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Abstract. We propose an algorithm for approximately maximizing a
concave function over the bounded semi-definite cone, which produces
sparse solutions. Sparsity for SDP corresponds to low rank matrices,
and is a important property for both computational as well as learning
theoretic reasons. As an application, building on Aaronson’s recent work,
we derive a linear time algorithm for Quantum State Tomography.

1 Introduction

In this paper we describe a simple algorithm for approximately solving a special
case of Semi-Definite Programs (SDP), in which the goal is to maximize a concave
function in the bounded semi-definite cone, which also produces a sparse solution.
Our notion of sparsity is not the usual one, i.e. small number of non-zero entries
in the solution matrix. Rather, the notion of sparsity in the SDP setting is low
rank, coupled with a Cholesky composition representation of the solution. That
is, our solutions will be of the form X = VVT € R"*", and the solution X is
represented by the matrix V' € R™**. This notion of sparsity is computationally
appealing: the time to compute vector-matrix products with the matrix X, as
well as the space required to store it is O(nk).

Our algorithm and its analysis are different from previous work on approxi-
mation algorithms for SDP. Unlike previous approximate SDP approaches, the
algorithm is not based on the multiplicative weights method and its extensions.
Rather, the main ingredient is an extension of the Frank-Wolfe [FW56] algorithm
! for optimizing a single function over the bounded PSD cone. The analysis of
this part crucially depends on the dual SDP, and goes beyond the use of online
learning techniques which were prevalent in all previous approaches.

The algorithm has the appealing property of proceeding in iterations, such
that in each iteration the solution is provably better than the preceding one,
and has rank at most one larger. Thus after k iterations the algorithm attains
a %—approximate 2 solution with rank at most k. The previous algorithm of

! whose analysis was recently revisited, simplified and extended in [Cla]. The latter

paper inspired this work.
2 A e-approximate solution to a SDP over the bounded cone is a PSD matrix with
trace equal to one, which satisfies all constraints up to an additive term of e



[AHKO5], which was based on the multiplicative weights method, also produces
sparse solutions, but requires 2(k?) iterations to achieve the same approxima-
tion guarantee. Besides elementary computation, in each iteration our algorithm
performs at most one eigenvector computation (which can be replaced by two
approximate eigenvector computations).

Next, we apply our method to the problem of Quantum State Tomography.
In this problem the goal is to approximately learn a mixed quantum state given
access to independent measurements. Recently, Aaronson [Aar] showed how a
combination of techniques from learning theory and quantum computation can
be used to learn an n-bit mixed quantum state with a linear number of measure-
ments (an exponential improvement over previous techniques). We show how to
approximately solve Aaronson’s proposed SDP in linear time.

This application is particularly suited for our method for the following rea-
sons: First, Aaronson proved that an approximate solution to his SDP guarantees
low generalization error. Thus solving the SDP approximately (rather than ex-
actly) is part of the problem statement and suited for approximation techniques.
Even more so, an exact solution corresponds to an exact match of the hypothesis
to the data, and could lead to ”overfitting”. Second, a widely accepted principle
known as ”Occam’s Razor” roughly states that simple hypothesis are preferable.
Our algorithm generates a simple hypothesis, taking low-rank is a notion of sim-
plicity. Third, the state matrix of an n-cubit state is of size 2". For even a small
number of qubits the size of the matrices is too large to effective deploy any
algorithm with super-linear complexity. This rules out interior point methods.
For this reason also, exploiting the sparsity of the input is absolutely necessary.

Finally, we show how to extend the optimization routine over the bounded
semi-definite cone in order to approximately solve general SDPs. However, for
general SDPs we do not improve the running time over existing techniques.
Whereas for optimization over the bounded SDP cone our algorithm produces
an e-approximation in O(%) iterations, which improves upon all existing approx-
imation methods, for general SDPs we need O(E%) iterations.

1.1 Existence of sparse solutions

In the first part of the paper we focus on the problem of maximizing a single
concave function over the cone of semi-definite matrices with trace bounded
by one. A natural question concerning sparse solutions is what is the minimal
rank required of a solution which is “close” to the optimum. Obviously, if the
concave objective function happens to be linear, then the problem reduces to an
eigenvector computation, and the optimal solution is of rank one. However, this
is not the case in general, and even for quadratic functions the optimal solution
can have full rank.

It follows from the work of Clarkson [Cla], that in order to attain an e-
additive approximation (in a sense that will be made precise below), the rank of
the approximation needs to be at least Q(%) However it does not follow from
previous work that there even exists an e-approximate solution with such rank.



The best bound we know of is from [AHKO05], which implies the existence of an
e-approximate solution with rank O(Z).

In this paper we give a constructive proof that an e-approximate solution
with rank O(é) exists by giving an efficient algorithm to find it (see Theorem 1
below).

