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Abstract. A classicalpaperof Myerson[18] shows how to constructanoptimal (revenue-maximizing)
auctionin a modelwherebidders'valuesaredrawn from known continuousdistributions.In this paper
we show how to adaptthis approachto �nite supportdistributionsthat may be partially unknown. We
demonstratethataMyerson-styleauctioncanbeconstructedin timepolynomialin thenumberof bidders
andthesizeof thesupportsets.Next, we considerthescenariowherethemechanismdesignerknows the
supportsets,but not theprobabilityof eachvalue.In thissituation,weshow thattheoptimalauctionmay
belearnedin polynomialtime usinga weakoraclethat,giventwo candidateauctions,returnsonewith a
higherexpectedrevenue.To studythis problem,we introducea new classof truthful mechanismswhich
we call order-basedauctions.Weshow thattheoptimalmechanismis anorder-basedauctionandusethe
internalstructureof this classto prove thecorrectnessof our learningalgorithmaswell asto boundits
runningtime.

1 Intr oduction

The problemof designinganoptimal single-itemauction,i.e., �nding a way to allocatean object
to oneof the n potentialbuyersso asto maximizethe seller's revenueis fundamentalto auction
theory. Arguably, for many practicalapplications,revenuemaximizationis more importantthan
ef�ciency, i.e., assigningthe object to the bidder who valuesit most,and,perhapssurprisingly,
ef�cient auctionsarenotalwaysoptimalandviceversa.As mostof thestandardauctionformatsare
ef�cient, to extract the maximumpro�t for the selleroneneedsto constructa moresophisticated
mechanismthatis speci�cally tailoredto this task.

The �rst optimal auctionfor the simplestpossiblecaseof independentvaluesandcontinuous
distributions wasdescribedby Myersonin 1981[18]. In Myerson's paper, it is assumedthat the
mechanismdesignerknows thebidders'(continuous)valuedistributions(theparticularrealization
of eachbidder's value,however, is known to this bidderonly, asis commonin auctiontheory);the
optimalallocationandpaymentrule dependon this information.Morespeci�cally, for eachbidder
i , Myerson's auctioncomputesthevirtual bid ci = ci (wi ; D i ) basedon his actualbid wi andvalue
distribution D i . It thenallocatestheobjectto thebidderwith thehighestvirtual bid; theprice that
thewinnerpaysis thesmallestamounthecouldbid andstill win theauction,i.e.,his thresholdbid.
This paymentrule ensuresthat the auctionis truthful; in particular, it guaranteesthat the highest
bidderi cannotpro�t from bid shading,i.e.,submittinga lower bid w0 thatis feasible,i.e.,belongs
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to the supportof the i th bidder's distribution, andstill satis�es ci (w0; D i ) > cj , wherecj is the
second-highestvirtual bid.

In thispaper, weconsiderthetaskof constructinganoptimalmechanismunderasetof assump-
tionsthatdiffer from thosemadeby Myersonin two importantaspects:�rst, we focuson thecase
whenthebidders'valuedistributionsarediscreteandsecond,weassumethatthesedistributionsare
only partiallyknown to themechanismdesigner.

Westartby showing how to adaptMyerson'sapproachto thesituationwhenbidders'valuations
aredrawn from �nite supportdistributions, i.e., bidder i 's valuefor the object is an elementof a
�nite setWi = f w1

i ; : : : ; wK
i g. While this modelmaybebettersuitedfor many real-life situations

thanthecontinuousone(weprovideseveralexampleswherethis is likely to bethecase),theproofs
in [18] make useof thecontinuityassumptionandcannotbeapplieddirectly in ourcase.Also, our
auctionscanbedesignedandimplementedin polynomialtime,while therunningtimeof Myerson's
auctionsdependson thechoiceof representationfor thecontinuousdistributions;in particularit is
not clearif the ª�atteningºprocedurediscussedin subsequentsections(alsoknown asªironingº)
canbecarriedout in polynomialtime.

Wethenaddresswhatmany considerasigni�cant shortcomingof Myerson's approach,namely,
the assumptionthat the mechanismdesignerhasfull informationaboutall bidders' valuedistri-
butions.We considera learningscenario,in which we aregiven the setof eachbidder's possible
values,but not theprobabilityof eachvalue,andareallowed to run a sequenceof auctionsandto
observe their outcomes.(A moregeneralscenario,in which the informationaboutthedistribution
supportsis absent,too, is thesubjectof futurework.) We assumethatthebiddersarenot strategic,
i.e.,in eachroundthey behaveasif thiswereasingle-shotgame.While thisassumptionmayappear
unrealistic,it is justi�ed in thecasewhenratherthanhaving n bidderswho repeatedlyparticipate
in our auctions,we have n biddertypes, eachcorrespondingto a �nite supportdistribution, andin
eachroundwe observe anew participantof eachtype.

Our mainresultis that it is possibleto learntheoptimalauctionevenif we only get to observe
theexpectedpro�t of eachauction.Indeed,theproblemwouldhavebeenmucheasierif wehadfull
accessto bid statistics,asthis would allow us to estimatetheprobabilityof eachvalue.However,
in practicethebiddersareoftenreluctantto revealtheir truevaluesandinsiston someform of data
protection.For example,they may requirethat the auctionis run by a trustedthird party or uses
cryptographyto preserve dataintegrity; in fact, cryptographicauctionmechanismshave recently
received a lot of attention[19,17]. If this is indeedthecase,theonly courseof actionavailableto
themechanismdesigneris to try outseveralcandidatesolutions,observe theirexpectedpro�ts, and
pick thebestone.We show that in this setting,thereis a way to choosethecandidatemechanisms
adaptively soasto arrive at theoptimalsolutionafterapolynomialnumberof trials.

We modelthe scenariowhenthe auctionis run by a third party by consideringan oraclethat
givenadescriptionof anauctionmechanism,outputstheexpectedpro�t of thismechanism.Weem-
phasisethattheterm`oracle' is only usedto highlight thefactthatthewegetnoextra infortmation
abouttheoutcomeof theauction;our oracledoesnot have superpolynomialcomputationalpower
andcanbeimplementedby runningtheauctionsuf�ciently many times.First,weconsiderthesim-



pli�ed modelwheretheoraclereturnstheexactvalueof theexpectedpro�t. Wethengeneralizeour
resultsto amorerealisticsetting,wheretheoraclereturnsan� -approximationto theexpectedpro�t.

To usethismodel(and,moregenerally, to beableto subcontractrunningtheauction),wemust
beableto encodeanauctionsuccinctly. This is not a trivial task:the total numberof possiblebid
vectorsis K n , andthereforethe numberof admissibleallocationrules is exponentialin K n . To
resolve this problem,we proposea new classof truthful mechanismsfor �nite supportvaluedis-
tributions,which we call order-basedauctions, andshow that the optimal mechanismbelongsto
this class.Order-basedauctionshave many otherattractive properties:besideshaving a compact
representation(namely, an order-basedauctioncanbe viewed asa permutationof sizenK + 1),
they allow ef�cient winner determinationand paymentcomputation,and are easyto implement
in a cryptographicallysecuremanner. Therefore,we believe that this conceptmay beof indepen-
dentinterest,especiallyin relationto designingrevenue-maximizingmechanismsfor thecasewhen
bidders'valuesarenotnecessarilyindependent.By choosingourcandidatesolutionsamongorder-
basedauctions,wereducethesizeof thesearchspaceto just (nK + 1)!; also,it allowsusto provide
theoraclewith a compactdescriptionof anauction.We thenshow that to �nd anoptimalauction,
it suf�ces to make O(n2K 2) calls to anevenweaker oraclethatcancomparetheexpectedpro�ts
of any two auctions(clearly, thisoraclecanbesimulatedby theexpectedpro�t oracle).Thismeans
thattheoptimalauctioncanbelearnedundertruly minimal informationalassumptions.

Related work To the bestof our knowledge,the problemof constructingan optimal auctionfor
�nite supportdistributionswas�rst addressedby BergemannandPesendorfer[5], who describea
solutionfor distributionswhich satisfyan additionalregularity constraint[18]; our argumentsfor
theregularcasecloselyfollow thoseof [5], andareprovidedherefor completenessonly. A solution
for the generalcasewas obtainedsimultaneouslyand independentlyby Cheng[8]; however, he
doesnot considerthe incompleteinformationscenariostudiedin Section5. A numberof papers
have investigatedlearningand pro�t maximizationin online auctions(see,e.g., [12,13,4,6,15,
14]). However, in mostof thesepapersit is assumedthat thebiddersaresymmetric,while we are
interestedin thecasewhenall n biddershavedifferentvaluedistributions.A moregeneralapproach
is taken by Aggarwal andHartline [1], Blum andHartline [3] andBalcanet al. [2], who consider
attributeauctions,in which biddersmayhave publicly known attributes;our modelcanbeviewed
within this framework, whereattributescanbeidenti�ed with bidders'valuedistributions(or, in the
caseof learningscenario,thesupportsets).Ronen[20] andRonenandSaberi[21] studyoptimal
auctionsin the casewherebidders' valuedistributionsarenot necessarilyindependent;however,
their lower boundsdo not apply in our scenario.Theresultspresentedin this paperhave appeared
in [10].

