 6 j ands;r;t nK wehave (wK)=s;:::; (wi"+r b=
s+r 1 (w)=s+r; (wj'”) = s+ r + t. Let ®bean ordering obtainedfrom by
swappinghegroups(wk; :::;wik* " 1y and(wj;::: ;wj'”). LetQ betheallocationrule associated

with . ThenR(A ) < R(A o) iffd“*" %> ¢"*Jandd > 0.

Proof. Let QP be the allocationrule associatedwith © Recall that the expectedrevenueof an
auctionwith allocationrule Q is

" #
_ X( X( X Kioounn Kn i K1 ... ~Kn.
Rq = Qi(wilrriwp)g! gyt riigp":
ki=l  kn=1 i=1
By changingthe orderingfrom to © we only changedhe allocationrule at pointsw suchthat
Qj(w) = landw = (W'{l;:::;wi;:::;wj;:::;W,'ﬁ"),wherewi 2 fwl; i wk T Igandw; 2
I+t

fw];:::;wi*tg. Let WO bethesetof all suchpoints.Let po be the probability thatall biddersho,

i°6 i; j, have valuesvo thatsatisfy (vic) < (wk); clearly po > 0if andonlyif ¢ > 0.

Fixx 2 [k;k+r 1]y 2 [I;1+ t] andconsidethesetof all pointsW ¥ thatsatisfyQ; (w) = 1,
w1 = WX, wp = W clearly WO = [ opcer agyzpi+gW> . Letpey = Priw 2 WY]; it is easy
to seethatp,y = pogixgjy. UnderQ, the contritutionof allw 2 W™ to therevenueis cjypxy; under
QY for all suchw we have Q;(w) = 1 andhencethecontritution of thesepointsis cX Pxy - Thetotal
changean revenueis thereforeequalto

kxr 1yt kxr 1yt kxr 1yt
(c¢f OJV)pxy = C,-pry ijpxy =
x=k y=I x=k y=I x=k y=I
K 0 ! K ! kKik+r 1] [I1+1]
1 1 ) KET I+
x X! X! x _ po( g

= po @rg A po g g = . —
x=k I y:| : y:| 1= x=k I (gjl + + gjl t)(g|k+ + g|k ' l)



kik+r 1]
i

Clearly this expressioris positive if andonly if ¢ > d"* T andpo > 0. t

c+1

Lemmab impliesthatif ¢ > d**, thenck = 1, andthereforewe canassumehatin the

optimal orderingthesetwo elementsappeartogether Hence,we can combinetheminto a single

elementw**! thathasprobability gk + g<** andvirtual utility c“***!. By Lemmas, this el-

Ik+1)

ementbehaesidentically to the pair (wi";wi with respecto all comparisonsThis reasoning
alsoappliesto combinationf threeor moreconsecutie elementswith identical attened virtual

utilities. Extendingour notation,we setComparéw " " l];wj[';'”]) = Compar¢ ; 9, where

and Carede ned asin Lemma6 with theadditionalrestrictionthatqj' 6 O0(i.e,, (?) < (wik)
and (wh) < wK foralli®6 i).

We startby describingaprocedurdnsert (x; L) thatgivenabidderi ‘scombined/aluew[kl;kﬂ,

i
thelist L of bidderj's values(w};:::;wK), andaccesgo Comparéwi[kl;kz];Wj['l;'z]) can nd a

[k1:kz]
i

positiont in L suchthatci[kl;kﬂ > cJ' foralll tandc c} for all | > t. To simplify

notation,we setx = wi[kl;kZ] andomit theindex j .

denoteghelastelemenof thislist, andNext(u) andPrev(u) arethestandardinkedlist operations.
Also, Merggwl't'21; wll2*+1:13]) js a procedurahat giventwo adjacenelementsof thelist, replaces
themwith anelementw('t3] andrepairsthelinkedlist structure.