2 Preliminaries

For two matrices A, B € C"*™ we denote by Ae B the inner product of these ma-
trices when thought of as vectors in C"", i.c. Ae B = > Aij Bij = Tr(AB). All
results in this paper apply to Hermitian matrices, and this generality is impor-
tant for our application to Quantum State Tomography. However, for simplicity
the reader may think of real matrices.

A matrix A € C"*™ is positive semi-definite (PSD), denoted by A = 0, if
and only if all its eigenvalues are non-negative real numbers. We write A = B
if the matrix A — B = 0 is PSD. In the analysis we require the following basic
characterization of PSD matrices.

Fact 21 A matriz X is PSD if and only if X ¢V = 0 for all V > 0.

Consider a general SDP feasibility problem (as is standard, the optimization
version is reduced to feasibility by binary search)

Vie[m]. A; e X <b; (1)
XeP

We say that a matrix X > 0 is e-approximate solution to (1) if it satisfies
VZAZ.X—bZSE

Quantum State Tomography In the problem of quantum state tomography (QST)
, the goal is to learn an approximate description of a certain quantum state
given access to independent measurements of the state. Recently, Aaronson [Aar]
showed that a small set of measurements (linear in the number of qubits) can
be used to accurately learn a state in this model.

The problem of finding a mixed n-qubit state which approximately agrees
with the measurements can be cast as the following optimization problem. The
input is m Hermitian matrices Fy, ..., E,, € CV*V (for the QST problem we
denote N = 2™) with eigenvalues in [0, 1], and m real numbers by, ..., b, € [0, 1].
The goal is to find a Hermitian positive semidefinite matrix X that satisfies (for
a given constant 1 > 0)

X>0, Tr(X)=1
As alternative (and equivalent up to the approximation parameter) formula-

tion, which may even be more interesting for both theoretical reasons as well as
applications, is



S(EieX —b)? <y (3)

i

X0, Tr(X)=1

As Aaronson notes, the above formulation is a convex program with semi-
definite constraints, and thus solvable in polynomial time using interior point
methods [NN94,Ali95] or the ellipsoid method [GLS88]. However, the exponen-
tial size of the measurement matrices quickly render any super-linear method
impractical.

3 A sparse approximate SDP solver

Let P ={X = 0, Tr(X) = 1} be the cone of SDP matrices with trace equals
one. This convex set is a natural generalization of the simplex, and is the set of all
quantum distributions. In this section we consider the the following optimization
problem:

max f(X) (4)
XeP

Besides an interesting problem by its own right, we show in the next section
how to use the algorithm we develop in this section to solve general SDP. The
following simple and efficient algorithm always maintains a sparse PSD matrix,
rank at most k after k iterations. The algorithm can be viewed as a generalization
of the Frank-Wolfe algorithm for optimizing over the simplex, which was recently
revisited by Clarkson [Cla].

Algorithm 1 SparseApproxSDP

1: Let f be a given concave function, with curvature constant C; as defined below.
Initialize X1 = wovg for an arbitrary rank one matrix voug (with trace one).
:for k=1,..00 do
Let e, = % Compute vy «— APPROXEV(V f(Xk), k).
Let ar = min{l,% .
Set Xk+1 = Xk + ak(vkv,;r — Xk)
end for

The procedure APPROXEV used in algorithm 1 is an approximate eigenvalue
solver. It guarantees the following: for a negative semidefinite matrix M and any
e > 0, the vector + = APPROXEV (M, ¢) satisfies 2 " M2 > A\pax (M) — . At this
point the reader may think of this procedure as an exact maximum eigenvalue
computation. In the end of this section we prove that APPROXEV can be made
to have running time which is linear in the number of non-zero entries of M.



A crucial property of the function f which effects the convergence rate is its
curvature constant, defined by Clarkson [Cla], as follows.

Definition 1. Define the curvature constant of f as

Cr 2 sup @) - ) + - 2) TV (@)

z,2€P  y=z+a(z—x) o?
Note that Cy is upper bounded by the largest eigenvalue of the Hessian of —f.

Our main performance guarantee is given by the following Theorem. Hence-
forth let X* denote the optimal solution to (4).

Theorem 1. Let C; be defined as in the following section. Then the iterates Xy,
of Algorithm 1 satisfy forall k > 1

8Cy

VX" eP . f(Xy) > f(XF)— A

REMARK: A similar guarantee can be given for ay chosen greedily by binary
search.
Before proving this theorem, we define some notation.

— Denote by
2(X) = max v VFA(X)v = Anaz(VF(X))

llvl=1

the largest eigenvalue of the gradient of f at X.
— Let w(X) = 2(X) + f(X) — X ¢ Vf(X). As we show in Lemma 1 below,
w(X) is the dual objective to optimization problem (4).