2 Preliminaries and notation

Weconsiderthesettingin whichn bidders1; : : : ; n competefor asingleobject.All bidders'values
are independentrandomvariables;the value vi of the bidder i is drawn from a �nite set Wi =



�
wk

i j k = 1; : : : ; K
	

, accordingto adistribution D i ; weassumew1
i < � � � < wK

i . Thedistribution
Di is completelydescribedby its set of masspoints Wi and their probabilitiesg1

i ; : : : ; gK
i , that

is, Pr [vi = wk
i ] = gk

i . We assumegk
i > 0 for all i = 1; : : : ; n, k = 1; : : : ; K , andsetGk

i =
g1

i + � � � + gk
i . Ourresultscanbeeasilygeneralizedto thecasewhensetsW1; : : : ; Wn havedifferent

sizes.Wheneverwediscusscomputationalef�ciency, weassumethatall gk
i ; wk

i arerationalnumbers
whoserepresentationsizeis polynomialin n andK . In what follows, `polynomial' alwaysmeans
`polynomialin thesizeof theproblemdescription',i.e., `polynomialin n andK '.

SetW = W1� � � �� Wn , D = (D1; : : : ; Dn ); anelementof W isdenotedbyw = (w1; : : : ; wn ).
Setw � i = (w1; : : : ; wi � 1; wi +1 ; : : : ; wn ) and(w � i ; w) = (w1; : : : ; wi � 1; w; wi +1 ; : : : ; wn ).

Weassumethatthenumberof biddersandtheirvaluedistributionsarecommonknowledge(we
relax this assumptionin Section5); however, the actualvaluationof eachbidderis known to this
bidderonly. Ourgoalis to designanoptimal,i.e., revenue-maximizingmechanismfor thepairG =
(W; D) that is individually rational, i.e., no biddercanlosemoney by participatingin theauction.
By therevelationprinciple [18], we canrestrictourselvesto incentive-compatiblemechanisms,in
which theequilibriumstrategy for eachbidderis to revealhis truevalue.An incentive-compatible
mechanismis completelyde�ned by its allocationrule Q : W 7! [0; 1]n andpaymentrule M :
W 7! Rn : given a bid vectorw, Qi (w) is the probability that bidder i wins, andM i (w) is the
paymentto bidderi . For any w 2 W we have

P n
i=1 Qi (w) � 1, Qi (w) � 0. Notethatwe do not

requirethatoneof thebidderswins, i.e.,we allow
P n

i=1 Qi (w) < 1: thesellercankeeptheobject
if it is pro�table for him to doso.

3 Auction designfor known distrib utions

In this section,we show how to designanoptimal �nite supportauctiongivena full descriptionof
eachbidder's valuedistribution.

First, we show that in the optimal auction,the paymentrule (andhencethe auctioneer's rev-
enue)canbeexpressedasa functionof theallocationrule andderive theexpressionfor theseller's
expectedrevenueasa functionof theallocationrule. Later, we will usethis expressionto pick the
optimalallocationrule.

De�ne thevirtual utility ck
i of thebidderi whosevalueis wk

i to be

ck
i = wk

i � (wk+1
i � wk

i )
1 � Gk

i

gk
i

:

Theorem 1. Theseller's revenuefrom an optimal truthful auctionwith allocation rule Q can be
expressedas

RQ =
KX

k1=1

: : :
KX

kn =1

"
nX

i =1

Qi (w
k1
1 ; : : : ; wkn

n )ck i
i

#

gk1
1 : : : gkn

n : (1)



Proof. De�ne

qi (wi ) =
KX

k1=1

� � �
KX

k i � 1=1

KX

k i +1 =1

� � �
KX

kn =1

Qi (w
k1
1 ; : : : ; wi ; : : : ; wkn

n )gk1
1 : : : gk i � 1

i � 1 gk i +1
i +1 gkn

n

and

mi (wi ) =
KX

k1=1

� � �
KX

k i � 1=1

KX

k i +1 =1

� � �
KX

kn =1

M i (w
k1
1 ; : : : ; wi ; : : : ; wkn

n )gk1
1 : : : gk i � 1

i � 1 gk i +1
i +1 gkn

n :

Thatis,qi (wi ) is theexpectedprobabilitythatbidderi winsif hereportshisvalueasw i andeveryone
elsedraws their valuesat randomandreportsthemtruthfully, andm i (wi ) is his expectedpayment
underthisscenario.To simplify thenotation,wesetqk

i = qi (wk
i ) andmk

i = mi (wk
i ).

Given a bid vectorw, the utility of a truthful bidderi is Ui (w) = wi Qi (w) � M i (w). Note
that this de�nition of utility assumesthat thepaymentmadeby an agentis not conditionalon his
winning theauction;rather, theprobabilityof this event is incorporatedinto thepaymentrule.The
individual rationalityconstraintsaysthatUi (w) � 0 for all i = 1; : : : ; n, w 2 W . Theexpected
utility of a truthful bidderi canbeexpressedasa functionof his expectedprobabilityof winning
andhisexpectedpayment:ui (wi ) = wi qi (wi ) � m i (wi ). Setuk

i = ui (wk
i ).

Sincethemechanismis truthful, whenbidderi 's valueis wk
i , hecannotincreasehis utility by

reportingwk� 1
i , andviceversa,thatis

Ui (w � i ; wk
i ) � Ui (w � i ; wk� 1

i ) + (wk
i � wk� 1

i )Qi (w � i ; wk� 1
i )

and
Ui (w � i ; wk� 1

i ) � Ui (w � i ; wk
i ) � (wk

i � wk� 1
i )Qi (w � i ; wk

i ):

Rewriting theseinequalities,we get

(wk
i � wk� 1

i )Qi (w � i ; wk� 1
i ) � Ui (w � i ; wk

i ) � Ui (w � i ; wk� 1
i ) � (wk

i � wk� 1
i )Qi (w � i ; wk

i ) (2)

or, averagingoverotherbidders'values,

(wk
i � wk� 1

i )qk� 1
i � uk

i � uk� 1
i � (wk

i � wk� 1
i )qk

i :

Hence,for any incentive compatiblemechanismthereexist ~qj
i 2 [qj � 1

i ; qj
i ] suchthat

uk
i = u1

i +
kX

j =2

(wj
i � wj � 1

i )~qj
i :

As uk
i = wk

i qk
i � mk

i , theexpectedpaymentof thei th bidderwhenhisvalueis wk
i equals

mk
i = wk

i qk
i � u1

i �
kX

j =2

(wj
i � wj � 1

i )~qj
i : (3)



Therefore,if his valueis drawn from Wi accordingto D i , hisexpectedpaymentis computedas

Pi =
KX

k=1

mk
i gk

i = � u1
i +

KX

k=1

wk
i qk

i gk
i �

KX

k=1

gk
i

kX

j =2

(wj
i � wj � 1

i )~qj
i ;

or, changingtheorderof summation,

Pi = � u1
i +

KX

k=1

"

wk
i � (wk+1

i � wk
i )

1 � Gk
i

gk
i

~qk+1
i

qk
i

#

qk
i gk

i ;

wherewe de�ne wK +1
i = wK

i . Any mechanismthatchooses~qk+1
i betweenqk

i andqk+1
i is truthful,

andall suchmechanismsallocatethe objectin the sameway, so any choiceof ~qk+1
i within these

boundsonly affectsthetotalpayoff, but not thebidders'behavior. As theoptimalmechanismmaxi-
mizestheseller's revenue,it has~qk+1

i = qk
i , and,by thesameargument,u1

i = 0 for all i = 1; : : : ; n,
k = 1; : : : ; K .

Usingthede�nition of virtual utility, we canexpresstheexpectedpaymentof thei th bidderin
anoptimalauctionwith allocationrule Q as

P K
k=1 ck

i qk
i gk

i . Usingtheexpressionfor qk
i , we derive

thattheoverall seller's revenuefrom anoptimalauctionwith allocationruleQ is givenby (1). ut

Theorem1 implies that we shouldselectQ so as to maximizeRQ. However, our choiceis
restrictedby incentive compatibilityandindividual rationalityconstraints.Next, we give a simple
descriptionof all allocationrulesthatcanbecompletedto anincentive compatibleandindividually
rationalmechanism.

De�nition 1. An allocationrule Q(w) = (Q1(w); : : : ; Qn (w)) is valid if it satis�esthefollowing
conditions:

(i)
P n

i=1 Qi (w) � 1 for anyw 2 W
(ii) Qi (w) � 0 for anyw 2 W , i = 1; : : : ; n
(iii) Qi (w � i ; wk

i ) � Qi (w � i ; wk+1
i ).