Insert (x; L)
u=wk z=1;
While (u 6 $):
X = Comparéx; u);
if Z=1andX = 1, setu = Next(u);
if Z=1andX = 0, setu = Next(u),Z = 0;
if Z = 0andX = 0, setu = Next(u);
if Z = 0andX = 1, setu = MerggPrev(u);u),

Z = Comparéx; Prev(Prev(u)));
Supposéhatin theend,L = (wldtP1l;:: o wlaebd- g
Let w?s®s] pethelastelemenif L
suchthatComparéx; w#s®sl) = 1
Outputbs.

Fig. 3. Theprocedurdnsert (x;L)

Lemma?. If Insert (ci[kl;kZ];L) outputsbs,wehavec} < cl[kl;kZ] if andonlyif | bs.

Proof. To simplify notation,assumek; = ko = k; theproofremainsvalid in thegenerakase.
Clearly thealgorithmonly meggesw!@? andw!@™7 if 8%= b+ 1, sowe canassumehatwhen



b; = ls. Next, we prove by inductionthat we only meige pointswith identical attened virtual
utilities. To seethis, notethatthe variableZ indicateswhetherthe last elementof the list seenso
farwaslessthanx (with respecto Compare). ThereforethesituationZ = 0, X = 1 ariseswvhen
Prev(u) = wilr*2ilral y = wllrs #1321 gndck cj["”;'”l], > cj[|r+1 *le2] By inductive

L containsw!' l"l?'f],theslopeoftheloweren/elopedoesnotchangebet\NeerGJ!r ! andGJ!f.

Also, it is easyto checkby inductionthatwhenInsert (c}‘; L) terminatesary u thatappears
beforewl®s5] in thelist L satis esComparéx; u) = 1, andby constructionary u thatappears
afterwl@:5] satis esComparéx; u) = 0.

Now, letLy = Li(z) bethelower envelopeof the setf (GP; H); (Gf*; H*) 1115 (G H *g,

letL = L(z) bethelowerenvelopeof f(G|;H]) j| = 0;:::;Kg.Clearly L(z) Li(2) for ary
z Gpandl(z) La(z)foraryz  Gp°; wewould like to shaw that,in fact,L = Ly [ Lo.
To seethat, notethatthe slopeof ary segmentof L ; is lessthanc), sinceit is obtainedoy taking
a weightedaverageof somecj[Ir il forr s andcj[Ir vl o ¢ for all suchr. Similarly,

the slopeof arny segmentof L, is at Ieastc}‘. ThereforeL 1 [ L, isacorvex curve. Moreover, ary

atsomeGy, | 6 I3;:::;l;. HencelL = L1 [ L,. Consequentlyfor ary z GJ!S theslopeof L atz

is lessthanck, andfor ary z > GJ!S theslopeof L atz is atleastck. t
If we knew k; andk; suchthatck = ci[kl;kZ], we could uselnsert (ci[kl;kZ]; L) to compareck
andc} . Unfortunatelythesek; andk, might beimpossibleto determine Neverthelessit turnsout
thatwe canuselnsert (x; L) asa subroutineto determinethe relative order of the elementsof
LO= (wh::;wK;$) andL = (W-l;:::;wjK ' $).

Thenew algorithmattemptdo inserteachof theelement®f L %into L usinglnsert . If Insert
suggestsmsertingwik andwk*? afterwjI1 andwj|2 respectrely, andl, < Iy, this meansthatwik >

wit wf*l,andthereforewr andwik+1 shouldbe meiged;the algorithmmegesthemanduses

i
Insert to nd theappropriateositionfor Wi[k;kﬂ] . Thealgorithmusesa stackS to keeptrack of
theelementof L °thathave beeninsertedprior to the currentelementfor eachelementwe record
its positionwith respecto L, sothatin theendwe know therelative orderof theelementf L and
LC

Proposition5. Suppos¢hatwhenCombindL ; L 9 terminatesthe contentf the stad is

[k2:k

k1:k©
(Wi[ ! 1];t1);(wi

Thenk; = 1, k?= K,andk, Kk kr+1 = kO+ 1forall1 r < s. Finally, if k 2 [k;; k7], then
g <g gt



