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Abstract

This paper describes a general framework for converting online game playing algorithms
into constrained convex optimization algorithms. This framework allows us to convert the well-
established bounds on regret of online algorithms to prove convergence in the offline setting.

The resulting algorithms are very simple to implement and analyze, and for some scenarios
attain a better rate of convergence than previously known.

1 Introduction

In various prediction and machine learning scenarios an online learner needs to solve an interme-
diate convex optimization problem. Although convex optimization is a well-established field, with
standard packages readily available, the numerous advanced techniques are sometimes inefficient
for small instances and require non-trivial expertise to operate.

On the other hand, simple heuristics such as coordinate descent are known to perform well
for small instances and far easier to implement and use in a larger software system. Indeed,
some machine learning papers analyzed these well-performing heuristics, mostly obtaining only
asymptotic convergence results as opposed to convergence rates.

The purpose of this paper is to give the reader a basic technique to design such simple heuristics
which are also provably converging. Further, the methodology we describe makes use of (mostly very
simple) learning algorithms, with which the reader is probably already familiar. The advantages
and disadvantages of the different basic approaches, such as coordinate descent, gradient descent
with different step sizes, and quasi-Newton updates are easily obtained. Thus the practitioner can
use the fittest heuristic to her needs and be assured of a guaranteed rate of convergence.

The main technical point of here is a “black box” reduction from regret-minimizing algorithms
to convex optimization algorithms. We prove that any online algorithm with sublinear regret can
be used to derive a convex optimization algorithm. The only property used in the analysis is the
low regret, and this flexibility allows us to design some new algorithms with an improved rate of
convergence.

We do not claim to attain the best running-times. Indeed, interior point methods and other
techniques are unquestionably the methods of choice for large industrial applications. However, for
certain instances arising in practice, in particular those for which a rough approximation is enough,
our approach may supply a rigorous and simple methodology with a low entrance fee.
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Relation to previous work: Most of the algorithms we derive are similar to previous “La-
grangian relaxation algorithms”, such as the well-cited Plotkin, Shmoys and Tardos algorithms
[PST91], and to [You95, KL96, Jan06, Zha03].

The relation of convex optimization to online learning was also observed previously, notably by
Freund and Schapire [FS99]. In a different setting, Hart and Mas-Collel [HMC00] prove that in
a multi-player game in which every player plays according to a “good algorithm”, the empirical
distribution of strategies converges to the set of correlated equilibria. This type of result is similar
in spirit to ours, although their focus was not optimization.

2 Definitions and Notation

Our task is to minimize a convex function subject to a set of convex constraints in a convex set.
We assume known bounds on the objective value OPT ∈ [−M,M ], and as is standard, use binary
search to convert the problem into a feasibility problem of the following form:

find x such that cj(x) ≤ 0 ∀j ∈ [m] (1)
x ∈ P

(for an ε-approximate solution we need to solve O(log M
ε ) such formulations) where the cj are

convex functions which describe the constraints and P is a convex set, which is usually described
by simpler constraints.

The online algorithms we consider fall into the online convex optimization (OCO) framework
[Zin03], in which there is a fixed convex compact feasible set P ⊂ Rn and an arbitrary, unknown
sequence of convex cost functions f1, f2, . . . , fT : P → R. The decision making algorithm makes a
sequence of decisions, where the tth decision is the selection of a point xt ∈ P and there is a cost
of ft(xt) on period t. However, xt is chosen with only the knowledge of the set P, previous points
x1, . . . , xt−1, and the previous functions f1, . . . , ft−1. The standard performance measure for an
online convex optimization algorithm is its regret, which is defined as:

Regret(A, T ) , sup
f1,...,fT

{
T∑

t=1

ft(xt)− min
x∗∈P

T∑
t=1

ft(x∗)

}
We say that an algorithm A has sublinear regret if Regret(A, T ) = o(T ). In what follows we use a
procedure OnlineAlg as a black box. We require of it only to be a sublinear regret algorithm for
this setting.

Most efficient online convex optimization algorithm use the gradient ∇ft of the cost functions.
Denote an upper bound on the `2 norm of the gradients by G ≥ ‖∇ft(x)‖2, for all ∀x ∈ P.

3 The basic method

We’re now ready to describe the reduction from a given online algorithm OnlineAlg to a con-
strained convex optimization algorithm.

The meta-algorithm below finds in each iteration a constraint violated by more than ε. The
online algorithm is then simulated with the violated constraint as a cost function. We henceforth
prove that this simple scheme returns an ε-approximate solution to the convex feasibility program,
and bound the number of iterations for the algorithm to terminate.

Meta-Algorithm PrimalGameOpt
Let t← 1. While Regret(OnlineAlg,t) ≥ εt do
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1. If t = 1 set x1 ∈ P arbitrarily. Else let xt ← OnlineAlg (f1, ..., ft−1).