Proposition1. Anyincentive-compatiblemechanismhasa valid allocationrule. Conversely, given
a valid allocationrule Q, themechanism(Q; M ) whosepaymentrule M is givenby

M i (w � i ; wk
i ) = wk

i Qi (w � i ; wk
i ) �

kX

j =2

(wj
i � wj � 1

i )Qi (w � i ; wj � 1
i ) (4)

satis�esincentivecompatibilityandindividual rationality, andits expectedrevenueis givenby (1).

Proof. If (Q; M ) is anincentive-compatiblemechanism,(i) and(ii) aresatis�edby de�nition, and
(iii) follows from (2), whichhasbeenshown to hold for all incentive-compatiblemechanisms.



For theoppositedirection,notethatfor thepaymentruleM de�ned by (4), wehave

Ui (w � i ; wk
i ) = wk

i Qi (w � i ; wk
i ) � M i (w � i ; wk

i ) =
kX

j =2

(wj
i � wj � 1

i )Qi (w � i ; wj � 1
i ) � 0;

which meansthat (Q; M ) satis�es individual rationality. For incentive compatibility, it suf�ces to
show thatfor any l < k

Ui (w � i ; wk
i ) � Ui (w � i ; wl

i ) + (wk
i � wl

i )Qi (w � i ; wl
i )

and
Ui (w � i ; wl

i ) � Ui (w � i ; wk
i ) � (wk

i � wl
i )Qi (w � i ; wk

i ):

To prove the�rst inequality, setQj
i = Qi (w � i ; wj

i ) andobserve that

Ui (w � i ; wk
i ) � Ui (w � i ; wl

i ) =
kX

j = l+1

(wj
i � wj � 1

i )Qj � 1
i �

kX

j = l+1

(wj
i � wj � 1

i )Ql
i = (wk

i � wl
i )Q

l
i :

(5)
Thesecondinequalitycanbeveri�ed in asimilarmanner.

To analyzetheexpectedrevenue,observe that theexpectedpaymentof the i th bidderis given
by expression(3), in which u1

i is setto 0 and ~qj
i = qj � 1

i . Repeatingtheargumentin theproof of
Theorem1, we seethattheexpectedrevenueof (Q; M ) is givenby (1). ut

Remark1. If Q only takesvalues0 and1, theexpressionfor M in Proposition1 canbesimpli�ed
to

M i (w1; : : : ; wk
i ; : : : ; wn ) = wl

i ;

wherel = min
n

j j Qi (w1; : : : ; wj
i ; : : : ; wn ) = 1

o
. This meansthat thewinnerpaystheminimal

amountthathecanbid andstill win theauction,i.e.,his thresholdbid.

Regular distributions If for all i = 1; : : : ; n, k = 1; : : : ; K � 1 wehave ck
i � ck+1

i , i.e.,all ck
i are

monotonein k (thevaluedistributionsthathave this propertyarecalledregular), the revenuecan
be maximizedpointwise.That is, for any k = (k1; : : : ; kn ), we set I 0 = argmaxf ck1

1 ; : : : ; ckn
n g

and i 0 = minf i j i 2 I 0g and de�ne Qi (w
k1
1 ; : : : ; wkn

n ) = 1 if i = i 0 and ck i
i � 0 and

Qi (w
k1
1 ; : : : ; wkn

n ) = 0 otherwise.It is not hardto seethatthis Q is valid. Moreover, for any other
valid Q0andany w, k we have

nX

i =1

Q0
i (w

k1
1 ; : : : ; wkn

n )ck i
i �

nX

i =1

Qi (w
k1
1 ; : : : ; wkn

n )ck i
i

andhenceRQ0 � RQ .



Remark2. This allocationrule resolves draws by giving the object to the lexicographically�rst
bidderamongthe oneswith the highestvirtual utility. Any otherdraw resolutionrule, eitherde-
terministic or probabilistic,would also producea valid Q which optimizesthe seller's revenue.
However, undera probabilisticrule, it may happenthat a bidderwho doesnot get the objectstill
paysanon-zeroamount.Thatis, eventhoughthemechanismwill beindividually rationalin expec-
tation (over thecoin tossesof Q), particularrunsof themechanismmay leave somebidderswith
negative surplus.To avoid this,we opt for an(admittedlyunfair) deterministicrule.

Remark3. Observe thatwhenall virtual utilities arenegative, we do not allocatetheobjectat all.
While this may seemcounterintuitive, it allows us to charge higherpriceswhenthe biddershave
high values.

General distributions If thevirtual utilities ck
i arenot monotonein k, de�ning Q in this manner

maynot producea valid allocationrule asit mayhappenthatQ i (w � i ; wk� 1
i ) > Qi (w � i ; wk

i ). On
the otherhand,for any �ck

i that aremonotonein k, the allocationrule that gives the object to the
bidderwhosebid maximizes�ck

i amongall bids is truthful. In what follows, we show that for each
i , onecanconstructa monotonesequence�ck

i by ª�attening outº c k
i so that the resultingauction

is optimal.This techniquewas�rst introducedin [18], whereit wasappliedto continuousvirtual
utility functions(whichmaybenonmonotoneaswell).

Intuitively, to compute�ck
i , we constructa piecewise linearfunctionthatconsistof K segments

whoseslopesarec1
i ; : : : ; cK

i . If the sequenceck
i is not monotone,this function is not convex; we

thencomputeits lower envelope(which is convex by de�nition) andset �ck
i to be the slopeof the

segmentof thelowerenvelopethatcorrespondsto ck
i . Moreformally, recallthatGk

i = g1
i + � � � + gk

i
andlet H k

i = c1
i g1

i + � � � + ck
i gk

i . for k = 1; : : : ; K . SetG0
i = 0; H 0

i = 0, andlet L i (z) : [0; 1] 7! R
bethelowerenvelopeof theset

�
(G0

i ; H 0
i ); : : : ; (GK

i ; H K
i )

	
� R 2, thatis,

L i (z) = min
0� k ;l � K;� 2 [0 ;1]

�G k
i +(1 � � )G l

i = z

n
�H k

i + (1 � � )H l
i

o
:

SetL k
i = L i (Gk

i ); observe thatL 0
i = H 0

i = 0 andL K
i = H K

i . De�ne �ck
i = (L k

i � L k� 1
i )=gk

i .

Lemma 1. Wehave�ck
i � �ck+1

i for all i = 1; : : : ; n, k = 1; : : : ; K � 1.

Proof. Thevalue�ck
i is theslopeof L i (z) betweenL k� 1

i andL k
i . SinceL i (z) is a convex function,

thesequence�ck
i is nondecreasingin k. ut

Theorem 2. Let �Q bean allocationrule that givestheobjectto the lexicographically �r st bidder
amongtheoneswith the highestvalueof �ck

i . Then �Q is an optimal valid allocation rule for G =
(W; D).
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Fig.1. Nonregularcase.Sincec1 = (H 1 � H 0)=(G1 � G0) > (H 2 � H 1)=(G2 � G1) = c2 , we replacebothc1 and
c2 with �c1 = �c2 = (H 2 � H 0)=(G2 � G0) = (c1g1 + c2g2)=(g1 + g2).

Proof. Since�ck
i aremonotonein k, �Q is a valid allocationrule. To prove optimality, let Q be an

arbitraryvalid allocationruleon W . ConsidertheexpectedpaymentPi of thei th bidderunderthis
rule.Wehave RQ =

P n
i=1 Pi , where

Pi =
KX

k=1

ck
i gk

i qk
i =

KX

k=1

(H k
i � H k� 1

i )qk
i = �

K � 1X

k=1

H k
i (qk+1

i � qk
i ) � H 0

i q1
i + H K

i qK
i :

Set �RQ =
P n

i=1
�Pi , where

�Pi =
KX

k=1

�ck
i gk

i qk
i = �

K � 1X

k=1

L k
i (qk+1

i � qk
i ) � L 0

i q1
i + L K

i qK
i :

Observe that

Pi � �Pi =
K � 1X

k=1

�
(L k

i � H k
i )(qk+1

i � qk
i ) � (H 0

i � L 0
i )q1

i + (H K
i � L K

i )qK
i

�
:

SinceL i (z) is a lower envelope,H 0
i = L 0

i andH K
i = L K

i . Hence,

RQ � �RQ =
nX

i =1

(Pi � �Pi ) =
nX

i =1

K � 1X

k=1

(L k
i � H k

i )(qk+1
i � qk

i ):

Furthermore,for all i = 1; : : : ; n, k = 1; : : : ; K , wehaveL k
i � H k

i � 0. Sincethesequenceqk
i

is monotonein k, this impliesthatRQ � �RQ.