CombinéL ;L%

v =wl; t= Insert (v;L); Push(S;(v;t));
While (v 6 $):
(u;t) = Pof(S); t°= Insert (v;L):
ift t
Push(S; (u;t)); Push(S;(v;t%); v = Next(v);
if t0< t
v = Merggqu; v);

Fig. 4. TheprocedureCombingL ; L °)

Proof. It is easyto verify by inductionthatk; = 1, kY = K, andk, KO, kysx = KO+ 1,
andty ts. Similarly to the proof of Claim 7, we canshav thatwe only mege wlii2]

i
andwi["*;"‘] if 13 = 1, + 1, andwe only meige pointsthat have identical attened virtual utilities.

10
Now, considerall elementson the stackthat are of the form (wi[kr ’k'];t) for a x edvalueof t;
. . 10
supposdhattheseelementsarewi[x’xO]; o ;wi[y'yO]. By constructionfor ary suchw/ /!

1.0 K0
t = Insert (wi[kr My and thereforec < ci[kr ] c}*l. Let L be the lower envelope of

we have

thatthe slopesof all segmentsof LobetweenGiX 1 and GiyO were obtainedby taking a weighted

averageofci[x;xol; :::;ci[y;yol andthereforetd < 9-( )  ¢*! forary 2 (G} 1. GY. In particular

thisistruefor 2 (Gf ;GF), whichmeanghatc < ¢ ¢**. t
Running times It is easyto seethat both Insert (x; L) and (indirectly) CombinéL ;L9 male
a polynomialnumberof callsto Comparéu; v); in this sectionwe derive somavhat more precise
bounds.

Proposition6. Theprocedue Insert (x; L) malesat most2K calls to Comparéx; u). The pro-
cedue CombingL ; L9 malesat most2K callsto Insert (v;L).

Proof. Whenerer Comparé€x; u) is called, the algorithm also calls either Next(x) to obtainan
elementof L it hasnot seenbeforeor MerggPrev(u); u) to meige two groupsof elementof L.
Clearly eachof theseactionscanbe executedat mostK times.Similarly, wheneer Insert (v;L)
is called,the algorithmalsocalls eitherNext(v) to obtainan elementof L °it hasnot seenbefore
or Mergg(u; v) to melgetwo groupsof element®f L © andeachof theseactionscanbe executedat
mostK times. u

terminedby 4K 2 comparisonsHence usingat most2(nK )? comparisonsyve can constructan
oraclethatcompaesanytwo attenedvirtual utilities in unit time Afterthis oracleis constructed,
wecan nd anoptimalorderingusingany sortingalgorithm,e.g., MergeSort ; therunningtime
of MergeSort will bethesameasin theregular casei.e.,, O(nlognK).



Remarks. Therunningtime of our algorithmfor nding anoptimalorderingis dominatedoy the
timeit takesto constructhecomparisororacle Onecanreducetherunningtime somavhatby com-
bining thetwo componentsf ouralgorithm:eventhoughin this papemwe optedfor amoremodular
presentatioffor the easeof exposition,a practicalalgorithmwould intertwinemeiging the bidders'
arraysanddeterminingherelative orderingof c}‘ anddj . However, thequadratiacdependencen K
appeargo beinherentto our approachandonewill needcompletelynew ideasto eliminateit.

6 Conclusions

We have shavn how to constructan optimal auctionfor nite supportdistributions. While such
distributions provide a bettermodelfor mary reallife scenarioghancontinuousones,a rigorous
analysisof this casewasabsentrom the literature;this paper lls this gap.Also, we believe that
the conceptof orderbasedauctionsintroducedin this papermay have applicationsbeyond those
considerechere.The secondmain contritution of this paperis in demonstratinghat the optimal
auctioncanbelearnedunderfairly harshconditions.Moreover, if the distributionsin questionare
regular, this canbe doneby a simple greedyalgorithm,which canbe viewed asan agumentfor
practicalapplicability of our construction.