2. Find a constraint cj(xt) > ε for some j ∈ [m]. If not found return xt. Else, let ft ← cj .

3. t← t + 1

Theorem 1. Suppose OnlineAlg is an online convex optimization algorithm with low regret. If
a solution to mathematical program (1) exists, then meta-algorithm PrimalGameOpt returns an
ε-approximate solution in O(R

ε ) iterations, where R = R(OnlineAlg, ε) is the smallest number T
which satisfies the inequality Regret(OnlineAlg, T ) ≤ εT .

Proof. If at iteration t the algorithm cannot find a constraint for which cj(xt) > ε, then

∀j ∈ [m] . cj(xt) ≤ ε

implying that xt is a ε-approximate solution.
Otherwise, for every iteration ct(xt) > ε. Since we assumed that the mathematical program is

feasible, there exists an x∗ for which ∀j . cj(x∗) ≤ 0, and hence forall t, ft(x∗) ≤ 0.
Since the online algorithm guarantees sub-linear regret, for some iteration T the regret will be

R ≤ εT . By definition of regret we have for the feasible x∗ ∈ P,

ε <
1
T

T∑
t=1

ft(xt) ≤
1
T

T∑
t=1

ft(x∗) +
R

T
≤ R

T
≤ ε

Which is a contradiction. We conclude that the algorithm must find an ε-approximate solution
in the claimed number of iterations.

With this theorem we can now easily derive several known (and a few new) algorithms and
prove convergence rates for them. For example, using Zinkevich’s Online Gradient Descent, we get
an algorithm which iteratively updates the solution by adding to it a 1√

t
multiple of the gradient

of a violated constraint and, if necessary, projecting back onto the convex set 1. It is easy to see
that this algorithm gives an ε-approximate solution in nG

ε2 iterations.
Other useful choices for the online algorithm are the Multiplicative Weights online algorithm

(see survey [AHK05] following [LW94]), online coordinate descent, the Online Newton Method
[HKKA06], and other online algorithms 2.

4 Other reductions

In this section we describe two other reductions from online learning to convex optimization. The
reductions are equally simple, and can be used to derive other convex optimization algorithms
which may have useful properties.

1for those readers unfamiliar with Zinkevich’s gradient descent algorithm, see [Zin03]
2Specific choices and applications are given in the full version of the paper, available from the author’s webpage
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4.1 The Dual Method

The meta algorithm DualGameOpt solves in each iteration an unconstrained optimization prob-
lem over the domain P (which is usually a much simpler task than the original constrained opti-
mization problem), whose result is denoted xt ∈ P. This point xt is used to define a payoff function
gt over the set of all distributions over the constraints (Sm - the m-dimensional simplex). The
online algorithm is applied to these payoff functions.

We prove below that after a certain number of iterations (which depends on the regret of the
online algorithm and 1

ε ), the average point 1
T

∑T
t=1 xt is an ε-approximate solution if the original

convex feasibility program was feasible.

Meta-Algorithm DualGameOpt
Let t← 1. While Regret(OnlineAlg,t) ≥ εt do

• If t = 1 set p1 = 1
n
~1. Else let pt ← OnlineAlg (g1, ..., gt−1) for functions gt as defined below.

• Let xt ← arg minx∈P
∑

j pt(j)cj(x). If
∑

j pt(j)cj(xt) ≤ 0 then return FAIL. Define the
linear function over Sm:

gt(p) ,
m∑

j=1

p(j) · fj(xt)

• t← t + 1

Return x̄ , 1
T

∑T
t=1 xt

Theorem 2. Suppose OnlineAlg is an online convex optimization algorithm with low regret. If
a solution to mathematical program (1) exists, then meta-algorithm DualGameOpt returns an
ε-approximate solution in O(R

ε ) iterations, where R = R(OnlineAlg, ε) is the smallest number T
which satisfies the inequality Regret(OnlineAlg, T ) ≤ εT .

Proof. If for some iteration t the algorithm returns FAIL, then

∀x ∈ P .
∑

j

pt(j)cj(x) > 0

implying that the mathematical program is infeasible.
Else, in every iteration

∑
j pt(j)cj(xt) ≤ 0. As before, for some iteration T the regret of the

online algorithm will be R ≤ εT . By definition of regret we have (note that this time the online
player wants to maximize his payoff, regret is defined analogously)

∀p∗ ∈ Sm . 0 ≥ 1
T

T∑
t=1

∑
j

pt(j)cj(xt) =
1
T

T∑
t=1

gt(pt) ≥
1
T

T∑
t=1

gt(p∗)−
R

T

=
1
T

T∑
t=1

∑
j

p∗(j)cj(xt)− ε ≥
∑

j

p∗(j)
1
T

T∑
t=1

cj(xt)− ε

Changing sides and using the convexity of the functions cj with we obtain (for x̄ = 1
T

∑T
t=1 xt)

∀p∗ ∈ Sm .
∑

j

p∗(j)cj(x̄) ≤ ε
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Which in turn implies that
∀j ∈ [m] . cj(x̄) ≤ ε

Hence x̄ is a ε-approximate solution.