ConsiderthecaseQ = �Q. By construction,whenever L k
i < H k

i , i.e., H k
i doesnot lie on the

lower envelope,theslopeof L i (z) doesnot changeat Gk
i , which meansthat �ck

i = �ck+1
i , andhence

qk
i = qk+1

i . Consequently, R �Q = �R �Q. Now, let (Q0; M 0) beanarbitrarytruthful auctionfor (W; D).
SinceQ0 mustbe a valid allocationrule, RQ0 � �RQ0. On the otherhand, �Q maximizes �RQ, i.e.,
�RQ0 � �R �Q . Finally, wehaveshown thatR �Q = �R �Q, soRQ0 � R �Q . Hence, �Q achievesthemaximal
revenuefor G = (W; D). ut

4 Order-basedauctions

In theoptimalauctiondescribedabove, theobjectis givento thebidderi with thehighest�attened
virtual utility, who thenpayshis thresholdbid, i.e., minf wk

i j �ck
i � �cl

j g, where�cl
j is the second

highest�attenedvirtual utility (if j precedesi in thelexicographicordering,̀ � ' shouldbereplaced
with `> '). Alternatively, theoptimalauctioncanbedescribedasfollows:all bidders'possiblevalues
wk

i , i = 1; : : : ; n, k = 1; : : : ; K , areorderedon a line from left to right accordingto their �attened
virtual utilities �ck

i ; also,a cutoff point is selectedto separatethe pointswith �ck
i < 0 from those

with �ck
i � 0. Theauctionthenproceedsasfollows.All biddersdraw theirvaluesandreportthemto

themechanism,which markstherespective pointsin theordering;thecutoff point is marked,too.
Thebidderwhosebid correspondsto therightmostmarkedpoint wins; if all bidsareto theleft of
thecutoff point, theitem remainsunallocated.To determinethewinner's payment,themechanism
scanstheorderingfrom left to right startingatthesecondrightmostmarkedpointtill it comesacross
a(possiblyunmarked)point thatcorrespondsto anelementof thewinner'sdistributionsupport;this
is theamountthatthewinneris requiredto pay.

Clearly, onecancombinethesameprocedurewith adifferentorderingof thenK + 1 points.For
example,it is easyto seethatorderingthepointsaccordingto theiractualvalueswouldgive riseto
thesecondpriceauction.Moreover, while notall (nK + 1)! orderingscorrespondto valid auctions,
it is easyto seewhich onesdo: a necessaryandsuf�cient conditionis thateachbidder's valuesare
placedin increasingorder, i.e., for any bidderi andany two elementsw1 < w2, w1; w2 2 Wi , it
shouldbethecasethatw1 is placedbeforew2. Weformalizethis ideaasfollows.

De�nition 2. For anyn bidders b1; : : : ; bn whosevaluationsare drawnfromthesetsW1; : : : ; Wn

and a bijectivefunction� : f (i; k) j i = 1; : : : ; n; k = 1; : : : ; K g [ f?g 7! f 0; : : : ; nK g that
satis�es � (i; k) < � (i; k + 1) for all i = 1; : : : ; n, k = 1; : : : ; K � 1 (we call any such �
a valid ordering), an order-basedauctionA � is conductedas follows. Each bidder i submitshis
bid � i = (i; ki ) to the center; if ki 62 f 1; : : : ; K g, the center rejectsit and cancelsthe auc-
tion. If no bids are rejected,set i � = argmaxf � (� i ) j i = 1; : : : ; ng. If � (� i � ) > � (? ), the
bidder bi � wins the auction,otherwise, the item remainsunallocated.In the former case, de�ne
p0 = max f � (? ); maxf � (� i ) j i = 1; : : : ; n; i 6= i � gg; thepaymentp of thewinningbidderbi � is
mink f wk

i � j � (i � ; k) > p0g.

We abusenotationby writing � (wk
i ) insteadof � (i; k); note,however, that even if wk

i = wl
j , we

treat� (wk
i ) and� (wl

j ) asdistinctobjects.



Proposition2. Anyorder-basedauctionis truthful: if vi = wk
i , thenbidder i 's dominantstrategy

is to bid (i; k).

Proof. Observe thattheallocationruleof any order-basedauctionis monotonein thebidder's value
andthewinnerpayshis thresholdbid. It hasbeenshown in [13] thatany suchauctionis truthful;
theargumentis similar to thatusedby Vickrey in [22] to prove thetruthfulnessof thesecond-price
auction. ut

Oncethe optimal orderingis chosen,it canbe storedasa tableof sizenK + 1; afterwards,
thewinnerandhis paymentaredeterminedbasedon integercomparisonsonly. This suggeststhat
the order-basedrepresentationis likely to be useful if the auctionis to be run repeatedlyandthe
valuedistributionsremainunchanged,or if we have plenty of time for pre-processing(andhence
canconstruct� ) but thenhave to run theauctionin realtime.Also, it canbeusedto implementthe
optimalauctionin acryptographicallysecuremannerby generalizingthemethodsof [19] and[17].
Anotherimportantapplicationof this conceptis in the incompleteinformationscenariodiscussed
in thenext section.

5 Learning the optimal auction

The resultsof Section3 provide a polynomial time algorithmfor designingthe optimal auction
whenthedistributionsD1; : : : ; Dn arepublic knowledge.In this section,we focuson thesituation
whenweknow thesetsW1; : : : ; Wn , but not thedistributionsD1; : : : ; Dn ; however, wehaveaccess
to anoraclethatgivendescriptionsof two order-basedauctions,cantell uswhichof themhashigher
expectedrevenue.

Let R(A) denotethetotal expectedrevenueof anauctionA. We assumethatwe have a prob-
abilistic procedureCompare�;� (� ; � 0) that given any two valid orderings� and� 0 with probabil-
ity at least1 � � satis�es the following: if R(A � ) < R(A � 0) � � , Compare�;� (� ; � 0) = 1; if
R(A � ) > R(A � 0) + � , Compare�;� (� ; � 0) = 0; if jR(A � ) � R(A � 0)j � � , theproceduremayreturn
either0 or 1.

Onewayto implementsuchaprocedureis bysellingsuf�ciently many copiesof theobjectusing
eachof the candidateauctionsandobservingthe winners' payments;the numberof trials needed
to estimatethe expectedrevenueof eachauctionup to a small additive error can be computed
using Chernoff–Hoeffding bounds.This approachassumesthat eachof the n biddersis willing
to buy a large numberof units,draws the valueof eachunit independentlyfrom his distribution,
andis myopic, i.e., treatseachauctionasa single-shotgameratherthanconsidersthe impactof
his behavior in this auctionon subsequentauctions.Clearly, this situationis unlikely to occur in
practice;however, it becomesmoreplausibleif insteadof n bidderswe considern bidder types,
whereall biddersof thesametypehave thesamevaluedistribution,andin eachauctionweobserve
onerepresentative of eachtype.For instance,whensellingairplanetickets,typesmaycorrespond
to different social groups(students,soldiers,retired people,businessmen),and the biddersmay



be consideredmyopic becausethey areunlikely to be interestedin anotherticket from the same
provider in thenearestfuture.

Note,however, thatourmodelis independentof how thecomparisonoracleis implemented;by
subcontractingthetaskof revenueestimationweeliminatetheissueof incentive compatibilityand
canfocusoncombinatorialaspectsof theproblem.

5.1 Monotonevirtual utilities

In this subsection,we focuson thecasewheneachbidder's virtual utilities satisfyck
i � cl

i for any
k < l. To handlethecasemaxi f � (� i )g < � (? ) togetherwith othercases,we introducea bidder0
whoalwaysbids? , i.e.,wesetW0 = f w0

0g; c0
0 = 0. Let � [s;t ] beanorderingobtainedby swapping

sth andtth point: � � 1(s) = � � 1
[s;t ](t), � � 1(t) = � � 1

[s;t ](s), wheres; t 2 f 0; : : : ; nK g.

Lemma 2. Supposethat for somei 6= j ands � nK � 1 wehave� (wk
i ) = s, � (wl

j ) = s + 1.
ThenR(A � ) < R(A � [s;s +1] ) if and only if ck

i > cl
j , � (? ) � s + 1, and for all j 0 6= j we have

� (w1
j 0) � s + 1.

Proof. Let Q andQ0betheallocationrulesassociatedwith � and� [s;s+1] , respectively. Recallthat
theexpectedrevenueof anauctionwith allocationruleQ is

RQ =
KX

k1=1

: : :
KX

kn =1

"
nX

i =1

Qi (w
k1
1 ; : : : ; wkn

n )ck i
i

#

gk1
1 : : : gkn

n :

By replacing� with � [s;s+1] , we only changetheallocationruleat pointsof theform

w = (wk1
1 ; : : : ; wk

i ; : : : ; wl
j ; : : : ; wkn

n )

thatsatisfyQj (w) = 1 (in particular, if � (wl
j ) < � (? ), thereareno suchpointsandtherevenue

doesnot change).The contribution of any suchpoint to R(A � ) is cl
j gk1

1 : : : gkn
n . For the modi�ed

auction,we have Q0
i (w) = 1 for any suchw andhencethis point's contribution to R(A � [s;s +1] ) is

ck
i gk1

1 : : : gkn
n . Hence,this interchangeincreasesthetotal revenueif andonly if ck

i > cl
j andthereis

a non-zeroprobabilitythat the j th biddercanwin whenbiddingw l
j . It is easyto seethat thelatter

conditionis equivalentto stipulatingthat� (? ) � � (w l
j ) and� (w1

j 0) � � (wl
j 0) for any j 0 6= j . ut

Givenaccessto Compare�;� (�; �), we can�nd theoptimalorderingby a simpleBubbleSort -
like algorithmpresentedin Figure2. Essentially, the algorithmattemptsto permutetwo adjacent
pointsandchecksif this leadsto ahigherrevenue;this is repeateduntil thereareno morelocal im-
provements.Theorderin which thepairsof pointsareconsideredis thesameasin BubbleSort .