In practice the mechanisndesigneicannotexpectthatthe outputof the comparisororaclewill
bealwayscorrect,andwe shav thatourlearningalgorithmis robustto errorsin theoracles reports.
Furtherrelaxingthis model (e.g.,to the casewhenthe informationaboutdistribution supportsis
erroneou®r imprecise)is aninterestingchallenge Anotherimportantquestionis learningthe op-
timal auctionin the continuouscase we hopethattechniquesandintuition developedin this paper
will prove usefulhere.Also, designingand learningthe optimal nite supportauctionwhenthe
bidders'valuationsare not independenis an openproblem.While CremerandMcLean[9] shav
thatonecanextractfull surplusif the dependenciearestrongenoughthey provide no answeifor
the generalcaseandtheir mechanismis not ex postindividually rational. On the otherhand,it is
not clearif thelower boundsprovedin [20,21] areoptimal or whetheronecanget positive results
in this framawork for specialclasse®f joint distributions.We proposenvestigatingthe problemof

nding thebestorderbasedauctionfor this scenariowhile this problemis clearlyin NP (assuming

the expectedrevenueoracle),it would beinterestingto seea hardnessesultor a polynomial-time
algorithm(notethatthe existenceof the latteris not precludedoy the resultsin [21], sincewe are
consideringarestrictednodel).

It is notclearif ary of our resultsmay be applicableto the moreinterestingproblemof nding
an optimal multi-unit auction.However, our work suggestghat whenthe bidders'valuationsare
discreteonemighttry to characterizea classof combinatorialstructureqe.g.,a generalizatiorof
orderbasedauctions)containingthe optimalsolutionandusethe propertiesof this classto limit the
searchspaceThistopicis asubjectof ongoingresearch.
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Bidders with ®nite support value distrib utions

We describeseveralsettingsjn whichit is naturalto assumehatthe biddersdraw their valuesfrom
nite supportdistributions.



Examplel. Supposéhatwe aresellinga planeticket from New York to Boston,andwe have two
potentialbuyersAlice andBoh. Besideshuying aticket from us,bothAlice andBob cantake a bus,
which costs$10 drive a car, which costs$40, take a train, which costs$5Q, or buy a planeticket
from someoneelsefor $10Q Also, we know thatAlice is a studentso shewill pick the cheapest
available option (i.e., the bus), unlessshehasto bein Bostonearlyin the morning,in which case
sheneeddo buy a planeticket (eitherfrom usor from anothercompan), andwith probability 0:9,
Alice hasto be in Bostonearly On the otherhand,Bob is a software engineerwho nds buses
uncomfortablebut doesnotwantto paymorethan$50 andwith probability0:5, Bob doesnotown
acar In this situation,we canconcludethatAlice's valuationfor theticketis $100with probability
0:9 and$10with probability0:1, while Bob's valuationfor theticketis $40with probability0:5 and
$50with probability 0:5.

This examplegeneralizesaturally to the casewheninsteadof buying the objectbeingauc-
tioned,thebuyerscanpurchaseneof the similar productsavailablein themarketfor a x edprice;
however, dependingon their circumstancegwhich arenot known to the auctioneer)eachbuyer's
selectiormayberestrictedto a subsebf theseproducts.

Example2. Considemnauctionthatsellsbulk goodsto retailersthatputtheminto individual pack-
agesof apredeterminedizeandresellthem.Eachbidders valuefor thelot is determinedy how
mary individual packages$e expectsto sell, andthis informationis privateto the bidder while the
market price of anindividual packageandits sizearecommonknowledge.

Example3. Supposdhatwe aresellinganobject(e.g.,acar)with a numberof add-onsthe buyer
eithervalueseachfeatureat the (known) market rate,or is indifferentaboutit, andthisinformation
is privateto thebuyer