Note that this algorithm requires in each iteration to solve an optimization problem. This is
in contrast to the previous meta algorithm which only needed to find a violated constraint. The
computational advantage of this meta algorithm is that it can potentially use simpler learning
algorithms since the domain of the online algorithm is the simplex.

This dual method reduces to the original PST [PST91] algorithm where the choice of Onlin-
eAlg is the Multiplicative Weights online algorithm (see [AHK05] following [LW94]).

4.2 The Distributed Method

The final reduction we describe is perhaps the most surprising. The only operations carried out in
each iteration are those defined by the online algorithms. The algorithm can be seen as simulating
a game between two players, each implemented by an online algorithm. The intuition is taken
from the work of Hart and Mas-Collel [HMC00], who show that low-regret players converge to a
correlated equilibrium.

Meta-Algorithm PrimalDualGameOpt
Let t← 1. While Regret(OnlineAlg1,t) ≥ ε

2 t or Regret(OnlineAlg2,t) ≥ ε
2 t do

• If t = 1 set x1 ∈ P arbitrarily. Else let xt ← OnlineAlg1 (f1, ..., ft−1) for ft as defined
below. Define the linear function over Sm:

gt(p) ,
m∑

j=1

p(j)fj(xt)

• If t = 1 set p1 = 1
n
~1. Else let pt ← OnlineAlg2 (g1, ..., gt−1) for gt as defined above. Define

the convex function over P:

ft(x) ,
m∑

j=1

pt(j)cj(x)

• t← t + 1

If x̄ , 1
T

∑T
t=1 xt is ε-approximate return x̄. Else, return p̄ = 1

T

∑T
t=1 pt.

Theorem 3. Suppose OnlineAlg1, OnlineAlg2 are online convex optimization algorithms with
low regret. If a solution to mathematical program (1) exists, then meta-algorithm PrimalDual-
GameOpt returns an ε-approximate solution in O(R

ε ) iterations, where R is the smallest number
T which satisfies the inequality Regret(OnlineAlg1, T ) + Regret(OnlineAlg2, T ) ≤ εT .

Proof. Define,

∀ x ∈ P , p ∈ Sm . g(x, p) ,
m∑

j=1

pjcj(x)

The function g is smooth over the convex sets Sm and P, concave (linear) with respect to p and
convex with respect to x. For such functions, generalizations to the von Neumann minimax theorem
imply that the value λ∗ = minx∈P maxp∈Sm g(x, p) = maxp∈Sm minx∈P g(x, p) is well defined.
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Denote R1, R2 the regrets attained by both online algorithms respectively. Using the low regret
properties of the online algorithms we obtain for any x∗, p∗

∀x∗, p∗ .

T∑
t=1

g(xt, p
∗)−R1 ≤

T∑
t=1

g(xt, pt) ≤
T∑

t=1

g(x∗, pt) + R2 (2)

Let x∗ be such that ∀p ∈ Sm . g(x∗, p) ≤ λ∗. By convexity of g(x, p) with respect to x,

∀p∗ . g(x̄, p∗) ≤ 1
T

T∑
t=1

g(xt, p
∗) ≤ 1

T

T∑
t=1

g(x∗, pt) +
R2 + R1

T
≤ λ∗ + ε

Similarly, let p∗ be such that ∀x ∈ P . g(x, p∗) ≥ λ∗. Then by concavity of g with respect to p and
equation 2 we have

∀x∗ . g(x∗, p̄) ≥ 1
T

T∑
t=1

g(x∗, pt) ≥
1
T

T∑
t=1

g(xt, p
∗)− R2 + R1

T
≥ λ∗ − ε

Hence, if λ∗ ≤ 0, then x̄ satisfies

∀p∗ . g(x̄, p∗) ≤ ε ⇒ ∀j ∈ [m] . cj(x̄) ≤ ε

And hence is a ε-approximate solution. Else,

∀x∗ . g(x∗, p̄) > −ε

And p̄ is a dual solution proving that the following mathematical program is infeasible.

cj(x) ≤ −ε ∀j ∈ [m]
x ∈ P

5 Conclusions

We’ve described three simple methods to convert low-regret online learning algorithms into convex
optimization algorithms. The analysis is very simple and leaves much room for modifications and
specialization to special cases (i.e using randomized or approximate online algorithms).

The new applications as well as detailed descriptions of how earlier works can be derived appear
in the full version of this paper.
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