Theinput to ouralgorithmis thespaceW of all possiblevalues.Weusethefollowing notation:
� (t) = i iff thereexistsak 2 [1; K ] suchthat� (wk

i ) = t, i.e.,� (t) is theidentityof thebidderwho
ªownsºthetth point.



LocalOpt �;� (W ):

1. Set� (w1
i ) = i , i = 0; : : : ; n � 1, � (? ) = n, andextend� to a valid orderingin anarbitraryway.

2. For i = 1; : : : ; n � 1:
3. if Compare�;� (� ; � [n � 1;n ] ) = 1,

set� 0 = � [n � 1;n ] , � = � 0
[n � 1;n � i � 1] .

4. For i = 1; : : : ; nK :
5. For j = 0; : : : ; nK � 1:
6. if � (j ) 6= � (j + 1)
7. if Compare�;� (� ; � [ j;j +1] ) = 1, set� = � [ j;j +1] .
8. Output� .

Fig.2. TheprocedureLocalOpt �;� (W )

It is easyto analyzethe performanceof this procedurefor the case� = 0, i.e., assumingthat
with probability 1 � � , the comparisonoraclereturnsa correctanswerno matterhow small the
differencebetweenR(A � ) andR(A � 0) is.

Proposition3. LetAopt betheoptimalauctionfor W , andlet � betheoutputof LocalOpt 0;� (W )
Thenwith probability at least1 � ((nK )2 + n)� , wehaveR(A � ) = R(Aopt).

Proof. TheprocedureCompare0;� (�; �) is calledat most(nK )2 + n times;with probabilityat least
1 � ((nK )2 + n)� , eachtime it returnsthe correctresult.Supposethat this is indeedthe case.
During the �rst phaseof thealgorithm(lines1–3),we �nd maxf 0; maxf c1

i j i = 1; : : : ; ngg and
put thecorrespondingelementin thenth position;supposethat this elementis x. At this moment,
all elementsto theleft of x have virtual utilities thataresmallerthanthatof x; it is easyto seethat
this remainstrue throughoutthealgorithm.During thesecondphase(lines4–7),we transposej th
pointand(j + 1)st point if andonly if j � � (x) andthevirtual utility of � � 1(j ) is greaterthanthe
virtual utility of � � 1(j + 1) (this includesthecase� (j ) = � (j + 1): wedonotpermutethepoints,
andby monotonicity, the virtual utility of � � 1(j ) is lessthan the virtual utility of � � 1(j + 1)).
Usingastandardproofof correctnessfor BubbleSort ,wecanseethatin theendthepointsto the
right of x (includingx itself) aresortedaccordingto theirvirtual utility. Therelativeorderingof the
pointsto theleft of x doesnotmatter, sinceirrespective of it, they contribute0 to thetotal revenue.
Therefore,onecanpermutethesepointsto transformtheorderingproducedby thealgorithminto
theoptimalordering(whereall pointsaresortedaccordingto theirvirtual utility) withoutchanging
thetotal revenue,whichmeansthattheorderingproducedby thealgorithmis optimal. ut

This analysiscanbeextendedto thecase� > 0.

Theorem 3. Let Aopt be theoptimalauctionfor W , and let � be theoutputof LocalOpt �;� (W ).
Thenwith probability at least1 � ((nK )2 + n)� , wehaveR(A � ) � R(Aopt) � 2(nK + 1)� .

Proof. First,we show thatBubbleSort performswell evengivena ªfaultyºcomparisonoracle,
i.e., it returnsanorderingthatis notverydifferentfrom thetrueone.Next, weestimatethepro�t of
anorder-basedauctionthatis ªcloseºto optimal.



Proposition4. Let A = f a1; : : : ; an g and seta(1) = minf ai j ai 2 Ag, a(2) = minf ai j ai 2
A; ai 6= a(1) g, : : : , a(n) = maxf ai j ai 2 Ag. Supposethat we attemptto sort A in increasing
orderusingBubbleSort , but insteadof comparingelementsof A directly, weusea deterministic
procedure Comp� (x; y), which returns1 if y < x � � and 0 if y > x + � . If jx � yj � � , the
procedure can return either 0 or 1; however, we require that Comp� (x; y) is antisymmetric,i.e.,
Comp� (x; y) = 1 � Comp� (y; x). Let (b(1) ; : : : ; b(n) ) betheoutputof BubbleSort (A; Comp� ). Then
for anyi 2 [1; n] wehaveja(i ) � b(i ) j � n� .

Proof. Let i bethevariableusedin theouterloop of BubbleSort , andlet j bethevariableused
in the inner loop. In what follows, theactionsof thealgorithmwheni = i 0 arereferredto asthe
i0th stageof the algorithm,andthe comparison(and,possibly, permutation)of j th and(j + 1)st
elementduringthei th stageis referredto asthej th stepof thei th stage.

Wewill show thatif afteri stagesof thealgorithmtheelementsareorderedas(b1; : : : ; bn ) then
for i 0 = n � i + 1; : : : ; n wehave Comp� (bi 0� 1; bi 0) = 0; theproofproceedsby inductionon i .

First, considerthebasecasei = 1. At the(n � 1)st step,we comparethe(n � 1)st elementx
with thenth elementy. If x < y � � , thenComp� (x; y) = 0, bothelementsstayin place,andhence
Comp� (bn� 1; bn ) = 0. If x > y + � , thenComp� (x; y) = 1; whenwe setbn = x, bn� 1 = y, we
obtainComp� (bn� 1; bn ) = 0. If jx � yj � � , we interchangex andy if andonly if Comp� (x; y) = 1,
thereforeComp� (bn� 1; bn ) = 0.

Now, supposethat thestatementis true for all i 0 < i . Supposethatat thebeginningof the i th
stagethesetA is orderedas(a1; : : : ; an ). By theinductionhypothesis,wehaveComp� (ai 0� 1; ai 0) =
0 for all i 0 2 [n� i + 2; n]. Clearly, theelementsan� i +1 ; : : : ; an remainin placetill the(n� i )thstep.
Let x betheelementin the(n � i )th positionbeforethe(n � i )th step.Setk = minf j j n � i � j �
n � 1; Comp� (u; v) = 0g, whereu andv aretheelementsin thej th and(j + 1)stpositionbeforethe
j th step;if Comp� (u; v) = 0 for all j 2 [n � i; n � 1], setk = n. Until thekth step,wehaveu = x,
v = aj +1 : sinceComp� (x; aj +1 ) = 1, we transposex andaj +1 , andthereforeat thenext step,we
arecomparingx andaj +2 . During thekth step,x andak+1 arenot transposed.Therefore,during
thesubsequentstepswe compareaj andaj +1 ; by the inductionhypothesis,Comp� (aj ; aj +1 ) = 0,
sowedo not transposethem.

Hence,aftertheendof thei th stage,we have bn� i = an� i +1 ; : : : ; bk� 1 = ak , bk = x, bk+1 =
ak+1 ; : : : ; bn = an . By theinductionhypothesis,wehave Comp� (bj � 1; bj ) = 0 for all j 2 [n � i +
1; k � 1] [ [k + 2; n]. Moreover, by construction,Comp� (bj ; bj +1 ) = 0 for j = k; k + 1.

Therefore,for the outputof thesortingalgorithmwe have Comp� (b
(i ) ; b(i +1) ) = 0 for all i =

1; : : : ; n � 1, andhenceb(i ) � b(i +1) + � .
To concludetheproof,we needthefollowing lemma.

Lemma 3. Suppose� 1 � � � � � � n , and let (� 1; : : : ; � n ) be a permutationof the set A =
f � 1; : : : ; � ng that satis�es� 1 � � 2 + � � � � � � � n + (n � 1)� . Thenwehavej� i � � i j � n� for
anyi = 1; : : : ; n.



Proof. Consideranelement� i . Thereareat leasti elementsof A (namely, � 1; : : : ; � i ) thatsatisfy
� � � i + (i � 1)� . Therefore,thei smallestelementsof A, and,in particular, � i satisfythisinequality
andhence� i � � i + (i � 1)� .