— We also denote by h(X) = %_fﬂ)() the normalized distance to the opti-

mum at X (in value) and by g(X) = %ﬁfﬂx) the duality gap at X.

Lemma 1. Weak duality:
w(X) > w(X") > f(X7) > f(X)
Proof. It suffices to prove that the formulation:

i X
py e

(here S is the set of all matrices in R”*™) is the dual of (4). To see that, let’s
write the Lagrangian relaxation of (4), which is equivalent to —minyxep — f(X)
(for this formulation recall Fact 21):

— max min—f(X)—XeV 4 2(Xel—-1)
V>0,2€R  X€S

The optimum is obtained when all derivatives w.r.t x are zero, i.e.

V(X)) =V 42I=0



which implies V' = 2] — Vf(X). There is also the obvious constraint that 0 <
V = 2I — Vf(X). Plugging back we get that the optimization problem becomes
— max r)?é% f(X)—Xe(zI -Vf(X))+2(Xel—-1)=

I RO XV 2=

T /O F X VIX) —2 =

min_ f(X)-XeVf(X)+=2

z€R,X €S

Subject to zI > Vf(X), or z > Apax{Vf(X)}. So w.l.o.g we have z = 2(X) =
Amaz{V f(X)} and the above becomes minx s w(X).

In particular, the above implies that g(X) > h(X). We can now prove the
theorem:

Proof (Proof of Theorem 1). By the definitions above we have

’U;Vf(Xk)Uk > Z(Xk) — €L = U}(Xk) — f(Xk) + Xk ° Vf(Xk) — &k

Therefore
(vpvg — X) @ VF(Xy) = v VF(Xp)vr — X o VF(Xy)
> w(Xy) — f(Xk) — ex (5)
Now,
S(Xkt1) = f(Xk + ar(vpv] — X))

> f(Xk) + an(viv) — Xi) @ VF(Xy) — aiCy by definition of C;
> f(Xk) + an(w(Xi) — f(Xk)) — afCy —er by (5)

f(Xk) +4Crg(Xy)ar — Craj — e
[(Xg) +4Crh(Xy,

)Otk — CfOék — €&k

By definition of h(X}) and Lemma 1 this implies

h(Xk+1) < ]’L(Xk) — (Jékh(Xk) + Oék + — 4C
Let e = kQ > Cf - h(X}). By this choice, h(Xk_H) < W(Xy) — auh(Xy) + 3ai.

Now we prove inductively that h(xk) < £. In the first 1terat10n this is true
since a3 = 1, and get that h(X3) < < =. So by takmg Qg = E we have

1
h(Xk+1) Sh(Xk)(l—ak)Jrgai
2 )
<Za-5H+ =
_k( k:)+k2
2 1 2
e I I e
k( k)_k-l-l



3.1 Using approximate eigenvector computations

We now describe how to efficiently implement an eigenvector computation pro-
cedure using the Lanczos algorithm with a random start. This was first shown
by [AHKO05].

Lemma 2. Given a NSD matrizc M with N non-zero entries and eigenvalues
in the range [—C, 0], there exists an algorithm which produces in time O(N\/‘?)

a vector x such that
2T Mz > Apax(M) — €

Proof. We need Theorem 3.2(a) of Kuczynski and Wozniiakowski [KW92]:

Lemma 3. Let M € R™ ™ be a positive semidefinite matriz with N non-zero
entries. Then with high probability, the Lanczos algorithm produces in O(log(n))

iterations a unit vector x such that Iaﬁ[]\f” > 1—7.

Note that each iteration of the Lanczos algorithm takes O(N) time. Now let
= CI+M. Notice that My is positive semidefinite, and A;(Mz) = C'+A;(M).

We apply Lemma 3 with v = & to obtain in time O(%)
that:

a unit vector z such

C+zTMz _ 2T Moz > 1
C+)\max(M) N )\max(MQ) o

Simplifying this gives the lemma statement.

Ql o

Combining the pieces together we obtain:

Theorem 2. Let Cy be a bound on the absolute value of the largest eigenvalue
of VI(Xy), C = maxg{Cr} and N be the mazimal number of non-zero entries
in Vf(X). Algorithm 1 returns a §-approzimate solution in time

5 (cf(n +Tep) N\@C}ﬁ)

] 02
Where T p is the time to compute V f(Xy).

Proof. By Theorem 1, we have f(X}) > f(X*) — %, hence it suffices to have

k= % iterations. Besides the calls to APPROXEV, the computation required
in each iteration is the computation of the gradient (in time T p) and other
elementary computations which can be carried out in time O(n ) By lemma 2,
the k’th invokation of APPROXEV runs in time O(N‘/@ O(kN/Cy/Cy).