Similarly, thereareatleastn� i + 1 elementsof A (namely, � i ; : : : ; � n ) thatsatisfy� + (n� i )� �
� i . Therefore,then � i + 1 largestelementsof A, and,in particular, � i satisfythis inequalityand
hence� i � � i � (n � i )� . ut

Applying thelemmato (a(1) ; : : : ; a(n) ) and(b(1) ); : : : ; b(n) ), weobtainthedesiredresult. ut

Lemma 4. Consideran order-basedauction A0 for bidders b1; : : : ; bn that usesan ordering �
determinedbymonotonenondecreasingfunctionsdi : Wi ! R , i = 1; : : : ; n, i.e., for anyi 6= j we
have� (? ) < � (wk

i ) < � (wl
j ) if andonly if 0 < di (wk

i ) < dj (wl
j ), and� (wk

i ) < � (wk0

i ) for any
k < k0. Supposealso that bidder i 's virtual utility ci (�) is monotoneandfor all k = 1; : : : ; K we
havejci (wk

i ) � di (wk
i )j � � . ThenR(A0) � R(A) � 2� , whereA is anoptimalorder-basedauction

for (W; D).

Proof. Let Q betheallocationruleassociatedwith A. Wehave seenthat

R(A) =
KX

k1 ;:::;kn =1

 
nX

i =1

Qi (w
k1
1 ; : : : ; wkn

n )ck i
i

!

gk1
1 : : : gkn

n :

Fix abid vectorw = (wk1
1 ; : : : ; wkn

n ). Setdk
i = di (wk

i ). In thecaseof theoptimalauction,Qi (w) =
1 if andonly if ck i

i = maxf ck1
1 ; : : : ; ckn

n ; 0g; consequently, if A allocatestheobjectto bidderi , this
event's contribution to thetotal revenueis ck i

i gk1
1 : : : gkn

n .

TheauctionA0 mayallocatetheobjectto a bidderj , j 6= i , if dk j
j = maxf dk1

1 ; : : : ; dkn
n ; 0g, in

which casethecontribution to the total revenueis ck j
j gk1

1 : : : gkn
n . Thenwe have ck j

j + � � dk j
j �

dk i
i � ck i

i � � , andtherefore,ck j
j � ck i

i � 2� . Similarly, if A0 doesnot allocatetheobjectat all, we

havedk i
i < 0, ck i

i � dk i
i + � , andhenceck i

i < � , andif A0allocatestheobjectto abidderj whobids

wk j
j , but underA theobjectremainsunallocated,we have ck j

j � dk j
j � � , dk j

j � 0; in bothof these

casesthetotal lossof revenueis atmost�g k1
1 : : : gkn

n .
Summingoverall possiblevaluesof w, weseethatusingtheorderingbasedond1(�); : : : ; dn (�)

ratherthanc1(�); : : : ; cn (�) decreasesthetotal revenueby atmost2� . ut

Remark4. A similar statementcanbeprovedif theerrorin valuationsis multiplicative ratherthan
additive: if theestimatedvirtual utilities di (wk

i ) satisfy(1 � � )ci (wk
i ) � di (wk

i ) � (1 + � )ci (wk
i ),

wehave R(A0) � 1� �
1+ � R(A).

The restof theproof is similar to that for thecase� = 0. Theonly dif�culty is that in Propo-
sition 4 it is assumedthat the comparisonprocedureis deterministicand antisymmetric,while
Compare�;� (� ; � 0) hasneitherof theseproperties(and, indeed,if it is basedon a Monte Carlo



algorithm, thesepropertiescannotbe guaranteed).This can be resolved by cachingthe results
of the previous calls: given some� and � 0 = � [j;j +1] , where� � 1(j ) = x, � � 1(j + 1) = y,
we checkwhetherCompare�;� () hasbeencalledbeforeon some� 1 and� 0

1 = � [k;k+1] suchthat
� � 1

1 (k) = x, � � 1
1 (k + 1) = y, or � � 1

1 (k) = y, � � 1
1 (k + 1) = x. In the former case,we return

Compare�;� (� 1; � 0
1); in the latter case,we return1 � Compare�;� (� 1; � 0

1). If no such� 1; � 0
1 were

found,wecall Compare�;� (� ; � 0).
Also, asin Proposition3, therelative orderof theelementsthatendup to theleft of x doesnot

matter, andthevirtual utility of any suchelementcannotexceedthevirtual utility of x by morethan
� . In particular, wecanpermutethesepointswithoutaffectingthetotal revenuesothatthecondition
of Lemma3 is satis�ed. ut

EventhoughBubbleSort is not amongthe fastestsortingalgorithms,we choseto focuson
a BubbleSort -basedprocedure,becauseit provides a bettermodel for learningin a real-life
scenario:anunsophisticatedselleris likely to preferagreedyalgorithm,whichallowshim to search
for a goodauctionby local improvement.Showing that the optimal auctioncanbe found in this
manneris anargumentfor practicalapplicabilityof ourmodel.

If, on theotherhand,we careaboutcomputationalef�ciency, we canachieve a betterrunning
time by usingMergeSort : by monotonicity, we canassumethateachbidder's pointsarealready
sorted,andall that we have to do is to merge thesen arraysof sizeK each.To merge arbitrary
sortedarraysof bids, we needto be able to compareck

i and cl
j for all i < j; i; j = 1; : : : ; N

andk; l = 1; : : : ; K . This canbe doneby constructinga valid ordering� in which ck
i andcl

j are
adjacentandqk

i ; ql
j 6= 0. Usingthis approach,we can�nd theoptimalorderingusingO(nK logn)

comparisons.

5.2 Nonmonotonevirtual utilities

If somebidders'utilities arenotmonotonein k, wemaybeunableto comparesomeof theelements:
if � (j ) = � (j + 1), then� [j;j +1] is not a valid ordering,sowe cannotcall Compare�;� (� ; � [j;j +1] ),
andwearenotguaranteedthatthevirtual utility of � � 1(j ) is atmostthevirtual utility of � � 1(j + 1).
Fortunately, it turnsout that given accessto Compare�;� (� ; � 0) we candesigna procedurethat is
capableof comparing�attenedvirtual utilities �ck

i , �cl
j aslong asi 6= j ; if i = j , thenby de�nition

�ck
i � �ck0

i aslongask < k0. Therefore,wecanapplyany sortingalgorithmthatis basedonpairwise
comparisons,e.g.,MergeSort .

In the rest of this section,we explain how to compare�ck
i and �cl

j for arbitrary i 6= j using
Compare(� ; � 0) := Compare0;0(� ; � 0) asanoracle;theconstructioncanbegeneralizedto thecase
�; � > 0 usingthetechniquesdevelopedin theprevioussubsection.

First, we needto generalizeLemma2 to the situationwhenwe move aroundmorethantwo
points.To thisend,for any bidderi andany 1 � k1 � k2 � K , wede�ne

c[k1 ;k2 ]
i =

ck1
i gk1

i + � � � + ck2
i gk2

i

gk1
i + � � � + gk2

i

=
H k2

i � H k1 � 1
i

Gk2
i � Gk1 � 1

i

:



This quantityis naturallyrelatedto bidderi 's �attenedvirtual valuation.

Lemma 5. Supposethat
�ck1 � 1

i < �ck1
i = � � � = �ck2

i < �ck2+1
i : (6)

Thenc[k1 ;k2 ]
i = �ck1

i = � � � = �ck2
i . Also, if c[k1 ;k2 ]

i > c[k2+1 ;k3 ]
i for somek1; k2; k3 2 [1; K ], and

�ck1
i = � � � = �ck2

i , �ck2+1
i = � � � = �ck3

i then�ck
i = �cl

i for all k; l 2 [k1; k3].

Proof. Condition(6) meansthattheslopeof L i (z) changesatGk1 � 1
i andGk2

i , but remainsconstant
betweenthesetwo points.Hence,for k 2 [k1; k2], the value of �ck

i is the slopeof the line that
passesthrough(Gk1 � 1

i ; H k1 � 1
i ), and(Gk2

i ; H k2
i ) i.e., c[k1 ;k2 ]

i . To prove thesecondstatement,note

that if c[k1 ;k2 ]
i > c[k2+1 ;k3 ]

i , then(Gk2
i ; H k2

i ) lies above the line thatconnects(Gk1 � 1
i ; H k1 � 1

i ) and
(Gk3

i ; H k3
i ). Thereforeit cannotbea vertex of thelower envelope,i.e., theslopeof L i (z) doesnot

changeat (Gk2
i ; H k2

i ). ut

Lemma 6. Supposethat for somei 6= j ands; r; t � nK wehave� (wk
i ) = s; : : : ; � (wk+ r � 1

i ) =
s + r � 1, � (wl

j ) = s + r; : : : ; � (wl+ t
j ) = s + r + t. Let � 0 be an ordering obtainedfrom � by

swappingthegroups(wk
i ; : : : ; wk+ r � 1

i ) and(wl
j ; : : : ; wl+ t

j ). LetQ betheallocationrule associated

with � . ThenR(A � ) < R(A � 0) iff c[k;k+ r � 1]
i > c[l ;l + t ]

j andql
j > 0.

Proof. Let Q0 be the allocationrule associatedwith � 0. Recall that the expectedrevenueof an
auctionwith allocationruleQ is

RQ =
KX

k1=1

� � �
KX

kn =1

"
nX

i =1

Qi (w
k1
1 ; : : : ; wkn

n )ck i
i

#

gk1
1 : : : gkn

n :

By changingtheorderingfrom � to � 0, we only changedtheallocationrule at pointsw suchthat
Qj (w) = 1 andw = (wk1

1 ; : : : ; wi ; : : : ; wj ; : : : ; wkn

n ), wherewi 2 f wk
i ; : : : ; wk+ r � 1

i g andwj 2
f wl

j ; : : : ; wl+ t
j g. Let W 0 bethesetof all suchpoints.Let p0 betheprobability thatall biddersbi 0,

i0 6= i; j , have valuesvi 0 thatsatisfy� (vi 0) < � (wk
i ); clearly, p0 > 0 if andonly if ql

j > 0.
Fix x 2 [k; k+ r � 1]; y 2 [l ; l + t] andconsiderthesetof all pointsW xy thatsatisfyQj (w) = 1,

w1 = wx
i , w2 = wy

j ; clearly, W 0 = [ x2 [k;k+ r � 1];y2 [l ;l + t ]W xy . Let pxy = Pr [w 2 W xy ]; it is easy
to seethatpxy = p0gx

i gy
j . UnderQ, thecontribution of all w 2 W xy to therevenueis cy

j pxy ; under
Q0, for all suchw wehaveQi (w) = 1 andhencethecontributionof thesepointsis cx

i pxy . Thetotal
changein revenueis thereforeequalto

k+ r � 1X

x= k

l+ tX

y= l

(cx
i � cy

j )pxy =
k+ r � 1X

x= k

l+ tX

y= l

cx
i pxy �

k+ r � 1X

x= k

l+ tX

y= l

cy
j pxy =

= p0

k+ r � 1X

x= k

0

@cx
i gx

i

l+ tX

y= l

gy
j

1

A � p0

l+ tX

y= l

 

cy
j gy

j

k+ r � 1X

x= k

gx
i

!

=
p0(c[k;k+ r � 1]

i � c[l ;l + t ]
j )

(gl
j + � � � + gl+ t

j )(gk
i + � � � + gk+ r � 1

i )
:



Clearly, thisexpressionis positive if andonly if c[k;k+ r � 1]
i > c[l ;l + t ]

j andp0 > 0. ut

Lemma5 implies that if ck
i > ck+1

i , then�ck
i = �ck+1

i , andthereforewe canassumethat in the
optimal orderingthesetwo elementsappeartogether. Hence,we cancombinetheminto a single
elementw[k;k+1]

i that hasprobability gk
i + gk+1

i andvirtual utility c[k;k+1]
i . By Lemma6, this el-

ementbehaves identically to the pair (wk
i ; wk+1

i ) with respectto all comparisons.This reasoning
alsoappliesto combinationsof threeor moreconsecutive elementswith identical�attenedvirtual
utilities. Extendingour notation,we setCompare(w[k;k+ r � 1]

i ; w[l ;l + t ]
j ) = Compare(� ; � 0), where�

and� 0 arede�ned asin Lemma6 with theadditionalrestrictionthatql
j 6= 0 (i.e., � (? ) < � (wk

i )
and� (w1

i 0) < wk
i for all i 0 6= i ).

Westartby describingaprocedureInsert (x; L ) thatgivenabidderi 'scombinedvaluew [k1 ;k2 ]
i ,

the list L of bidder j 's values(w1
j ; : : : ; wK

j ), andaccessto Compare(w[k1 ;k2 ]
i ; w[l1 ;l2 ]

j ) can�nd a

position t in L suchthat c[k1 ;k2]
i > �cl

j for all l � t andc[k1 ;k2 ]
i � �cl

j for all l > t. To simplify

notation,wesetx = w[k1 ;k2 ]
i andomit theindex j .

We assumethat thelist L = (w1; : : : ; wK ; $) hasthestructureof a doublelinked list, where$
denotesthelastelementof thislist, andNext(u) andPrev(u) arethestandardlinkedlist operations.
Also, Merge(w[l1 ;l2 ]; w[l2+1 ;l3 ]) is aprocedurethatgiventwo adjacentelementsof thelist, replaces
themwith anelementw[l1 ;l3 ] andrepairsthelinkedlist structure.

Insert (x; L )

u = w1 ; Z=1;
While (u 6= $):

X = Compare(x; u);
if Z = 1 andX = 1, setu = Next(u);
if Z = 1 andX = 0, setu = Next(u), Z = 0;
if Z = 0 andX = 0, setu = Next(u);
if Z = 0 andX = 1, setu = Merge(Prev(u); u),

Z = Compare(x; Prev(Prev(u))) ;
Supposethatin theend,L = (w[a1 ;b1 ] ; : : : ; w[a t ;b t ] ; $).
Let w[a s ;bs ] bethelastelementof L
suchthatCompare(x; w[a s ;bs ] ) = 1;
Outputbs .

Fig.3. TheprocedureInsert (x; L )

Lemma 7. If Insert (c[k1 ;k2 ]
i ; L ) outputsbs, wehave�cl

j < c[k1 ;k2 ]
i if andonly if l � bs.

Proof. To simplify notation,assumek1 = k2 = k; theproof remainsvalid in thegeneralcase.
Clearly, thealgorithmonly mergesw[a;b] andw[a0;b0] if a0 = b+ 1, sowecanassumethatwhen

thealgorithmterminates,we have L = (w[0;l1 ]; w[l1+1 ;l2 ]; : : : ; w[l t � 1+1 ;K ]; $) andas = ls� 1 + 1,



bs = ls. Next, we prove by induction that we only merge pointswith identical �attened virtual
utilities. To seethis, notethat thevariableZ indicateswhetherthe lastelementof the list seenso
far waslessthanx (with respectto Compare). Therefore,thesituationZ = 0, X = 1 ariseswhen
Prev(u) = w[l r +1 ;l r +1 ], u = w[l r +1 +1 ;l r +2 ], andck

i � c[l r +1 ;l r +1 ]
j , ck

i > c[l r +1 +1 ;l r +2 ]
j . By inductive

assumption,it follows from Lemma5 thatall �cl
j , l = l r + 1; : : : ; l r +2 , areequal.In otherwords,if

L containsw[l r � 1+1 ;l r ], theslopeof thelowerenvelopedoesnotchangebetweenG l r � 1
j andGl r

j .
Also, it is easyto checkby inductionthatwhenInsert (ck

i ; L ) terminates,any u thatappears
beforew[as ;bs ] in the list L satis�esCompare(x; u) = 1, andby construction,any u that appears
afterw[as ;bs ] satis�esCompare(x; u) = 0.

Now, let L 1 = L 1(z) be the lower envelopeof the setf (G0
j ; H 0

j ); (Gl1
j ; H l1

j ) : : : ; (Gls
j ; H ls

j g,

let L 2 = L 2(z) bethelower envelopeof thesetf (Gls
j ; H ls

j ); (Gls+1
j ; H ls+1

j ); : : : ; (GK
j ; H K

j )g, and
let L = L(z) bethelower envelopeof f (Gl

j ; H l
j ) j l = 0; : : : ; K g. Clearly, L (z) � L 1(z) for any

z � Gls
j andL(z) � L 2(z) for any z � Gls

j ; we would like to show that, in fact,L = L 1 [ L 2.
To seethat,notethat theslopeof any segmentof L 1 is lessthanck

i , sinceit is obtainedby taking

a weightedaverageof somec[l r � 1+1 ;l r ]
j for r � s. andc[l r � 1+1 ;l r ]

j < ck
i for all suchr . Similarly,

theslopeof any segmentof L 2 is at leastck
i . Therefore,L 1 [ L 2 is a convex curve. Moreover, any

(Gl
j ; H l

j ), l = 0; : : : ; K , lies on or above L 1 [ L 2, becauseotherwisetheslopeof L would change

at someGl , l 6= l1; : : : ; l t . Hence,L = L 1 [ L 2. Consequently, for any z � Gls
j theslopeof L at z

is lessthanck
i , andfor any z > Gls

j theslopeof L at z is at leastck
i . ut

If we knew k1 andk2 suchthat �ck
i = c[k1 ;k2 ]

i , we coulduseInsert (c[k1 ;k2 ]
i ; L ) to compare�ck

i
and�cl

j . Unfortunately, thesek1 andk2 might beimpossibleto determine.Nevertheless,it turnsout
that we canuseInsert (x; L ) asa subroutineto determinethe relative orderof the elementsof
L 0 = (w1

i ; : : : ; wK
i ; $) andL = (w1

j ; : : : ; wK
j ; $).

Thenew algorithmattemptsto inserteachof theelementsof L 0into L usingInsert . If Insert
suggestsinsertingwk

i andwk+1
i afterwl1

j andwl2
j respectively, andl2 < l1, this meansthatwk

i >

wl1
j � wk+1

i , andthereforewk
i andwk+1

i shouldbemerged;thealgorithmmergesthemanduses

Insert to �nd theappropriatepositionfor w[k;k+1]
i . Thealgorithmusesa stackS to keeptrackof

theelementsof L 0 thathave beeninsertedprior to thecurrentelement;for eachelement,we record
its positionwith respectto L , sothatin theendweknow therelative orderof theelementsof L and
L 0.