The total running time thus comes to

Tl—|—TGD

AC k N\ﬁ
5 Tan) + 30



4 Solving general SDPs

In this section we apply the sparse SDP solver to approximately solve general a
SDP in the form 1. We note that the results in this section do not improve over
[AHKO5] in terms of running time (whereas for the case of optimizing a single
function over the bounded semi-definite cone we do obtain an an improvement
in running time), and are given here only to illustrate how similar results can be
obtained through a very different analysis. In fact, the algorithm below is almost
identical to the one obtained in [AHKO5] via Multiplicative Weights techniques.

Algorithm 2 Fast SDP

1: Input: set of constraints given by Ai,..., A, € CN*N and b1,...,bm € R. Desired
accuracy €. Let w = max;{A\max(4:)}.

2: Let M = g™

3: Apply algorithm 1 to the following function for k rounds, with k =

FX) = 7% log <i GM'(A“X’H))

=1

1
z.

4: if f(X%) < —e return FAIL. Else, return Xj.

Lemma 4. A matriz X for which f(X) > —¢ is a e-approzimate solution to

QST.

Proof. Consider the function (for M = b% and y € R™)
(y) = — log() M)
M ,

It is a well known fact (see [GK94]) that for M > 0, we have

logm

Az) < &(z) < AMx) + o

Where
A(z) £ maxy;

Therefore, if X satisfies f(X) > —e, we have &(X) < e for y; = A, ¢ X —b;.
This implies that max; y; < &(z) < e and hence

Vi.AiOX—bi§€

Lemma 5. The function f above is concave, and its Cy value is bounded by
@. The value C' is bounded by C < w.



Proof. See [BV04] for a proof that that —f is convex.

Let us now define z(X) € R?™ as the vector such that z(X); = M (AieX=b:)
for i € [m]. In the following we just say z when there’s no ambiguity as for the
X in question.

Differentiating g(X) = —f(X) with respect to X we get

M -Vg(X)= % Z} zi - MA,; (6)
So we can bound the parameter C' by
Lo
C < Anax(Vg) = /\max(ﬁ z_: z A
And taking the second derivative we get
M-V3g(X) = Zzzz] ;oA MZ—I——Zzz ;oA - M?
i,j=1

Hence,

1
ng(X)jM.l?E iAo Ay = MW
Z =
3

and therefore Apmax(V29(X)) < Mw?. Since C; is bounded by the absolute
value of the smallest eigenvalue of V2f on P, this gives the Lemma.

Theorem 3. If SDP (1) is feasible, then Algorithm 2 returns a e-approximate

solution, else it returns FAIL. The algorithm performs “’218# approxrimate

etgenvalue computations and has total running time of

5 2 B 3.5
0<””+N 2 )

22 235
Where N is the total number of non-zero entries in A1, ..., Ap.

Proof. For the feasible solution X*, we have y; = A; ¢ X* —b; < 0. Hence,

f(X :——log ZeMyl > —log( )=—¢

Therefore, we get a § = e approximation after % < “msw iterations,
and have f(Xy) > f(X*) —e > —2¢, which according to Lemma 4 is a 2¢
approximation solution to QST.

According to Theorem 2 the total running time is bounded by

~ (Of(”+TGD) N Nﬁc}ﬁ)

© ] 02



The gradient of f is (see equation (6))

VF(Xy) :—ﬁZzi-Ai

This is a convex combination of the matrices {—A;} according to the distribution
z. Note that the distribution z at iteration k, denoted zj, can be obtained from
Zk—1 in time O(N) since X = (1 — o) Xg—1 +akvkv,j. Therefore Tap = O(N)
Also, in our case § = ¢, and Cy, C' are bounded as in lemma 5.

Plugging these bounds the lemma is obtained.

5 QST in linear time

The application to QST is straightforward. To solve formulation (3), apply The-
orem 1 to obtain the corollary below. We note that the curvature constant
Cy is bounded by the largest eigenvalue of the Hessian, which is bounded by
Cf <2 Z:’ll )\max(Ei)2-

Corollary 1. Algorithm 1 returns a e-approrimate solution to an instance of
QST in % iterations.

As for formulation (2), we have 2m constraints of the form F; ¢ X —b; < g
and b, — E/; « X < 7. The parameter w is bounded by the maximum eigenvalue
of F;, which is just 1. Also recall that for QST the dimension of the matrices F;
is N = 2™. By Theorem 3 we conclude

Corollary 2. Algorithm 2 returns a e-approximate solution to an instance of
in =& iterations and has total running time o
ST in & iterati d has total ing ti

(N N

Where N is the total number of non-zero entries in the matrices E;, ..., Ep,.

Using (standard) clever implementation techniques, one can remove the de-
pendence on N = 2™ completely, and obtain a running time of

o(3)
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