Proposition5. SupposethatwhenCombine(L ; L 0) terminates,thecontentsof thestack is

(w[k1 ;k0
1 ]

i ; t1); (w[k2 ;k0
2 ]

i ; t2); : : : ; (w[ks ;k0
s ]

i ; ts):

Thenk1 = 1, k0
s = K , andkr � k0

r , kr +1 = k0
r + 1 for all 1 � r < s. Finally, if k 2 [kr ; k0

r ], then
�ct r

j < �ck
i � �ct r +1

j .



Combine(L ; L 0)

v = w1
i ; t = Insert (v; L ); Push(S; (v; t)) ;

While (v 6= $):
(u; t) = Pop(S); t0 = Insert (v; L );
if t0 � t

Push(S; (u; t)) ; Push(S; (v; t0)) ; v = Next(v);
if t0 < t

v = Merge(u; v);

Fig.4. TheprocedureCombine(L ; L 0)

Proof. It is easyto verify by induction that k1 = 1, k0
s = K , and kr � k0

r , kr +1 = k0
r + 1,

andt1 � � � � � ts. Similarly to the proof of Claim 7, we canshow that we only merge w [l1 ;l2 ]
i

andw[l3 ;l4 ]
i if l3 = l2 + 1, andwe only merge pointsthat have identical�attened virtual utilities.

Now, considerall elementson the stackthat are of the form (w [kr ;k0
r ]

i ; t) for a �x ed value of t;

supposethat theseelementsarew[x;x 0]
i ; : : : ; w[y;y0]

i . By construction,for any suchw[kr ;k0
r ]

i we have

t = Insert (w[kr ;k0
r ]

i ; L ) and therefore�ct
j < c[kr ;k0

r ]
i � �ct+1

j . Let L 0 be the lower envelopeof
f (Gk

i ; H k
i ) j k = 0; : : : ; K g. Repeatingtheargumentin theproofof Proposition7,wecanconclude

that the slopesof all segmentsof L 0 betweenGx� 1
i andGy0

i wereobtainedby taking a weighted

averageof c[x;x 0]
i ; : : : ; c[y;y0]

i andtherefore�ct
j < dL

dz (� ) � �ct+1
j for any � 2 (Gx� 1

i ; Gy0

i ). In particular,

this is truefor � 2 (Gk� 1
i ; Gk

i ), whichmeansthat �ct
j < �ck

i � �ct+1
j . ut

Running times It is easyto seethat both Insert (x; L ) and(indirectly) Combine(L ; L 0) make
a polynomialnumberof calls to Compare(u; v); in this sectionwe derive somewhatmoreprecise
bounds.

Proposition6. Theprocedure Insert (x; L ) makesat most2K calls to Compare(x; u). Thepro-
cedure Combine(L ; L 0) makesat most2K calls to Insert (v; L ).

Proof. Whenever Compare(x; u) is called, the algorithm also calls either Next(x) to obtain an
elementof L it hasnot seenbeforeor Merge(Prev(u); u) to merge two groupsof elementsof L .
Clearly, eachof theseactionscanbeexecutedat mostK times.Similarly, whenever Insert (v; L )
is called,thealgorithmalsocallseitherNext(v) to obtainanelementof L 0 it hasnot seenbefore
or Merge(u; v) to mergetwo groupsof elementsof L 0, andeachof theseactionscanbeexecutedat
mostK times. ut

Corollary 1. For any i 6= j , the relativeordering of all �ck
i and �cl

j , k; l = 1; : : : ; K can be de-
terminedby 4K 2 comparisons.Hence, usingat most2(nK )2 comparisons,we can constructan
oraclethat comparesanytwo �attenedvirtual utilities in unit time. After this oracleis constructed,
wecan�nd an optimalorderingusinganysortingalgorithm,e.g., MergeSort ; therunningtime
of MergeSort will bethesameasin theregular case, i.e., O(n lognK ).



Remark5. Therunningtime of our algorithmfor �nding anoptimalorderingis dominatedby the
timeit takesto constructthecomparisonoracle.Onecanreducetherunningtimesomewhatby com-
biningthetwo componentsof ouralgorithm:eventhoughin thispaperweoptedfor amoremodular
presentationfor theeaseof exposition,apracticalalgorithmwould intertwinemerging thebidders'
arraysanddeterminingtherelative orderingof �ck

i and�cl
j . However, thequadraticdependenceon K

appearsto beinherentto ourapproach,andonewill needcompletelynew ideasto eliminateit.

6 Conclusions

We have shown how to constructan optimal auctionfor �nite supportdistributions.While such
distributionsprovide a bettermodelfor many real life scenariosthancontinuousones,a rigorous
analysisof this casewasabsentfrom the literature;this paper�lls this gap.Also, we believe that
the conceptof order-basedauctionsintroducedin this papermay have applicationsbeyond those
consideredhere.The secondmain contribution of this paperis in demonstratingthat the optimal
auctioncanbe learnedunderfairly harshconditions.Moreover, if thedistributionsin questionare
regular, this canbe doneby a simplegreedyalgorithm,which canbe viewed asan argumentfor
practicalapplicabilityof ourconstruction.

In practice,themechanismdesignercannotexpectthattheoutputof thecomparisonoraclewill
bealwayscorrect,andweshow thatour learningalgorithmis robustto errorsin theoracle's reports.
Furtherrelaxingthis model (e.g.,to the casewhenthe informationaboutdistribution supportsis
erroneousor imprecise)is an interestingchallenge.Anotherimportantquestionis learningtheop-
timal auctionin thecontinuouscase;we hopethattechniquesandintuition developedin this paper
will prove usefulhere.Also, designingand learningthe optimal �nite supportauctionwhenthe
bidders'valuationsarenot independentis anopenproblem.While CremerandMcLean[9] show
thatonecanextract full surplusif thedependenciesarestrongenough,they provide no answerfor
the generalcaseandtheir mechanismis not ex post individually rational.On the otherhand,it is
not clearif thelower boundsproved in [20,21] areoptimalor whetheronecangetpositive results
in this framework for specialclassesof joint distributions.Weproposeinvestigatingtheproblemof
�nding thebestorder-basedauctionfor thisscenario:while thisproblemis clearlyin NP(assuming
theexpectedrevenueoracle),it would be interestingto seea hardnessresultor a polynomial-time
algorithm(notethat theexistenceof the latter is not precludedby theresultsin [21], sincewe are
consideringa restrictedmodel).

It is not clearif any of our resultsmaybeapplicableto themoreinterestingproblemof �nding
an optimal multi-unit auction.However, our work suggeststhat whenthe bidders' valuationsare
discrete,onemight try to characterizea classof combinatorialstructures(e.g.,a generalizationof
order-basedauctions)containingtheoptimalsolutionandusethepropertiesof thisclassto limit the
searchspace.This topic is asubjectof ongoingresearch.
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A Bidders with ®nite support valuedistrib utions

Wedescribeseveralsettings,in which it is naturalto assumethatthebiddersdraw theirvaluesfrom
�nite supportdistributions.



Example1. Supposethatwe aresellinga planeticket from New York to Boston,andwe have two
potentialbuyersAlice andBob. Besidesbuyingaticket from us,bothAlice andBobcantakeabus,
which costs$10, drive a car, which costs$40, take a train, which costs$50, or buy a planeticket
from someoneelsefor $100. Also, we know that Alice is a student,so shewill pick thecheapest
availableoption(i.e., thebus),unlessshehasto be in Bostonearly in themorning,in which case
sheneedsto buy a planeticket (eitherfrom usor from anothercompany), andwith probability0:9,
Alice hasto be in Bostonearly. On the otherhand,Bob is a softwareengineer, who �nds buses
uncomfortable,but doesnotwantto paymorethan$50, andwith probability0:5, Bobdoesnotown
acar. In thissituation,wecanconcludethatAlice's valuationfor theticket is $100with probability
0:9 and$10with probability0:1, while Bob'svaluationfor theticket is $40with probability0:5 and
$50with probability0:5.

This examplegeneralizesnaturally to the casewhen insteadof buying the objectbeingauc-
tioned,thebuyerscanpurchaseoneof thesimilarproductsavailablein themarket for a �x edprice;
however, dependingon their circumstances(which arenot known to theauctioneer),eachbuyer's
selectionmayberestrictedto asubsetof theseproducts.

Example2. Consideranauctionthatsellsbulk goodsto retailersthatput theminto individualpack-
agesof a predeterminedsizeandresellthem.Eachbidder's valuefor thelot is determinedby how
many individual packagesheexpectsto sell,andthis informationis privateto thebidder, while the
market priceof anindividual packageandits sizearecommonknowledge.

Example3. Supposethatwe aresellinganobject(e.g.,a car)with a numberof add-ons;thebuyer
eithervalueseachfeatureat the(known) market rate,or is indifferentaboutit, andthis information
is privateto thebuyer.


